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Preface 


I was motivated from the beginning to write a textbook different from others that 
present physics as a sequence of facts, like a Sears catalog: “here are the facts and 
you better learn them.” Instead of that approach in which topics are begun 
formally and dogmatically, I have sought to begin each topic with concrete 
observations and experiences students can relate to: start with specifics and only then 
go to the great generalizations and the more formal aspects of a topic, showing why 
we believe what we believe. This approach reflects how science is actually practiced. 


Why a Fourth Edition? 


Two recent trends in physics texbooks are disturbing: (1) their revision cycles 
have become short—they are being revised every 3 or 4 years; (2) the books are 
getting larger, some over 1500 pages. I don’t see how either trend can be of 
benefit to students. My response: (1) It has been 8 years since the previous 
edition of this book. (2) This book makes use of physics education research, 
although it avoids the detail a Professor may need to say in class but in a book shuts 
down the reader. And this book still remains among the shortest. 

This new edition introduces some important new pedagogic tools. It contains 
new physics (such as in cosmology) and many new appealing applications (list on 
previous page). Pages and page breaks have been carefully formatted to make the 
physics easier to follow: no turning a page in the middle of a derivation or Example. 
Great efforts were made to make the book attractive so students will want to read it. 

Some of the new features are listed below. 


What’s New 


Chapter-Opening Questions: Each Chapter begins with a multiple-choice question, 
whose responses include common misconceptions. Students are asked to answer 
before starting the Chapter, to get them involved in the material and to get any 
preconceived notions out on the table. The issues reappear later in the Chapter, 
usually as Exercises, after the material has been covered. The Chapter-Opening 
Questions also show students the power and usefulness of Physics. 

APPROACH paragraph in worked-out numerical Examples: A short introductory 
paragraph before the Solution, outlining an approach and the steps we can take to 
get started. Brief NOTES after the Solution may remark on the Solution, may give 
an alternate approach, or mention an application. 

Step-by-Step Examples: After many Problem Solving Strategies (more than 20 in 
the book), the next Example is done step-by-step following precisely the steps just 
seen. 

Exercises within the text, after an Example or derivation, give students a chance to 
see if they have understood enough to answer a simple question or do a simple 
calculation. Many are multiple choice. 

Greater clarity: No topic, no paragraph in this book was overlooked in the search 
to improve the clarity and conciseness of the presentation. Phrases and sentences 
that may slow down the principal argument have been eliminated: keep to the 
essentials at first, give the elaborations later. 

Vector notation, arrows: The symbols for vector quantities in the text and Figures 
now have a tiny arrow over them, so they are similar to what we write by hand. 
Cosmological Revolution: With generous help from top experts in the field, 
readers have the latest results. 
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Page layout: more than in the previous edition, serious attention has been paid to 
how each page is formatted. Examples and all important derivations and 
arguments are on facing pages. Students then don’t have to turn back and forth. 
Throughout, readers see, on two facing pages, an important slice of physics. 


New Applications: LCDs, digital cameras and electronic sensors (CCD, CMOS), 
electric hazards, GFCIs, photocopiers, inkjet and laser printers, metal detectors, 
underwater vision, curve balls, airplane wings, DNA, how we actually see images. 
(Turn back a page to see a longer list.) 


Examples modified: more math steps are spelled out, and many new Examples 
added. About 10% of all Examples are Estimation Examples. 


This Book is Shorter than other complete full-service books at this level. Shorter 
explanations are easier to understand and more likely to be read. 


Content and Organizational Changes 


e Rotational Motion: Chapters 10 and 11 have been reorganized. All of angular 
momentum is now in Chapter 11. 

e First law of thermodynamics, in Chapter 19, has been rewritten and extended. 
The full form is given: AK + AU + AE;,, = Q — W, where internal energy is 
Eint, and U is potential energy; the form Q — W is kept so that dW = P dV. 

e Kinematics and Dynamics of Circular Motion are now treated together in 
Chapter 5. 

e Work and Energy, Chapters 7 and 8, have been carefully revised. 

e Work done by friction is discussed now with energy conservation (energy 
terms due to friction). 

e Chapters on Inductance and AC Circuits have been combined into one: 
Chapter 30. 

e Graphical Analysis and Numerical Integration is a new optional Section 2-9. 
Problems requiring a computer or graphing calculator are found at the end 
of most Chapters. 

e Length of an object is a script £ rather than normal /, which looks like 1 or I 
(moment of inertia, current), as in F = /2B. Capital L is for angular 
momentum, latent heat, inductance, dimensions of length [L]. 

e Newton’s law of gravitation remains in Chapter 6. Why? Because the 1/r? 
law is too important to relegate to a late chapter that might not be covered 
at all late in the semester; furthermore, it is one of the basic forces in nature. 
In Chapter 8 we can treat real gravitational potential energy and have a fine 
instance of using U = — fF- dé. 

e New Appendices include the differential form of Maxwell’s equations and 
more on dimensional analysis. 

e Problem Solving Strategies are found on pages 30, 58, 64, 96, 102, 125, 166, 
198, 229, 261, 314, 504, 551, 571, 600, 685, 716, 740, 763, 849, 871, and 913. 


Organization 


Some instructors may find that this book contains more material than can be 
covered in their courses. The text offers great flexibility. Sections marked with a 
star * are considered optional. These contain slightly more advanced physics 
material, or material not usually covered in typical courses and/or interesting 
applications; they contain no material needed in later Chapters (except perhaps in 
later optional Sections). For a brief course, all optional material could be dropped 
as well as major parts of Chapters 1, 13, 16, 26, 30, and 35, and selected parts of 
Chapters 9, 12, 19, 20, 33, and the modern physics Chapters. Topics not covered in 
class can be a valuable resource for later study by students. Indeed, this text can 
serve as a useful reference for years because of its wide range of coverage. 


Versions of this Book 


Complete version: 44 Chapters 
including 9 Chapters of modern 
physics. 


Classic version: 37 Chapters 
including one each on relativity 
and quantum theory. 


3 Volume version: Available 
separately or packaged together 
(Vols. 1 & 2 or all 3 Volumes): 


Volume 1: Chapters 1-20 on 
mechanics, including fluids, 
oscillations, waves, plus heat 
and thermodynamics. 


Volume 2: Chapters 21-35 on 
electricity and magnetism, plus 
light and optics. 


Volume 3: Chapters 36-44 on 
modern physics: relativity, 
quantum theory, atomic physics, 
condensed matter, nuclear 
physics, elementary particles, 
cosmology and astrophysics. 
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To Students 


HOW TO STUDY 


1. 


2. 


Read the Chapter. Learn new vocabulary and notation. Try to respond to 
questions and exercises as they occur. 

Attend all class meetings. Listen. Take notes, especially about aspects you do 
not remember seeing in the book. Ask questions (everyone else wants to, but 
maybe you will have the courage). You will get more out of class if you read 
the Chapter first. 


. Read the Chapter again, paying attention to details. Follow derivations and 


worked-out Examples. Absorb their logic. Answer Exercises and as many of 
the end of Chapter Questions as you can. 


. Solve 10 to 20 end of Chapter Problems (or more), especially those assigned. 


In doing Problems you find out what you learned and what you didn’t. Discuss 
them with other students. Problem solving is one of the great learning tools. 
Don’t just look for a formula—it won’t cut it. 


NOTES ON THE FORMAT AND PROBLEM SOLVING 


1. 


3. 


Sections marked with a star (*) are considered optional. They can be omitted 
without interrupting the main flow of topics. No later material depends on 
them except possibly later starred Sections. They may be fun to read, though. 


. The customary conventions are used: symbols for quantities (such as m for 


mass) are italicized, whereas units (such as m for meter) are not italicized. 
Symbols for vectors are shown in boldface with a small arrow above: F. 

Few equations are valid in all situations. Where practical, the limitations of 
important equations are stated in square brackets next to the equation. The 
equations that represent the great laws of physics are displayed with a tan 
background, as are a few other indispensable equations. 


. At the end of each Chapter is a set of Problems which are ranked as Level I, II, or 


III, according to estimated difficulty. Level I Problems are easiest, Level II are 
standard Problems, and Level III are “challenge problems.” These ranked 
Problems are arranged by Section, but Problems for a given Section may depend 
on earlier material too. There follows a group of General Problems, which are not 
arranged by Section nor ranked as to difficulty. Problems that relate to optional 
Sections are starred (*). Most Chapters have 1 or 2 Computer/Numerical 
Problems at the end, requiring a computer or graphing calculator. Answers to 
odd-numbered Problems are given at the end of the book. 


. Being able to solve Problems is a crucial part of learning physics, and provides 


a powerful means for understanding the concepts and principles. This book 
contains many aids to problem solving: (a) worked-out Examples and their 
solutions in the text, which should be studied as an integral part of the text; 
(b) some of the worked-out Examples are Estimation Examples, which show 
how rough or approximate results can be obtained even if the given data are 
sparse (see Section 1-6); (c) special Problem Solving Strategies placed 
throughout the text to suggest a step-by-step approach to problem solving 
for a particular topic—but remember that the basics remain the same; 
most of these “Strategies” are followed by an Example that is solved by 
explicitly following the suggested steps; (d) special problem-solving Sections; 
(e) “Problem Solving” marginal notes which refer to hints within the text for 
solving Problems; (f) Exercises within the text that you should work out imme- 
diately, and then check your response against the answer given at the bottom of 
the last page of that Chapter; (g) the Problems themselves at the end of each 
Chapter (point 4 above). 


. Conceptual Examples pose a question which hopefully starts you to think and 


come up with a response. Give yourself a little time to come up with your own 
response before reading the Response given. 


. Math review, plus some additional topics, are found in Appendices. Useful data, 


conversion factors, and math formulas are found inside the front and back covers. 


Image of the Earth from a NASA satellite. The sky 
x appears black from out in space because 
there are so few molecules to 
reflect light. (Why the sky 
appears blue to us on 
Earth has to do with 
scattering of light by 
molecules of the 
atmosphere.) 
Note the 
storm off the 
coast of 


Mexico. 


© Reuters/Corbis 


Introduction, 
Measurement, Estimating 


CHAPTER-OPENING QUESTION— Guess now! 

[Don’t worry about getting the right answer now—the idea is to get your preconceived notions out on CONTENTS 

the table.] 1 The Nature of Science 
Suppose you wanted to actually measure the radius of the Earth, at least roughly, 2 Models, Theories, and Laws 
rather than taking other people’s word for what it is. Which response below 3 Measurement and Uncertainty; 
describes the best approach? Significant Figures 

(a) Give up; it is impossible using ordinary means. 4 Units, Standards, and 

(b) Use an extremely long measuring tape. the SI System 

(c) It is only possible by flying high enough to see the actual curvature of the Earth. 5 Converting Units 

(d) Use a standard measuring tape, a step ladder, and a large smooth lake. 6 Order of Magnitude: 

(e) Use a laser and a mirror on the Moon or on a satellite. Rapid Estimating 

*7 Dimensions and Dimensional 
Analysis 


Note: Sections marked with an asterisk (*) may be considered optional by the instructor. 


From Chapter 1 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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Œ) 


FIGURE 1 (a)This Roman 
aqueduct was built 2000 years ago 
and still stands. (b) The Hartford 
Civic Center collapsed in 1978, just 
two years after it was built. 
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hysics is the most basic of the sciences. It deals with the behavior and 

structure of matter. The field of physics is usually divided into classical physics 

which includes motion, fluids, heat, sound, light, electricity and magnetism; 

and modern physics which includes the topics of relativity, atomic structure, 

condensed matter, nuclear physics, elementary particles, and cosmology and astrophysics. 

An understanding of physics is crucial for anyone making a career in science 

or technology. Engineers, for example, must know how to calculate the forces within 

a structure to design it so that it remains standing (Fig. 1a). Indeed, a simple physics 

calculation—or even intuition based on understanding the physics of forces— 

can save hundreds of lives (Fig. 1b). Physics is useful in many fields, and in 
everyday life. 


1 The Nature of Science 


The principal aim of all sciences, including physics, is generally considered to be 
the search for order in our observations of the world around us. Many people 
think that science is a mechanical process of collecting facts and devising theories. 
But it is not so simple. Science is a creative activity that in many respects resem- 
bles other creative activities of the human mind. 

One important aspect of science is observation of events, which includes the 
design and carrying out of experiments. But observation and experiment require 
imagination, for scientists can never include everything in a description of what 
they observe. Hence, scientists must make judgments about what is relevant in 
their observations and experiments. 

Consider, for example, how two great minds, Aristotle (384-322 B.C.) and 
Galileo (1564-1642), interpreted motion along a horizontal surface. Aristotle 
noted that objects given an initial push along the ground (or on a tabletop) always 
slow down and stop. Consequently, Aristotle argued that the natural state of an 
object is to be at rest. Galileo, in his reexamination of horizontal motion in the 
1600s, imagined that if friction could be eliminated, an object given an initial 
push along a horizontal surface would continue to move indefinitely without 
stopping. He concluded that for an object to be in motion was just as natural as for 
it to be at rest. By inventing a new approach, Galileo founded our modern view of 
motion, and he did so with a leap of the imagination. Galileo made this leap 
conceptually, without actually eliminating friction. 

Observation, with careful experimentation and measurement, is one side of the 
scientific process. The other side is the invention or creation of theories to explain 
and order the observations. Theories are never derived directly from observations. 
Observations may help inspire a theory, and theories are accepted or rejected based 
on the results of observation and experiment. 

The great theories of science may be compared, as creative achievements, with 
great works of art or literature. But how does science differ from these other 
creative activities? One important difference is that science requires testing of its 
ideas or theories to see if their predictions are borne out by experiment. 

Although the testing of theories distinguishes science from other creative 
fields, it should not be assumed that a theory is “proved” by testing. First of all, no 
measuring instrument is perfect, so exact confirmation is not possible. Further- 
more, it is not possible to test a theory in every single possible circumstance. Hence 
a theory cannot be absolutely verified. Indeed, the history of science tells us that 
long-held theories can be replaced by new ones. 


2 Models, Theories, and Laws 


When scientists are trying to understand a particular set of phenomena, they often 
make use of a model. A model, in the scientist’s sense, is a kind of analogy or 
mental image of the phenomena in terms of something we are familiar with. One 
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example is the wave model of light. We cannot see waves of light as we can water 
waves. But it is valuable to think of light as made up of waves because experiments 
indicate that light behaves in many respects as water waves do. 

The purpose of a model is to give us an approximate mental or visual picture— 
something to hold on to—when we cannot see what actually is happening. Models 
often give us a deeper understanding: the analogy to a known system (for instance, 
water waves in the above example) can suggest new experiments to perform and can 
provide ideas about what other related phenomena might occur. 

You may wonder what the difference is between a theory and a model. Usually 
a model is relatively simple and provides a structural similarity to the phenomena 
being studied. A theory is broader, more detailed, and can give quantitatively testable 
predictions, often with great precision. 

It is important, however, not to confuse a model or a theory with the real 
system or the phenomena themselves. 

Scientists give the title law to certain concise but general statements about 
how nature behaves (that energy is conserved, for example). Sometimes the state- 
ment takes the form of a relationship or equation between quantities (such as 
Newton’s second law, F = ma). 

To be called a law, a statement must be found experimentally valid over a wide 
range of observed phenomena. For less general statements, the term principle is 
often used (such as Archimedes’ principle). 

Scientific laws are different from political laws in that the latter are 
prescriptive: they tell us how we ought to behave. Scientific laws are descriptive: 
they do not say how nature should behave, but rather are meant to describe how 
nature does behave. As with theories, laws cannot be tested in the infinite variety 
of cases possible. So we cannot be sure that any law is absolutely true. We use the 
term “law” when its validity has been tested over a wide range of cases, and when 
any limitations and the range of validity are clearly understood. 

Scientists normally do their research as if the accepted laws and theories were 
true. But they are obliged to keep an open mind in case new information should 
alter the validity of any given law or theory. 


3 Measurement and Uncertainty; 
Significant Figures 


In the quest to understand the world around us, scientists seek to find relationships 
among physical quantities that can be measured. 

Uncertainty 

Reliable measurements are an important part of physics. But no measurement is 
absolutely precise. There is an uncertainty associated with every measurement. Among 
the most important sources of uncertainty, other than blunders, are the limited accuracy 
of every measuring instrument and the inability to read an instrument beyond some 
fraction of the smallest division shown. For example, if you were to use a centimeter 
ruler to measure the width of a board (Fig. 2), the result could be claimed to be precise 
to about 0.1 cm (1 mm), the smallest division on the ruler, although half of this value 
might be a valid claim as well. The reason is that it is difficult for the observer to esti- 
mate (or interpolate) between the smallest divisions. Furthermore, the ruler itself may 
not have been manufactured to an accuracy very much better than this. 

When giving the result of a measurement, it is important to state the estimated 
uncertainty in the measurement. For example, the width of a board might be 
written as 8.8 + 0.1cm. The +0.1cm (“plus or minus 0.1cm”) represents the 
estimated uncertainty in the measurement, so that the actual width most likely lies 
between 8.7 and 8.9cm. The percent uncertainty is the ratio of the uncertainty 
to the measured value, multiplied by 100. For example, if the measurement is 8.8 
and the uncertainty about 0.1 cm, the percent uncertainty is 

F x 100% = 1%, 
where ~ means “is approximately equal to.” 


FIGURE 2 Measuring the width 
of a board with a centimeter ruler. 
The uncertainty is about +1mm. 
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FIGURE 3 These two calculators 
show the wrong number of significant 
figures. In (a), 2.0 was divided by 3.0. 
The correct final result would be 0.67. 
In (b), 2.5 was multiplied by 3.2. The 
correct result is 8.0. 


PROBLEM SOLVING 
Significant figure rule: 
Number of significant figures in final 
result should be same as the least 
significant input value 


Ay CAUTION 
Calculators err with significant figures 


| 
PROBLEM SOLVING 

Report only the proper number of 

significant figures in the final result. 

Keep extra digits during 

the calculation 


FIGURE 4 Example 1. 
A protractor used to measure an angle. 


Paul Silverman/Fundamental Photographs, NYC 
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Often the uncertainty in a measured value is not specified explicitly. In such cases, 
the uncertainty is generally assumed to be one or a few units in the last digit specified. 
For example, if a length is given as 8.8 cm, the uncertainty is assumed to be about 
0.1 cm or 0.2 cm. It is important in this case that you do not write 8.80 cm, for this 
implies an uncertainty on the order of 0.01 cm; it assumes that the length is probably 
between 8.79 cm and 8.81 cm, when actually you believe it is between 8.7 and 8.9 cm. 


Significant Figures 


The number of reliably known digits in a number is called the number of 
significant figures. Thus there are four significant figures in the number 23.21 cm 
and two in the number 0.062 cm (the zeros in the latter are merely place holders 
that show where the decimal point goes). The number of significant figures may 
not always be clear. Take, for example, the number 80. Are there one or two signif- 
icant figures? We need words here: If we say it is roughly 80km between two 
cities, there is only one significant figure (the 8) since the zero is merely a place 
holder. If there is no suggestion that the 80 is a rough approximation, then we can 
often assume that it is 80 km within an accuracy of about 1 or 2 km, and then the 
80 has two significant figures. If it is precisely 80 km, to within + 0.1 km, then we 
write 80.0 km (three significant figures). 

When making measurements, or when doing calculations, you should avoid the 
temptation to keep more digits in the final answer than is justified. For example, to 
calculate the area of a rectangle 11.3 cm by 6.8 cm, the result of multiplication would 
be 76.84 cm?. But this answer is clearly not accurate to 0.01 cm?, since (using the 
outer limits of the assumed uncertainty for each measurement) the result could be 
between 11.2cm X 6.7cm = 75.04cm? and 11.4cm X 6.9cm = 78.66 cm°. At best, 
we can quote the answer as 77 cm’, which implies an uncertainty of about 1 or 2 cm’. 
The other two digits (in the number 76.84 cm’) must be dropped because they are not 
significant. As a rough general rule (i.e., in the absence of a detailed consideration 
of uncertainties), we can say that the final result of a multiplication or division should 
have only as many digits as the number with the least number of significant figures 
used in the calculation. In our example, 6.8 cm has the least number of significant 
figures, namely two. Thus the result 76.84 cm? needs to be rounded off to 77 cm’. 


EXERCISE A The area of a rectangle 4.5 cm by 3.25 cm is correctly given by (a) 14.625 cm?; 
(b) 14.63 cm?; (c) 14.6 cm?; (d) 15 cm’. 


When adding or subtracting numbers, the final result is no more precise than 
the least precise number used. For example, the result of subtracting 0.57 from 3.6 
is 3.0 (and not 3.03). 

Keep in mind when you use a calculator that all the digits it produces may not 
be significant. When you divide 2.0 by 3.0, the proper answer is 0.67, and not some 
such thing as 0.666666666. Digits should not be quoted in a result, unless they are 
truly significant figures. However, to obtain the most accurate result, you should 
normally keep one or more extra significant figures throughout a calculation, and 
round off only in the final result. (With a calculator, you can keep all its digits in 
intermediate results.) Note also that calculators sometimes give too few significant 
figures. For example, when you multiply 2.5 x 3.2, a calculator may give the 
answer as simply 8. But the answer is accurate to two significant figures, so the proper 
answer is 8.0. See Fig. 3. 


CONCEPTUAL EXAMPLE 1 | Significant figures. Using a protractor (Fig. 4), you 
measure an angle to be 30°. (a) How many significant figures should you quote in this 
measurement? (b) Use a calculator to find the cosine of the angle you measured. 


RESPONSE (a) If you look at a protractor, you will see that the precision with 
which you can measure an angle is about one degree (certainly not 0.1°). So you 
can quote two significant figures, namely, 30° (not 30.0°). (b) If you enter cos 30° 
in your calculator, you will get a number like 0.866025403. However, the angle 
you entered is known only to two significant figures, so its cosine is correctly 
given by 0.87; you must round your answer to two significant figures. 
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| EXERCISE B Do 0.00324 and 0.00056 have the same number of significant figures? 
Be careful not to confuse significant figures with the number of decimal places. 


EXERCISE C For each of the following numbers, state the number of significant figures 
and the number of decimal places: (a) 1.23; (b) 0.123; (c) 0.0123. 


Scientific Notation 


We commonly write numbers in “powers of ten,” or “scientific” notation—for 
instance 36,900 as 3.69 X 104, or 0.0021 as 2.1 xX 1073. One advantage of scientific 
notation is that it allows the number of significant figures to be clearly expressed. 
For example, it is not clear whether 36,900 has three, four, or five significant 
figures. With powers of ten notation the ambiguity can be avoided: if the number is 
known to three significant figures, we write 3.69 X 10*, but if it is known to four, 
we write 3.690 x 10°. 


EXERCISE D Write each of the following in scientific notation and state the number of 
significant figures for each: (a) 0.0258, (b) 42,300, (c) 344.50. 


Percent Uncertainty versus Significant Figures 


The significant figures rule is only approximate, and in some cases may underestimate 
the accuracy (or uncertainty) of the answer. Suppose for example we divide 97 by 92: 


97 
92 
Both 97 and 92 have two significant figures, so the rule says to give the answer 
as 1.1. Yet the numbers 97 and 92 both imply an uncertainty of + 1 if no other 
uncertainty is stated. Now 92 + 1 and 97 + 1 both imply an uncertainty of 
about 1% (1/92 ~ 0.01 = 1%). But the final result to two significant figures 
is 1.1, with an implied uncertainty of +0.1, which is an uncertainty of 
0.1/1.1 ~ 0.1 ~ 10%. In this case it is better to give the answer as 1.05 (which is 
three significant figures). Why? Because 1.05 implies an uncertainty of + 0.01 
which is 0.01/1.05 ~ 0.01 ~ 1%, just like the uncertainty in the original 
numbers 92 and 97. 
SUGGESTION: Use the significant figures rule, but consider the % uncer- 
tainty too, and add an extra digit if it gives a more realistic estimate of uncertainty. 


= 1.05 ~ 1.1. 


Approximations 


Much of physics involves approximations, often because we do not have the 
means to solve a problem precisely. For example, we may choose to ignore air 
resistance or friction in doing a Problem even though they are present in the real 
world, and then our calculation is only an approximation. In doing Problems, we 
should be aware of what approximations we are making, and be aware that the 
precision of our answer may not be nearly as good as the number of significant 
figures given in the result. 


Accuracy versus Precision 


There is a technical difference between “precision” and “accuracy.” Precision in a strict 
sense refers to the repeatability of the measurement using a given instrument. For 
example, if you measure the width of a board many times, getting results like 8.81 cm, 
8.85 cm, 8.78 cm, 8.82 cm (interpolating between the 0.1 cm marks as best as possible 
each time), you could say the measurements give a precision a bit better than 0.1 cm. 
Accuracy refers to how close a measurement is to the true value. For example, if the 
ruler shown in Fig. 2 was manufactured with a 2% error, the accuracy of its measure- 
ment of the board’s width (about 8.8cm) would be about 2% of 8.8cm or about 
+ 0.2 cm. Estimated uncertainty is meant to take both accuracy and precision into 
account. 
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TABLE 1 Some Typical 


Lengths or Distances 
(order of magnitude) 


Inc. 


Oliver Meckes/Ottawa/Photo Researchers. 
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Length Meters 
(or Distance) (approximate) 
Neutron or proton 

(diameter) 10-5 m 
Atom 

(diameter) O Nm 
Virus [see Fig. 5a] 107 m 
Sheet of paper 

(thickness) 1074 
Finger width 10° m 
Football field length 10° m 
Height of Mt. Everest 

[see Fig. 5b] 10° m 
Earth diameter 107 m 
Earth to Sun 10 m 
Earth to nearest star 10 im 
Earth to nearest galaxy 10° m 
Earth to farthest 

galaxy visible 107° m 


FIGURE 5 Some lengths: 
(a) viruses (about 107” m 1 


ong) 


attacking a cell; (b) Mt. Everest’s 
height is on the order of 10*m 
(8850 m, to be precise). 


(b) 
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4 Units, Standards, and the SI System 


The measurement of any quantity is made relative to a particular standard or unit, 
and this unit must be specified along with the numerical value of the quantity. For 
example, we can measure length in British units such as inches, feet, or miles, or in 
the metric system in centimeters, meters, or kilometers. To specify that the length 
of a particular object is 18.6 is meaningless. The unit must be given; for clearly, 
18.6 meters is very different from 18.6 inches or 18.6 millimeters. 

For any unit we use, such as the meter for distance or the second for time, we 
need to define a standard which defines exactly how long one meter or one second 
is. It is important that standards be chosen that are readily reproducible so that 
anyone needing to make a very accurate measurement can refer to the standard in 
the laboratory. 


Length 

The first truly international standard was the meter (abbreviated m) established as 
the standard of length by the French Academy of Sciences in the 1790s. The stan- 
dard meter was originally chosen to be one ten-millionth of the distance from the 
Earth’s equator to either pole,’ and a platinum rod to represent this length was 
made. (One meter is, very roughly, the distance from the tip of your nose to the tip 
of your finger, with arm and hand stretched out to the side.) In 1889, the meter was 
defined more precisely as the distance between two finely engraved marks on a 
particular bar of platinum—iridium alloy. In 1960, to provide greater precision and 
reproducibility, the meter was redefined as 1,650,763.73 wavelengths of a particular 
orange light emitted by the gas krypton-86. In 1983 the meter was again redefined, 
this time in terms of the speed of light (whose best measured value in terms of the 
older definition of the meter was 299,792,458 m/s, with an uncertainty of 1 m/s). 
The new definition reads: “The meter is the length of path traveled by light in 
vacuum during a time interval of 1/299,792,458 of a second.”? 

British units of length (inch, foot, mile) are now defined in terms of the 
meter. The inch (in.) is defined as precisely 2.54 centimeters (cm; 1 cm = 0.01 m). 
Table 1 presents some typical lengths, from very small to very large, rounded off 
to the nearest power of ten. See also Fig. 5. [Note that the abbreviation for 
inches (in.) is the only one with a period, to distinguish it from the word “in”. 
Time 
The standard unit of time is the second (s). For many years, the second was defined as 
1/86,400 of a mean solar day (24h/day Xx 60 min/h X 60s/min = 86,400 s/day). 
The standard second is now defined more precisely in terms of the frequency of radi- 
ation emitted by cesium atoms when they pass between two particular states. 
[Specifically, one second is defined as the time required for 9,192,631,770 periods of 
this radiation.] There are, by definition, 60s in one minute (min) and 60 minutes in 
one hour (h). Table 2 presents a range of measured time intervals, rounded off to the 
nearest power of ten. 


Mass 


The standard unit of mass is the kilogram (kg). The standard mass is a particular 
platinum-iridium cylinder, kept at the International Bureau of Weights and 
Measures near Paris, France, whose mass is defined as exactly 1kg. A range of 
masses is presented in Table 3. [For practical purposes, 1kg weighs about 
2.2 pounds on Earth.] 


‘Modern measurements of the Earth’s circumference reveal that the intended length is off by about 
one-fiftieth of 1%. Not bad! 

*The new definition of the meter has the effect of giving the speed of light the exact value of 
299,792,458 m/s. 
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Kilograms (approximate) 


TABLE 2 Some Typical Time Intervals TABLE 3 Some Masses 
Time Interval Seconds (approximate) Object 
Lifetime of very unstable subatomic particle 10s Electron 
Lifetime of radioactive elements 10°" s to 108 5 Proton, neutron 
Lifetime of muon 10° s DNA molecule 
Time between human heartbeats 10° s(= 1s) Bacterium 

One day 10° s Mosquito 

One year IKA g Plum 

Human life span DIO? g Human 

Length of recorded history 10" s Ship 

Humans on Earth TA Earth 

Life on Earth 107 s Sun 

Age of Universe 10'8 5 Galaxy 


When dealing with atoms and molecules, we usually use the unified atomic 
mass unit (u). In terms of the kilogram, 


1u = 1.6605 x 10” kg. 


Unit Prefixes 


In the metric system, the larger and smaller units are defined in multiples of 10 from 
the standard unit, and this makes calculation particularly easy. Thus 1 kilometer (km) 
is 1000 m, 1 centimeter is jm, 1 millimeter (mm) is mwm or Fem, and so on. 
The prefixes “centi-,” “kilo-,” and others are listed in Table 4 and can be applied not 
only to units of length but to units of volume, mass, or any other metric unit. For 
example, a centiliter (cL) is 7 liter (L), and a kilogram (kg) is 1000 grams (g). 


Systems of Units 


When dealing with the laws and equations of physics it is very important to use a 
consistent set of units. Several systems of units have been in use over the years. 
Today the most important is the Système International (French for International 
System), which is abbreviated SI. In SI units, the standard of length is the meter, 
the standard for time is the second, and the standard for mass is the kilogram. This 
system used to be called the MKS (meter-kilogram-second) system. 

A second metric system is the egs system, in which the centimeter, gram, and 
second are the standard units of length, mass, and time, as abbreviated in the title. 
The British engineering system has as its standards the foot for length, the pound 
for force, and the second for time. 

We use SI units almost exclusively in this text. 


Base versus Derived Quantities 


Physical quantities can be divided into two categories: base quantities and derived 
quantities. The corresponding units for these quantities are called base units and 
derived units. A base quantity must be defined in terms of a standard. Scientists, in the 
interest of simplicity, want the smallest number of base quantities possible consistent 
with a full description of the physical world. This number turns out to be seven, and 
those used in the SI are given in Table 5. All other quantities can be defined in terms 
of these seven base quantities,’ and hence are referred to as derived quantities. An 
example of a derived quantity is speed, which is defined as distance divided by the time 
it takes to travel that distance. To define any quantity, whether base or derived, we can 
specify a rule or procedure, and this is called an operational definition. 


‘The only exceptions are for angle (radians) and solid angle (steradian). No general agreement has 
been reached as to whether these are base or derived quantities. 


6 xX 10% kg 
De io igs 


TABLE 4 Metric (SI) Prefixes 


Prefix Abbreviation Value 


yotta 
zetta 
exa 
peta 
tera 
giga 
mega 
kilo 
hecto 
deka 
deci 
centi 
milli 
micro’ 
nano 
pico 
femto 
atto 
zepto 
yocto 


1074 
102! 
10!8 
1015 
10!2 
10° 

10° 


< NSP FORE RO Ras RT ZEOHVONK 
= 
T 


t u is the Greek letter “mu.” 


TABLE 5 
SI Base Quantities and Units 
Unit 

Quantity Unit Abbreviation 
Length meter m 
Time second s 
Mass kilogram kg 
Electric 

current ampere A 
Temperature kelvin K 
Amount 

of substance mole mol 
Luminous 

intensity candela cd 
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5 Converting Units 


Any quantity we measure, such as a length, a speed, or an electric current, consists 
of a number and a unit. Often we are given a quantity in one set of units, but we 
want it expressed in another set of units. For example, suppose we measure that a 
table is 21.5 inches wide, and we want to express this in centimeters. We must use a 
conversion factor, which in this case is (by definition) exactly 


lin. = 2.54cm 
or, written another way, 
1 = 2.54 cm/in. 


Since multiplying by one does not change anything, the width of our table, in cm, is 
21.5inches = (21.5 in.) X (2.54 m) = 54.6cm. 


Note how the units (inches in this case) cancelled out. Let’s consider some conversion 
Examples. 


@puysics APPLIED 
The world’s tallest peaks 


The 8000-m peaks. The fourteen tallest peaks in the world 
(Fig. 6 and Table 6) are referred to as “eight-thousanders,” meaning their 
summits are over 8000m above sea level. What is the elevation, in feet, of an 
elevation of 8000 m? 


APPROACH We need simply to convert meters to feet, and we can start with the 
conversion factor lin. = 2.54cm, which is exact. That is, lin. = 2.5400cm to 
any number of significant figures, because it is defined to be. 


SOLUTION One foot is 12 in., so we can write 


1ft = (12in)(2542) = 3048cm = 0.3048 m, 


FIGURE 6 The world’s second 
highest peak, K2, whose summit is 
considered the most difficult of the 
“8000-ers.” K2 is seen here from 


which is exact. Note how the units cancel (colored slashes). We can rewrite this 
equation to find the number of feet in 1 meter: 


the north (China). 1ft 
1 = = 3.28084 ft. 
m 0.3048 
TABLE 6 
The 8000-m Peaks We multiply this equation by 8000.0 (to have five significant figures): 
Peak Height (m) ft 
8000.0 m = (8000.0 )| 3.28084 — | = 26,247 ft. 
Mt. Everest 8850 ( ) ( 4) 
K2 8611 
Kangchenjunga 8586 An elevation of 8000 m is 26,247 ft above sea level. 
Lhotse 8516 NOTE We could have done the conversion all in one line: 
Makalu 8462 
100 car 1m 1ft 

Shoes oe 8000.0m = (8000.0 m) ~~) = 26,247 ft. 
Dhaulagiri 8167 1m, 2.54 car J \ 12 tn 
Manaslu 8156 
Nanga Parbat 8125 The key is to multiply conversion factors, each equal to one (= 1.0000), and to 
Annapurna 8091 make sure the units cancel. 
Gasherbrum I 8068 
Broad Peak 8047 EXERCISE E There are only 14 eight-thousand-meter peaks in the world (see Example 2), 
(Gagiaisanim Ill 8035 and their names and elevations are given in Table 6. They are all in the Himalaya moun- 

5 tain range in India, Pakistan, Tibet, and China. Determine the elevation of the world’s 
Shisha Pangma 8013 


three highest peaks in feet. 
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Apartment area. You have seen a nice apartment whose floor 
area is 880 square feet (ft”). What is its area in square meters? 


APPROACH We use the same conversion factor, lin. = 2.54cm, but this time 
we have to use it twice. 

SOLUTION Because lin. = 2.54cm = 0.0254m, then 1 ft? = (12 in)’ (0.0254 m/in.)? = 
0.0929 m°. So 880 ft? = (880 ft?)(0.0929 m?/ft?) ~ 82 m?. 

NOTE As a rule of thumb, an area given in ft? is roughly 10 times the number of 
square meters (more precisely, about 10.8 x). 


Speeds. Where the posted speed limit is 55 miles per hour (mi/h 
or mph), what is this speed (a) in meters per second (m/s) and (b) in kilometers 
per hour (km/h)? 


APPROACH We again use the conversion factor 1in. = 2.54cm, and we recall 
that there are 5280 ft in a mile and 12 inches in a foot; also, one hour contains 
(60 min/h) X (60s/min) = 3600s/h. 
SOLUTION (a) We can write 1 mile as 


Imi = (5280 #)( 12 B=) (2.54 22°) ( ku ) = 1609 m. 
at cnr 


“TRY 


We also know that 1 hour contains 3600 s, so 


mi mi m 1b m 
a a (ss Te) 160 aa] aes 
where we rounded off to two significant figures. 
(b) Now we use 1 mi = 1609 m = 1.609 km; then 


mi TAL km km 
55— = | 55——]| 1.609——] = 88—.- 
m = (sp) (rea) = e 


NOTE Each conversion factor is equal to one. 


EXERCISE F Would a driver traveling at 15 m/s in a 35 mi/h zone be exceeding the speed 
limit? 


When changing units, you can avoid making an error in the use of conversion 
factors by checking that units cancel out properly. For example, in our conversion 
of 1 mi to 1609m in Example 4(a), if we had incorrectly used the factor (2) 
instead of (mex), the centimeter units would not have cancelled out; we 
would not have ended up with meters. 


6 Order of Magnitude: Rapid Estimating 


We are sometimes interested only in an approximate value for a quantity. This 
might be because an accurate calculation would take more time than it is worth 
or would require additional data that are not available. In other cases, we may 
want to make a rough estimate in order to check an accurate calculation made 
on a calculator, to make sure that no blunders were made when the numbers 
were entered. 

A rough estimate is made by rounding off all numbers to one significant figure 
and its power of 10, and after the calculation is made, again only one significant 
figure is kept. Such an estimate is called an order-of-magnitude estimate and can 
be accurate within a factor of 10, and often better. In fact, the phrase “order of 
magnitude” is sometimes used to refer simply to the power of 10. 


PROBLEM SOLVING 


Conversion factors = 1 


PROBLEM SOLVING 


nit conversion is wrong if units do 
not cancel 


PROBLEM SOLVING 


“How to make a rough estimate 
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Q@) PHYSICS APPLIED 


Estimating the volume (or mass) of 
a lake; see also Fig. 7 


PROBLEM SOLVING 
Use symmetry when possible 
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FIGURE 7 Example 5. (a) How much 
water is in this lake? (Photo is of one 
of the Rae Lakes in the Sierra Nevada 


of California.) (b) Model of the lake 
as a cylinder. [We could go one step 
further and estimate the mass or 
weight of this lake. We will see later 
that water has a density of 1000 kg/m’, 
so this lake has a mass of about 

(10° kg/m*)(10’ m°) ~ 10!° kg, which is 
about 10 billion kg or 10 million metric 
tons. (A metric ton is 1000 kg, about 
2200 Ibs, slightly larger than a British 
ton, 2000 Ibs.)] 


G25 ESTIMATE | Volume of a lake. Estimate how much water there 
is in a particular lake, Fig. 7a, which is roughly circular, about 1 km across, and 
you guess it has an average depth of about 10 m. 


APPROACH No lake is a perfect circle, nor can lakes be expected to have a 
perfectly flat bottom. We are only estimating here. To estimate the volume, we 
can use a simple model of the lake as a cylinder: we multiply the average depth 
of the lake times its roughly circular surface area, as if the lake were a cylinder 
(Fig. 7b). 

SOLUTION The volume V of a cylinder is the product of its height h times the 
area of its base: V = Amr’, where r is the radius of the circular base. The radius r 
is km = 500m, so the volume is approximately 


V = hrr ~ (10m) x (3) X (5X 10m? ~ 8 x 10m? = 10 mê, 


where m was rounded off to 3. So the volume is on the order of 10” m°, ten 
million cubic meters. Because of all the estimates that went into this calculation, 
the order-of-magnitude estimate (10’ m°) is probably better to quote than the 
8 x 10° m° figure. 

NOTE To express our result in U.S. gallons, we see in the Table on the inside 
front cover that liter = 10° m° ~ }gallon. Hence, the lake contains 
(8 x 10° m*)(1 gallon/4 x 10° m°?) ~ 2 x 10%allons of water. 


SOTA ESTIMATE | Thickness of a page. Estimate the thickness 


of a page of a text. 


APPROACH At first you might think that a special measuring device, a micrometer 
(Fig. 8), is needed to measure the thickness of one page since an ordinary 
ruler clearly won’t do. But we can use a trick or, to put it in physics terms, make 
use of a symmetry: we can make the reasonable assumption that all the pages of 
a text are equal in thickness. 

SOLUTION We can use a ruler to measure many pages at once. If you measure 
the thickness of the first 500 pages of a book (page 1 to page 500), you might 
get something like 1.5cm. Note that 500 numbered pages, counted front 
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and back, is 250 separate sheets of paper. So one page must have a thickness of 


about 
ome 6 X 103m = 6 x 107mm, 
250 pages 


or less than a tenth of a millimeter (0.1 mm). 


CW Ea ESTIMATE |Height by triangulation. Estimate the height 
of the building shown in Fig. 9, by “triangulation,” with the help of a bus-stop 
pole and a friend. 


APPROACH By standing your friend next to the pole, you estimate the height of 
the pole to be 3m. You next step away from the pole until the top of the pole is in 


Larry Voight/Photo Researchers, Inc. 


line with the top of the building, Fig. 9a. You are 5 ft 6in. tall, so your eyes are FIGURE 8 Example 6. Micrometer used 


about 1.5 m above the ground. Your friend is taller, and when she stretches out her for measuring small thicknesses. 
arms, one hand touches you, and the other touches the pole, so you estimate that 
distance as 2 m (Fig. 9a). You then pace off the distance from the pole to the base 
of the building with big, 1-m-long steps, and you get a total of 16 steps or 16 m. 


FIGURE 9 Example 7. 
Diagrams are really useful! 


SOLUTION Now you draw, to scale, the diagram shown in Fig. 9b using these “a 
measurements. You can measure, right on the diagram, the last side of the an Ey 
triangle to be about x = 13m. Alternatively, you can use similar triangles to (a) we H 
obtain the height x: “eo ES 
4 ? 
15m = X ~ 13ł Ea ia 
2m  I8m O Y0 2am a i 
Finally you add in your eye height of 1.5m above the ground to get your final = 
result: the building is about 15 m tall. E ii 


EXAMPLE 8 Estimating the radius of Earth. Believe it or not, 
you can estimate the radius of the Earth without having to go into space. If you 
have ever been on the shore of a large lake, you may have noticed that you 
cannot see the beaches, piers, or rocks at water level across the lake on the oppo- 
site shore. The lake seems to bulge out between you and the opposite shore—a 
good clue that the Earth is round. Suppose you climb a stepladder and discover 
that when your eyes are 10 ft (3.0m) above the water, you can just see the rocks 
at water level on the opposite shore. From a map, you estimate the distance to 
the opposite shore as d ~ 6.1 km. Use Fig. 10 with h = 3.0m to estimate the 
radius R of the Earth. 


APPROACH We use simple geometry, including the theorem of Pythagoras, 

Ê =a +b’, where c is the length of the hypotenuse of any right triangle, and a 

and b are the lengths of the other two sides. 

SOLUTION For the right triangle of Fig. 10, the two sides are the radius of the FIGURE 10 Example 8, but not to 
Earth R and the distance d = 6.1km = 6100m. The hypotenuse is approxi- Scale. You can see small rocks at 


mately the length R + h, where h = 3.0m. By the Pythagorean theorem, Water level onthe opposite shore or 
a lake 6.1 km wide if you stand on a 


R+ ËZ (R + hy stepladder. 
x R + 2hR + Pe. 


We solve algebraically for R, after cancelling R? on both sides: 


2... h2 6100 m)? — (3.0m)? 
pat 2s aA SEN 2-636 10 w= See: 
2h 6.0m 


NOTE Precise measurements give 6380 km. But look at your achievement! With a 
few simple rough measurements and simple geometry, you made a good estimate 
of the Earth’s radius. You did not need to go out in space, nor did you need a very long 
measuring tape. Now you know the answer to the Chapter-Opening Question. 
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\PROBLEM SOLVING 


Estimating how many piano tuners 
there are ina city 
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2GA ESTIMATE | Total number of heartbeats. Estimate the total 
number of beats a typical human heart makes in a lifetime. 


APPROACH A typical resting heart rate is 70 beats/min. But during exercise it 
can be a lot higher. A reasonable average might be 80 beats/min. 


SOLUTION One year in terms of seconds is (24h)(3600 s/h)(365d) ~ 3 x 10’s. 
If an average person lives 70 years = (70 yr)(3 X 10’s/yr) =~ 2 X 10°sthen the 
total number of heartbeats would be about 


beats \ / 1 mi 
(so sats) ina x 10s) ~ 3X 10°, 


or 3 trillion. 


Another technique for estimating, this one made famous by Enrico Fermi to 
his physics students, is to estimate the number of piano tuners in a city, say, 
Chicago or San Francisco. To get a rough order-of-magnitude estimate of the 
number of piano tuners today in San Francisco, a city of about 700,000 inhabitants, 
we can proceed by estimating the number of functioning pianos, how often each 
piano is tuned, and how many pianos each tuner can tune. To estimate the number 
of pianos in San Francisco, we note that certainly not everyone has a piano. 
A guess of 1 family in 3 having a piano would correspond to 1 piano per 12 persons, 
assuming an average family of 4 persons. As an order of magnitude, let’s say 
1 piano per 10 people. This is certainly more reasonable than 1 per 100 people, or 
1 per every person, so let’s proceed with the estimate that 1 person in 10 has a 
piano, or about 70,000 pianos in San Francisco. Now a piano tuner needs an hour 
or two to tune a piano. So let’s estimate that a tuner can tune 4 or 5 pianos a day. 
A piano ought to be tuned every 6 months or a year—let’s say once each year. 
A piano tuner tuning 4 pianos a day, 5 days a week, 50 weeks a year can tune 
about 1000 pianos a year. So San Francisco, with its (very) roughly 70,000 pianos, 
needs about 70 piano tuners. This is, of course, only a rough estimate.’ It tells us 
that there must be many more than 10 piano tuners, and surely not as many as 1000. 


“7 Dimensions and Dimensional Analysis 


When we speak of the dimensions of a quantity, we are referring to the type of base 
units or base quantities that make it up. The dimensions of area, for example, are 
always length squared, abbreviated [E>]; using square brackets; the units can be 
square meters, square feet, cm’, and so on. Velocity, on the other hand, can be 
measured in units of km/h, m/s, or mi/h, but the dimensions are always a length [L] 
divided by a time [T]: that is, [L/T]. 

The formula for a quantity may be different in different cases, but the dimen- 
sions remain the same. For example, the area of a triangle of base b and height A is 
A= 5bh, whereas the area of a circle of radius r is A = mr. The formulas are 
different in the two cases, but the dimensions of area are always [L?]. 

Dimensions can be used as a help in working out relationships, a procedure 
referred to as dimensional analysis. One useful technique is the use of dimensions 
to check if a relationship is incorrect. Note that we add or subtract quantities only 
if they have the same dimensions (we don’t add centimeters and hours); and 
the quantities on each side of an equals sign must have the same dimensions. (In 
numerical calculations, the units must also be the same on both sides of an equation.) 

For example, suppose you derived the equation v = vy + at’, where v is the 
speed of an object after a time t, vo is the object’s initial speed, and the object 
undergoes an acceleration a. Let’s do a dimensional check to see if this equation 


tA check of the San Francisco Yellow Pages (done after this calculation) reveals about 50 listings. Each 
of these listings may employ more than one tuner, but on the other hand, each may also do repairs as 
well as tuning. In any case, our estimate is reasonable. 
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could be correct or is surely incorrect. Note that numerical factors, like the + here, 
do not affect dimensional checks. We write a dimensional equation as follows, 
remembering that the dimensions of speed are [L/T] and the dimensions of accel- 


eration are [L/T’]: 
E les L], 
rl? | 4 [77] = |< | + [L]. 


L 

T 
The dimensions are incorrect: on the right side, we have the sum of quantities 
whose dimensions are not the same. Thus we conclude that an error was made in 
the derivation of the original equation. 

A dimensional check can only tell you when a relationship is wrong. It can’t 
tell you if it is completely right. For example, a dimensionless numerical factor (such 
as 3 or 27r) could be missing. 

Dimensional analysis can also be used as a quick check on an equation you are 
not sure about. For example, suppose that you can’t remember whether the equa- 
tion for the period of a simple pendulum T (the time to make one back-and-forth 
swing) of length £ is T = 27V0/g or T = 27V g/l, where g is the acceleration 
due to gravity and, like all accelerations, has dimensions [L/T]: (Do not worry 
about these formulas; what we are concerned about here is a person’s recalling 
whether it contains £/g or g/£.) A dimensional check shows that the former (£/g) 


is correct: 
\ Wa V [T°] = = [T], 


whereas the latter (g/£) is not: 


pz [L/T] a 1 
[L] [r] 7] 


Note that the constant 27 has no dimensions and so can’t be checked using dimensions. 


Planck length. The smallest meaningful measure of length is 
called the “Planck length,” and is defined in terms of three fundamental constants 
in nature, the speed of light c = 3.00 x 10°m/s, the gravitational constant 
G = 6.67 X 10°! m3/kg-s’, and Planck’s constant h = 6.63 X 10 ™“kg-m?/s. 
The Planck length Ap (A is the Greek letter “lambda”) is given by the following 
combination of these three constants: 


Ap = 4) 


Show that the dimensions of Ap are length [L], and find the order of magnitude of Ap. 
APPROACH We rewrite the above equation in terms of dimensions. The dimen- 


sions of c are [L/T], of G are [L3/MT"], and of h are [ML?/T]. 
SOLUTION The dimensions of Ap are 


[r VIE} = w 


[2/T°] 


which is a length. The value of the Planck length is 


-11 m3 ae 34,0 m2 
7 [on 7 JE x 10 ™m°/kg:s?)(6.63 x 10 ™kg:m?/s) 4 y 1035m, 
È 


(3.0 x 108 m/s)° 


which is on the order of 10% or 10%” m. 

NOTE Some recent theories suggest that the smallest particles (quarks, leptons) 
have sizes on the order of the Planck length, 10% m. These theories also suggest 
that the “Big Bang,” with which the Universe is believed to have begun, started 
from an initial size on the order of the Planck length. 
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| Summary 


Physics, like other sciences, is a creative endeavor. It is not 
simply a collection of facts. Important theories are created with 
the idea of explaining observations. To be accepted, theories are 
tested by comparing their predictions with the results of actual 
experiments. Note that, in general, a theory cannot be “proved” 
in an absolute sense. 

Scientists often devise models of physical phenomena. A 
model is a kind of picture or analogy that helps to describe the 
phenomena in terms of something we already know. A theory, 
often developed from a model, is usually deeper and more 
complex than a simple model. 

A scientific law is a concise statement, often expressed in 
the form of an equation, which quantitatively describes a wide 
range of phenomena. 

Measurements play a crucial role in physics, but can never 
be perfectly precise. It is important to specify the uncertainty 


of a measurement either by stating it directly using the + 
notation, and/or by keeping only the correct number of 
significant figures. 

Physical quantities are always specified relative to a partic- 
ular standard or unit, and the unit used should always be stated. 
The commonly accepted set of units today is the Système 
International (SI), in which the standard units of length, mass, 
and time are the meter, kilogram, and second. 

When converting units, check all conversion factors for 
correct cancellation of units. 

Making rough, order-of-magnitude estimates is a very 
useful technique in science as well as in everyday life. 

[*The dimensions of a quantity refer to the combination of 
base quantities that comprise it. Velocity, for example, has 
dimensions of [length/time] or [L/T]. Dimensional analysis can 
be used to check a relationship for correct form.] 


J Answers to Exercises 


A: (d). 
B: No: they have 3 and 2, respectively. 


C: All three have three significant figures, although the 
number of decimal places is (a) 2, (b) 3, (c) 4. 


D: (a) 2.58 X 107°, 3; (b) 4.23 X 10+, 3 (probably); 

(c) 3.4450 Xx 10°, 5. 
E: Mt. Everest, 29,035 ft; K2, 28,251 ft; Kangchenjunga, 28,169 ft. 
F: No: 15 m/s ~ 34 mi/h. 
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| Questions 


1. What are the merits and drawbacks of using a person’s foot as 
a standard? Consider both (a) a particular person’s foot, and 
(b) any person’s foot. Keep in mind that it is advantageous 
that fundamental standards be accessible (easy to compare to), 
invariable (do not change), indestructible, and reproducible. 

2. Why is it incorrect to think that the more digits you 
represent in your answer, the more accurate it is? 

3. When traveling a highway in the mountains, you may see 
elevation signs that read “914m (3000 ft).” Critics of the 
metric system claim that such numbers show the metric 
system is more complicated. How would you alter such signs 
to be more consistent with a switch to the metric system? 

4. What is wrong with this road sign: 

Memphis 7 mi (11.263 km)? 

5. For an answer to be complete, the units need to be speci- 
fied. Why? 

6. Discuss how the notion of symmetry could be used to 
estimate the number of marbles in a 1-liter jar. 

7. You measure the radius of a wheel to be 4.16cm. If you 
multiply by 2 to get the diameter, should you write the 
result as 8cm or as 8.32 cm? Justify your answer. 

8. Express the sine of 30.0° with the correct number of 
significant figures. 

9. A recipe for a soufflé specifies that the measured ingredients 
must be exact, or the soufflé will not rise. The recipe calls for 


6 large eggs. The size of “large” eggs can vary by 10%, 
according to the USDA specifications. What does this tell you 
about how exactly you need to measure the other ingredients? 
10. List assumptions useful to estimate the number of car 
mechanics in (a) San Francisco, (b) your hometown, and 
then make the estimates. 
11. Suggest a way to measure the distance from Earth to the Sun. 
*12. Can you set up a complete set of base quantities, as in 
Table 5, that does not include length as one of them? 


TABLE 5 
SI Base Quantities and Units 
Unit 

Quantity Unit Abbreviation 
Length meter m 
Time second s 
Mass kilogram kg 
Electric 

current ampere A 
Temperature kelvin K 
Amount 

of substance mole mol 
Luminous 

intensity candela cd 


| Problems 


[The Problems in this Section are ranked I, II, or HI according to 
estimated difficulty, with (I) Problems being easiest. Level (IID) 
Problems are meant mainly as a challenge for the best students, for 
“extra credit.” The Problems are arranged by Sections, meaning that 
the reader should have read up to and including that Section, but 
this Chapter also has a group of General Problems that are not 
arranged by Section and not ranked.] 


3 Measurement, Uncertainty, Significant Figures 
(Note: In Problems, assume a number like 6.4 is accurate to + 0.1; 
and 950 is + 10 unless 950 is said to be “precisely” or “very nearly” 
950, in which case assume 950 + 1.) 
1. (I) The age of the universe is thought to be about 14 billion 
years. Assuming two significant figures, write this in powers 
of ten in (a) years, (b) seconds. 


2. (I) How many significant figures do each of the following 
numbers have: (a) 214, (b) 81.60, (c) 7.03, (d) 0.03, 
(e) 0.0086, (f) 3236, and (g) 8700? 

3. (I) Write the following numbers in powers of ten notation: 
(a) 1.156, (b) 21.8, (c) 0.0068, (d) 328.65, (e) 0.219, and (f) 444. 

4. (I) Write out the following numbers in full with the 
correct number of zeros: (a) 8.69 X 104, (b) 9.1 x 10°, 
(c) 8.8 X 107!, (d) 4.76 X 10°, and (e) 3.62 x 10>. 


5. (ID) What is the percent uncertainty in the measurement 
5.48 + 0.25 m? 

6. (II) Time intervals measured with a stopwatch typically have 
an uncertainty of about 0.2s, due to human reaction time at 
the start and stop moments. What is the percent uncertainty 
of a hand-timed measurement of (a) 5s, (b) 50s, (c) 5 min? 

7. (II) Add (9.2 x 10°s) + (8.3 x 10*s) + (0.008 x 10°s). 

8. (II) Multiply 2.079 x 107m by 0.082 x 107!, taking into 
account significant figures. 

9. (II) For small angles 0, the numerical value of sin @ is 
approximately the same as the numerical value of tan 0. 
Find the largest angle for which sine and tangent agree to 
within two significant figures. 

10. (IID) What, roughly, is the percent uncertainty in the volume 
of a spherical beach ball whose radius is r = 0.84 + 0.04m? 


4 and 5 Units, Standards, SI, Converting Units 

11. (I) Write the following as full (decimal) numbers with stan- 
dard units: (a) 286.6 mm, (b) 85 uV, (c) 760 mg, (d) 60.0 ps, 
(e) 22.5 fm, (f) 2.50 gigavolts. 

12. (I) Express the following using the prefixes of Table 4: 
(a) 1 X 10° volts, (b) 2 X 10° meters, (c) 6 X 10° days, 
(d) 18 X 107 bucks, and (e) 8 X 1078 seconds. 


From Chapter 1 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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TABLE 4 Metric (SI) Prefixes 
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13. (1) Determine 
your own height in 


Prefix Abbreviation Value meters, and your mass 
z4 + inkg. 
yona x ae 14. (1) The Sun, on 
Haile Z wv average, is 93 million 
Exa E 10'S miles from Earth. How 
peta Ie 10'5 many meters is this? 
tera T 101? Express (a) using 
giga G 10° powers of ten, and (b) 
6 using a metric prefix. 
Tepe M au 15. (II) What is the 
kilo k W conversion factor 
hecto h 10? between (a) ft? and 
deka da 10! yd’, (b) m? and ft?? 
deci d 10°! 16. (II) An airplane 
anii @ 102 travels at 950km/h. 
aa -3 How long does it take 
mul 7 = w7 to travel 1.00 km? 
mie p 10", 17. (I) A typical 
nano n 10 atom has a diameter of 
pico p 10° about 1.0 x 107m. 
femto f 10° (a) What is this in 
A J 10718 inches? (b) Approxi- 
zepto 5 1072! mately how many 
_54 atoms are there along 
yoo y 10 a 1.0-cm line? 
t wis the Greek letter “mu.” 18. (II) Express the 
following sum with the 
correct number of significant figures: 1.80m + 
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142.5 cm + 5.34 X 10° um. 

(II) Determine the conversion factor between (a) km/h 
and mi/h, (b) m/s and ft/s, and (c) km/h and m/s. 

(II) How much longer (percentage) is a one-mile race than 
a 1500-m race (“the metric mile”)? 

(II) A light-year is the distance light travels in one year 
(at speed = 2.998 x 108m/s). (a) How many meters are 
there in 1.00 light-year? (b) An astronomical unit (AU) is 
the average distance from the Sun to Earth, 1.50 x 10° km. 
How many AU are there in 1.00 light-year? (c) What is the 
speed of light in AU/h? 

(II) If you used only a keyboard to enter data, how many 
years would it take to fill up the hard drive in your 
computer that can store 82 gigabytes (82 x 10° bytes) of 
data? Assume “normal” eight-hour working days, and that 
one byte is required to store one keyboard character, and 
that you can type 180 characters per minute. 

(IID) The diameter of the Moon is 3480 km. (a) What is the 
surface area of the Moon? (b) How many times larger is the 
surface area of the Earth? 


6 Order-of-Magnitude Estimating 
(Note: Remember that for rough estimates, only round numbers are 
needed both as input to calculations and as final results.) 


24. 


25. 


26. 


(1) Estimate the order of magnitude (power of ten) of: (a) 2800, 
(b) 86.30 x 107, (c) 0.0076, and (d) 15.0 x 108. 

(II) Estimate how many books can be shelved in a college 
library with 3500 m? of floor space. Assume 8 shelves high, 
having books on both sides, with corridors 1.5m wide. 
Assume books are about the size of this one, on average. 
(IL) Estimate how many hours it would take a runner to run (at 
10 km/h) across the United States from New York to California. 


27. 


28. 


FIGURE 11 
Problem 28. 


29. 


30. 


31. 


32. 


33. 


34. 


(I) Estimate the number of liters of water a human drinks 
in a lifetime. 
(II) Estimate how long it would take one person to mow a 
football field using an ordinary home lawn mower (Fig. 11). 
Assume the mower moves with a 1-km/h speed, and has a 
0.5-m width. 


(II) Estimate the number of dentists (a) in San Francisco 
and (b) in your town or city. 

(III) The rubber worn from tires mostly enters the atmosphere 
as particulate pollution. Estimate how much rubber (in kg) is 
put into the air in the United States every year. To get started, 
a good estimate for a tire tread’s depth is 1 cm when new, and 
rubber has a mass of about 1200 kg per m? of volume. 


(III) You are in a hot air balloon, 200 m above the flat Texas 
plains. You look out toward the horizon. How far out can 
you see—that is, how far is your horizon? The Earth’s 
radius is about 6400 km. 


(IID) I agree to hire you for 30 days and you can decide between 
two possible methods of payment: either (1) $1000 a day, or 
(2) one penny on the first day, two pennies on the second day 
and continue to double your daily pay each day up to day 30. 
Use quick estimation to make your decision, and justify it. 


(III) Many sailboats are moored at a marina 4.4 km away on the 
opposite side of a lake. You stare at one of the sailboats because, 
when you are lying flat at the water’s edge, you can just see its 
deck but none of the side of the sailboat. You then go to that 
sailboat on the other side of the 
lake and measure that the deck 
is 1.5m above the level of the 
water. Using Fig. 12, where 
h = 1.5m, estimate the radius R 
of the Earth. 


FIGURE 12 Problem 33. 
You see a sailboat across a 
lake (not to scale). R is the 
radius of the Earth. You are a 
distance d = 4.4km from the 
sailboat when you can see only 
its deck and not its side. 
Because of the curvature of the 
Earth, the water “bulges out” 
between you and the boat. 


(III) Another experiment you can do also uses the radius of 
the Earth. The Sun sets, fully disappearing over the horizon as 
you lie on the beach, your eyes 20cm above the sand. You 
immediately jump up, your eyes now 150cm above the sand, 
and you can again see the top of the Sun. If you count the 
number of seconds (= f) until the Sun fully disappears again, 
you can estimate the radius of the Earth. But for this Problem, 
use the known radius of the Earth and calculate the time t. 


ae | 
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Dimensions 

(I) What are the dimensions of density, which is mass per 
volume? 

(II) The speed v of an object is given by the equation 
v = AË — Bt, where t refers to time. (a) What are the 
dimensions of A and B? (b) What are the SI units for the 
constants A and B? 

(II) Three students derive the following equations in which 
x refers to distance traveled, v the speed, a the acceleration 
(m/s?), t the time, and the subscript zero (o) means a quantity 
at time t = 0: (a) x = vt” + 2at, (b) x = vot + dat’, and 
(c) x = vot + 2at?. Which of these could possibly be 
correct according to a dimensional check? 


General Problems 


*38. (II) Show that the following combination of the three funda- 


mental constants of nature that we used in Example 10 of 
“Introduction, Measurement, Estimating” (that is G, c, and A) 
forms a quantity with the dimensions of time: 


This quantity, tp, is called the Planck time and is thought to 
be the earliest time, after the creation of the Universe, at 
which the currently known laws of physics can be applied. 


39. 


40. 


FIGURE 13 Problem 40. 

The wafer held by the hand (above) 
is shown below, enlarged and 
illuminated by colored light. Visible 
are rows of integrated circuits (chips). 
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44. 


45. 


46. 


47. 


Global positioning satellites (GPS) can be used to deter- 
mine positions with great accuracy. If one of the satellites is 
at a distance of 20,000 km from you, what percent uncertainty 
in the distance does a 2-m uncertainty represent? How 
many significant figures are needed in the distance? 


Computer chips (Fig. 13) etched on circular silicon wafers of 
thickness 0.300 mm are sliced from a solid cylindrical silicon 
crystal of length 25 cm. If each 
wafer can hold 100 chips, what 
is the maximum number of 
chips that can be produced 
from one entire cylinder? 


PA 


David Parker/Science Photo 
Library/Photo Researchers, Inc. 


(a) How many seconds are there in 1.00 year? (b) How 
many nanoseconds are there in 1.00 year? (c) How many 
years are there in 1.00 second? 

American football uses a field that is 100 yd long, whereas a 
regulation soccer field is 100m long. Which field is longer, 
and by how much (give yards, meters, and percent)? 

A typical adult human lung contains about 300 million tiny 
cavities called alveoli. Estimate the average diameter of 
a single alveolus. 

One hectare is defined as 1.000 x 10fm?. One acre is 
4.356 X 104 ft?. How many acres are in one hectare? 
Estimate the number of gallons of gasoline consumed by 
the total of all automobile drivers in the United States, 
per year. 

Use Table 3 to estimate the total number of protons or 
neutrons in (a) a bacterium, (b) a DNA molecule, (c) the 
human body, (d) our Galaxy. 

An average family of four uses roughly 1200L (about 
300 gallons) of water per day (1 L = 1000 cm>). How much 
depth would a lake lose per year if it uniformly covered an 
area of 50 km? and supplied a local town with a population 
of 40,000 people? Consider only population uses, and 
neglect evaporation and so on. 


48. 


49. 


50. 


TABLE 3 Some Masses 


Object Kilograms (approximate) 
Electron 10 Oke 
Proton, neutron OARE 
DNA molecule 10" kg 
Bacterium 10°} kg 
Mosquito 10> kg 
Plum 10! kg 
Human 10? kg 
Ship 108 kg 
Earth Gx iO ys 
Sun DSc ie Tey 
Galaxy 10% kg 


Estimate the number of gumballs in the machine of Fig. 14. 


FIGURE 14 Problem 48. 
Estimate the number of 
gumballs in the machine. 


Estimate how many kilograms of laundry soap are used in 
the U.S. in one year (and therefore pumped out of washing 
machines with the dirty water). Assume each load of 
laundry takes 0.1 kg of soap. 

How big is a ton? That is, what is the volume of something 
that weighs a ton? To be specific, estimate the diameter of a 
1-ton rock, but first make a wild guess: will it be 1 ft across, 
3 ft, or the size of a car? [Hint: Rock has mass per volume 
about 3 times that of water, which is 1 kg per liter (10° cm?) 
or 62 lb per cubic foot.] 


The Image Works 


23 


24 


51 


52. 


53. 


54. 


55. 


56. 


57. 


Introduction, Measurement, Estimating: Problem Set 


. A certain audio compact disc (CD) contains 783.216 megabytes 
of digital information. Each byte consists of exactly 8 bits. 
When played, a CD player reads the CD’s digital information 
at a constant rate of 1.4megabits per second. How many 
minutes does it take the player to read the entire CD? 

Hold a pencil in front of your eye at a position where its 
blunt end just blocks out the Moon (Fig. 15). Make appro- 
priate measurements to estimate 
the diameter of the Moon, given 
that the Earth—-Moon distance is 
3.8 X 10° km. 


FIGURE 15 Problem 52. 
How big is the Moon? 


A heavy rainstorm dumps 1.0 cm of rain on a city 5 km wide 
and 8km long in a 2-h period. How many metric tons 
(1 metric ton = 10° kg) of water fell on the city? (1 cm? of 
water has a mass of 1g = 10°kg.) How many gallons 
of water was this? 


Noah’s ark was ordered to be 300 cubits long, 50 cubits wide, 
and 30 cubits high. The cubit was a unit of measure equal to 
the length of a human forearm, elbow to the tip of the 
longest finger. Express the dimensions of Noah’s ark in 
meters, and estimate its volume (m°). 


Estimate how many days it would take to walk around the 
world, assuming 10h walking per day at 4km/h. 


One liter (1000 cm’) of oil is spilled onto a smooth lake. If 
the oil spreads out uniformly until it makes an oil slick just 
one molecule thick, with adjacent molecules just touching, 
estimate the diameter of the oil slick. Assume the oil mole- 
cules have a diameter of 2 X 107°" m. 


Jean camps beside a wide river and wonders how wide it is. 
She spots a large rock on the bank directly across from her. 
She then walks upstream until she judges that the angle 
between her and the rock, which she can still see clearly, is 
now at an angle of 30° downstream (Fig. 16). Jean measures 
her stride to be 
about 1 yard long. 
The distance back 
to her camp is 120 
strides. About how 
far across, both in 
yards and in meters, 
is the river? 


FIGURE 16 
Problem 57. 
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63. 
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65. 


66. 


67. 


68. 


69. 


A watch manufacturer claims that its watches gain or lose 
no more than 8seconds in a year. How accurate is this 
watch, expressed as a percentage? 


An angstrom (symbol Å) is a unit of length, defined as 
107! m, which is on the order of the diameter of an atom. 
(a) How many nanometers are in 1.0 angstrom? (b) How 
many femtometers or fermis (the common unit of length in 
nuclear physics) are in 1.0angstrom? (c) How many 
angstroms are in 1.0 m? (d) How many angstroms are in 
1.0 light-year (see Problem 21)? 

The diameter of the Moon is 3480 km. What is the volume 
of the Moon? How many Moons would be needed to create 
a volume equal to that of Earth? 

Determine the percent uncertainty in 0, and in sin 0, when 
(a) 0 = 15.0° + 0.5°, (b) 0 = 75.0° + 0.5°. 

If you began walking along one of Earth’s lines of longi- 
tude and walked north until you had changed latitude by 
1 minute of arc (there are 60 minutes per degree), how far 
would you have walked (in miles)? This distance is called a 
“nautical mile.” 

Make a rough estimate of the volume of your body (in mô). 
Estimate the number of bus drivers (a) in Washington, D.C., 
and (b) in your town. 

The American Lung Association gives the following formula 
for an average person’s expected lung capacity V (in liters, 
where 1L = 10° cm’): 


V 4.1H — 0.018A — 2.69, 


where H and A are the person’s height (in meters), and 
age (in years), respectively. In this formula, what are the 
units of the numbers 4.1, 0.018, and 2.69? 

The density of an object is defined as its mass divided by its 
volume. Suppose the mass and volume of a rock are 
measured to be 8g and 2.8325 cm’. To the correct number 
of significant figures, determine the rock’s density. 


To the correct number of significant figures, use the infor- 
mation inside the front cover of this book to determine the 
ratio of (a) the surface area of Earth compared to the 
surface area of the Moon; (b) the volume of Earth 
compared to the volume of the Moon. 

One mole of atoms consists of 6.02 x 10” individual atoms. If 
a mole of atoms were spread uniformly over the surface of the 
Earth, how many atoms would there be per square meter? 
Recent findings in astrophysics suggest that the observable 
Universe can be modeled as a sphere of radius 
R = 13.7 X 10° light-years with an average mass density of 
about 1 X 10°*°kg/m?, where only about 4% of the 
Universe’s total mass is due to “ordinary” matter (such as 
protons, neutrons, and electrons). Use this information to 
estimate the total mass of ordinary matter in the observable 
Universe. (1 light-year = 9.46 x 10" m.) 


l Answers to Odd-Numbered Problems 


1. (a) 1.4 x 10! y; 
(b) 4.4 X 10” s. 
3. (a) 1.156 X 10°; 


(b) 2.18 x 10!; 5. 4.6%. 
(c) 6.8 X 10°; 7. 1.00 X 10°s. 
9. 0.24 rad. 


(d) 3.2865 X 10°; 
(e) 2.19 x 107}; 
(f)4.44 x 10°. 


11. (a) 0.2866 m; 
(b) 0.000085 V; 
(c) 0.00076 kg; 
(d) 0.0000000000600 s; 
(e) 0.0000000000000225 m; 
(f) 2,500,000,000 V. 


13. 
15. 


17. 


19. 


21. 


23. 


25. 
27. 


Introduction, Measurement, Estimating: Problem Set 


5'10” = 1.8m, 165 lbs = 75.2 kg. 
(a) 1 ft? = 0.111 yd’; 

(b) 1 m? = 10.8 ft”. 

(a) 3.9 X 10° in.; 

(b) 1.0 X 108 atoms. 

(a) 1 km/h = 0.621 mi/h; 
(b) 1 m/s = 3.28 ft/s; 

(c) 1 km/h = 0.278 m/s. 
(a) 9.46 X 10" m; 

(b) 6.31 X 104 AU; 

(c) 7.20 AU/h. 

(a) 3.80 X 10! m?; 

(b) 13.4. 

. 6 X 10° books. 

. 5 X 10L. 


29. 
31. 
33. 
35. 
37. 


39. 
41. 


43. 
45. 
47. 
49. 


(a) 1800. 

5 x 10*m. 
6.5 X 10°m. 
[M/L]. 

(a) Cannot; 
(b) can; 

(c) can. 


(1 x 10%)%, 8 significant figures. 


(a) 3.16 X 10” s; 
(b) 3.16 X 10! ns; 
(c) 3.17 X 108 y. 
2x 104m. 

1 X 10" gal/y. 

9 cm/y. 

2 X 10° kg/y. 


51. 
53. 
55. 
57. 
59. 


61. 


63. 
65. 
67. 


69. 


75 min. 

4 X 10° metric tons, 1 X 10° gal. 
1 X 10° days 
210 yd, 190 m. 
(a) 0.10 nm; 

(b) 1.0 X 10° fm; 
(c) 1.0 x 10!° A; 
(d) 9.5 x 10° A. 
(a) 3%, 3%; 

(b) 0.7%, 0.2%. 

8 x 10°? m’. 
L/m, L/y, L. 

(a) 13.4; 

(b) 49.3. 

. 4 X 10° kg. 
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A high-speed car has released a parachute to reduce 
its speed quickly. The directions of the car’s velocity and 
acceleration are shown by the green (¥) and gold (a) arrows. 


Motion is described using 
the concepts of velocity and 
acceleration. In the case shown 
here, the acceleration 4 is in the 
opposite direction from the 
velocity v, which means the object 
is slowing down. We examine 
in detail motion with constant 
acceleration, including the vertical 
motion of objects falling under 
gravity. 


George D. Lepp/Corbis/Bettmann 
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CHAPTER-OPENING QUESTION— Guess now! 

[Don’t worry about getting the right answer now—the idea is to get your preconceived 

notions out on the table.] 
Two small heavy balls have the same diameter but one weighs twice as much as the 
other. The balls are dropped from a second-story balcony at the exact same time. 
The time to reach the ground below will be: 

(a) twice as long for the lighter ball as for the heavier one. 

(b) longer for the lighter ball, but not twice as long. 

(c) twice as long for the heavier ball as for the lighter one. 

(d) longer for the heavier ball, but not twice as long. 

(e) nearly the same for both balls. 


he motion of objects—baseballs, automobiles, joggers, and even the Sun 

and Moon—is an obvious part of everyday life. It was not until the 

sixteenth and seventeenth centuries that our modern understanding of 

motion was established. Many individuals contributed to this understanding, 
particularly Galileo Galilei (1564-1642) and Isaac Newton (1642-1727). 


Note: Sections marked with an asterisk (*) may be considered optional by the instructor. 
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The study of the motion of objects, and the related concepts of force and 
energy, form the field called mechanics. Mechanics is customarily divided into two 


| 
parts: kinematics, which is the description of how objects move, and dynamics, & > 
| 


which deals with force and why objects move as they do. 

For now we only discuss objects that move without rotating (Fig. 1a). Such 
motion is called translational motion. In this Chapter we will be concerned 
with describing an object that moves along a straight-line path, which is 
one-dimensional translational motion. 


We will often use the concept, or model, of an idealized particle which is | > | | | 
considered to be a mathematical point with no spatial extent (no size). A point particle 
can undergo only translational motion. The particle model is useful in many real 
situations where we are interested only in translational motion and the object’s 
size is not significant. For example, we might consider a billiard ball, or even a 


spacecraft traveling toward the Moon, as a particle for many purposes. | | 


F3 
1 Reference Frames and Displacement _ % 


| 
i 
| 
| 
Any measurement of position, distance, or speed must be made with respect to a 

reference frame, or frame of reference. For example, while you are on a train trav- (a) (b) 
eling at 80 km/h, suppose a person walks past you toward the front of the train at FIGURE1 The pinecone in (a) 

a speed of, say, 5 km/h (Fig. 2). This 5 km/h is the person’s speed with respect to undergoes pure translation as it falls, 
the train as frame of reference. With respect to the ground, that person is moving whereas in (b) it is rotating as well as 
at a speed of 80km/h + 5km/h = 85km/h. It is always important to specify the translating. 

frame of reference when stating a speed. In everyday life, we usually mean “with 

respect to the Earth” without even thinking about it, but the reference frame must 

be specified whenever there might be confusion. 


FIGURE 2 A person walks toward 
the front of a train at 5 km/h. The 
train is moving 80 km/h with respect 
to the ground, so the walking 
person’s speed, relative to the 
ground, is 85 km/h. 


When specifying the motion of an object, it is important to specify not only the 
speed but also the direction of motion. Often we can specify a direction by using 
the cardinal points, north, east, south, and west, and by “up” and “down.” In 
physics, we often draw a set of coordinate axes, as shown in Fig. 3, to representa FIGURE 3 Standard set of xy 
frame of reference. We can always place the origin 0, and the directions of the x coordinate axes. 
and y axes, as we like for convenience. The x and y axes are always perpendicular Fy 
to each other. Objects positioned to the right of the origin of coordinates (0) on g 
the x axis have an x coordinate which we usually choose to be positive; then points 
to the left of 0 have a negative x coordinate. The position along the y axis is usually 
considered positive when above 0, and negative when below 0, although the 
reverse convention can be used if convenient. Any point on the plane can be x +x 
specified by giving its x and y coordinates. In three dimensions, a z axis perpendicular 
to the x and y axes is added. 

For one-dimensional motion, we often choose the x axis as the line along 
which the motion takes place. Then the position of an object at any moment is 
given by its x coordinate. If the motion is vertical, as for a dropped object, we -y 
usually use the y axis. 
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A CAUTION 


The displacement may not equal the 
total distance traveled 


Displacement 


FIGURE 4 A person walks 70 m 
east, then 30 m west. The total 
distance traveled is 100 m (path is 
shown dashed in black); but the 
displacement, shown as a solid blue 
arrow, is 40 m to the east. 


FIGURE 5 The arrow represents 
the displacement x, — x4. Distances 
are in meters. 


y 


10 20 30 40 
Distance (m) 


FIGURE 6 For the displacement 
Ax = x — xı = 10.0m — 30.0 m, 
the displacement vector points to 
the left. 


10 20 30 40 
Distance (m) 
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We need to make a distinction between the distance an object has traveled and 
its displacement, which is defined as the change in position of the object. That is, 
displacement is how far the object is from its starting point. To see the distinction 
between total distance and displacement, imagine a person walking 70m to the 
east and then turning around and walking back (west) a distance of 30m 
(see Fig. 4). The total distance traveled is 100 m, but the displacement is only 40m 
since the person is now only 40 m from the starting point. 

Displacement is a quantity that has both magnitude and direction. Such quan- 
tities are called vectors, and are represented by arrows in diagrams. For example, in 
Fig. 4, the blue arrow represents the displacement whose magnitude is 40m and 
whose direction is to the right (east). 

In this chapter, we deal only with motion in one dimension, along a line. In this 
case, vectors which point in one direction will have a positive sign, whereas vectors 
that point in the opposite direction will have a negative sign, along with their 
magnitude. 

Consider the motion of an object over a particular time interval. Suppose that 
at some initial time, call it ¢;, the object is on the x axis at the position x, in the 
coordinate system shown in Fig. 5. At some later time, t}, suppose the object has 
moved to position x,. The displacement of our object is x) — xı, and is repre- 
sented by the arrow pointing to the right in Fig. 5. It is convenient to write 


Ax = X% — {is 


where the symbol A (Greek letter delta) means “change in.” Then Ax means “the 

change in x,” or “change in position,” which is the displacement. Note that the “change 

in” any quantity means the final value of that quantity, minus the initial value. 
Suppose x, = 10.0m and x, = 30.0 m. Then 


Ax = x} — x, = 30.0m — 10.0m = 20.0m, 


so the displacement is 20.0 m in the positive direction, Fig. 5. 

Now consider an object moving to the left as shown in Fig. 6. Here the object, 
say, a person, starts at x, = 30.0m and walks to the left to the point 
xX, = 10.0m. In this case her displacement is 


Ax = x» — x, = 100m — 300m = —20.0m, 

and the blue arrow representing the vector displacement points to the left. For 
one-dimensional motion along the x axis, a vector pointing to the right has a 
positive sign, whereas a vector pointing to the left has a negative sign. 


EXERCISE A An ant starts at x = 20cm on a piece of graph paper and walks along the 
x axis to x = —20cm. It then turns around and walks back to x = —10cm. What is 
the ant’s displacement and total distance traveled? 


2 Average Velocity 


The most obvious aspect of the motion of a moving object is how fast it is 
moving—its speed or velocity. 

The term “speed” refers to how far an object travels in a given time interval, 
regardless of direction. If a car travels 240 kilometers (km) in 3 hours (h), we say its 
average speed was 80 km/h. In general, the average speed of an object is defined as the 
total distance traveled along its path divided by the time it takes to travel this distance: 


distance traveled 


average speed = 


(1) 


time elapsed 


The terms “velocity” and “speed” are often used interchangeably in ordinary 
language. But in physics we make a distinction between the two. Speed is simply a 
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positive number, with units. Velocity, on the other hand, is used to signify both the 
magnitude (numerical value) of how fast an object is moving and also the direction 
in which it is moving. (Velocity is therefore a vector.) There is a second difference 
between speed and velocity: namely, the average velocity is defined in terms of 
displacement, rather than total distance traveled: 

displacement final position — initial position 


average velocity = = 
g } time elapsed time elapsed 


Average speed and average velocity have the same magnitude when the 
motion is all in one direction. In other cases, they may differ: recall the walk we 
described earlier, in Fig. 4, where a person walked 70m east and then 30m west. 
The total distance traveled was 70m + 30m = 100m, but the displacement was 
40 m. Suppose this walk took 70s to complete. Then the average speed was: 


distance 100m 


= = 1.4 ; 
time elapsed 70s m/s 


The magnitude of the average velocity, on the other hand, was: 


displacement 40m 


time elapsed 70s OSs 
This difference between the speed and the magnitude of the velocity can occur 
when we calculate average values. 

To discuss one-dimensional motion of an object in general, suppose that at 
some moment in time, call it f;, the object is on the x axis at position x, in a coor- 
dinate system, and at some later time, f,, suppose it is at position x,. The elapsed 
time is Af = t, — tı; during this time interval the displacement of our object is 
Ax = x, — xı. Then the average velocity, defined as the displacement divided by 
the elapsed time, can be written 

Xy — Xy Ax 


p = 4 = j 2 
j th — ty At (2 


where v stands for velocity and the bar (7) over the v is a standard symbol 
meaning “average.” 

For the usual case of the +x axis to the right, note that if x, is less than x,, the 
object is moving to the left, and then Ax = x, — x, is less than zero. The sign of 
the displacement, and thus of the average velocity, indicates the direction: the 
average velocity is positive for an object moving to the right along the +x axis and 
negative when the object moves to the left. The direction of the average velocity is 
always the same as the direction of the displacement. 

Note that it is always important to choose (and state) the elapsed time, or time 
interval, t, — t,, the time that passes during our chosen period of observation. 


Runner's average velocity. The position of a runner as a func- 
tion of time is plotted as moving along the x axis of a coordinate system. During 
a 3.00-s time interval, the runner’s position changes from x; = 50.0m_ to 
x = 30.5 m, as shown in Fig. 7. What was the runner’s average velocity? 


APPROACH We want to find the average velocity, which is the displacement 
divided by the elapsed time. 
SOLUTION The displacement is Ax = x, — x; = 30.5m — 50.0m = —19.5 m. 
The elapsed time, or time interval, is At = 3.00s. The average velocity is 

_ Ax —19.5 m 


wai aos 6.50 m/s. 


The displacement and average velocity are negative, which tells us that the 
runner is moving to the left along the x axis, as indicated by the arrow in Fig. 7. 
Thus we can say that the runner’s average velocity is 6.50 m/s to the left. 


Á CAUTION 

Average speed is not necessarily 
equal to the magnitude of the 
average velocity 


PROBLEM SOLVING 


+ or — sign can signify the direction 
for linear motion 


FIGURE 7 Example 1. 
A person runs from x; = 50.0m to 
X2 = 30.5m. The displacement 


is —19.5 m. 
y 
Finish Start 
&) () 
Ax 
0 t+—+ +X 
10 20 30 40 50 60 
Distance (m) 
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John E. Gilmore IIT 


FIGURE 8 Car speedometer 
showing mi/h in white, and km/h in 
orange. 


FIGURE 9 Velocity of a car as a 
function of time: (a) at constant 
velocity; (b) with varying velocity. 
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(a) Time (h) 
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40 Average velocity 
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(b) Time (h) 
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Distance a cyclist travels. How far can a cyclist travel in 2.5h 
along a straight road if her average velocity is 18 km/h? 


APPROACH We want to find the distance traveled, so we solve Eq. 2 for Ax. 
SOLUTION We rewrite Eq. 2 as Ax = v At, and find 


Ax = DAt = (18km/h)(2.5h) = 45km. 


EXERCISE B A car travels at a constant 50km/h for 100km. It then speeds up to 
100 km/h and is driven another 100 km. What is the car’s average speed for the 200 km 
trip? (a) 67 km/h; (b) 75 km/h; (c) 81 km/h; (d) 50 km/h. 


3 Instantaneous Velocity 


If you drive a car along a straight road for 150 km in 2.0h, the magnitude of your 
average velocity is 75km/h. It is unlikely, though, that you were moving at 
precisely 75 km/h at every instant. To describe this situation we need the concept 
of instantaneous velocity, which is the velocity at any instant of time. (Its magni- 
tude is the number, with units, indicated by a speedometer, Fig. 8.) More precisely, 
the instantaneous velocity at any moment is defined as the average velocity over an 
infinitesimally short time interval. That is, Eq. 2 is to be evaluated in the limit of At 
becoming extremely small, approaching zero. We can write the definition of instan- 
taneous velocity, v, for one-dimensional motion as 


Ax 


u = imar 


(3) 


The notation lim,,_,) means the ratio Ax/At is to be evaluated in the limit of At 
approaching zero. But we do not simply set At = 0 in this definition, for then Ax 
would also be zero, and we would have an undefined number. Rather, we are 
considering the ratio Ax/At, as a whole. As we let At approach zero, Ax 
approaches zero as well. But the ratio Ax/At approaches some definite value, 
which is the instantaneous velocity at a given instant. 

In Eq. 3, the limit as At — Ois written in calculus notation as dx/dt and is 
called the derivative of x with respect to f: 


Ax Žž dx 


u= Me ae 


(4) 


This equation is the definition of instantaneous velocity for one-dimensional 
motion. 

For instantaneous velocity we use the symbol v, whereas for average velocity 
we use v, with a bar above. When we use the term “velocity” it will refer to instan- 
taneous velocity. When we want to speak of the average velocity, we will make this 
clear by including the word “average.” 

Note that the instantaneous speed always equals the magnitude of the instan- 
taneous velocity. Why? Because distance traveled and the magnitude of the 
displacement become the same when they become infinitesimally small. 

If an object moves at a uniform (that is, constant) velocity during a particular 
time interval, then its instantaneous velocity at any instant is the same as its 
average velocity (see Fig. 9a). But in many situations this is not the case. For 
example, a car may start from rest, speed up to 50 km/h, remain at that velocity for 
a time, then slow down to 20km/h in a traffic jam, and finally stop at its destina- 
tion after traveling a total of 15 km in 30 min. This trip is plotted on the graph of 
Fig. 9b. Also shown on the graph is the average velocity (dashed line), which is 
v = Ax/At = 15km/0.50h = 30 km/h. 
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To better understand instantaneous velocity, let us consider a graph of the 
position of a particular particle versus time (x vs. t), as shown in Fig. 10. (Note that 
this is different from showing the “path” of a particle on an x vs. y plot.) The 
particle is at position x, at a time ¢,, and at position x, at time f,. P4 and P, repre- 
sent these two points on the graph. A straight line drawn from point P; (x, t) to 
point P,(x,, t) forms the hypotenuse of a right triangle whose sides are Ax and At. 
The ratio Ax/At is the slope of the straight line P,P,. But Ax/At is also the 
average velocity of the particle during the time interval At = t, — tı. Therefore, 
we conclude that the average velocity of a particle during any time interval 
At = t, — t, is equal to the slope of the straight line (or chord) connecting the two 
points (x,,¢,) and (x2, t>) on an x vs. t graph. 

Consider now a time f¢;, intermediate between tı and ¢,, at which time the 
particle is at x; (Fig. 11). The slope of the straight line P, P;is less than the slope of 
P, P2 in this case. Thus the average velocity during the time interval t; — f, is less 
than during the time interval t, — tı. 

Now let us imagine that we take the point P; in Fig. 11 to be closer and closer 
to point P}. That is, we let the interval t; — ¢,, which we now call Af, to become 
smaller and smaller. The slope of the line connecting the two points becomes 
closer and closer to the slope of a line tangent to the curve at point P,. The 
average velocity (equal to the slope of the chord) thus approaches the slope of 
the tangent at point P,.The definition of the instantaneous velocity (Eq. 3) is the 
limiting value of the average velocity as Af approaches zero. Thus the 
instantaneous velocity equals the slope of the tangent to the curve at that point 
(which we can simply call “the slope of the curve” at that point). 

Because the velocity at any instant equals the slope of the tangent to the x vs. t 
graph at that instant, we can obtain the velocity at any instant from such a graph. 
For example, in Fig. 12 (which shows the same curve as in Figs. 10 and 11), as our 
object moves from x, to x2, the slope continually increases, so the velocity is 
increasing. For times after t,, however, the slope begins to decrease and in fact 
reaches zero (so v = 0) where x has its maximum value, at point P, in Fig. 12. 
Beyond this point, the slope is negative, as for point P,. The velocity is therefore 
negative, which makes sense since x is now decreasing—the particle is moving 
toward decreasing values of x, to the left on a standard xy plot. 

If an object moves with constant velocity over a particular time interval, its 
instantaneous velocity is equal to its average velocity. The graph of x vs. t in this 
case will be a straight line whose slope equals the velocity. The curve of Fig. 10 has 
no straight sections, so there are no time intervals when the velocity is constant. 


j 
| 
7) ean antares! P4 
| | FIGURE 12 Same x vs. t curve as in 
| i Figs. 10 and 11, but here showing the slope at 
| four different points: At P3, the slope is zero, so 
xy | v = 0. At Pythe slope is negative, so v < 0. 
i i i 
O i i 
0 ti bh t3 


EXERCISE C What is your speed at the instant you turn around to move in the opposite 
direction? (a) Depends on how quickly you turn around; (b) always zero; (c) always 
negative; (d) none of the above. 


The derivatives of polynomial functions (which we use a lot) are: 


aC 5 


t) = trm! d 
Ct") nC and -y 


zl 
where C is any constant. 


of t h 


FIGURE 10 Graph of a particle’s 
position x vs. time t. The slope of the 
straight line P4 P,represents the 
average velocity of the particle during 
the time interval At = t — fy. 


FIGURE 11 Same position vs. time 
curve as in Fig. 10, but note that the 
average velocity over the time interval 
ti — tı (which is the slope of P4 Pj) is 
less than the average velocity over the 
time interval t) — tı. The slope of the 
thin line tangent to the curve at point 
P4 equals the instantaneous velocity at 
time f,. 
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FIGURE 13 Example 3. 
(a) Engine traveling on a straight track. 
(b) Graph of x vs. t: x = At? + B. 
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Given x as a function of t. A jet engine moves along an exper- 
imental track (which we call the x axis) as shown in Fig. 13a. We will treat the 
engine as if it were a particle. Its position as a function of time is given by the 
equation x = Af + B, where A = 2.10m/s* and B = 2.80m, and this equa- 
tion is plotted in Fig. 13b. (a) Determine the displacement of the engine during 
the time interval from ft, = 3.00s to t, = 5.00s. (b) Determine the average 
velocity during this time interval. (c) Determine the magnitude of the instanta- 
neous velocity at t = 5.00s. 


APPROACH We substitute values for t; and t, in the given equation for x to obtain 
xı and x). The average velocity can be found from Eq. 2. We take the derivative 
of the given x equation with respect to ¢ to find the instantaneous velocity, using 
the formulas just given. 


SOLUTION (a) At t, = 3.00s, the position (point P; in Fig. 13b) is 
x, = Aft + B = (2.10m/s’)(3.00s)? + 2.80m = 21.7m. 
At t, = 5.00s, the position (P, in Fig. 13b) is 
x. = (2.10m/s’)(5.00s)? + 280m = 55.3m. 
The displacement is thus 
X% — xX, = 553m — 21.7m = 33.6m. 
(b) The magnitude of the average velocity can then be calculated as 


2 Ax Xy = Xy 33.6 m 

= a Lag,” zoos ~ 68m 
This equals the slope of the straight line joining points P, and P, shown in 
Fig. 13b. 
(c) The instantaneous velocity at t = t, = 5.00s equals the slope of the tangent 
to the curve at point P, shown in Fig. 13b. We could measure this slope off the 
graph to obtain v,. But we can calculate v more precisely for any time t, using 
the given formula 


x = At? + B, 


which is the engine’s position x as a function of time t. We take the derivative of 
x with respect to time (see formulas at bottom of previous page): 
dx d 
= — = — (A? + B) = 2At. 
teg ) 
We are given A = 2.10 m/s’, so for t = t, = 5.00s, 


v = 2At = 2(2.10m/s’)(5.00s) = 21.0 m/s. 


4 Acceleration 


An object whose velocity is changing is said to be accelerating. For instance, a car 
whose velocity increases in magnitude from zero to 80km/h is accelerating. 
Acceleration specifies how rapidly the velocity of an object is changing. 

Average Acceleration 


Average acceleration is defined as the change in velocity divided by the time taken 
to make this change: 


change of velocity 


average acceleration = - 
time elapsed 


In symbols, the average acceleration over a time interval At = t, — t, during 
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which the velocity changes by Av = v, — v,, is defined as 


= V — V Av 
a = 2 = —. (5) 
b-t At 
Because velocity is a vector, acceleration is a vector too. But for one-dimensional 
motion, we need only use a plus or minus sign to indicate acceleration direction 
relative to a chosen coordinate axis. 


Average acceleration. A car accelerates along a straight road 
from rest to 90 km/h in 5.0 s, Fig. 14. What is the magnitude of its average accel- 
eration? 


APPROACH Average acceleration is the change in velocity divided by the elapsed 
time, 5.0s. The car starts from rest, so v,=0. The final velocity is 
v = 90km/h = 90 x 10° m/3600s = 25 m/s. 
SOLUTION From Eq. 5, the average acceleration is 
2 v — Uy 25m/s — 0m/s m/s 
a= = = 5.0 ` 
t= ti 5.0s s 


This is read as “five meters per second per second” and means that, on 
average, the velocity changed by 5.0 m/s during each second. That is, assuming 
the acceleration was constant, during the first second the car’s velocity 
increased from zero to 5.0 m/s. During the next second its velocity increased 
by another 5.0 m/s, reaching a velocity of 10.0 m/s at t = 2.0s, and so on. See 


Fig. 14. 
t, =0 ae 
v =0 Acceleration 


———— 
[a = 5.0 m/s?] 
e mM FIGURE 14 Example 4. The car is shown 


at the start with vı = 0 at ģ = 0. 
at t = 1.0s The car is shown three more times, at 
v = 5.0 m/s t = 1.0s, t = 2.0s, and at the end of our 
ee: time interval, t = 5.0 s. We assume the 
= acceleration is constant and equals 
5.0 m/s?. The green arrows represent the 
at t = 2.0s velocity vectors; the length of each arrow 
v = 10.0 m/s represents the magnitude of the velocity 
E oa at that moment. The acceleration vector 
is the orange arrow. Distances are not 
to scale. 


We almost always write the units for acceleration as m/s? (meters per second 
squared) instead of m/s/s. This is possible because: 
m/s m m 


s ses g2 
According to the calculation in Example 4, the velocity changed on average by 
5.0 m/s during each second, for a total change of 25 m/s over the 5.0 s; the average 
acceleration was 5.0 m/s’. 
Note that acceleration tells us how quickly the velocity changes, whereas 
velocity tells us how quickly the position changes. 
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Acceleration 
at ty = 0 —— 
v, =15.0m/s  4=—2.0 m/s 


FIGURE 15 Example 6, showing the 
position of the car at times f; and tz, 
as well as the car’s velocity 
represented by the green arrows. The 
acceleration vector (orange) points to 
the left as the car slows down while 
moving to the right. 


A, CAUTION 
Deceleration means the magnitude 
of the velocity is decreasing; a is not 
necessarily negative 


CONCEPTUAL EXAMPLE 5 | Velocity and acceleration. (a) If the velocity of an 
object is zero, does it mean that the acceleration is zero? (b) If the acceleration is 
zero, does it mean that the velocity is zero? Think of some examples. 


RESPONSE A zero velocity does not necessarily mean that the acceleration is 
zero, nor does a zero acceleration mean that the velocity is zero. (a) For example, 
when you put your foot on the gas pedal of your car which is at rest, the velocity 
starts from zero but the acceleration is not zero since the velocity of the car 
changes. (How else could your car start forward if its velocity weren’t changing — 
that is, accelerating?) (b) As you cruise along a straight highway at a constant 
velocity of 100 km/h, your acceleration is zero: a = 0,v # 0. 


EXERCISE D A powerful car is advertised to go from zero to 60 mi/h in 6.0s. What does 
this say about the car: (a) it is fast (high speed); or (b) it accelerates well? 


Car slowing down. An automobile is moving to the right along 
a straight highway, which we choose to be the positive x axis (Fig. 15). Then the 
driver puts on the brakes. If the initial velocity (when the driver hits the brakes) 
is v = 15.0m/s, and it takes 5.0s to slow down to v, = 5.0m/s, what was the 
car’s average acceleration? 


APPROACH We put the given initial and final velocities, and the elapsed time, 
into Eq. 5 for a. 


SOLUTION In Eq. 5, we call the initial time t; = 0, and set ft, =5.0s. 
(Note that our choice of ti = 0 doesn’t affect the calculation of a because only 
At = t, — t, appears in Eq. 5.) Then 
= 5.0m/s — 15.0m/s 
aS 
5.0s 


2.0 m/s’. 


The negative sign appears because the final velocity is less than the initial 
velocity. In this case the direction of the acceleration is to the left (in the negative 
x direction)—even though the velocity is always pointing to the right. We say that the 
acceleration is 2.0 m/s” to the left, and it is shown in Fig. 15 as an orange arrow. 


Deceleration 


When an object is slowing down, we can say it is decelerating. But be careful: deceler- 
ation does not mean that the acceleration is necessarily negative. The velocity of an 
object moving to the right along the positive x axis is positive; if the object is slowing 
down (as in Fig. 15), the acceleration is negative. But the same car moving to the left 
(decreasing x), and slowing down, has positive acceleration that points to the right, as 
shown in Fig. 16. We have a deceleration whenever the magnitude of the velocity is 
decreasing, and then the velocity and acceleration point in opposite directions. 


FIGURE 16 The car of Example 6, now 
moving to the /eft and decelerating. The 


acceleration is 


v — v V = -5.0 m/s vı = —15.0 m/s 
T Mt ce O 
(—5.0m/s) — (—15.0 m/s) > 
5.0s í 
=5.0 15: 
m/s + 15.0m/s -2.0 m/s. 
5.0s 


EXERCISE E A car moves along the x axis. What is the sign of the car’s acceleration if it is 
moving in the positive x direction with (a) increasing speed or (b) decreasing speed? What 
is the sign of the acceleration if the car moves in the negative direction with (c) increasing 
speed or (d) decreasing speed? 
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Instantaneous Acceleration 


The instantaneous acceleration, a, is defined as the limiting value of the average 
acceleration as we let At approach zero: 


Av = dv (6) 


a= aE de 

This limit, dv/dt, is the derivative of v with respect to t. We will use the term 
“acceleration” to refer to the instantaneous value. If we want to discuss the 
average acceleration, we will always include the word “average.” 

If we draw a graph of the velocity, v, vs. time, t, as shown in Fig. 17, then the 
average acceleration over a time interval Af = t, — tı is represented by the slope 
of the straight line connecting the two points P; and P, as shown. [Compare this to 
the position vs. time graph of Fig. 10 for which the slope of the straight line repre- 
sents the average velocity.] The instantaneous acceleration at any time, say t4, is 
the slope of the tangent to the v vs. t curve at that time, which is also shown in 
Fig. 17. Let us use this fact for the situation graphed in Fig. 17; as we go from time 
tı to time t, the velocity continually increases, but the acceleration (the rate at 
which the velocity changes) is decreasing since the slope of the curve is decreasing. 


Acceleration given x(t). A particle is moving in a straight line 
so that its position is given by the relation x = (2.10m/s’)f + (2.80m), as in 
Example 3. Calculate (a) its average acceleration during the time interval from 
ti = 3.00s to t, = 5.00s, and (b) its instantaneous acceleration as a function of time. 


APPROACH To determine acceleration, we first must find the velocity at t; and t, 
by differentiating x: v = dx/dt. Then we use Eq. 5 to find the average 
acceleration, and Eq. 6 to find the instantaneous acceleration. 
SOLUTION (a) The velocity at any time t is 

= z = £ (2.10 m/s’)t? + 2.80m] = (4.20m/s?)t, 
as we saw in Example 3c. Therefore, at t4 = 3.00 s, v, = (4.20 m/s’)(3.00s) = 
12.6m/s and at t, = 5.00s, v, = 21.0 m/s. Therefore, 


Av _ 21.0m/s — 12.6 m/s 


oA ese Ue 
(b) With v = (4.20 m/s’)t, the instantaneous acceleration at any time is 
dv d 


a 7 (4.20 m/s°)t] 4.20 m/s’. 

The acceleration in this case is constant; it does not depend on time. Figure 18 
shows graphs of (a) x vs. t (the same as Fig. 13b), (b) v vs. t, which is linearly 
increasing as calculated above, and (c) a vs. t, which is a horizontal straight line 
because a = constant. 


Like velocity, acceleration is a rate. The velocity of an object is the rate at 
which its displacement changes with time; its acceleration, on the other hand, is the 
rate at which its velocity changes with time. In a sense, acceleration is a “rate of a 
rate.” This can be expressed in equation form as follows: since a = dv/dt and 
v = dx/dt, then 


dv d | dx ax 
áa = = = ‘ 
dt dt \ dt dt? 
Here d’x/dt? is the second derivative of x with respect to time: we first take the 


derivative of x with respect to time (dx/dt), and then we again take the derivative 
with respect to time, (d/dt)(dx/dt), to get the acceleration. 


EXERCISE F The position of a particle is given by the following equation: 

x = (2.00m/s*)f + (2.50m/s)t. 
What is the acceleration of the particle at t = 2.00s? (a) 13.0m/s*; (b) 22.5 m/s’; 
(c) 24.0 m/s”; (d) 2.00 m/s’. 


Slope is average acceleration 
v during At = f — t) 
Slope is ] 
instantaneous 
acceleration 
at t 


FIGURE 17 A graph of velocity v 
vs. time t. The average acceleration 
over a time interval At = t, — f, is 
the slope of the straight line P4 P3: 
a = Av/At. The instantaneous 
acceleration at time t4 is the slope of 
the v vs. t curve at that instant. 


FIGURE 18 Example 7. Graphs of 
(a) x vs. t, (b) v vs. t, 

and (c) a vs. t for the motion 

x = Af? + B. Note that v increases 
linearly with ¢ and that the 
acceleration a is constant. Also, v is 
the slope of the x vs. t curve, whereas 
ais the slope of the v vs. t curve. 
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FIGURE 19 Example 8. 


Ay CAUTION 


Average velocity, but only if 
a = constant 
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CONCEPTUAL EXAMPLE 8 | Analyzing with graphs. Figure 19 shows the 


velocity as a function of time for two cars accelerating from 0 to 100 km/h in a time 
of 10.0 s. Compare (a) the average acceleration; (b) instantaneous acceleration; and 
(c) total distance traveled for the two cars. 


RESPONSE (a) Average acceleration is Av/At. Both cars have the same Av 
(100 km/h) and the same Af (10.0 s), so the average acceleration is the same for 
both cars. (b) Instantaneous acceleration is the slope of the tangent to the v vs. t 
curve. For about the first 4s, the top curve is steeper than the bottom curve, so 
car A has a greater acceleration during this interval. The bottom curve is steeper 
during the last 6s, so car B has the larger acceleration for this period. (c) Except 
at t = 0 and ¢t = 10.0s, car A is always going faster than car B. Since it is going 
faster, it will go farther in the same time. 


5 Motion at Constant Acceleration 


We now examine the situation when the magnitude of the acceleration is 
constant and the motion is in a straight line. In this case, the instantaneous and 
average accelerations are equal. We use the definitions of average velocity and 
acceleration to derive a set of valuable equations that relate x, v, a, and t when a is 
constant, allowing us to determine any one of these variables if we know the others. 

To simplify our notation, let us take the initial time in any discussion to be zero, 
and we call it tọ: fi = tọ = 0. (This is effectively starting a stopwatch at tọ.) We can 
then let t, = t be the elapsed time. The initial position (x,) and the initial velocity (v) 
of an object will now be represented by x) and vy, since they represent x and v 
at t = 0. At time ¢ the position and velocity will be called x and v (rather than 
xX and v). The average velocity during the time interval t — tọ will be (Eq. 2) 


_ Ax x — Xp xX = Xo 
Vv = = = 
At t — to t 
since we chose tọ = 0. The acceleration, assumed constant in time, is (Eq. 5) 
Vv — v 
a = —. 
t 


A common problem is to determine the velocity of an object after any elapsed 
time t, when we are given the object’s constant acceleration. We can solve such 
problems by solving for v in the last equation to obtain: 


v = UV + at. [constant acceleration] (7) 


If an object starts from rest (vp = 0) and accelerates at 4.0 m/s’, after an elapsed 
time t = 6.0s its velocity will be v = at = (4.0m/s’)(6.0s) = 24 m/s. 

Next, let us see how to calculate the position x of an object after a time t when 
it undergoes constant acceleration. The definition of average velocity (Eq. 2) is 
v = (x — xo)/t, which we can rewrite as 

xX = Xo + Ut. (8) 
Because the velocity increases at a uniform rate, the average velocity, v, will be 
midway between the initial and final velocities: 

2 UV + v : 

v= z [constant acceleration] (9) 
(Careful: Equation 9 is not necessarily valid if the acceleration is not constant.) We 
combine the last two Equations with Eq. 7 and find 


xX = xX) + vt 


E U +v 
= Xy + J t 


(> + v + =) 
= Xo t 


2 
or 


X = Xo + wt + 4af. [constant acceleration] (10) 


Equations 7, 9, and 10 are three of the four most useful equations for motion at 
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constant acceleration. We now derive the fourth equation, which is useful in situa- 
tions where the time f is not known. We substitute Eq. 9 into Eq. 8: 


_ vV + vo 
x =X + vt = x + be 


2 


Next we solve Eq. 7 for t, obtaining 
pa ee 
a 
and substituting this into the previous equation we have 


vt+w\fv-v vy — o 
XS Xo n 2 = X + 2, 
2 a 2a 


We solve this for v? and obtain 


wv = vy + 2a(x — xo), [constant acceleration] (11) 

which is the useful equation we sought. 
We now have four equations relating position, velocity, acceleration, and time, 
when the acceleration a is constant. We collect these kinematic equations here in one 
place for future reference (the tan background screen emphasizes their usefulness): 


Vv = U + at [a = constant] (12a) 
x = Xo + vot + fal? [a = constant] (12b) 
yw = uv + Qalx — x) [a = constant] (120) 
ae O + U% 

v= aa [a = constant] (12d) 


These useful equations are not valid unless a is a constant. In many cases we can set 
Xo = 0, and this simplifies the above equations a bit. Note that x represents posi- 
tion, not distance, that x — x is the displacement, and that t is the elapsed time. 


Runway design. You are designing an airport for small planes. 
One kind of airplane that might use this airfield must reach a speed before 
takeoff of at least 27.8 m/s (100 km/h), and can accelerate at 2.00 m/s’. (a) If the 
runway is 150 m long, can this airplane reach the required speed for takeoff? (b) 
If not, what minimum length must the runway have? 
APPROACH The plane’s acceleration is constant, so we can use the kinematic 
equations for constant acceleration. In (a), we want to find v, and we are given: 


Known Wanted 
xo = 0 v 
Uy = 0 
x = 150m 
a = 2.00 m/s” 


SOLUTION (a) Of the above four equations, Eq. 12c will give us v when we know 
vo, a, x, and xo: 
wv = vi + 2a(x — xo) 


= 0 + 2(2.00m/s?)(150m) = 600 m?/s 


v = \/600m?/s? = 24.5 m/s. 

This runway length is not sufficient. 
(b) Now we want to find the minimum length of runway, x — x9, given 
v = 27.8m/s and a = 2.00m/s*. So we again use Eq. 12c, but rewritten as 
vu (27.8m/s)? — 0 

2a ——-2(2.00 m/s’) 
A 200-m runway is more appropriate for this plane. 
NOTE We did this Example as if the plane were a particle, so we round off our 
answer to 200 m. 


(x = Xo) = 193 m. 


EXERCISE G A car starts from rest and accelerates at a constant 10 m/s? during a } mile 
(402m) race. How fast is the car going at the finish line? (a) 8090 m/s; (b) 90 m/s; 
(c) 81 m/s; (d) 809 m/s. 


Kinematic equations 
for constant acceleration 


(we'll use them a lot) 


@® puysics APPLIED 
Airport design 


PROBLEM SOLVING 


Equations—12 are valid only when 
the acceleration is constant, which we 
assume in this Example 
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6 Solving Problems 


Before doing more worked-out Examples, let us look at how to approach problem 
solving. First, it is important to note that physics is not a collection of equations to 
be memorized. Simply searching for an equation that might work can lead you to a 
wrong result and will surely not help you understand physics. A better approach is 
to use the following (rough) procedure, which we put in a special “Problem 


Tip 


gROB, 


Solving Strategy.” 


DORE 
@ 


. Read and reread the whole problem carefully before 
trying to solve it. 


. Decide what object (or objects) you are going to 


study, and for what time interval. You can often 
choose the initial time to be t = 0. 


. Draw a diagram or picture of the situation, with 


coordinate axes wherever applicable. [You can place 
the origin of coordinates and the axes wherever you 
like to make your calculations easier. | 


. Write down what quantities are “known” or “given,” 


and then what you want to know. Consider quanti- 
ties both at the beginning and at the end of the 
chosen time interval. 


. Think about which principles of physics apply in this 


problem. Use common sense and your own experi- 
ences. Then plan an approach. 


. Consider which equations (and/or definitions) relate 


the quantities involved. Before using them, be sure 
their range of validity includes your problem (for 
example, Eqs. 12 are valid only when the accelera- 
tion is constant). If you find an applicable equation 


ae 


8. 


unknown. Sometimes several sequential calculations, 
or a combination of equations, may be needed. It is 
often preferable to solve algebraically for the desired 
unknown before putting in numerical values. 

Carry out the calculation if it is a numerical problem. 
Keep one or two extra digits during the calculations, 
but round off the final answer(s) to the correct 
number of significant figures. 

Think carefully about the result you obtain: Is it 
reasonable? Does it make sense according to your 
own intuition and experience? A good check is to do 
a rough estimate using only powers of ten. Often it is 
preferable to do a rough estimate at the start of a 
numerical problem because it can help you focus 
your attention on finding a path toward a solution. 


. A very important aspect of doing problems is 


keeping track of units. An equals sign implies the 
units on each side must be the same, just as the 
numbers must. If the units do not balance, a mistake 
has no doubt been made. This can serve as a check 
on your solution (but it only tells you if you’re 
wrong, not if you’re right). Always use a consistent 


that involves only known quantities and one desired set of units. 


unknown, solve the equation algebraically for the 


Acceleration of a car. How long does it take a car to cross a 
30.0-m-wide intersection after the light turns green, if the car accelerates from 
rest at a constant 2.00 m/s”? 


APPROACH We follow the Problem Solving Strategy above, step by step. 


SOLUTION 


FIGURE 20 Example 10. 1. Reread the problem. Be sure you understand what it asks for (here, a time 
interval). 


2. The object under study is the car. We choose the time interval: t = 0, the 


k initial time, is the moment the car starts to accelerate from rest (v9 = 0); 
a = 2.00 m/s? a = 2.00 EA the time f is the instant the car has traveled the full 30.0-m width of the 
oe a intersection. 
= e 3. Draw a diagram: the situation is shown in Fig. 20, where the car is shown 
Xo=0 X= moving along the positive x axis. We choose x) = 0 at the front bumper of the 
%=0 apm car before it starts to move. 
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4. The “knowns” and the “wanted” are shown in the Table in the margin, and we Known Wanted 
choose x) = 0. Note that “starting from rest” means v = 0 at t = 0; that is, x =6 t 
v = 0. x = 30.0m 

5. The physics: the motion takes place at constant acceleration, so we can use the a = 2.00 m/s? 
kinematic equations, Eqs. 12. Up = 0 


6. Equations: we want to find the time, given the distance and acceleration; Eq. 
12b is perfect since the only unknown quantity is t. Setting vy) = 0 and 
Xo = 0 in Eq. 12b (x = Xo + vot + jaf), we can solve for t: 


x = Sat’, 
p= 2x 
a 
so 
2x 
t= ae 
a 


7. The calculation: 


2(30.0m 
t= JZ- 3 ) L 548s. 
a 2.00 m/s? 


This is our answer. Note that the units come out correctly. 


8. We can check the reasonableness of the answer by calculating the final velocity 
v = at = (2.00 m/s’)(5.48s) = 10.96 m/s, and then finding x = x) +t = 
0 + (10.96 m/s + 0)(5.48s) = 30.0m, which is our given distance. 

9. We checked the units, and they came out perfectly (seconds). 


NOTE In steps 6 and 7, when we took the square root, we should have 
written £ = +\/2x/a = +5.48s. Mathematically there are two solutions. But 
the second solution, £ = —5.48s, is a time before our chosen time interval and 
makes no sense physically. We say it is “unphysical” and ignore it. 


We explicitly followed the steps of the Problem Solving Strategy for Example 10. 
In upcoming Examples, we will use our usual “Approach” and “Solution” to avoid 
being wordy. 


G25 R I ESTIMATE | Air bags. Suppose you want to design an air-bag ® PHYSICS APPLIED 


system that can protect the driver at a speed of 100 km/h (60 mph) if the car hits Car safety—air bags 

a brick wall. Estimate how fast the air bag must inflate (Fig. 21) to effectively 

protect the driver. How does the use of a seat belt help the driver? FIGURE 21 Example 11. 

An air bag deploying on impact. 


APPROACH We assume the acceleration is roughly constant, so we can use 
Eqs. 12. Both Eqs. 12a and 12b contain f, our desired unknown. They both 
contain a, so we must first find a, which we can do using Eq. 12c if we know the 
distance x over which the car crumples. A rough estimate might be about 1 meter. We 
choose the time interval to start at the instant of impact with the car moving at 
vo = 100 km/h, and to end when the car comes to rest (v = 0) after traveling 1 m. 
SOLUTION We convert the given initial speed to SI units: 100km/h = 
100 x 10° m/3600s = 28 m/s. We then find the acceleration from Eq. 12c: 


2 2 
v (28 m/s) r 
a os Te 390 m/s*. 
This enormous acceleration takes place in a time given by (Eq. 12a): 
= = SuperStock, Inc. 
p= v-w_ 0 2 mis = 007s. 
a —390 m/s? 


To be effective, the air bag would need to inflate faster than this. 

What does the air bag do? It spreads the force over a large area of the chest 
(to avoid puncture of the chest by the steering wheel). The seat belt keeps the 
person in a stable position against the expanding air bag. 
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FIGURE 22 Example 12: stopping 
distance for a braking car. 


@®puysics APPLIED 
Braking distances 


Part 1: Reaction time 


Known Wanted 
t = 0.50s x 
vo = 14m/s 
v = 14m/s 
a=0 
Xo = 0 


Part 2: Braking 


Known Wanted 
Xp = 7.0m x 
vo = 14m/s 
v=0 
a = —6.0 m/s? 


FIGURE 23 Example 12. 
Graphs of (a) v vs. t and (b) x vs. t. 
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xX 
Travel during e Travel during n x 
pean time braking | 
>| 
v = constant = 14 m/s v decreases from 14 m/s to zero 
.50 s a = —6.0 m/s? 


Braking distances. Estimate the minimum stop- 
ping distance for a car, which is important for traffic safety and traffic design. The 
problem is best dealt with in two parts, two separate time intervals. (1) The first 
time interval begins when the driver decides to hit the brakes, and ends when the 
foot touches the brake pedal. This is the “reaction time” during which the speed 
is constant, so a = 0. (2) The second time interval is the actual braking period 
when the vehicle slows down (a # 0) and comes to a stop. The stopping distance 
depends on the reaction time of the driver, the initial speed of the car (the final 
speed is zero), and the acceleration of the car. For a dry road and good tires, good 
brakes can decelerate a car at a rate of about 5 m/s” to 8 m/s’. Calculate the total 
stopping distance for an initial velocity of 50 km/h (= 14m/s ~ 31 mi/h) and 
assume the acceleration of the car is —6.0 m/s” (the minus sign appears because 
the velocity is taken to be in the positive x direction and its magnitude is 
decreasing). Reaction time for normal drivers varies from perhaps 0.3 s to about 
1.0s; take it to be 0.50s. 


APPROACH During the “reaction time,” part (1), the car moves at constant 
speed of 14m/s,so a = 0. Once the brakes are applied, part (2), the acceleration 
is a = —6.0m/s* and is constant over this time interval. For both parts a is 
constant, so we can use Eqs. 12. 

SOLUTION Part (1). We take x) = 0 for the first time interval, when the driver 
is reacting (0.50s): the car travels at a constant speed of 14m/s so a = 0. See 
Fig. 22 and the Table in the margin. To find x, the position of the car at 
t = 0.50s (when the brakes are applied), we cannot use Eq. 12c because x is 
multiplied by a, which is zero. But Eq. 12b works: 


x = Ut +0 = (14m/s)(0.50s) = 7.0m. 


Thus the car travels 7.0m during the driver’s reaction time, until the instant the 
brakes are applied. We will use this result as input to part (2). 

Part (2). During the second time interval, the brakes are applied and the car is 
brought to rest. The initial position is x) = 7.0m (result of part (1)), and other 
variables are shown in the second Table in the margin. Equation 12a doesn’t 
contain x; Eq. 12b contains x but also the unknown f¢. Equation 12c, 
v — n= 2a(x — Xo), is what we want; after setting x) = 7.0m, we solve for x, 
the final position of the car (when it stops): 


7 4 Y — ak 
R 2a 
0 — (14m/s)? _ 2/2 
7.0m +4 ( /s) 7.0m 4 aot 
2(—6.0 m/s”) —12 m/s" 


= 70m + 16m = 23m. 


The car traveled 7.0m while the driver was reacting and another 16 m during the 
braking period before coming to a stop, for a total distance traveled of 23 m. 
Figure 23 shows graphs of (a) v vs. t and (b) x vs. t. 


NOTE From the equation above for x, we see that the stopping distance after the 
driver hit the brakes (= x — xo) increases with the square of the initial speed, not 
just linearly with speed. If you are traveling twice as fast, it takes four times the 
distance to stop. 
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EXAMPLE 13 Two Moving Objects: Police and Speeder. 
A car speeding at 150 km/h passes a still police car which immediately takes off 
in hot pursuit. Using simple assumptions, such as that the speeder continues at 
constant speed, estimate how long it takes the police car to overtake the speeder. 
Then estimate the police car’s speed at that moment and decide if the assump- 
tions were reasonable. 


APPROACH When the police car takes off, it accelerates, and the simplest 
assumption is that its acceleration is constant. This may not be reasonable, but 
let’s see what happens. We can estimate the acceleration if we have noticed 
automobile ads, which claim cars can accelerate from rest to 100 km/h in 5.0s. So 
the average acceleration of the police car could be approximately 


100km/h _ „km/h (1000m\(_ th \ _ 56 i 
5.0s s 1km 3600 s ` ` 


âp = 


SOLUTION We need to set up the kinematic equations to determine the unknown 
quantities, and since there are two moving objects, we need two separate sets of 
equations. We denote the speeding car’s position by xs and the police car’s 
position by xp. Because we are interested in solving for the time when the two 
vehicles arrive at the same position on the road, we use Eq. 12b for each car: 


Xs = vost + Fast? = (150km/h)t = (42m/s)t 
5(5.6m/s*)?, 


where we have set Upp = 0 and ag = 0 (speeder assumed to move at constant 
speed). We want the time when the cars meet, so we set xs = Xp and solve for t: 


(42 m/s)t = (2.8m/s’)??. 


The solutions are 


Xp = Uopt + Sapt? 


The first solution corresponds to the instant the speeder passed the police car. 
The second solution tells us when the police car catches up to the speeder, 15s 
later. This is our answer, but is it reasonable? The police car’s speed at t = 15s is 


Up = Up + apt = 0 + (5.6m/s’)(15s) = 84m/s 


or 300 km/h (~ 190 mi/h). Not reasonable, and highly dangerous. Ay CAUTION 

NOTE More reasonable is to give up the assumption of constant acceleration. The Initial assumptions need to be 
police car surely cannot maintain constant acceleration at those speeds. Also, the checked out for reasonableness 
speeder, if a reasonable person, would slow down upon hearing the police siren. 

Figure 24 shows (a) x vs. t and (b) v vs. t graphs, based on the original assumption of 

dp = constant, whereas (c) shows v vs. t for more reasonable assumptions. 


Speeder Speeder 


FIGURE 24 Example 13. 
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FIGURE 25 Galileo Galilei 
(1564-1642). 


Ay CAUTION 
A freely falling object increases 
in speed, but not in proportion 
to its mass or weight 


FIGURE 26 Multiflash photograph 
of a falling apple, at equal time 
intervals. The apple falls farther 
during each successive interval, which 
means it is accelerating. 


Acceleration due to gravity 
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7 Freely Falling Objects 


One of the most common examples of uniformly accelerated motion is that of an 
object allowed to fall freely near the Earth’s surface. That a falling object is accel- 
erating may not be obvious at first. And beware of thinking, as was widely believed 
before the time of Galileo (Fig. 25), that heavier objects fall faster than lighter 
objects and that the speed of fall is proportional to how heavy the object is. 

Galileo made use of his new technique of imagining what would happen in 
idealized (simplified) cases. For free fall, he postulated that all objects would fall with 
the same constant acceleration in the absence of air or other resistance. He showed 
that this postulate predicts that for an object falling from rest, the distance traveled 
will be proportional to the square of the time (Fig. 26); that is,d œ t°. We can see this 
from Eq. 12b; but Galileo was the first to derive this mathematical relation. 

To support his claim that falling objects increase in speed as they fall, Galileo 
made use of a clever argument: a heavy stone dropped from a height of 2m will 
drive a stake into the ground much further than will the same stone dropped from 
a height of only 0.2 m. Clearly, the stone must be moving faster in the former case. 

Galileo claimed that all objects, light or heavy, fall with the same acceleration, at 
least in the absence of air. If you hold a piece of paper horizontally in one hand and 
a heavier object—say, a baseball—in the other, and release them at the same time as 
in Fig. 27a, the heavier object will reach the ground first. But if you repeat the exper- 
iment, this time crumpling the paper into a small wad (see Fig. 27b), you will find 
that the two objects reach the floor at nearly the same time. 

Galileo was sure that air acts as a resistance to very light objects that have a 
large surface area. But in many ordinary circumstances this air resistance is negli- 
gible. In a chamber from which the air has been removed, even light objects like a 
feather or a horizontally held piece of paper will fall with the same acceleration as 
any other object (see Fig. 28). Such a demonstration in vacuum was not possible in 
Galileo’s time, which makes Galileo’s achievement all the greater. Galileo is often 
called the “father of modern science,” not only for the content of his science 
(astronomical discoveries, inertia, free fall) but also for his approach to science 
(idealization and simplification, mathematization of theory, theories that have 
testable consequences, experiments to test theoretical predictions). 

Galileo’s specific contribution to our understanding of the motion of falling 
objects can be summarized as follows: 


at a given location on the Earth and in the absence of air resistance, all objects 
fall with the same constant acceleration. 


We call this acceleration the acceleration due to gravity on the surface of the 
Earth, and we give it the symbol g. Its magnitude is approximately 


g = 9.80m/s’. [at surface of Earth] 


In British units g is about 32 ft/s”. Actually, g varies slightly according to latitude and 
elevation, but these variations are so small that we will ignore them for most 


FIGURE 27 (a) A ball and a light > æ 
piece of paper are dropped at the Ai 

same time. (b) Repeated, with the rw 
paper wadded up. 


| 
fi 
FIGURE 28 A rock li 
G and a feather are dropped @ 
simultaneously (a) in air, _—= = 


(b) in a vacuum. —— a 


Air-filled tube Evacuated tube 
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purposes. The effects of air resistance are often small, and we will neglect them for 
the most part. However, air resistance will be noticeable even on a reasonably heavy 
object if the velocity becomes large.’ Acceleration due to gravity is a vector as is any 
acceleration, and its direction is downward, toward the center of the Earth. 

When dealing with freely falling objects we can make use of Eqs. 12, where for 
a we use the value of g given above. Also, since the motion is vertical we will 
substitute y in place of x, and yo in place of xy. We take yọ = 0 unless otherwise 
specified. It is arbitrary whether we choose y to be positive in the upward direction 
or in the downward direction; but we must be consistent about it throughout a 
problem’s solution. 


EXERCISE H Return to the Chapter-Opening Question and answer it again now. Try to 
explain why you may have answered differently the first time. 


Falling from a tower. Suppose that a ball is dropped 
(v = 0) from a tower 70.0m high. How far will it have fallen after a time 
ti = 1.00s, t, = 2.00s, and t, = 3.00s? Ignore air resistance. 


APPROACH Let us take y as positive downward, so the acceleration is 
a = g = +9.80m/s*. We set v9 = 0 and yọ = 0. We want to find the position y 
of the ball after three different time intervals. Equation 12b, with x replaced 
by y, relates the given quantities (t, a, and vp) to the unknown y. 


SOLUTION We set t = t; = 1.00s in Eq. 12b: 

yı = vt + zat? = 0 + $ati = $(9.80m/s*)(1.00s)? = 4.90m. 
The ball has fallen a distance of 4.90m during the time interval t = 0 to 
ti = 1.00s. Similarly, after 2.00s (= t), the ball’s position is 

ya = Zatz = 3(9.80m/s’)(2.00s)? = 19.6m. 
Finally, after 3.00s (= £3), the ball’s position is (see Fig. 29) 

ys = Zatz = 3(9.80m/s’)(3.00s)? = 441m. 


Thrown down from a tower. Suppose the ball in Example 14 is 
thrown downward with an initial velocity of 3.00 m/s, instead of being dropped. (a) 
What then would be its position after 1.00 s and 2.00 s? (b) What would its speed be 
after 1.00s and 2.00s? Compare with the speeds of a dropped ball. 
APPROACH Again we use Eq. 12b, but now vj is not zero, it is vy = 3.00 m/s. 
SOLUTION (a) At t = 1.00s, the position of the ball as given by Eq. 12b is 
y = ut + tat? = (3.00m/s)(1.00s) + 5(9.80 m/s?)(1.00s)? = 7.90m. 
At t = 2.00s, (time interval t = 0 to t = 2.00 s), the position is 
y = ut + zat? = (3.00m/s)(2.00s) + 3(9.80 m/s’)(2.00s)? = 25.6m. 
As expected, the ball falls farther each second than if it were dropped with v = 0. 
(b) The velocity is obtained from Eq. 12a: 
Vv = Uo + at 
= 3.00m/s + (9.80m/s’)(1.00s) = 12.8m/s [at t, = 1.005] 
= 3.00m/s + (9.80 m/s’)(2.00s) = 22.6m/s. [at t, = 2.00 s] 
0), the first term (vp) in these 


In Example 14, when the ball was dropped (vp) = 
equations was zero, so 

v = 0+ at 
(9.80 m/s”)(1.00 s) 9.80 m/s [at t, = 1.00s] 
= (9.80m/s’)(2.00s) = 19.6 m/s. [at t = 2.00 s] 


NOTE For both Examples 14 and 15, the speed increases linearly in time by 
9.80 m/s during each second. But the speed of the downwardly thrown ball at any 
instant is always 3.00 m/s (its initial speed) higher than that of a dropped ball. 


‘The speed of an object falling in air (or other fluid) does not increase indefinitely. If the object falls far 
enough, it will reach a maximum velocity called the terminal velocity due to air resistance. 


PROBLEM SOLVING 


You can choose y to be positive 
either up or down 


FIGURE 29 Example 14. 

(a) An object dropped from a tower 
falls with progressively greater 
speed and covers greater distance 
with each successive second. (See 
also Fig. 26.) (b) Graph of y vs. t. 


Acceleration 
due to 


gravity 
a I ---- y= 0 
jl y,=4.90m 
- 7 ! (After 1.00 s) 

| atl! yy = 19.6 m 

4y Hi (After 2.00 s) 
y3=44.1 m 
(After 3.00 s) 


e Yty 


(a) 


45 


46 


B(v=0) 


og 
poa 


2 
@---------~---~-~--~-~~-~~.~ 


G@ ——— — eee 


> 
A 


FIGURE 30 An object thrown into 
the air leaves the thrower’s hand at 
A, reaches its maximum height at B, 
and returns to the original position 
at C. Examples 16, 17, 18, and 19. 


A CAUTION 
Quadratic equations have two 
solutions. Sometimes only one 
corresponds to reality, 
sometimes both 
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Ball thrown upward, I. A person throws a ball upward into the 
air with an initial velocity of 15.0 m/s. Calculate (a) how high it goes, and (b) how 
long the ball is in the air before it comes back to the hand. Ignore air resistance. 


APPROACH We are not concerned here with the throwing action, but only with 
the motion of the ball after it leaves the thrower’s hand (Fig. 30) and until it 
comes back to the hand again. Let us choose y to be positive in the upward direc- 
tion and negative in the downward direction. (This is a different convention from 
that used in Examples 14 and 15, and so illustrates our options.) The acceleration due 
to gravity is downward and so will have a negative sign, a = —g = —9.80m/s*. As 
the ball rises, its speed decreases until it reaches the highest point (B in Fig. 30), 
where its speed is zero for an instant; then it descends, with increasing speed. 
SOLUTION (a) We consider the time interval from when the ball leaves the 
thrower’s hand until the ball reaches the highest point. To determine the 
maximum height, we calculate the position of the ball when its velocity equals 
zero (v=0 at the highest point). At f=0 (point A in Fig. 30) we have 
yo = 0, v = 15.0m/s, and a= —9.80m/s*. At time ¢ (maximum height), 
v = 0, a = —9.80 m/s’, and we wish to find y. We use Eq. 12c, replacing x 
with y: v? = v + 2ay. We solve this equation for y: 
vu 0 — (15.0 m/s)? 
y= = = 115m. 
2a 2(—9.80 m/s?) 


The ball reaches a height of 11.5 m above the hand. 


(b) Now we need to choose a different time interval to calculate how long the 
ball is in the air before it returns to the hand. We could do this calculation in two 
parts by first determining the time required for the ball to reach its highest point, 
and then determining the time it takes to fall back down. However, it is simpler 
to consider the time interval for the entire motion from A to B to C (Fig. 30) in 
one step and use Eq. 12b. We can do this because y represents position or 
displacement, and not the total distance traveled. Thus, at both points A and C, 
y = 0. We use Eq. 12b with a = —9.80 m/s? and find 


Y = yo + Ut + fat 

0 = 0 + (15.0m/s)t + 3(—9.80 m/s’)? 
This equation is readily factored (we factor out one f): 

(15.0m/s — 4.90m/s*t)t = 0. 


There are two solutions: 
t = 0 and t = ——— = 3.06s. 


The first solution (t = 0) corresponds to the initial point (A) in Fig. 30, when the 
ball was first thrown from y = 0. The second solution, £ = 3.06 s, corresponds to 
point C, when the ball has returned to y = 0. Thus the ball is in the air 3.06 s. 
NOTE We have ignored air resistance, which could be significant, so our result is 
only an approximation to a real, practical situation. 


We did not consider the throwing action in this Example. Why? Because during 
the throw, the thrower’s hand is touching the ball and accelerating the ball at a rate 
unknown to us—the acceleration is not g. We consider only the time when the ball 
is in the air and the acceleration is equal to g. 

Every quadratic equation (where the variable is squared) mathematically 
produces two solutions. In physics, sometimes only one solution corresponds to the 
real situation, as in Example 10, in which case we ignore the “unphysical” solution. 
But in Example 16, both solutions to our equation in f° are physically meaningful: 
t = 0 and t = 3.06s. 
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Two possible misconceptions. Give examples to 
show the error in these two common misconceptions: (1) that acceleration and 
velocity are always in the same direction, and (2) that an object thrown upward has 
zero acceleration at the highest point (B in Fig. 30). 


RESPONSE Both are wrong. (1) Velocity and acceleration are not necessarily in 
the same direction. When the ball in Example 16 is moving upward, its velocity is 
positive (upward), whereas the acceleration is negative (downward). (2) At the 
highest point (B in Fig. 30), the ball has zero velocity for an instant. Is the accel- 
eration also zero at this point? No. The velocity near the top of the arc points 
upward, then becomes zero (for zero time) at the highest point, and then points 
downward. Gravity does not stop acting, so a = —g = —9.80 m/s? even there. 
Thinking that a = 0 at point B would lead to the conclusion that upon reaching 
point B, the ball would stay there: if the acceleration (= rate of change of 
velocity) were zero, the velocity would stay zero at the highest point, and the ball 
would stay up there without falling. In sum, the acceleration of gravity always 
points down toward the Earth, even when the object is moving up. 


ZGURA Ball thrown upward, Il. Let us consider again the ball thrown 
upward of Example 16, and make more calculations. Calculate (a) how much time 
it takes for the ball to reach the maximum height (point B in Fig. 30), and (b) the 
velocity of the ball when it returns to the thrower’s hand (point C). 


APPROACH Again we assume the acceleration is constant, so we can use 
Eqs. 12. We have the height of 11.5m from Example 16. Again we take y as 
positive upward. 


SOLUTION (a) We consider the time interval between the throw (t= 0, 
Up = 15.0m/s) and the top of the path (y = +11.5m, v = 0), and we 

want to find t. The acceleration is constant at a = —g = —9.80m/s*. Both Eqs. 
12a and 12b contain the time f with other quantities known. Let us use Eq. 12a 
with a = —9.80 m/s”, vo = 15.0 m/s, and v = 0: 


Vv = v + at; 
setting v = 0 and solving for t gives 


j Vo Hane. = 153s. 
a —9.80 m/s 


This is just half the time it takes the ball to go up and fall back to its original 
position [3.06 s, calculated in part (b) of Example 16]. Thus it takes the same time 
to reach the maximum height as to fall back to the starting point. 

(b) Now we consider the time interval from the throw (t = 0, v = 15.0 m/s) 
until the ball’s return to the hand, which occurs at t = 3.06s (as calculated in 
Example 16), and we want to find v when f = 3.06 s: 


v = vw + at = 15.0m/s — (9.80 m/s’)(3.06s) = —15.0 m/s. 


NOTE The ball has the same speed (magnitude of velocity) when it returns to the 
starting point as it did initially, but in the opposite direction (this is the meaning 
of the negative sign). And, as we saw in part (a), the time is the same up as down. 
Thus the motion is symmetrical about the maximum height. 


The acceleration of objects such as rockets and fast airplanes is often given as 
a multiple of g = 9.80 m/s”. For example, a plane pulling out of a dive and under- 
going 3.00 g’s would have an acceleration of (3.00)(9.80 m/s”) = 29.4 m/s’. 


| EXERCISE I If a car is said to accelerate at 0.50 g, what is its acceleration in m/s”? 


A CAUTION 


(1) Velocity and acceleration are 
not always in the same direction; 
the acceleration (of gravity) always 
points down 

(2) a # 0 even at the highest point 
of a trajectory 
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FIGURE 30 
(Repeated for Example 19) 
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Ball thrown upward, III; the quadratic formula. For the ball 
in Example 18, calculate at what time f the ball passes a point 8.00 m above the 
person’s hand. (See repeated Fig. 30 here). 


APPROACH We choose the time interval from the throw (t = 0, v) = 15.0 m/s) 
until the time ź (to be determined) when the ball is at position y = 8.00m, using 
Eq. 12b. 


SOLUTION We want to find t, given y = 8.00m, yọ = 0, v = 15.0m/s, and 
a = —9.80 m/s. We use Eq. 12b: 


y = yo + Ut + pat? 
8.00m = 0 + (15.0m/s)t + 3(—9.80 m/s’) £. 


To solve any quadratic equation of the form at? + bt + c = 0, where a, b, and c 
are constants (a is not acceleration here), we use the quadratic formula: 


-b + VP? — 4ac 
2a 
We rewrite our y equation just above in standard form, at? + bt + c = 0: 


(4.90 m/s’)? — (15.0m/s)t + (8.00m) = 0. 


a 


So the coefficient a is 4.90 m/s’, b is —15.0 m/s, and c is 8.00 m. Putting these into 
the quadratic formula, we obtain 
15.0m/s + \/(15.0 m/s)? — 4(4.90 m/s?)(8.00 m) 
2(4.90 m/s?) 
which gives us t = 0.69s and £ = 2.37s. Are both solutions valid? Yes, because 


the ball passes y = 8.00m when it goes up (t = 0.69s) and again when it 
comes down (t = 2.37s). 


NOTE Figure 31 shows graphs of (a) y vs. t and (b) v vs. t for the ball thrown 
upward in Fig. 30, incorporating the results of Examples 16, 18, and 19. 


FIGURE 31 Graphs of (a) y vs. t, (b) v vs. t for a ball thrown upward, 
Examples 16, 18, and 19. 
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Ball thrown upward at edge of cliff. Suppose that the person 
of Examples 16, 18, and 19 is standing on the edge of a cliff, so that the ball can 
fall to the base of the cliff 50.0 m below as in Fig. 32. (a) How long does it take 
the ball to reach the base of the cliff? (b) What is the total distance traveled by 
the ball? Ignore air resistance (likely to be significant, so our result is an approx- 
imation). 


APPROACH We again use Eq. 12b, but this time we set y = —50.0m, the 
bottom of the cliff, which is 50.0 m below the initial position (yọ = 0). 
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SOLUTION (a) We use Eq. 12b with a = —9.80m/s’, v) = 15.0m/s, yo = 0, 
and y = —50.0m: 
yY = yo + Ut + Sat? 

—50.0m = 0 + (15.0m/s)t — 3(9.80 m/s?) £. 
Rewriting in the standard form we have 

(4.90 m/s’)? — (15.0m/s)t — (50.0 m) 0. 
Using the quadratic formula, we find as solutions t = 5.07s and t = —2.01s. 
The first solution, t = 5.07s, is the answer we are seeking: the time it takes 
the ball to rise to its highest point and then fall to the base of the cliff. 
To rise and fall back to the top of the cliff took 3.06s (Example 16); so it 
took an additional 2.01 s to fall to the base. But what is the meaning of the other 
solution, £ = —2.01s? This is a time before the throw, when our calculation 
begins, so it isn’t relevant here.* 
(b) From Example 16, the ball moves up 11.5 m, falls 11.5 m back down to the top 
of the cliff, and then down another 50.0m to the base of the cliff, for a total 
distance traveled of 73.0 m. Note that the displacement, however, was —50.0 m. 
Figure 33 shows the y vs. t graph for this situation. 


EXERCISE J Two balls are thrown from a cliff. One is thrown directly up, the other directly 
down, each with the same initial speed, and both hit the ground below the cliff. Which 
ball hits the ground at the greater speed: (a) the ball thrown upward, (b) the ball thrown 
downward, or (c) both the same? Ignore air resistance. 


“8 Variable Acceleration; Integral Calculus 


In this brief optional Section we use integral calculus to derive the kinematic equa- 
tions for constant acceleration, Eqs. 12a and b. We also show how calculus can be 
used when the acceleration is not constant. If you have not yet studied simple inte- 
gration in your calculus course, you may want to postpone reading this Section 
until you have. 

First we derive Eq. 12a, assuming as we did in Section 5 that an object has 
velocity vat t = 0 and a constant acceleration a. We start with the definition of 
instantaneous acceleration, a = dv/dt, which we rewrite as 

dv = adt. 


We take the definite integral of both sides of this equation, using the same nota- 
tion we did in Section 5: 


v t 
| dv = | adt 
V=U t=0 


which gives, since a = constant, 
v — U = at. 
This is Eq. 12a, v = vp + at. 
Next we derive Eq. 12b starting with the definition of instantaneous velocity, 
Eq. 4, v = dx/dt. We rewrite this as 


dx = vdt 
or 


dx = (v + at)dt 


where we substituted in Eq. 12a. 


‘The solution ¢ = —2.01s could be meaningful in a different physical situation. Suppose that a 
person standing on top of a 50.0-m-high cliff sees a rock pass by him at tf = 0 moving upward at 
15.0 m/s; at what time did the rock leave the base of the cliff, and when did it arrive back at the base 
of the cliff? The equations will be precisely the same as for our original Example, and the answers 
t = —2.01s and t = 5.07s will be the correct answers. Note that we cannot put all the information 
for a problem into the mathematics, so we have to use common sense in interpreting results. 
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FIGURE 32 Example 20. 

The person in Fig. 30 stands on the 
edge of a cliff. The ball falls to the 
base of the cliff, 50.0 m below. 


FIGURE 33 Example 20, 
the y vs. t graph. 
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Now we integrate: 


x t 
[a = [ + at)dt 
Ci t 


=0 


t t 
[wa + [aar 
t=0 t=0 


x— Xx% = vat + at 


= 
| 

x 
o 
| 


since vo and a are constants. This result is just Eq. 12b, x = x) + vot + tal’. 
Finally let us use calculus to find velocity and displacement, given an acceleration 
that is not constant but varies in time. 


Integrating a time-varying acceleration. An experimental 
vehicle starts from rest (vp = 0) at £ = 0 and accelerates at a rate given by 
a = (7.00 m/s*)t. What is (a) its velocity and (b) its displacement 2.00 s later? 


APPROACH We cannot use Eqs. 12 because a is not constant. We integrate the 
acceleration a = dv/dt over time to find v as a function of time; and then 
integrate v = dx/dt to get the displacement. 
SOLUTION From the definition of acceleration, a = dv/dt, we have 

dv = adt. 


We take the integral of both sides from v = 0 at t = 0 to velocity v at an arbi- 
trary time t: 


v t 
| av = [aar 
0 0 


v= [ (7.00/33) at 


t 2 


= (ooms) = o) = (3.50m/s*)’. 


2 
= (7.00 ms) 
2 
At t = 2.00s, v = (3.50 m/s*)(2.00s)? = 14.0 m/s. 


(b) To get the displacement, we assume x) = 0 and start with v = dx/dt which 
we rewrite as dx = vdt. Then we integrate from x = 0 at ¢ = 0 to position 


x at time t: 
P A t 
| dx = | v dt 
0 0 


200s p |2.00s 
x= | Gsom/s*)e dt = (3.50 m/s’) = = 9.33 m. 
0 0 


2 


0 


In sum, at t = 2.00s, v = 14.0m/s and x = 9.33 m. 


*0 Graphical Analysis and Numerical 
Integration 


This Section is optional. It discusses how to solve certain Problems numerically, 
often needing a computer to do the sums. 

If we are given the velocity v of an object as a function of time t, we can obtain the 
displacement, x. Suppose the velocity as a function of time, v(t), is given as a graph 
(rather than as an equation that could be integrated as discussed in Section 8), as shown 
in Fig 34a. If we are interested in the time interval from t; to t, , as shown, we divide the 
time axis into many small subintervals, At, , At,, At;,..., which are indicated by the 
dashed vertical lines. For each subinterval, a horizontal dashed line is drawn to indicate 
the average velocity during that time interval. The displacement during any subinterval 
is given by Ax;, where the subscript i represents the particular subinterval 
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(i = 1,2,3,...). From the definition of average velocity (Eq. 2) we have 

Ax; = v Ati. 
Thus the displacement during each subinterval equals the product of v; and At;, 
and equals the area of the dark rectangle in Fig. 34a for that subinterval. The total 


displacement between times t; and t, is the sum of the displacements over all the 
subintervals: 


X% — X = X 9; At;, (13a) 


where x, is the position at f; and x, is the position at ¢,. This sum equals the area 
of all the rectangles shown. 

It is often difficult to estimate v; with precision for each subinterval from the 
graph. We can get greater accuracy in our calculation of x, — x, by breaking the 
interval t, — ft; into more, but narrower, subintervals. Ideally, we can let each At; 
approach zero, so we approach (in principle) an infinite number of subintervals. In 
this limit the area of all these infinitesimally thin rectangles becomes exactly equal 
to the area under the curve (Fig. 34b). Thus the total displacement between any two 
times is equal to the area between the velocity curve and the t axis between the two 
times t, and t,. This limit can be written 


t2 
X% x4 = lim v; At; 
2 1 pa a pot 
1 
or, using standard calculus notation, 


ty 
Xy- xX = | ear (13b) 
ti 
We have let At — Oand renamed it dt to indicate that it is now infinitesimally small. 
The average velocity, v, over an infinitesimal time dt is the instantaneous velocity at 
that instant, which we have written v(t) to remind us that v is a function of t. 
The symbol f is an elongated S and indicates a sum over an infinite number of 
infinitesimal subintervals. We say that we are taking the integral of v(t) over dt from 
time ¢, to time t, , and this is equal to the area between the v(t) curve and the ¢ axis 
between the times f, and t, (Fig. 34b). The integral in Eq. 13b is a definite integral, 
since the limits ft; and t, are specified. 

Similarly, if we know the acceleration as a function of time, we can obtain the 
velocity by the same process. We use the definition of average acceleration 
(Eq. 5) and solve for Av: 

Av = adt. 
If a is known as a function of t over some time interval ¢, to t,, we can subdivide 
this time interval into many subintervals, At; , just as we did in Fig. 34a. The change 
in velocity during each subinterval is Av; = a; At;. The total change in velocity 
from time f, until time t, is 


UM uy = X a; At;, (14a) 


where v, represents the velocity at t, and v, the velocity at t . This relation can be written 
as an integral by letting At — 0(the number of intervals then approaches infinity) 


t2 
v — u = dim, > a; At; 
A 
or 
b 
V2 -= Vp = [aoa (14b) 
ti 


Equations 14 will allow us to determine the velocity v, at some time t, if the 
velocity is known at ¢,; and a is known as a function of time. 

If the acceleration or velocity is known at discrete intervals of time, we can use the 
summation forms of the above equations, Eqs. 13a and 14a, to estimate velocity or 
displacement. This technique is known as numerical integration. We now take an 
Example that can also be evaluated analytically, so we can compare the results. 


(b) 


FIGURE 34 Graph of v vs. t for the 
motion of a particle. In (a), the time 
axis is broken into subintervals of 
width Aź;, the average velocity 
during each Af; is v;, and the area of 
all the rectangles, Sv; At;, is 
numerically equal to the total 
displacement (x2 T x1) during the 
total time (to = ti). In (b), At; > 0 
and the area under the curve is 
equal to (x2 = xı). 
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a (m/s?) 
32.00 F 


24.00 F 


16.00 F 


8.00 7 


0 0.50 1.00 1.50 2.00 


FIGURE 35 Example 22. 
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Numerical integration. An object starts from rest at t = 0 
and accelerates at a rate a(t) = (8.00 m/s*)?*. Determine its velocity after 2.00 s 
using numerical methods. 


APPROACH Let us first divide up the interval tf = 0.00s to t = 2.00s into four 
subintervals each of duration At; = 0.50s (Fig. 35). We use Eq. 14a with 
V = v, Vv; = 0, t, = 2.00s, and ¢t, = 0. For each of the subintervals we need to 
estimate a;. There are various ways to do this and we use the simple method of 
choosing a; to be the acceleration a(t) at the midpoint of each interval (an even 
simpler but usually less accurate procedure would be to use the value of a at the 
start of the subinterval). That is, we evaluate a(t) = (8.00m/s*)?? at t = 0.25s 
(which is midway between 0.00 s and 0.50 s), 0.75 s, 1.25 s, and 1.75 s. 


SOLUTION The results are as follows: 
i 1 2 3 4 
a;(m/s?) 0.50 4.50 12.50 24.50 


Now we use Eq. 14a, and note that all At; equal 0.50s (so they can be factored out): 
1=2.00s 


v(t = 2.00 s) = X a; At; 
= 
= (0.50m/s? + 4.50m/s? + 12.50 m/s? + 24.50 m/s”)(0.50s) 
= 21.0m/s. 


We can compare this result to the analytic solution given by Eq. 14b since the 
functional form for a is integrable analytically: 


2.00 s 8.00 4 2.00 s 
v= | (6:00m/si)e dt, OS g 
0 3 0 
8.00 m/s* 
= EMAS a005): — (0}] = 21.33 m/s 


or 21.3m/s to the proper number of significant figures. This analytic solution is 
precise, and we see that our numerical estimate is not far off even though we only 
used four Aft intervals. It may not be close enough for purposes requiring high accu- 
racy. If we use more and smaller subintervals, we will get a more accurate result. If 
we use 10 subintervals, each with At = 2.00s/10 = 0.20s, we have to evaluate 
a(t) att = 0.10s, 0.30s, ..., 1.90s to get the a;, and these are as follows: 


i 1 2 3 4 5 6 7 8 9 10 
a;(m/s’) 0.08 0.72 2.00 3.92 648 9.68 13.52 18.00 23.12 28.88 


Then, from Eq. 14a we obtain 
v(t = 2.00 s) = Xa At; 


(Sa,)(0.200 s) 


(106.4 m/s’)(0.200s) = 21.28 m/s, 


where we have kept an extra significant figure to show that this result is much 
closer to the (precise) analytic one but still is not quite identical to it. The 
percentage difference has dropped from 1.4% (0.3 m/s’/21.3 m/s’) for the four- 
subinterval computation to only 0.2% (0.05/21.3) for the 10-subinterval one. 


In the Example above we were given an analytic function that was integrable, so 
we could compare the accuracy of the numerical calculation to the known precise one. 
But what do we do if the function is not integrable, so we can’t compare our numerical 
result to an analytic one? That is, how do we know if we’ve taken enough subintervals 
so that we can trust our calculated estimate to be accurate to within some desired uncer- 
tainty, say 1 percent? What we can do is compare two successive numerical calculations: 
the first done with n subintervals and the second with, say, twice as many subintervals 
(2n). If the two results are within the desired uncertainty (say 1 percent), we can usually 
assume that the calculation with more subintervals is within the desired uncertainty of 
the true value. If the two calculations are not that close, then a third calculation, with 
more subintervals (maybe double, maybe 10 times as many, depending on how good 
the previous approximation was) must be done, and compared to the previous one. 

The procedure is easy to automate using a computer spreadsheet application. 
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If we wanted to also obtain the displacement x at some time, we would have to 
do a second numerical integration over v, which means we would first need to 
calculate v for many different times. Programmable calculators and computers are 


very helpful for doing the long sums. 


| Summary 


Kinematics deals with the description of how objects move. The 
description of the motion of any object must always be given 
relative to some particular reference frame. 

The displacement of an object is the change in position of 
the object. 

Average speed is the distance traveled divided by the 
elapsed time or time interval, Af, the time period over which we 
choose to make our observations. An object’s average velocity 
over a particular time interval Af is its displacement Ax during 
that time interval, divided by At: 


Ax 
Ae (2) 

The instantaneous velocity, whose magnitude is the same as 
the instantaneous speed, is defined as the average velocity taken 
over an infinitesimally short time interval (At — 0): 


Ax dx 

“=, 4 
aSo At dt (9 
where dx/dt is the derivative of x with respect to t. 

On a graph of position vs. time, the slope is equal to the 


instantaneous velocity. 


v= 


v= 


Acceleration is the change of velocity per unit time. An 
object’s average acceleration over a time interval Af is 
= Av 
er (5) 
where Av is the change of velocity during the time interval At. 
Instantaneous acceleration is the average acceleration 
taken over an infinitesimally short time interval: 
Av dv 
war ~ at © 
If an object moves in a straight line with constant acceleration, the 
velocity v and position x are related to the acceleration a, the elapsed 
time f, the initial position xp, and the initial velocity vo by Eqs. 12: 


ğ = 


v = v + at, x = xo + uot + tat, 
_ vty (12) 
v vp + 2a(x — xo), V 7 a, 


Objects that move vertically near the surface of the Earth, 
either falling or having been projected vertically up or down, 
move with the constant downward acceleration due to gravity, 
whose magnitude is g = 9.80 m/s? if air resistance can be ignored. 

[*The kinematic Equations 12 can be derived using integral 
calculus. ] 


J Answers to Exercises 


A: —30 cm; 50cm. 
B: (a). 
C: (b). 
D: (b). 
E: (a) +; (b) —; (c) ~; (d) +. 


F: (c). 
G: (b). 
H: (e). 
I: 4.9 m/s. 
Jè (c): 
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Problem Set 


| Questions 


1. 
2. 


10. 


11. 


12. 


13. 


14. 


15. 


Does a car speedometer measure speed, velocity, or both? 
Can an object have a varying speed if its velocity is 
constant? Can it have varying velocity if its speed is 
constant? If yes, give examples in each case. 


. When an object moves with constant velocity, does its 


average velocity during any time interval differ from its 
instantaneous velocity at any instant? 


. If one object has a greater speed than a second object, does 


the first necessarily have a greater acceleration? Explain, 
using examples. 


» Compare the acceleration of a motorcycle that accelerates 


from 80 km/h to 90 km/h with the acceleration of a bicycle 
that accelerates from rest to 10 km/h in the same time. 


. Can an object have a northward velocity and a southward 


acceleration? Explain. 


. Can the velocity of an object be negative when its accelera- 


tion is positive? What about vice versa? 


. Give an example where both the velocity and acceleration 


are negative. 


. Two cars emerge side by side from a tunnel. Car A is trav- 


eling with a speed of 60km/h and has an acceleration of 
40km/h/min. Car B has a speed of 40km/h and has an 
acceleration of 60 km/h/min. Which car is passing the other 
as they come out of the tunnel? Explain your reasoning. 
Can an object be increasing in speed as its acceleration 
decreases? If so, give an example. If not, explain. 

A baseball player hits a ball straight up into the air. It leaves the 
bat with a speed of 120km/h. In the absence of air resistance, 
how fast would the ball be traveling when the catcher catches it? 
As a freely falling object speeds up, what is happening to its 
acceleration—does it increase, decrease, or stay the same? 
(a) Ignore air resistance. (b) Consider air resistance. 

You travel from point A to point B in a car moving at a 
constant speed of 70km/h. Then you travel the same 
distance from point B to another point C, moving at a constant 
speed of 90 km/h. Is your average speed for the entire trip 
from A to C 80 km/h? Explain why or why not. 

Can an object have zero velocity and nonzero acceleration 
at the same time? Give examples. 

Can an object have zero acceleration and nonzero velocity 
at the same time? Give examples. 


16. 


17. 


18. 


19. 


v (m/s) 


40 
30 


20 


0 
0 10 20 


Which of these motions is not at constant acceleration: a 
rock falling from a cliff, an elevator moving from the second 
floor to the fifth floor making stops along the way, a dish 
resting on a table? 

In a lecture demonstration, a 3.0-m-long vertical string with ten 
bolts tied to it at equal intervals is dropped from the ceiling of 
the lecture hall. The string falls on a tin plate, and the class 
hears the clink of each bolt as it hits the plate. The sounds will 
not occur at equal time intervals. Why? Will the time between 
clinks increase or decrease near the end of the fall? How could 
the bolts be tied so that the clinks occur at equal intervals? 
Describe in words the motion plotted in Fig. 36 in terms of 
v, a, etc. [Hint: First try to duplicate the motion plotted by 
walking or moving your hand.] 


20 
E 
R 10 
0 
0 10 20 30 40 50 
t (s) 
FIGURE 36 Question 18, Problems 9 and 86. 


Describe in words the motion of the object graphed in Fig. 37. 


30 40 50 60 70 80 90 100 110 120 
t(s) 


FIGURE 37 Question 19, Problem 23. 


| Problems 


[The Problems in this Section are ranked I, II, or III according to 
estimated difficulty, with (I) Problems being easiest. Level (IID 
Problems are meant mainly as a challenge for the best students, for 
“extra credit.” The Problems are arranged by Sections, meaning that 
the reader should have read up to and including that Section, but 
this Chapter also has a group of General Problems that are not 
arranged by Section and not ranked.] 


1 to 3 Speed and Velocity 


1 


2 


(I) If you are driving 110km/h along a straight road and 
you look to the side for 2.0s, how far do you travel during 
this inattentive period? 

(I) What must your car’s average speed be in order to travel 
235 km in 3.25 h? 


From Chapter 2 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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3. (I) A particle at 4, = —2.0s is at xı = 43cm and at 
ty = 45s is at x, = 85cm. What is its average velocity? 
Can you calculate its average speed from these data? 

4. (I) A rolling ball moves from x, = 3.4cm to x» = —4.2cm 
during the time from f; = 3.0s to t = 5.1s. What is its 
average velocity? 

5. (II) According to a rule-of-thumb, every five seconds 


10. 


No = 2(44,100 


11. 


. (II) The position of a 


between a lightning flash and the following thunder gives 
the distance to the flash in miles. Assuming that the flash of 
light arrives in essentially no time at all, estimate the speed 
of sound inm/s from this rule. What would be the rule for 
kilometers? 


. (II) You are driving home from school steadily at 95 km/h 


for 130 km. It then begins to rain and you slow to 65 km/h. 
You arrive home after driving 3 hours and 20 minutes. 
(a) How far is your hometown from school? (b) What was 
your average speed? 


. (II) A horse canters away from its trainer in a straight line, 


moving 116m away in 14.0s. It then turns abruptly and 
gallops halfway back in 4.8 s. Calculate (a) its average speed 
and (b) its average velocity for the entire trip, using “away 
from the trainer” as the positive direction. 

small object is given by 
x = 34 + 10t- of? where f is in seconds and x in meters. 
(a) Plot x as a function of t from t= 0 to t= 3.0s. 
(b) Find the average velocity of the object between 0 
and 3.0s. (c) At what time between 0 and 3.0s is the 
instantaneous velocity zero? 


. (II) The position of a rabbit along a straight tunnel as a 


function of time is plotted in Fig. 36. What is its instanta- 
neous velocity (a) at t= 10.0s and (b) at t= 30.0s? 
What is its average velocity (c) between t= 0 and 
t = 5.0s, (d) between t= 25.0s and t= 30.0s, and 
(e) between t = 40.0s and t = 50.0s? 


(II) On an audio compact disc (CD), digital bits of informa- 
tion are encoded sequentially along a spiral path. Each bit 
occupies about 0.28 wm. A CD player’s readout laser scans 
along the spiral’s sequence of bits at a constant speed of 
about 1.2 m/s as the CD spins. (a) Determine the number N 
of digital bits that a CD player reads every second. (b) The 
audio information is sent to each of the two loudspeakers 
44,100 times per second. Each of these samplings requires 
16 bits and so one would (at first glance) think the required 
bit rate for a CD player is 


| ( 
ond 


) 14 ig? 
second 


bits 
sampling 


where the 2 is for the 2 loudspeakers (the 2 stereo channels). 
Note that No is less than the number N of bits actually read 
per second by a CD player. The excess number of bits 
(= N — No) is needed for encoding and error-correction. 
What percentage of the bits on a CD are dedicated to 
encoding and error-correction? 

(I) A car traveling 95 km/h is 110m behind a truck trav- 
eling 75 km/h. How long will it take the car to reach the 
truck? 


. (II) Two locomotives approach each other on parallel 


tracks. Each has a speed of 95km/h with respect to the 
ground. If they are initially 8.5 km apart, how long will it be 
before they reach each other? (See Fig. 38). 


13. 


14. 


15. 


16. 


17. 


18. 


~<—8.5 km— 


v= 
95 km/h 


y = 


i 


FIGURE 38 Problem 12. 


(I) Digital bits on a 12.0-cm diameter audio CD are 
encoded along an outward spiraling path that starts at 
radius R = 2.5cm and finishes at radius R, = 5.8cm. 
The distance between the centers of neighboring spiral- 
windings is 1.6 um (= 1.6 x 10° m). (a) Determine the 
total length of the spiraling path. [Hint: Imagine 
“unwinding” the spiral into a straight path of width 1.6 um, 
and note that the original spiral and the straight path both 
occupy the same area.] (b) To read information, a CD 
player adjusts the rotation of the CD so that the player’s 
readout laser moves along the spiral path at a constant 
speed of 1.25m/s. Estimate the maximum playing time of 
such a CD. 

(I) An airplane travels 3100km at a speed of 720 km/h, 
and then encounters a tailwind that boosts its speed to 
990 km/h for the next 2800 km. What was the total time for 
the trip? What was the average speed of the plane for this 
trip? [Hint: Does Eq. 12d apply, or not?] 


vV + vo 


7 (12d) 


v= [a = constant] 


(II) Calculate the average speed and average velocity of a 
complete round trip in which the outgoing 250km is 
covered at 95 km/h, followed by a 1.0-h lunch break, and 
the return 250 km is covered at 55 km/h. 

(ID) The position of a ball rolling in a straight line is given by 
x = 2.0 — 3.6f + 1.17, where x is in meters and f in 
seconds. (a) Determine the position of the ball at t = 1.0s, 
2.0s, and 3.0s. (b) What is the average velocity over the 
interval ¢ = 1.0s to ¢t = 3.0s? (c) What is its instanta- 
neous velocity at t = 2.0s and at t = 3.0s? 

(II) A dog runs 120 m away from its master in a straight line 
in 8.4s, and then runs halfway back in one-third the time. 
Calculate (a) its average speed and (b) its average velocity. 

(NI) An automobile traveling 95 km/h overtakes a 1.10-km- 
long train traveling in the same direction on a track parallel 
to the road. If the train’s speed is 75 km/h, how long does it 
take the car to pass it, and how far will the car have traveled 
in this time? See Fig. 39. What are the results if the car and 
train are traveling in opposite directions? 


is 1.10 km - 
v = 75 km/h 
EUN UE UE 


FIGURE 39 Problem 18. 
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(II) A bowling ball traveling with constant speed hits the 
pins at the end of a bowling lane 16.5 m long. The bowler 
hears the sound of the ball hitting the pins 2.50s after the 
ball is released from his hands. What is the speed of the ball, 
assuming the speed of sound is 340 m/s? 


4 Acceleration 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


(I) A sports car accelerates from rest to 95 km/h in 4.5s. 
What is its average acceleration in m/s”? 


(1) At highway speeds, a particular automobile is capable of 
an acceleration of about 1.8 m/s?. At this rate, how long 
does it take to accelerate from 80 km/h to 110 km/h? 


(I) A sprinter accelerates from rest to 9.00m/s in 1.28 s. 
What is her acceleration in (a) m/s”; (b) km/h? 

(I) Figure 37 shows the velocity of a train as a function of 
time. (a) At what time was its velocity greatest? (b) During 
what periods, if any, was the velocity constant? (c) During 
what periods, if any, was the acceleration constant? 
(d) When was the magnitude of the acceleration greatest? 


(II) A sports car moving at constant speed travels 110m in 
5.0s. If it then brakes and comes to a stop in 4.0 s, what is 
the magnitude of its acceleration in m/s’, and in g’s 
(g = 9.80 m/s’)? 

(II) A car moving in a straight line starts at x = 0 at t = 0. 
It passes the point x = 25.0m with a speed of 11.0m/s at 
t = 3.00s. It passes the point x = 385m with a speed of 
45.0m/s at t = 20.0s. Find (a) the average velocity and 
(b) the average acceleration between t= 3.00s and 
t = 20.0s. 

(II) A particular automobile can accelerate approximately 
as shown in the velocity vs. time graph of Fig. 40. (The short 
flat spots in the curve represent shifting of the gears.) Esti- 
mate the average acceleration of the car in (a) second gear; 
and (b) fourth gear. (c) What is its average acceleration 
through the first four gears? 


50 


t (s) 
0 10 20 30 40 

FIGURE 40 Problem 26. The velocity of a 

high-performance automobile as a function of time, 

starting from a dead stop. The flat spots in the curve 

represent gear shifts. 


(II) A particle moves along the x axis. Its position as a func- 
tion of time is given by x = 6.81 + 8.5, where t is in 
seconds and x is in meters. What is the acceleration as a 
function of time? 

(II) The position of a racing car, which starts from rest at 
t = 0 and moves in a straight line, is given as a function of 


time in the following Table. Estimate (a) its velocity and 
(b) its acceleration as a function of time. Display each in a 
Table and on a graph. 


t(s) 0 0.25 0.50 0.75 1.00 1.50 
x(m) 0 0.11 0.46 1.06 1.94 4.62 


2.00 2.50 
8.55 13.79 


t(s) 3.00 3.50 4.00 4.50 5.00 5.50 6.00 
x(m) 20.36 28.31 37.65 48.37 60.30 73.26 87.16 


29. 


(II) The position of an object is given by x = Af + BP’, 
where x is in meters and ź is in seconds. (a) What are the 
units of A and B? (b) What is the acceleration as a function 
of time? (c) What are the velocity and acceleration at 
t = 5.0s? (d) What is the velocity as a function of time if 
x= At + Bt 72 


5 and 6 Motion at Constant Acceleration 
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(I) A car slows down from 25 m/s to rest in a distance of 
85m. What was its acceleration, assumed constant? 


(I) A car accelerates from 12 m/s to 21 m/s in 6.0 s. What 
was its acceleration? How far did it travel in this time? 
Assume constant acceleration. 


(I) A light plane must reach a speed of 32 m/s for takeoff. 
How long a runway is needed if the (constant) acceleration 
is 3.0 m/s?? 

(II) A baseball pitcher throws a baseball with a speed of 
41 m/s. Estimate the average acceleration of the ball during 
the throwing motion. In throwing the baseball, the pitcher 
accelerates the ball through a displacement of about 3.5 m, 
from behind the body to the point where it is released 
(Fig. 41). 


| 3.5m 


A FIGURE 41 
Problem 33. 


(II) Show that v = (v + vo)/2 (see Eq. 12d) is not valid 
when the acceleration a = A + Bt, where A and B are 
constants. 


(IT) A world-class sprinter can reach a top speed (of about 
11.5 m/s) in the first 15.0 m of a race. What is the average 
acceleration of this sprinter and how long does it take her to 
reach that speed? 


(II) An inattentive driver is traveling 18.0 m/s when he 
notices a red light ahead. His car is capable of decelerating 
at a rate of 3.65m/s’. If it takes him 0.200s to get the 
brakes on and he is 20.0 m from the intersection when he 
sees the light, will he be able to stop in time? 

(II) A car slows down uniformly from a speed of 18.0 m/s to 
rest in 5.00 s. How far did it travel in that time? 

(II) In coming to a stop, a car leaves skid marks 85 m long 


on the highway. Assuming a deceleration of 4.00 m/s’, esti- 
mate the speed of the car just before braking. 
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(I) A car traveling 85km/h slows down at a constant 
0.50 m/s3? just by “letting up on the gas.” Calculate (a) the 
distance the car coasts before it stops, (b) the time it takes 
to stop, and (c) the distance it travels during the first and 
fifth seconds. 


(II) A car traveling at 105 km/h strikes a tree. The front end 
of the car compresses and the driver comes to rest after 
traveling 0.80m. What was the magnitude of the average 
acceleration of the driver during the collision? Express the 
answer in terms of “g’s,” where 1.00 g = 9.80 m/s’. 


(II) Determine the stopping distances for an automobile 
with an initial speed of 95 km/h and human reaction time of 
1.0s: (a) for an acceleration a = —5.0m/s*; (b) for 
a = —7.0m/s?. 

(II) A space vehicle accelerates uniformly from 65 m/s at 
t= 0 to 162m/s at t= 10.0s. How far did it move 
between ¢ = 2.0s and f = 6.0s? 

(ID) A 75-m-long train begins uniform acceleration from rest. 
The front of the train has a speed of 23 m/s when it passes a 
railway worker who is standing 180 m from where the front 
of the train started. What will be the speed of the last car as 
it passes the worker? (See Fig. 42.) 


- 75 m > 


=> = 


FIGURE 42 Problem 43. 


(I) An unmarked police car traveling a constant 95 km/h is 
passed by a speeder traveling 135km/h. Precisely 1.00s 
after the speeder passes, the police officer steps on the 
accelerator; if the police car’s acceleration is 2.00 m/s*, how 
much time passes before the police car overtakes the 
speeder (assumed moving at constant speed)? 

(III) Assume in Problem 44 that the speeder’s speed is not 
known. If the police car accelerates uniformly as given 
above and overtakes the speeder after accelerating for 
7.00 s, what was the speeder’s speed? 

(III) A runner hopes to complete the 10,000-m run in less 
than 30.0 min. After running at constant speed for exactly 
27.0 min, there are still 1100 m to go. The runner must then 
accelerate at 0.20 m/s? for how many seconds in order to 
achieve the desired time? 

(IID) Mary and Sally are in a foot race (Fig. 43). When Mary 
is 22 m from the finish line, she has a speed of 4.0 m/s and is 
5.0m behind Sally, who has a speed of 5.0 m/s. Sally thinks 
she has an easy win and so, during the remaining portion of 
the race, decelerates at a constant rate of 0.50 m/s? to the 
finish line. What constant acceleration does Mary now need 
during the remaining portion of the race, if she wishes to 
cross the finish line side-by-side with Sally? 


Mary Sally 
= m/s i m/s 
I | 
k—5.0 m—| 
| 
H 22m >| 


FIGURE 43 Problem 47. 


7 Freely Falling Objects 


[Neglect air resistance.] 
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(I) A stone is dropped from the top of a cliff. It is seen to hit 
the ground below after 3.75 s. How high is the cliff? 

(I) If a car rolls gently (vo = 0) off a vertical cliff, how long 
does it take it to reach 55 km/h? 

(1) Estimate (a) how long it took King Kong to fall straight 
down from the top of the Empire State Building (380m 
high), and (b) his velocity just before “landing.” 

(II) A baseball is hit almost straight up into the air with a 
speed of about 20 m/s. (a) How high does it go? (b) How 
long is it in the air? 

(II) A ball player catches a ball 3.2 s after throwing it verti- 
cally upward. With what speed did he throw it, and what 
height did it reach? 

(II) A kangaroo jumps to a vertical height of 1.65 m. How 
long was it in the air before returning to Earth? 

(II) The best rebounders in basketball have a vertical leap 
(that is, the vertical movement of a fixed point on their 
body) of about 120cm. (a) What is their initial “launch” 
speed off the ground? (b) How long are they in the air? 
(II) A helicopter is ascending vertically with a speed of 
5.10 m/s. At a height of 105 m above the Earth, a package is 
dropped from a window. How much time does it take for 
the package to reach the ground? [Hint: vp for the package 
equals the speed of the helicopter.] 

(II) For an object falling freely from rest, show that the 
distance traveled during each successive second increases in 
the ratio of successive odd integers (1, 3, 5, etc.). (This was 
first shown by Galileo.) See Figs. 26 and 29. 


FIGURE 26 Multiflash 
photograph of a falling 
apple, at equal time 
intervals. The apple falls 
farther during each 
successive interval, 
which means it is 
accelerating. 


FIGURE 29 See 
Example 14 of 
“Describing Motion: 
Kinematics in One 
Dimension.” (a) An 
object dropped from a 
tower falls with 
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Acceleration 
due to 


gravity tay 


y, =4.90 m 
(After 1.00 s) 


progressively greater y2= 19.6 m 
speed and covers greater (After 2.00 s) 
distance with each 

successive second. TERT 

(See also Fig. 26.) i A P y3=44.1m 
(b) Graph of y vs. t. 1 ff 
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(After 3.00 s) 


ne '- 


A 


(a) 


(IT) A baseball is seen to pass upward by a window 23m 
above the street with a vertical speed of 14 m/s. If the ball 
was thrown from the street, (a) what was its initial speed, 
(b) what altitude does it reach, (c) when was it thrown, and 
(d) when does it reach the street again? 

(II) A rocket rises vertically, from rest, with an acceleration 
of 3.2 m/s? until it runs out of fuel at an altitude of 950 m. 
After this point, its acceleration is that of gravity, down- 
ward. (a) What is the velocity of the rocket when it runs out 
of fuel? (b) How long does it take to reach this point? 
(c) What maximum altitude does the rocket reach? (d) How 
much time (total) does it take to reach maximum altitude? 
(e) With what velocity does it strike the Earth? (f) How 
long (total) is it in the air? 

(II) Roger sees water balloons fall past his window. He 
notices that each balloon strikes the sidewalk 0.83s after 
passing his window. Roger’s room is on the third floor, 15 m 
above the sidewalk. (a) How fast are the balloons traveling 
when they pass Roger’s window? (b) Assuming the balloons 
are being released from rest, from what floor are they being 
released? Each floor of the dorm is 5.0 m high. 

(II) A stone is thrown vertically upward with a speed of 
24.0 m/s. (a) How fast is it moving when it reaches a height 
of 13.0m? (b) How much time is required to reach this 
height? (c) Why are there two answers to (b)? 

(II) A falling stone takes 0.33s to travel past a window 
2.2m tall (Fig. 44). From what height above the top of the 
window did the stone fall? 
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FIGURE 44 Problem 61. 


(ID) Suppose you adjust your garden hose nozzle for a hard 
stream of water. You point the nozzle vertically upward at a 
height of 1.5m above the ground (Fig. 45). When you 
quickly turn off the nozzle, you Wy 
hear the water striking the H 
ground next to you for another | 
2.0s. What is the water speed 
as it leaves the nozzle? 


FIGURE 45 
Problem 62. 


(II) A toy rocket moving vertically upward passes by a 
2.0-m-high window whose sill is 8.0m above the ground. The 
rocket takes 0.15s to travel the 2.0m height of the window. 
What was the launch speed of the rocket, and how high will it 
go? Assume the propellant is burned very quickly at blastoff. 
(IT) A ball is dropped from the top of a 50.0-m-high cliff. At 
the same time, a carefully aimed stone is thrown straight up 
from the bottom of the cliff with a speed of 24.0 m/s. The 
stone and ball collide part way up. How far above the base 
of the cliff does this happen? 

(II) A rock is dropped from a sea cliff and the sound of it 
striking the ocean is heard 3.4s later. If the speed of sound 
is 340 m/s, how high is the cliff? 

(II) A rock is thrown vertically upward with a speed of 
12.0m/s. Exactly 1.00s later, a ball is thrown up vertically 
along the same path with a speed of 18.0 m/s. (a) At what 
time will they strike each other? (b) At what height will the 
collision occur? (c) Answer (a) and (b) assuming that the 
order is reversed: the ball is thrown 1.00s before the rock. 
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*8 Variable Acceleration; Calculus 

*67. (II) Given v(t) = 25 + 18t, where v is in m/s and t is in s, 
use calculus to determine the total displacement from 
ti = 15s to h = 3.15. 

*68. (III) The acceleration of a particle is given by a = AVt 
where A = 2.0m/s*”. At t = 0,v = 7.5m/s and x = 0. 
(a) What is the speed as a function of time? (b) What is the 
displacement as a function of time? (c) What are the accel- 
eration, speed and displacement at £ = 5.0s? 

*69, (III) Air resistance acting on a falling body can be 
taken into account by the approximate relation for the 
acceleration: 


where k is a constant. (a) Derive a formula for the velocity 
of the body as a function of time assuming it starts from rest 
(v= 0 at t= 0). [Hint. Change variables by setting 
u = g — kv.] (b) Determine an expression for the terminal 
velocity, which is the maximum value the velocity reaches. 


*9 Graphical Analysis and Numerical Integration 
[See Problems 95-97 at the end of this Chapter.] 


| General Problems 


70. A fugitive tries to hop on a freight train traveling at a 
constant speed of 5.0m/s. Just as an empty box car passes 
him, the fugitive starts from rest and accelerates at 
a = 1.2m/s* to his maximum speed of 6.0m/s. (a) How 
long does it take him to catch up to the empty box car? 
(b) What is the distance traveled to reach the box car? 


71. The acceleration due to gravity on the Moon is about one- 
sixth what it is on Earth. If an object is thrown vertically 
upward on the Moon, how many times higher will it go than 
it would on Earth, assuming the same initial velocity? 


72. A person jumps from a fourth-story window 15.0 m above a 
firefighter’s safety net. The survivor stretches the net 1.0m 
before coming to rest, Fig. 46. (a) What was the average 
deceleration experienced by the survivor when she was 

slowed to rest by the net? (b) What would you do to 

make it “safer” (that is, to generate a smaller 
deceleration): would you stiffen or loosen 
the net? Explain. 


15.0m 


FIGURE 46 
Om Problem 72. 


73. A person who is properly restrained by an _ over-the- 
shoulder seat belt has a good chance of surviving a car colli- 
sion if the deceleration does not exceed 30 “gs” 
(1.00 g = 9.80 m/s”). Assuming uniform deceleration of this 
value, calculate the distance over which the front end of the 
car must be designed to collapse if a crash brings the car to 


rest from 100 km/h. 

74. Pelicans tuck their wings and free-fall straight down when 
diving for fish. Suppose a pelican starts its dive from a 
height of 16.0m and cannot change its path once 


committed. If it takes a fish 0.20 s to perform evasive action, 
at what minimum height must it spot the pelican to escape? 
Assume the fish is at the surface of the water. 

75. Suppose a car manufacturer tested its cars for front-end 
collisions by hauling them up on a crane and dropping them 
from a certain height. (a) Show that the speed just before 
a car hits the ground, after falling from rest a vertical 
distance H, is given by V 2gH . What height corresponds to 
a collision at (b) 50 km/h? (c) 100 km/h? 

76. A stone is dropped from the roof of a high building. A second 
stone is dropped 1.50s later. How far apart are the stones 
when the second one has reached a speed of 12.0 m/s? 


77. A bicyclist in the Tour de France crests a mountain pass as 
he moves at 15km/h. At the bottom, 4.0km farther, his 
speed is 75km/h. What was his average acceleration 
(in m/s”) while riding down the mountain? 

78. Consider the street pattern shown in Fig. 47. Each intersec- 
tion has a traffic signal, and the speed limit is 50 km/h. 
Suppose you are driving from the west at the speed limit. 
When you are 10.0 m from the first intersection, all the lights 
turn green. The lights are green for 13.0 s each. (a) Calculate 
the time needed to reach the third stoplight. Can you make 
it through all three lights without stopping? (b) Another car 
was stopped at the first light when all the lights turned 
green. It can accelerate at the rate of 2.00 m/s” to the speed 
limit. Can the second car make it through all three lights 
without stopping? By how many seconds would it make it 


or not? 
West 0 
EENE oOo 
“car pas 50 m~ 70m oe 
Ms m "sm r "5 m | 


FIGURE 47 Problem 78. 


79. In putting, the force with which a golfer strikes a ball is 
planned so that the ball will stop within some small distance 
of the cup, say 1.0 m long or short, in case the putt is missed. 
Accomplishing this from an uphill lie (that is, putting the 
ball downhill, see Fig. 48) is more difficult than from a 
downhill lie. To see why, assume that on a particular green 
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the ball decelerates constantly at 1.8 m/s? going downhill, 
and constantly at 2.8 m/s? going uphill. Suppose we have an 
uphill lie 7.0m from the cup. Calculate the allowable range 
of initial velocities we may impart to the ball so that 
it stops in the range 1.0m short to 1.0m long of the 
cup. Do the same for a downhill lie 7.0m from the cup. 
What in your results suggests that the downhill putt is 
more difficult? 


FIGURE 48 Problem 79. 


A robot used in a pharmacy picks up a medicine bottle at 
t= 0. It accelerates at 0.20m/s? for 5.0s, then travels 
without acceleration for 68s and finally decelerates at 
— 0.40 m/s? for 2.5 to reach the counter where the pharma- 
cist will take the medicine from the robot. From how far 
away did the robot fetch the medicine? 

A stone is thrown vertically upward with a speed of 12.5 m/s 
from the edge of a cliff 
75.0m high (Fig. 49). 
(a) How much later does 
it reach the bottom of 
the cliff? (b) What is its 
speed just before hitting? 
(c) What total distance did 


it travel? 
y=—75m FIGURE 49 
Problem 81. 


Figure 50 is a position versus time graph for the motion of an 
object along the x axis. Consider the time interval from A to B. 
(a) Is the object moving in the positive or negative direc- 
tion? (b) Is the object speeding up or slowing down? (c) Is 
the acceleration of the object positive or negative? Next, 
consider the time interval from D to E. (d) Is the object 


FIGURE 50 


moving in the positive or negative direction? (e) Is the 
object speeding up or slowing down? (f) Is the acceleration 
of the object positive or negative? (g) Finally, answer these 
same three questions for the time interval from C to D. 
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In the design of a rapid transit system, it is necessary to 
balance the average speed of a train against the distance 
between stops. The more stops there are, the slower the 
train’s average speed. To get an idea of this problem, calcu- 
late the time it takes a train to make a 9.0-km trip in two 
situations: (a) the stations at which the trains must stop are 
1.8km apart (a total of 6 stations, including those at the 
ends); and (b) the stations are 3.0km apart (4 stations 
total). Assume that at each station the train accelerates at a 
rate of 1.1 m/s? until it reaches 95 km/h, then stays at this 
speed until its brakes are applied for arrival at the next 
station, at which time it decelerates at — 2.0 m/s?. Assume it 
stops at each intermediate station for 22s. 

A person jumps off a diving board 4.0m above the water’s 
surface into a deep pool. The person’s downward motion 
stops 2.0m below the surface of the water. Estimate the 
average deceleration of the person while under the water. 
Bill can throw a ball vertically at a speed 1.5 times faster than 
Joe can. How many times higher will Bill’s ball go than Joe’s? 
Sketch the v vs. t graph for the object whose displacement 
as a function of time is given by Fig. 36. 

A person driving her car at 45 km/h approaches an intersec- 
tion just as the traffic light turns yellow. She knows that the 
yellow light lasts only 2.0s before turning to red, and she is 
28m away from the near side of the intersection (Fig. 51). 
Should she try to stop, or should she speed up to cross the 
intersection before the light turns red? The intersection is 
15m wide. Her car’s maximum deceleration is — 5.8 m/s’, 
whereas it can accelerate from 45 km/h to 65 km/h in 6.08. 
Ignore the length of her car and her reaction time. 


HE 
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FIGURE 51 Problem 87. 
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A car is behind a truck going 25m/s on the highway. The 
driver looks for an opportunity to pass, guessing that his car 
can accelerate at 1.0 m/s?, and he gauges that he has to 
cover the 20-m length of the truck, plus 10-m clear room at 
the rear of the truck and 10m more at the front of it. In the 
oncoming lane, he sees a car approaching, probably also 
traveling at 25 m/s. He estimates that the car is about 400 m 
away. Should he attempt the pass? Give details. 

Agent Bond is standing on a bridge, 13m above the road 
below, and his pursuers are getting too close for comfort. He 
spots a flatbed truck approaching at 25m/s, which he 
measures by knowing that the telephone poles the truck is 
passing are 25 m apart in this country. The bed of the truck 
is 1.5m above the road, and Bond quickly calculates how 
many poles away the truck should be when he jumps down 
from the bridge onto the truck, making his getaway. How 
many poles is it? 

A police car at rest, passed by a speeder traveling at a 
constant 130km/h, takes off in hot pursuit. The police 
officer catches up to the speeder in 750m, maintaining a 
constant acceleration. (a) Qualitatively plot the position vs. 
time graph for both cars from the police car’s start to the 
catch-up point. Calculate (b) how long it took the police officer 
to overtake the speeder, (c) the required police car accelera- 
tion, and (d) the speed of the police car at the overtaking point. 
A fast-food restaurant uses a conveyor belt to send the 
burgers through a grilling machine. If the grilling machine is 
1.1m long and the burgers require 2.5 min to cook, how fast 
must the conveyor belt travel? If the burgers are spaced 15 cm 
apart, what is the rate of burger production (in burgers/min)? 
Two students are asked to find the height of a particular 
building using a barometer. Instead of using the barometer 
as an altitude-measuring device, they take it to the roof of the 
building and drop it off, timing its fall. One student reports a 
fall time of 2.0s, and the other, 2.3 s. What % difference does 
the 0.3s make for the estimates of the building’s height? 


Figure 52 shows the position vs. time graph for two bicy- 
cles, A and B. (a) Is there any instant at which the 
two bicycles have the same velocity? (b) Which bicycle 
has the larger acceleration? (c) At which instant(s) are the 
bicycles passing each other? Which bicycle is passing 
the other? (d) Which bicycle has the highest instantaneous 
velocity? (e) Which bicycle has the higher average 
velocity? 


FIGURE 52 Problem 93. 


You are traveling at a constant speed uy, and there is a car 
in front of you traveling with a speed va. You notice that 
Um > Va, SO you start slowing down with a constant acceler- 
ation a when the distance between you and the other car 
is x. What relationship between a and x determines whether 
or not you run into the car in front of you? 


* Numerical/Computer 


"95; 


(II) The Table below gives the speed of a particular drag 
racer as a function of time. (a) Calculate the average 
acceleration (m/s?) during each time interval. (b) Using 
numerical integration (see Section 9 of “Describing 
Motion: Kinematics in One Dimension”) estimate the 
total distance traveled (m) as a function of time. [Hint: for 
v in each interval sum the velocities at the beginning and 
end of the interval and divide by 2; for example, in the 
second interval use v = (6.0 + 13.2)/2 = 9.6] (c) Graph 
each of these. 


t(s) 


0 0.50 1.00 1.50 2.00 2.50 3.00 3.50 4.00 4.50 5.00 


v(km/h) 0.0 6.0 13.2 22.3 32.2 43.0 53.5 62.6 70.6 78.4 85.1 


*96. 


+97; 


(III) The acceleration of an object (in m/s”) is measured at 
1.00-s intervals starting at £ = 0 to be as follows: 1.25, 1.58, 
1.96, 2.40, 2.66, 2.70, 2.74, 2.72, 2.60, 2.30, 2.04, 1.76, 1.41, 1.09, 
0.86, 0.51, 0.28, 0.10. Use numerical integration (see Section 9 
of “Describing Motion: Kinematics in One Dimension”) to 
estimate (a) the velocity (assume that v = 0 at £ = 0) and 
(b) the displacement at t = 17.00s. 


(III) A lifeguard standing at the side of a swimming pool 
spots a child in distress, Fig. 53. The lifeguard runs with 
average speed Up along the pool’s edge for a distance x, 
then jumps into the pool and swims with average speed vs 
on a straight path to the child. (a) Show that the total time t 
it takes the lifeguard to get to the child is given by 
x VD+ (d-x? 
f UR | Us 

(b) Assume vp = 4.0m/s and vs = 1.5m/s. Use a 
graphing calculator or computer to plot f vs. x in part (a), 
and from this plot determine the optimal distance x the life- 
guard should run before jumping into the pool (that is, find 
the value of x that minimizes the time f to get to the child). 
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FIGURE 53 Problem 97. 
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l Answers to Odd-Numbered Problems 


1. 61 m. 41. (a) 96 m; 87. Stop. 
3. 0.65 cm/s, no. (b) 76m. 89. 1.5 poles. 
5. 300 m/s, 1 km every 3 sec. 43. 27 m/s. 91. 0.44 m/min, 2.9 burgers/min. 
7. (a) 9.26 m/s; 45. 117 km/h. 93. (a) Where the slopes are the same; 
(b) 3.1 m/s. 47. 0.49 m/s?. (b) bicycle A; 
9. (a) 0.3 m/s; 49. 1.6s. (c) when the two graphs cross; first 
(b) 1.2 m/s; 51. (a) 20m: crossing, B passing A; second 
(c) 0.30 m/s; (b) 4s crossing, A passing B; 
(d) 1.4 m/s: 53. 116 i (d) B until the slopes are equal, A 
: ; . 1.16s. 
fter that; 
(e) —0.95 m/s. 55. 5.18s. (e) ee ° 
i ; 
11. 2.0 x 10's. 57. (a) 25 m/s; 95. (c) 
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Kinematics in Two or 
Three Dimensions; Vectors 


CHAPTER-OPENING QUESTION— Guess now! 
[Don’t worry about getting the right answer now—the idea is to get your preconceived 
notions out on the table.] 
A small heavy box of emergency supplies is dropped from a moving helicopter at 
point A as it flies along in a horizontal direction. Which path in the drawing below best 
describes the path of the box (neglecting air resistance) as seen by a person 
standing on the ground? 


e now consider the description of the motion of objects that move in 

paths in two (or three) dimensions. To do so, we first need to discuss 

vectors and how they are added. We will examine the description of 

motion in general, followed by an interesting special case, the motion 
of projectiles near the Earth’s surface. We also discuss how to determine the 
relative velocity of an object as measured in different reference frames. 


This snowboarder flying through the 
air shows an example of motion in 
two dimensions. In the absence of 
air resistance, the path would be a 
perfect parabola. The gold arrow 
represents the downward acceleration 
of gravity, g. Galileo analyzed the 
motion of objects in 2 dimensions 
under the action of gravity near the 
Earth’s surface (now called “projectile 
motion”) into its horizontal and 
vertical components. 

We will discuss how to manipulate 
vectors and how to add them. Besides 
analyzing projectile motion, we will 
also see how to work with relative 
velocity. 


CONTENTS 
1 Vectors and Scalars 


2 Addition of Vectors— 
Graphical Methods 


3 Subtraction of Vectors, and 
Multiplication of a Vector 
by a Scalar 


4 Adding Vectors by 
Components 


Unit Vectors 
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Projectile Motion 
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Solving Problems Involving 
Projectile Motion 
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] Vectors and Scalars 


ei j The term velocity refers not only to how fast an object is moving but also to its 

| | direction. A quantity such as velocity, which has direction as well as magnitude, is a 

vector quantity. Other quantities that are also vectors are displacement, force, and 

momentum. However, many quantities have no direction associated with them, 

such as mass, time, and temperature. They are specified completely by a number 
and units. Such quantities are called scalar quantities. 

Drawing a diagram of a particular physical situation is always helpful in 

A f physics, and this is especially true when dealing with vectors. On a diagram, each 

/ Scale for velocity: ; 3 : 3 3 

om le knh vector is represented by an arrow. The arrow is always drawn so that it points in 

the direction of the vector quantity it represents. The length of the arrow is drawn 


$8 proportional to the magnitude of the vector quantity. For example, in Fig. 1, green 


arrows have been drawn representing the velocity of a car at various places as it 
rounds a curve. The magnitude of the velocity at each point can be read off Fig. 1 
by measuring the length of the corresponding arrow and using the scale shown 
(1cm = 90 km/h). 

When we write the symbol for a vector, we will always use boldface type, with 
a tiny arrow over the symbol. Thus for velocity we write v. If we are concerned 
only with the magnitude of the vector, we will write simply v, in italics, as we do 


FIGURE 1 Car traveling on a road, 
F for other symbols. 


slowing down to round the curve. 
The green arrows represent the 
velocity vector at each position. 


2 Addition of Vectors — Graphical 
Methods 


Because vectors are quantities that have direction as well as magnitude, they must 
FIGURE2 Combining vectors in be added in a special way. In this Chapter, we will deal mainly with displacement 
onè dimension: vectors, for which we now use the symbol D, and velocity vectors, ¥. But the results 
will apply for other vectors we encounter later. 

We use simple arithmetic for adding scalars. Simple arithmetic can also be 
used for adding vectors if they are in the same direction. For example, if a 
ome x (km) person walks 8km east one day, and 6km east the next day, the person will 
8 km 6km East be 8km + 6km = 14km east of the point of origin. We say that the net or 
resultant displacement is 14 km to the east (Fig. 2a). If, on the other hand, the 
person walks 8km east on the first day, and 6km west (in the reverse 
direction) on the second day, then the person will end up 2 km from the origin 
(Fig. 2b), so the resultant displacement is 2km to the east. In this case, the 
resultant displacement is obtained by subtraction: 8km — 6km = 2km. 

But simple arithmetic cannot be used if the two vectors are not along the same 
opt tt — Xm) dine. For example, suppose a person walks 10.0km east and then walks 5.0km 
8 km East : ; : on 

north. These displacements can be represented on a graph in which the positive 

(b) y axis points north and the positive x axis points east, Fig. 3. On this graph, we 
draw an arrow, labeled D,, to represent the 10.0-km displacement to the east. 
Then we draw a second arrow, D,, to represent the 5.0-km displacement to the 
north. Both vectors are drawn to scale, as in Fig. 3. 


Resultant = 14 km (east) 
p 


Resultant = 2 km (east) 
6 km 


FIGURE 3 A person walks 10.0 km east and then 5.0 km north. These 

two displacements are represented by the vectors D; and D, , which are 
shown as arrows. The resultant displacement vector, Dr. which is the 

vector sum of D, and Ď, , is also shown. Measurement on the graph 

with ruler and protractor shows that Dp has a magnitude of 11.2 km West 
and points at an angle 0 = 27° north of east. 
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After taking this walk, the person is now 10.0 km east and 5.0 km north of the 
point of origin. The resultant displacement is represented by the arrow labeled Dz 
in Fig. 3. Using a ruler and a protractor, you can measure on this diagram that the 
person is 11.2km from the origin at an angle 0 = 27° north of east. In other 
words, the resultant displacement vector has a magnitude of 11.2 km and makes an 
angle @ = 27° with the positive x axis. The magnitude (length) of Dg can also be 
obtained using the theorem of Pythagoras in this case, since D,, D,,and Dp forma 
right triangle with Dp as the hypotenuse. Thus 


Dp = VD + D} = \/(10.0km)? + (5.0 km)? 
= \/125km? = 11.2km. 


You can use the Pythagorean theorem, of course, only when the vectors are 
perpendicular to each other. 

The resultant displacement vector, Dr, is the sum of the vectors D, and D}. 
That is, 


De = D, + Dy. 
This is a vector equation. An important feature of adding two vectors that are not 
along the same line is that the magnitude of the resultant vector is not equal to the 


sum of the magnitudes of the two separate vectors, but is smaller than their sum. 
That is, 


Dg =D, + Do, 


where the equals sign applies only if the two vectors point in the same direction. 
In our example (Fig. 3), Dp =11.2km, whereas D, + D, equals 15km, 
which is the total distance traveled. Note also that we cannot set Dg equal 
to 11.2km, because we have a vector equation and 11.2km is only a part of 
the resultant vector, its magnitude. We could write something like this, though: 
D, = D, + D, = (11.2 km, 27° N of E). 


EXERCISE A Under what conditions can the magnitude of the resultant vector above be 
Dp = Dı + Dz? 


Figure 3 illustrates the general rules for graphically adding two vectors 
together, no matter what angles they make, to get their sum. The rules are as 
follows: 


1. Ona diagram, draw one of the vectors—call it D;—to scale. 

2. Next draw the second vector, Dy, to scale, placing its tail at the tip of the first 
vector and being sure its direction is correct. 

3. The arrow drawn from the tail of the first vector to the tip of the second 
vector represents the sum, or resultant, of the two vectors. 


The length of the resultant vector represents its magnitude. Note that vectors can 
be translated parallel to themselves (maintaining the same length and angle) to 
accomplish these manipulations. The length of the resultant can be measured with 
a ruler and compared to the scale. Angles can be measured with a protractor. This 
method is known as the tail-to-tip method of adding vectors. 

The resultant is not affected by the order in which the vectors are added. For 
example, a displacement of 5.0km north, to which is added a displacement of 
10.0 km east, yields a resultant of 11.2 km and angle 0 = 27° (see Fig. 4), the same 
as when they were added in reverse order (Fig. 3). That is, now using V to repre- 
sent any type of vector, 


v +v, = V, +Ŭ, [commutative property] (la) 


which is known as the commutative property of vector addition. 


FIGURE 4 Ifthe vectors are added 
in reverse order, the resultant is the 
same. (Compare to Fig. 3.) 


West 
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FIGURE 5 The resultant of three vectors: Vv, + V, + -r 


Ve = V, + Vo +V. 


FIGURE 6 Vector addition by = 
two different methods, (a) and (b). 
Part (c) is incorrect. 


A CAUTION 


Be sure to use the correct diagonal 
on parallelogram to get the resultant 


FIGURE 7 The negative of a vector 
is a vector having the same length 
but opposite direction. 


Vv -V 
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V; 


The tail-to-tip method of adding vectors can be extended to three or more 
vectors. The resultant is drawn from the tail of the first vector to the tip of the 
last one added. An example is shown in Fig. 5; the three vectors could represent 
displacements (northeast, south, west) or perhaps three forces. Check for your- 
self that you get the same resultant no matter in which order you add the three 
vectors; that is, 

(Vi + V,) +V = V+ (V, + V3), [associative property] (1b) 
which is known as the associative property of vector addition. 

A second way to add two vectors is the parallelogram method. It is fully equiv- 
alent to the tail-to-tip method. In this method, the two vectors are drawn starting 
from a common origin, and a parallelogram is constructed using these two vectors 
as adjacent sides as shown in Fig. 6b. The resultant is the diagonal drawn from the 
common origin. In Fig. 6a, the tail-to-tip method is shown, and it is clear that both 
methods yield the same result. 


— + > 


(a) Tail-to-tip 


(b) Parallelogram 


(c) Wrong 


It is a common error to draw the sum vector as the diagonal running between 
the tips of the two vectors, as in Fig. 6c. This is incorrect: it does not represent the 
sum of the two vectors. (In fact, it represents their difference, V, — V,,as we will 
see in the next Section.) 


Range of vector lengths. Suppose two vectors 
each have length 3.0 units. What is the range of possible lengths for the vector repre- 
senting the sum of the two? 

RESPONSE The sum can take on any value from 6.0 (= 3.0 + 3.0) where the 
vectors point in the same direction, to 0 (= 3.0 — 3.0) when the vectors are 
antiparallel. 


EXERCISE B If the two vectors of Example | are perpendicular to each other, what is the 
resultant vector length? 


3 Subtraction of Vectors, and 
Multiplication of a Vector by a Scalar 


Given a vector V, we define the negative of this vector (—V) to be a vector with 
the same magnitude as V but opposite in direction, Fig. 7. Note, however, that no 
vector is ever negative in the sense of its magnitude: the magnitude of every vector 
is positive. Rather, a minus sign tells us about its direction. 


Kinematics in Two or Three Dimensions; Vectors 
y y y y FIGURE 8 Subtracting two vectors: 
f =- a = off + << = ¥j,-V, y, Vv. — Vi. 


We can now define the subtraction of one vector from another: the difference 
between two vectors V) — V,is defined as 


V, = Vv, = Vv, + (-V,). 


That is, the difference between two vectors is equal to the sum of the first plus the 
negative of the second. Thus our rules for addition of vectors can be applied as 
shown in Fig. 8 using the tail-to-tip method. 

A vector V can be multiplied by a scalar c. We define their product so that cV b : 

. ‘ = i : ee y a scalar c gives a vector whose 
has the same direction as V and has magnitude cV. That is, multiplication of a vector magnitude is c times greater and in 
by a positive scalar c changes the magnitude of the vector by a factor c but doesn’t the same direction as V (or opposite 
alter the direction. If c is a negative scalar, the magnitude of the product cV is direction if c is negative). 
still |c|[V (where |c| means the magnitude of c), but the direction is precisely opposite 
to that of V. See Fig. 9. 


FIGURE 9 Multiplying a vector Vv 


EXERCISE C What does the “incorrect” vector in Fig. 6c represent? (a) V-V, 
(b) Vi — V2,(c) something else (specify). 


4 Adding Vectors by Components 


Adding vectors graphically using a ruler and protractor is often not sufficiently 
accurate and is not useful for vectors in three dimensions. We discuss now a more 
powerful and precise method for adding vectors. But do not forget graphical 
methods—they are useful for visualizing, for checking your math, and thus for 
getting the correct result. 

Consider first a vector V that lies in a particular plane. It can be expressed as the 
sum of two other vectors, called the components of the original vector. The compo- 
nents are usually chosen to be along two perpendicular directions, such as 
the x and y axes. The process of finding the components is known as 
resolving the vector into its components. An example is shown in Fig. 10; 
the vector V could be a displacement vector that points at an angle @ = 30° 
north of east, where we have chosen the positive x axis to be to the east 
and the positive y axis north. This vector V is resolved into its x and y components 
by drawing dashed lines out from the tip (A) of the vector (lines AB and AC) making 
them perpendicular to the x and y axes. Then the lines OB and OC represent 
the x and y components of V, respectively, as shown in Fig. 10b. These vector 
components are written V, and V,,.We generally show vector components as arrows, 
like vectors, but dashed. The scalar components, V yand V, ,are the magnitudes of the 
vector components, with units, accompanied by a positive or negative sign depending 
on whether they point along the positive or negative x or y axis. As can be seen 
in Fig. 10, Vy + vy = V by the parallelogram method of adding vectors. 


FIGURE 10 Resolving a vector V into its components 
along an arbitrarily chosen set of x and y axes. The 
components, once found, themselves represent the vector. 
That is, the components contain as much information as the 
vector itself. 


x 
East 
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: Vy 
sin 0 = 7 
sep 

V 
tan 0 Yy 
anĝ=— 

Vy 
V= VeV 


FIGURE 11 Finding the 
components of a vector using 
trigonometric functions. 


FIGURE 12 The components 


of V = V; + V2 are 


Vx = Vix + Vox 
Vy = Viy T Voy. 


Space is made up of three dimensions, and sometimes it is necessary to resolve a 
vector into components along three mutually perpendicular directions. In rectangular 
coordinates the components are V,, V,, and V. Resolution of a vector in three 
dimensions is merely an extension of the above technique. 

The use of trigonometric functions for finding the components of a vector is 
illustrated in Fig. 11, where a vector and its two components are thought of as 
making up a right triangle. We then see that the sine, cosine, and tangent are as 
given in Fig. 11. If we multiply the definition of sin@ = V,/V by V on both sides, 
we get 


Vy = Vsinð. (2a) 
Similarly, from the definition of cos 0, we obtain 
Vx = V cosð. (2b) 


Note that 0 is chosen (by convention) to be the angle that the vector makes with 
the positive x axis, measured positive counterclockwise. 

The components of a given vector will be different for different choices of 
coordinate axes. It is therefore crucial to specify the choice of coordinate system 
when giving the components. 

There are two ways to specify a vector in a given coordinate system: 


1. We can give its components, V yand Vy. 
2. We can give its magnitude V and the angle 0 it makes with the positive x axis. 


We can shift from one description to the other using Eqs. 2, and, for the reverse, by 
using the theorem of Pythagoras’ and the definition of tangent: 


V = VVR +W (3a) 


Vy 
7, (3b) 


tan 0 


as can be seen in Fig. 11. 

We can now discuss how to add vectors using components. The first step is to 
resolve each vector into its components. Next we can see, using Fig. 12, that the addi- 
tion of any two vectors V, and V, to give a resultant, V=Vi+W), implies that 


Ve = Vix + Vox 
Vy = Viy + Voy. 


That is, the sum of the x components equals the x component of the resultant, and 
the sum of the y components equals the y component of the resultant, as can be 
verified by a careful examination of Fig. 12. Note that we do not add x components to 
y components. 


(4) 


‘In three dimensions, the theorem of Pythagoras becomes V = \/V~ + Vie + VŽ, where V; is the 
component along the third, or z, axis. 


a em me m m e m e = = l 


Vix 


Kinematics in Two or Three Dimensions; Vectors 


If the magnitude and direction of the resultant vector are desired, they can be 
obtained using Eqs. 3. 

The components of a given vector depend on the choice of coordinate axes. 
You can often reduce the work involved in adding vectors by a good choice of 
axes—for example, by choosing one of the axes to be in the same direction as one 
of the vectors. Then that vector will have only one nonzero component. 


Mail carrier's displacement. A rural mail carrier leaves the 
post office and drives 22.0 km in a northerly direction. She then drives in a direc- 
tion 60.0° south of east for 47.0 km (Fig. 13a). What is her displacement from the D 
post office? 


APPROACH We choose the positive x axis to be east and the positive y axis to 
be north, since those are the compass directions used on most maps. The origin Post 
of the xy coordinate system is at the post office. We resolve each vector into its office 
x and y components. We add the x components together, and then the y components 
together, giving us the x and y components of the resultant. 


SOLUTION Resolve each displacement vector into its components, as shown D 
in Fig. 13b. Since D, has magnitude 22.0 km and points north, it has only a y 
component: 


Dix = 0, Dıy = 22.0km. 

D, has both x and y components: 
Dx = +(47.0km)(cos 60°) = +(47.0km)(0.500) 
Dy = —(47.0km)(sin 60°) = —(47.0km)(0.866) 


Notice that D3, is negative because this vector component points along the nega- 
tive y axis. The resultant vector, D, has components: 


Dy = Diy + Dy = Okm + 235km = +23.5km 
Dy = Dıy + Day = 22.0km + (—40.7km) = —18.7 km. 


+23.5 km 
—40.7 km. Dzy 


This specifies the resultant vector completely: 


D, = 235km, Dy = —18.7km. 


We can also specify the resultant vector by giving its magnitude and angle using 
Eqs. 3: 


FIGURE 13 Example 2. 
D = \/ D2 + Dy = V (23.5 km)? + (-18.7km)? = 30.0km (a) The two displacement vectors, 
D; and D}. (b) D; is resolved into 
Dy — Z!87km _ 0.796. its A (c) D; and D, are 
Dy 23.5 km added graphically to obtain the 
resultant D. The component method 
of adding the vectors is explained in 
the Example. 


tan = 


A calculator with an INV TAN, an ARC TAN, or a TAN”! key gives 0 = tan™!(—0.796) = 
—38.5°. The negative sign means 0 = 38.5° below the x axis, Fig. 13c. So, the 
resultant displacement is 30.0 km directed at 38.5° in a southeasterly direction. 
NOTE Always be attentive about the quadrant in which the resultant vector 
lies. An electronic calculator does not fully give this information, but a good 
diagram does. 


The signs of trigonometric functions depend on which “quadrant” the angle PROBLEM SOLVING 


falls in: for example, the tangent is positive in the first and third quadrants (from 0° dentify the correct quadrant by 
to 90°, and 180° to 270°), but negative in the second and fourth quadrants. The best drawing a careful diagram 
way to keep track of angles, and to check any vector result, is always to draw a 
vector diagram. A vector diagram gives you something tangible to look at when 
analyzing a problem, and provides a check on the results. 
The following Problem Solving Strategy should not be considered a prescription. 
Rather it is a summary of things to do to get you thinking and involved in the 
problem at hand. 
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Adding Vectors 


Here is a brief summary of how to add two or more 


ctors using components: 

Draw a diagram, adding the vectors graphically by 
either the parallelogram or tail-to-tip method. 
Choose x and y axes. Choose them in a way, if possible, 
that will make your work easier. (For example, choose 
one axis along the direction of one of the vectors so 
that vector will have only one component.) 

Resolve each vector into its x and y components, 
showing each component along its appropriate (x or y) 
axis as a (dashed) arrow. 

Calculate each component (when not given) using 
sines and cosines. If 6, is the angle that vector V, 
makes with the positive x axis, then: 


Vix = Vicos, Viy = Vısinð. 


SOLUTION 


Pay careful attention to signs: any component that 
points along the negative x or y axis gets a minus 
sign. 


. Add the x components together to get the x compo- 


nent of the resultant. Ditto for y: 
Vy = Vix Vox 
Vy = Viy Voy 
This is the answer: the components of the resultant 


vector. Check signs to see if they fit the quadrant 
shown in your diagram (point 1 above). 


any others 


any others. 


. If you want to know the magnitude and direction of 


the resultant vector, use Eqs. 3: 
V = VR =+ Vy, 


The vector diagram you already drew helps to obtain 
the correct position (quadrant) of the angle 0. 


tan 0 


Three short trips. An airplane trip involves three legs, with two 
stopovers, as shown in Fig. 14a. The first leg is due east for 620 km; the second leg 
is southeast (45°) for 440 km; and the third leg is at 53° south of west, for 550 km, 
as shown. What is the plane’s total displacement? 


APPROACH We follow the steps in the Problem Solving Strategy above. 


1. Draw a diagram such as Fig. 14a, where D,,D,, and D, represent the three 
legs of the trip, and Dp is the plane’s total displacement. 

2. Choose axes: Axes are also shown in Fig. 14a: x is east, y north. 

3. Resolve components: It is imperative to draw a good diagram. The components 
are drawn in Fig. 14b. Instead of drawing all the vectors starting from a 
common origin, as we did in Fig. 13b, here we draw them “tail-to-tip” style, 
which is just as valid and may make it easier to see. 

4. Calculate the components: 


D,: Di, = +D,cos0®° = D, = 620km 
Dy = +D,sn0° = 0km 
D,: Dax = +D,cos45° = +(440 km)(0.707) = +311km 
Day = —D,sin45° = —(440km)(0.707) = —311km 
D;: D3, = —D3;cos53° = —(550km)(0.602) = —331km 
(b) Dzy = —D3sin53° = —(550km)(0.799) = —439 km. 
We have given a minus sign to each component that in Fig. 14b points in the 
FIGURE 14 Example 3. —x or — y direction. The components are shown in the Table in the margin. 
5. Add the components: We add the x components together, and we add the 
Vector Components y components together to obtain the x and y components of the resultant: 
x (km) y (km) Dx = Dix + Dax + D3x = 620km + 311km — 331km = 600km 
D; 620 0 Dy = Dy + Dy + Dsy =  Okm — 311km — 439km = —750km. 
D2 311 =311 The x and y components are 600km and —750km, and point respectively to 
D; aa EEEH the east and south. This is one way to give the answer. 
Dp 600 ~750 


6. Magnitude and direction: We can also give the answer as 


tan@d = 


Dg = VD + D} = \/(600)? + (—750)?km = 960km 
Dy — —750km 
-= = -1.25 = —51°. 
D. 600km i L 


Thus, the total displacement has magnitude 960 km and points 51° below the 
x axis (south of east), as was shown in our original sketch, Fig. 14a. 
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5 Unit Vectors 


Vectors can be conveniently written in terms of unit vectors. A unit vector is defined 
to have a magnitude exactly equal to one (1). It is useful to define unit vectors that 
point along coordinate axes, and in an x, y, z rectangular coordinate system these 
unit vectors are called i,j, and k. They point, respectively, along the positive x, y, 
and z axes as shown in Fig. 15. Like other vectors, i, i. and k do not have to be 
placed at the origin, but can be placed elsewhere as long as the direction and unit 
length remain unchanged. It is common to write unit vectors with a “hat”: i, j. k 
(and we will do so in this text) as a reminder that each is a unit vector. 

Because of the definition of multiplication of a vector by a scalar (Section 3), the 
components of a vector V can be written V, = Vi, Vy = V,ĵ, and V. =V; k. 
Hence any vector V can be written in terms of its components as 


V = Vi + Vyj + Vk. (5) FIGURE15 Unit vectors î, f, and k 
Unit vectors are helpful when adding vectors analytically by components. For along the x, y, and z axes. 

example, Eq. 4 can be seen to be true by using unit vector notation for each vector 

(which we write for the two-dimensional case, with the extension to three dimen- 

sions being straightforward): 


V = (V,i+ (V, = V +V, 
= (Vixi + Viyj) + (Voxi + Voyj) 


= (Vix + Vox)i + (Viy + Vay). 
Comparing the first line to the third line, we get Eq. 4. 


Using unit vectors. Write the vectors of Example 2 in unit 
vector notation, and perform the addition. 


APPROACH We use the components we found in Example 2, 
Dıx=0, Dıy = 22.0km, and Dy = 23.5km, Dy = —40.7km, 
and we now write them in the form of Eq. 5. 
SOLUTION We have 
D, = 0i + 22.0kmj 
D, = 23.5kmi — 40.7 kmj. 
Then 


D = D, + D, 


(0 + 23.5) kmi + (22.0 — 40.7) kmj 
= 23.5kmi — 18.7kmj. 
The components of the resultant displacement, D, are Dy = 23.5km and D, = 


—18.7 km. The magnitude of D is D = V(23.5km)2 + (18.7km)2 = 30.0 km, 
just as in Example 2. 


FIGURE 16 Path of a particle in the 
xy plane. At time f, the particle is at 
point P4 given by the position vector 
T4 ; at t, the particle is at point P, 
given by the position vector r}. The 


6 Ve cto r Kin em ati CS displacement vector for the time 


interval f, — tiis AF = F, — Ñ}. 


We can now extend our definitions of velocity and acceleration in a formal way to 
two- and three-dimensional motion. Suppose a particle follows a path in the xy plane 
as shown in Fig. 16. At time ¢,, the particle is at point P} , and at time t,, it is at point 
P,. The vector F is the position vector of the particle at time f, (it represents the 
displacement of the particle from the origin of the coordinate system). And F, is 
the position vector at time t. 

In one dimension, we defined displacement as the change in position of the 
particle. In the more general case of two or three dimensions, the displacement 
vector is defined as the vector representing change in position. We call it Ar, 
where 

AF = Ñ — Ñ. 


This represents the displacement during the time interval At = t, — t4. 


tWe used D for the displacement vector earlier in the Chapter for illustrating vector addition. The new 
notation here, Ar, emphasizes that it is the difference between two position vectors. 
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(a) 


(b) 


FIGURE 17 (a) As we take Af and 
A¥ smaller and smaller [compare to 
Fig. 16] we see that the direction of 
A¥ and of the instantaneous velocity 
(Ar/At, where At — 0) is (b) 
tangent to the curve at P4. 


FIGURE 18 (a) Velocity vectors ¥, 
and V; at instants ¢, and tą for a particle 
at points P, and P; , as in Fig. 16. 

(b) The direction of the average 
acceleration is in the direction of 

AV = ¥ — i. 


y 

Py: ‘i 

= te 
| aa ` 
i P, 
= N ¥, 
r} \, 
T, 
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In unit vector notation, we can write 
Fp = Mit yj + zk, (6a) 
where xı, yı, and z; are the coordinates of point P, . Similarly, 


I = xi + yj + zk. 
Hence i : : 

Af = (x2 x)i t (y2 yj (z2 zı)k. (6b) 
If the motion is along the x axis only, then y — yı = 0, z2 — zı = 0, and the 
magnitude of the displacement is Ar = x, — xı, which is consistent with a one- 
dimensional equation. Even in one dimension, displacement is a vector, as are 
velocity and acceleration. 

The average velocity vector over the time interval Af = t, — t, is defined as 


AF 
At 
Now let us consider shorter and shorter time intervals—that is, we let At approach 
zero so that the distance between points P, and P, also approaches zero, Fig. 17. We 
define the instantaneous velocity vector as the limit of the average velocity as At 
approaches zero: 


(7) 


average velocity = 


AF dř 
r dt (8) 


li gE, oN 
aD Ar dt 


y = 


The direction of ¥ at any moment is along the line tangent to the path at that 
moment (Fig. 17). 

Note that the magnitude of the average velocity in Fig. 16 is not equal to the 
average speed, which is the actual distance traveled along the path, A£, divided by 
At. In some special cases, the average speed and average velocity are equal (such 
as motion along a straight line in one direction), but in general they are not. 
However, in the limit At — 0, Ar always approaches Af, so the instantaneous 
speed always equals the magnitude of the instantaneous velocity at any time. 

The instantaneous velocity (Eq. 8) is equal to the derivative of the position 
vector with respect to time. Equation 8 can be written in terms of components 
starting with Eq. 6a as: 

d¥ dx; dy, dz% 5 


Ce ee a el vyj + Uzk, (9) 


where vx = dx/dt, vy = dy/dt, v, = dz/dt are the x, y, and z components of the 
velocity. Note that di/dt = dj/dt = dk/dt =0 since these unit vectors are 
constant in both magnitude and direction. 
Acceleration in two or three dimensions is treated in a similar way. The 
average acceleration vector, over a time interval At = t, — t, is defined as 
average acceleration = AY = MEn (10) 
At b-t 
where Av is the change in the instantaneous velocity vector during that time 
interval: AV = V, — ¥,. Note that V, in many cases, such as in Fig. 18a, may not be 
in the same direction as ¥,. Hence the average acceleration vector may be in a 
different direction from either ¥, or ¥ (Fig. 18b). Furthermore, V, and ¥,; may have the 
same magnitude but different directions, and the difference of two such vectors will 
not be zero. Hence acceleration can result from either a change in the magnitude of 
the velocity, or from a change in direction of the velocity, or from a change in both. 
The instantaneous acceleration vector is defined as the limit of the average 
acceleration vector as the time interval Af is allowed to approach zero: 
. AW d¥ 
bar at cn) 


and is thus the derivative of ¥ with respect to t. 


a = 
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We can write 4 using components: 


. N _ dv y > i doy, i duz . 
a= un a al at 
= ai + ayj + azk, (12) 
where a, = dv,/dt, etc. Because vy = dx/dt, then a, = dv,/dt = dx/dt’. 
Thus we can also write the acceleration as 


`k, (12c) 


S 


dP ' 
The instantaneous acceleration will be nonzero not only when the magnitude of 
the velocity changes but also if its direction changes. For example, a person riding 
in a car traveling at constant speed around a curve, or a child riding on a merry- 
go-round, will both experience an acceleration because of a change in the direction 
of the velocity, even though the speed may be constant. 
In general, we will use the terms “velocity” and “acceleration” to mean the instan- 
taneous values. If we want to discuss average values, we will use the word “average.” 


Position given as a function of time. The position of a particle 
as a function of time is given by 
F = [(5.0m/s)t + (6.0m/s*)?]i + [(7.0m) — (3.0m/s*)f]j, 


where r is in meters and ¢ is in seconds. (a) What is the particle’s displacement 
between ¢, = 2.0s and t, = 3.0s? (b) Determine the particle’s instantaneous 
velocity and acceleration as a function of time. (c) Evaluate ¥ and 4 at t = 3.0s. 
APPROACH For (a), we find AFT = F, — F,, inserting ft, = 2.0s for finding T4, 
and t, = 3.0s for F,. For (b), we take derivatives (Eqs. 9 and 11), and for (c) we 
substitute ¢ = 3.0s into our results in (b). 


SOLUTION (a) At t, = 2.0s, 
T, = [(5.0m/s)(2.0s) + (6.0m/s?)(2.0s)*]i + [(7.0m) — (3.0 m/s*)(2.0s)°]j 

(34m) i — (17m)j. 

Similarly, at t = 3.0s, 


F, = (15m + 54m)i + (7.0m — 81m)j = (69m)i — (74m)j. 


AF = p —Ē = (69m —-34m)i+ (-74m+17m)j = (35m)i — (57m)j. 
That is, Ax = 35m, and Ay = —57m. 


(b) To find velocity, we take the derivative of the given F with respect to time, 
noting that d(t?)/dt = 2t, and d(t*)/dt = 3¢*: 


= = = [5.0m/s + (12m/s’)t]i + [0 — (9.0m/s*)7]j. 
The acceleration is (keeping only two significant figures): 
a= — = (12m/s’)i — (18 m/s°)tĵ. 
Thus a, = 12m/s’ is constant; but ay = —(18m/s*)t depends linearly on 


time, increasing in magnitude with time in the negative y direction. 
(c) We substitute t = 3.0s into the equations we just derived for ¥ and a: 


¥ = (5.0m/s + 36m/s)i — (81m/s)j = (41m/s)i — (81m/s)j 
a = (12m/s’)i — (54m/s’)j. 
Their magnitudes at t = 3.0s are v = \/(41 m/s)? + (81 m/s)? = 91m/s, and 
a = V(12 m/s’)? + (54m/s?? = 55 m/s?. 
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FIGURE 19 This strobe photograph 
of a ball making a series of bounces 
shows the characteristic “parabolic” 
path of projectile motion. 
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Constant Acceleration 


In two or three dimensions, if the acceleration vector, a, is constant in magnitude and 
direction, then a, = constant, a, = constant, a, = constant. The average accelera- 
tion in this case is equal to the instantaneous acceleration at any moment. In two 
dimensions we let Vy = Vyoi + Vyoj be the initial velocity, and we apply Eqs. 6a, 9, 
and 12b for the position vector, F, velocity, ¥, and acceleration, a. 


TABLE 1 Kinematic Equations for Constant Acceleration in 2 Dimensions 


x component (horizontal) y component (vertical) 
Ux = Vro + axt Vy = Vyo + ayt 

X =X + Vyot + axl? Y = Yo + Vyot + zayl 
vy. = v9 ar 2ay(x = Xo) vy = V¥0 ap 2ay(y = yo) 


The first two of the equations in Table 1 can be written more formally in 
vector notation. 
= ¥ + at [a = constant] (13a) 
= fy) + Vol + Sar’. [a = constant] (13b) 
Here, F is the position vector at any time, and fy is the position vector at t = 0. 
These equations are the vector equivalent of. In practical situations, we usually use 
the component form given in Table 1. 


ml A 


7 Projectile Motion 


Recall one-dimensional motion of an object in terms of displacement, velocity, and 
acceleration, including purely vertical motion of a falling object undergoing accel- 
eration due to gravity. Now we examine the more general translational motion of 
objects moving through the air in two dimensions near the Earth’s surface, such as 
a golf ball, a thrown or batted baseball, kicked footballs, and speeding bullets. 
These are all examples of projectile motion (see Fig. 19), which we can describe as 
taking place in two dimensions. 

Although air resistance is often important, in many cases its effect can be 
ignored, and we will ignore it in the following analysis. We will not be concerned now 
with the process by which the object is thrown or projected. We consider only its 
motion after it has been projected, and before it lands or is caught—that is, we 
analyze our projected object only when it is moving freely through the air under the 
action of gravity alone. Then the acceleration of the object is that due to gravity, 
which acts downward with magnitude g = 9.80 m/s’, and we assume it is constant. 

Galileo was the first to describe projectile motion accurately. He showed that 
it could be understood by analyzing the horizontal and vertical components of the 
motion separately. For convenience, we assume that the motion begins at time 
t = 0 at the origin of an xy coordinate system (so x9 = yo = 0). 

Let us look at a (tiny) ball rolling off the end of a horizontal table with an 
initial velocity in the horizontal (x) direction, vyo. See Fig. 20, where an object 
falling vertically is also shown for comparison. The velocity vector V at each instant 
points in the direction of the ball’s motion at that instant and is always tangent to 
the path. Following Galileo’s ideas, we treat the horizontal and vertical compo- 
nents of the velocity, vy and v,, separately, and we can apply the kinematic 
equations to the x and y components of the motion. 

First we examine the vertical (y) component of the motion. At the instant the 
ball leaves the table’s top (t = 0), it has only an x component of velocity. Once the 


‘This restricts us to objects whose distance traveled and maximum height above the Earth are small 
compared to the Earth’s radius (6400 km). 
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y 
Vx0 
x me 
yw m 
‘N = 
=_>V, 
l Projectile FIGURE 20 Projectile motion of a small ball projected 
ş Ny moton horizontally. The dashed black line represents the path of the 
V, N y. p: P 
2 = object. The velocity vector Ÿ at each point is in the direction of 
I motion and thus is tangent to the path. The velocity vectors are 
I green arrows, and velocity components are dashed. (A vertically 
4 falling object starting at the same point is shown at the left for 
` comparison; vy is the same for the falling object and the projectile.) 
Vertical 


fall 


ball leaves the table (at t = 0), it experiences a vertically downward acceleration g, 
the acceleration due to gravity. Thus vy is initially zero (vyo = 0) but increases 
continually in the downward direction (until the ball hits the ground). Let us take y 
to be positive upward. Then ay = —g, and we can write vy = —gt since we set 
Vyo = 0. The vertical displacement is given by y = — set. 

In the horizontal direction, on the other hand, the acceleration is zero (we are 
ignoring air resistance). With a, = 0, the horizontal component of velocity, v , remains One ball was dropped from rest at 
constant, equal to its initial value, v,), and thus has the same magnitude at each the same time the other was 
point on the path. The horizontal displacement is then given by x = vyot. The two projected horizontally outward. The 
vector components, ¥, and ¥,,, can be added vectorially at any instant to obtain the vertical position of each ball is seen 
velocity ¥ at that time (that is, for each point on the path), as shown in Fig. 20. to be the same at each instant. 

One result of this analysis, which Galileo himself predicted, is that an object 
projected horizontally will reach the ground in the same time as an object dropped 
vertically. This is because the vertical motions are the same in both cases, as 
shown in Fig. 20. Figure 21 is a multiple-exposure photograph of an experiment 
that confirms this. 


FIGURE 21 Multiple-exposure 
photograph showing positions of 
two balls at equal time intervals. 


EXERCISE D Return to the Chapter-Opening Question and answer it again now. Try to 
explain why you may have answered differently the first time. 


If an object is projected at an upward angle, as in Fig. 22, the analysis is 
similar, except that now there is an initial vertical component of velocity, vyo. 
Because of the downward acceleration of gravity, the upward component of 
velocity v, gradually decreases with time until the object reaches the highest point 
on its path, at which point vy = 0. Subsequently the object moves downward 
(Fig. 22) and v, increases in the downward direction, as shown (that is, becoming 
more negative). As before, vy remains constant. 


Richard Megna/Fundamental Photographs, NYC 


V, =0 at this point 


= y 
M - 
hee TNL OY, FIGURE 22 Path of a projectile fired with initial 


x 
vy Ray velocity Vo at angle 6 to the horizontal. Path is 
` shown dashed in black, the velocity vectors are 
green arrows, and velocity components are 
dashed. The acceleration a = dv/dt is downward. 
That is, a = J = -gj where j is the unit vector in 
the positive y direction. 
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8 Solving Problems Involving 
Projectile Motion 


We now work through several Examples of projectile motion quantitatively. 
We have simplified Equations (Table 1) for the case of projectile motion 
because we can set ay = 0. See Table 2, which assumes y is positive upward, so 


dy = =g = —9.80 m/s’. Note that if @ is chosen relative to the +x axis, as in Fig. 
22, then 

Uxo = Vo COSA, 

Vyo = vsin bp. 


PROBLEM SOLVING 
Choice of time interval 


In doing Problems involving projectile motion, we must consider a time interval 
for which our chosen object is in the air, influenced only by gravity. We do not 
consider the throwing (or projecting) process, nor the time after the object lands 
or is caught, because then other influences act on the object, and we can no 
longer set a = g. 


TABLE 2 Kinematic Equations for Projectile Motion 
(y positive upward; a, = 0, ay = -g = —9.80 m/s’) 


Horizontal Motion Vertical Motion’ 


(a, = 0, v, = constant) (ay = —g = constant) 

Vy = Vx0 Oy = Oly = tx! 

x = Xo + Vrot Y = yo + Vyot — pet? 
vy = vyo = 2g(y — yo) 

tT y is taken positive downward, the minus (—) signs in front of g become plus (+) signs. 


erty. 
Ç 


a 


The x and y motions are connected by the common 
time. 

. Examine the horizontal (x) and vertical (y) motions 
separately. If you are given the initial velocity, you 
may want to resolve it into its x and y components. 

. List the known and unknown quantities, choosing 
ay = 0 and ay = —g or +g, where g = 9.80 m/s’, 
and using the + or — sign, depending on whether 
you choose y positive down or up. Remember that v, 
never changes throughout the trajectory, and that 
vy = 0 at the highest point of any trajectory that 
returns downward. The velocity just before landing is 
generally not zero. 


Projectile Motion 


Solving problems involving projectile motion can 
require creativity, and cannot be done just by 
following some rules. Certainly you must avoid just 
plugging numbers into equations that seem to 
“work.” 


gROB, 


. As always, read carefully; choose the object (or 
objects) you are going to analyze. 


. Draw a careful diagram showing what is happening 
to the object. 


. Choose an origin and an xy coordinate system. 
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. Decide on the time interval, which for projectile 


motion can only include motion under the effect of 
gravity alone, not throwing or landing. The time 
interval must be the same for the x and y analyses. 


. Think for a minute before jumping into the equations. 


A little planning goes a long way. Apply the relevant 
equations (Table 2), combining equations if necessary. 
You may need to combine components of a vector to 
get magnitude and direction (Eqs. 3). 
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Driving off a cliff. A movie stunt driver on a motorcycle speeds 
horizontally off a 50.0-m-high cliff. How fast must the motorcycle leave the cliff 
top to land on level ground below, 90.0m from the base of the cliff where the 
cameras are? Ignore air resistance. 


APPROACH We explicitly follow the steps of the Problem Solving Strategy above. 
SOLUTION 


1. and 2. Read, choose the object, and draw a diagram. Our object is the 
motorcycle and driver, taken as a single unit. The diagram is shown in Fig. 23. 


3. Choose a coordinate system. We choose the y direction to be positive upward, 
with the top of the cliff as yọ = 0. The x direction is horizontal with x) = 0 
at the point where the motorcycle leaves the cliff. 


4. Choose a time interval. We choose our time interval to begin (t = 0) just as 
the motorcycle leaves the cliff top at position xy = 0, yọ = 0; our time 
interval ends just before the motorcycle hits the ground below. 


5. Examine x and y motions. In the horizontal (x) direction, the acceleration 
ay = 0, so the velocity is constant. The value of x when the motorcycle 
reaches the ground is x = +90.0m. In the vertical direction, the accelera- 
tion is the acceleration due to gravity, a, = —g = —9.80 m/s’. The value of 
y when the motorcycle reaches the ground is y = —50.0m. The initial 
velocity is horizontal and is our unknown, vxo; the initial vertical velocity is 
Zero, Vyo = 0. 

6. List knowns and unknowns. See the Table in the margin. Note that in addition 
to not knowing the initial horizontal velocity vxo (which stays constant until 
landing), we also do not know the time t when the motorcycle reaches the 
ground. 


7. Apply relevant equations. The motorcycle maintains constant v, as long as it is 
in the air. The time it stays in the air is determined by the y motion—when it 
hits the ground. So we first find the time using the y motion, and then use this 
time value in the x equations. To find out how long it takes the motorcycle to 
reach the ground below, we use Equation (Table 2) for the vertical (y) direc- 
tion with yọ = 0 and vyo = 0: 


yY = Yo t+ Vyot + zayl 
0+ 0 +3(-g)? 


or 
y = Soe 
We solve for t and set y = —50.0 m: 


2(—50.0 m) 
t = = 3.19s. 
—9.80 m/s? 


To calculate the ae velocity, vxo, we again use Equation, but this time for 
the horizontal (x) direction, with a, = 0 and x) = 0: 


X = Xo + Vyot + say 0? 
= 0 + yt + 0 
or 
X = Vot 
Then 
í% 90.0 m 
vxo = 7 = 319s 7 28.2 m/s, 


which is about 100 km/h (roughly 60 mi/h). 


NOTE In the time interval of the projectile motion, the only acceleration is g in 
the negative y direction. The acceleration in the x direction is zero. 


FIGURE 23 Example 6. 


Known Unknown 
Xo = yo = 0 Vx0 
x = 90.0m t 
y = —50.0m 
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¥, = 0 at this point 


FIGURE 24 Example 7. 


Vo ya=8=—2i 


® PHYSICS APPLIED A kicked football. A football is kicked at an angle 6) = 37.0° 
Sports with a velocity of 20.0m/s, as shown in Fig. 24. Calculate (a) the maximum 
height, (b) the time of travel before the football hits the ground, (c) how far away 
it hits the ground, (d) the velocity vector at the maximum height, and (e) the 
acceleration vector at maximum height. Assume the ball leaves the foot at 
ground level, and ignore air resistance and rotation of the ball. 


APPROACH This may seem difficult at first because there are so many questions. 
But we can deal with them one at a time. We take the y direction as positive 
upward, and treat the x and y motions separately. The total time in the air is again 
determined by the y motion. The x motion occurs at constant velocity. The y 
component of velocity varies, being positive (upward) initially, decreasing to zero 
at the highest point, and then becoming negative as the football falls. 


SOLUTION We resolve the initial velocity into its components (Fig. 24): 

Uxo = Vo COs 37.0° = (20.0 m/s)(0.799) = 16.0m/s 

vyo = vosin37.0° = (20.0m/s)(0.602) = 12.0 m/s. 
(a) We consider a time interval that begins just after the football loses contact 
with the foot until it reaches its maximum height. During this time interval, the 
acceleration is g downward. At the maximum height, the velocity is horizontal 
(Fig. 24), so vy = 0; and this occurs at a time given by vy = vy. — gt with 
vy = 0 (see Table 2). Thus 


Vyo (12.0 m/s) 
g (9.80 m/s?) 
With yọ = 0, we have 


= 1224s ~ 1.22s. 


y = vyt — 380 
= (12.0 m/s)(1.224s) — (9.80 m/s’)(1.224s)? = 7.35 m. 
Alternatively, we could have solved for y, and found 


vo — Vy (12.0 m/s)? — (0 m/s)? 
y= - = 5 = 7.35 m. 
2g 2(9.80 m/s?) 


The maximum height is 7.35 m. 


(b) To find the time it takes for the ball to return to the ground, we consider a 
different time interval, starting at the moment the ball leaves the foot 
(t=0, yo = 0) and ending just before the ball touches the ground (y = 0 
again). With yọ = 0 and also set y = 0 (ground level): 


Y = Yo + Vyot — 280 
0 = 0 + vyt — Fat. 
This equation can be easily factored: 
t(igt — vyo) = 0. 
There are two solutions, £ = 0 (which corresponds to the initial point, yo), and 


2v 2(12.0 m/s 
fea I) = 145s, 
g (9.80 m/s”) 


which is the total travel time of the football. 
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NOTE The time needed for the whole trip, t = 2v,9/g = 2.45s, is double the 
time to reach the highest point, calculated in (a). That is, the time to go up equals 
the time to come back down to the same level (ignoring air resistance). 
(c) The total distance traveled in the x direction is found (see Table 2) with 
Xo = 0, ay = 0, vyo = 16.0 m/s: 

x = Vot = (16.0 m/s)(2.45s) = 39.2m. 
(d) At the highest point, there is no vertical component to the velocity. There is 
only the horizontal component (which remains constant throughout the flight), 
SO V = Vyo = Up cos 37.0° = 16.0 m/s. 
(e) The acceleration vector is the same at the highest point as it is throughout the 
flight, which is 9.80 m/s? downward. 
NOTE We treated the football as if it were a particle, ignoring its rotation. We 
also ignored air resistance. Because air resistance is significant on a football, our 
results are only estimates. 


EXERCISE E Two balls are thrown in the air at different angles, but each reaches the same 
height. Which ball remains in the air longer: the one thrown at the steeper angle or the 
one thrown at a shallower angle? 


Where does the apple land? A child sits upright in 

a wagon which is moving to the right at constant speed as shown in 
Fig. 25. The child extends her hand and throws an apple straight upward (from 
her own point of view, Fig. 25a), while the wagon continues to travel forward 
at constant speed. If air resistance is neglected, will the apple land (a) behind 
the wagon, (b) in the wagon, or (c) in front of the wagon? 
RESPONSE The child throws the apple straight up from her own reference frame 
with initial velocity ¥,) (Fig. 25a). But when viewed by someone on the ground, 
the apple also has an initial horizontal component of velocity equal to the speed 
of the wagon, V,9. Thus, to a person on the ground, the apple will follow the path 
of a projectile as shown in Fig. 25b. The apple experiences no horizontal acceler- 
ation, so Ÿyo will stay constant and equal to the speed of the wagon. As the apple 
follows its arc, the wagon will be directly under the apple at all times because 
they have the same horizontal velocity. When the apple comes down, it will drop (b) Ground reference frame 
right into the outstretched hand of the child. The answer is (b). FIGURE 25 Example 8. 


The wrong strategy. A boy on a small hill aims his 
water-balloon slingshot horizontally, straight at a second boy hanging from a tree 
branch a distance d away, Fig. 26. At the instant the water balloon is released, the 
second boy lets go and falls from the tree, hoping to avoid being hit. Show that he 
made the wrong move. (He hadn’t studied physics yet.) Ignore air resistance. 


RESPONSE Both the water balloon and the boy in the tree start falling at the 
same instant, and in a time f they each fall the same vertical distance y = }g0’, 
much like Fig. 21. In the time it takes the water balloon to travel the horizontal 
distance d, the balloon will have the same y position as the falling boy. Splat. If 
the boy had stayed in the tree, he would have avoided the humiliation. 


y=0 FIGURE 26 Example 9. 
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y 
í y = 0 again here 
Xy=0 (where x = R) 
Yo =9 
= -> So 
0 N 
0 x 
R 
(a) 
y 
60° 
— 
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Pee 2s ay 
>~ 45° 
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FIGURE 27 Fxample 10. 

(a) The range R of a projectile; 

(b) there are generally two angles 09 
that will give the same range. Can 
you show that if one angle is 4p, , 
the other is 092 = 90° — 69, ? 
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Level horizontal range. (a) Derive a formula for the hori- 
zontal range R of a projectile in terms of its initial speed vp and angle 6). The 
horizontal range is defined as the horizontal distance the projectile travels 
before returning to its original height (which is typically the ground); that is, 
y (final) = yọ. See Fig. 27a. (b) Suppose one of Napoleon’s cannons had a 
muzzle speed, vo, of 60.0 m/s. At what angle should it have been aimed (ignore 
air resistance) to strike a target 320 m away? 


APPROACH The situation is the same as in Example 7, except we are now not 
given numbers in (a). We will algebraically manipulate equations to obtain our 
result. 


SOLUTION (a) We set x» = 0 and yy) = 0 at t = 0. After the projectile travels 
a horizontal distance R, it returns to the same level, y = 0, the final point. We 
choose our time interval to start (£ = 0) just after the projectile is fired and to 
end when it returns to the same vertical height. To find a general expression for R, 
we set both y = 0 and yọ = 0 (see Table 2) for the vertical motion, and obtain 


y = yo + vyt + Zayl? 
so 
0 = 0 + vyt — igt. 


We solve for t, which gives two solutions: t = 0 and t = 2v,o/g. The first solu- 
tion corresponds to the initial instant of projection and the second is the time 
when the projectile returns to y = 0. Then the range, R, will be equal to x at the 
moment ¢ has this value, (see Table 2) for the horizontal motion (x = vyot, with 
Xo = 0). Thus we have: 


2yo 2Vx0Vyo 2v sin Ay cos Oy 
R = Vot = Vyo = a 2 [y = Yol] 


& & 


where we have written Uy) = pcos A and vyo = Uo sin ĝo. This is the result we 
sought. It can be rewritten, using the trigonometric identity 2 sin 0 cos @ = sin 26: 


Bi 
vó sin 20, a : 
R= ——. [only if y (final) = yo] 
E 

We see that the maximum range, for a given initial velocity vo, is obtained when 
sin 20 takes on its maximum value of 1.0, which occurs for 26) = 90°; so 

6) = 45° for maximum range, and Rmax = 06/8. 
[When air resistance is important, the range is less for a given vp, and the 
maximum range is obtained at an angle smaller than 45°.] 
NOTE The maximum range increases by the square of vg, so doubling the muzzle 
velocity of a cannon increases its maximum range by a factor of 4. 


(b) We put R = 320m into the equation we just derived, and (assuming, unreal- 
istically, no air resistance) we solve it to find 


Rg (320 m)(9.80 m/s?) 
Ro (60.0 m/s)? 


sin 26) = = 0.871. 


We want to solve for an angle 6, that is between 0° and 90°, which means 26) 
in this equation can be as large as 180°. Thus, 26) = 60.6° is a solution, but 
20) = 180° — 60.6° = 119.4° is also a solution. In general we will have two solu- 
tions (see Fig. 27b), which in the present case are given by 


Bo = 30.3° or 59.7°. 


Either angle gives the same range. Only when sin 26) = 1 (so @) = 45°) is there 
a single solution (that is, both solutions are the same). 
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EXERCISE F The maximum range of a projectile is found to be 100m. If the projectile 
strikes the ground a distance of 82 m away, what was the angle of launch? (a) 35° or 55°; 
(b) 30° or 60°; (c) 27.5° or 62.5°; (d) 13.75° or 76.25°. 


The level range formula derived in Example 10 applies only if takeoff and 


landing are at the same height (y = yo). Example 11 below considers a case 
where they are not equal heights (y # yo). 


A punt. Suppose the football in Example 7 was punted and left ® PHYSICS APPLIED 


the punter’s foot at a height of 1.00 m above the ground. How far did the football Sports 


travel before hitting the ground? Set x9 = 0, yo = 0. 
APPROACH The x and y motions are again treated separately. But we cannot use i PROBLEM SOLVING 


the range formula from Example 10 because it is valid only if y (final) = yo, Do not use any formula unless you 
which is not the case here. Now we have yọ = 0, and the football hits the ground «re sure its range of validity fits the 
where y = —1.00m (see Fig. 28). We choose our time interval to start when the = 270/¢7; the range formula does 
ball leaves his foot (t = 0, yọ = 0, xọ = 0) and end just before the ball hits the NCL? M 
ground (y = —1.00m). We can get x (see Table 3) where, x = vy of, since we 

know that vyo = 16.0m/s from Example 7. But first we must find f, the time at 

which the ball hits the ground, which we obtain from the y motion. 


FIGURE 28 Example 11: the football leaves 
the punter’s foot at y = 0, and reaches the 
ground where y = —1.00 m. 


SOLUTION With y = —1.00m and v, = 12.0m/s (see Example 7), we use 
the equation 


Y = Yo + Vyot — zat’, 
and obtain 
—1.00m = 0 + (12.0m/s)t — (4.90 m/s’)??. 


We rearrange this equation into standard form (ax? + bx +c = 0) so we can 
use the quadratic formula: 


(4.90 m/s’)? — (12.0m/s)t — (1.00m) = 0. 
The quadratic formula gives 
12.0m/s + \/(—12.0 m/s)? — 4(4.90 m/s?)(—1.00 m) 
2(4.90 m/s?) 
= 2.53s or —0.081s. 


The second solution would correspond to a time prior to our chosen time interval 
that begins at the kick, so it doesn’t apply. With t = 2.53s for the time at which 
the ball touches the ground, the horizontal distance the ball traveled is (using 
Vy) = 16.0 m/s from Example 7): 


x = vot = (16.0m/s)(2.53s) = 40.5 m. 


Our assumption in Example 7 that the ball leaves the foot at ground level would 
result in an underestimate of about 1.3 m in the distance our punt traveled. 
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b xz men Thrown upward? 
EA N, @p>0) 
ne 


FIGURE 29 Example 12. 


GQ) PHYSICS APPLIED 


Reaching a target 
from a moving helicopter 


“Dropped” Sa ` 
SS (9 =0) SS \ 
LY SL N 
Se 200 m Thrown downward? = ~\ a 
NS (9 <0) 5S A 
\ N 
H 400 m > 
(b) 


Rescue helicopter drops supplies. A rescue helicopter wants 
to drop a package of supplies to isolated mountain climbers on a rocky ridge 
200 m below. If the helicopter is traveling horizontally with a speed of 70m/s 
(250 km/h), (a) how far in advance of the recipients (horizontal distance) must 
the package be dropped (Fig. 29a)? (b) Suppose, instead, that the helicopter 
releases the package a horizontal distance of 400 m in advance of the mountain 
climbers. What vertical velocity should the package be given (up or down) 
so that it arrives precisely at the climbers’ position (Fig. 29b)? (c) With what 
speed does the package land in the latter case? 


APPROACH We choose the origin of our xy coordinate system at the initial position 
of the helicopter, taking + y upward, and use the kinematic equations (Table 2). 
SOLUTION (a) We can find the time to reach the climbers using the vertical distance of 
200m. The package is “dropped” so initially it has the velocity of the helicopter, 
Uxo = 70m/s, vyo = 0. Then, since y = — 5gt?, we have 


—2y —2(—200 m) 
t = = = 6.39s. 
E 9.80 m/s? 

The horizontal motion of the falling package is at constant speed of 70 m/s. So 

X = Vyot = (70m/s)(6.39s) = 447m ~ 450m, 
assuming the given numbers were good to two significant figures. 
(b) We are given x = 400m, vxo = 70m/s, y = —200 m, and we want to find vyo 
(see Fig. 29b). Like most problems, this one can be approached in various ways. 
Instead of searching for a formula or two, let’s try to reason it out in a simple way, 
based on what we did in part (a). If we know t, perhaps we can get vyo. Since the 


horizontal motion of the package is at constant speed (once it is released we don’t 
care what the helicopter does), we have x = Vyof, so 


po = a ee 
Vx0 70 m/s 
Now let’s try to use the vertical motion to get Vyo: y = Yo + Vyot — sgt’. Since 
yo = 0 and y = —200m, we can solve for vyg: 
y thet? —200m + 3(9.80 m/s’)(5.71 s} 
vy = = = = —7.0m/s. 
t 5.718 


Thus, in order to arrive at precisely the mountain climbers’ position, the package 
must be thrown downward from the helicopter with a speed of 7.0 m/s. 


(c) We want to know v of the package at t = 5.71 s. The components are: 
Vy = Vyo = 70m/s 
Vy = Vy — gt = —7.0m/s — (9.80 m/s’)(5.71s) = —63 m/s. 


So v = V (70 m/s)? + (—63 m/s)? = 94 m/s. (Better not to release the package 
from such an altitude, or use a parachute.) 
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Projectile Motion Is Parabolic 


We now show that the path followed by any projectile is a parabola, if we can 
ignore air resistance and can assume that g is constant. To do so, we need to find y 
as a function of x by eliminating t between the two equations for horizontal and 
vertical motion (Table 2), and for simplicity we set x) = yo = 0: 


x = Vot 
1 
y = Vyot — 3g? 


From the first equation, we have t = x/vy9, and we substitute this into the second 
one to obtain 


Vyo E 5 
= ‘ 14 
ý (2): (5) (a 


We see that y as a function of x has the form 


y = Ax - Bx’, 


where A and B are constants for any specific projectile motion. This is the well-known 
equation for a parabola. See Figs. 19 and 30. 

The idea that projectile motion is parabolic was, in Galileo’s day, at the forefront 
of physics research. Today we discuss it in this Chapter of introductory physics! 


FIGURE 30 Examples of projectile motion—sparks (small hot glowing pieces of metal), water, and fireworks. The 


parabolic path characteristic of projectile motion is affected by air resistance. 


Don Farrall/PhotoDisc/Getty Images Brian Kinney/Shutterstock 


9 Relative Velocity 


We now consider how observations made in different frames of reference are 
related to each other. For example, consider two trains approaching one another, 
each with a speed of 80km/h with respect to the Earth. Observers on the Earth 
beside the train tracks will measure 80 km/hr for the speed of each of the trains. 
Observers on either one of the trains (a different frame of reference) will measure 
a speed of 160 km/h for the train approaching them. 

Similarly, when one car traveling 90 km/h passes a second car traveling in the 
same direction at 75 km/h, the first car has a speed relative to the second car of 
90 km/h — 75 km/h = 15 km/h. 

When the velocities are along the same line, simple addition or subtraction is 
sufficient to obtain the relative velocity. But if they are not along the same line, we 
must make use of vector addition. We emphasize that when specifying a velocity, it 
is important to specify what the reference frame is. 


Richard Megna/Fundamental Photographs, NYC 
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When determining relative velocity, it is easy to make a mistake by adding or 
subtracting the wrong velocities. It is important, therefore, to draw a diagram and 
use a careful labeling process. Each velocity is labeled by two subscripts: the first 
refers to the object, the second to the reference frame in which it has this velocity. 
For example, suppose a boat is to cross a river to the opposite side, as shown in 
Fig. 31. We let ¥gw be the velocity of the Boat with respect to the Water. (This is 
also what the boat’s velocity would be relative to the shore if the water were still.) 
Similarly, ¥gs is the velocity of the Boat with respect to the Shore, and Yws is the 
velocity of the Water with respect to the Shore (this is the river current). Note that 
Vw is what the boat’s motor produces (against the water), whereas Ÿgs is equal to 
Vpw Plus the effect of the current, Yws. Therefore, the velocity of the boat relative 
to the shore is (see vector diagram, Fig. 31) 


Ves = Vew + Yws- (15) 


FIGURE 31 To move directly By writing the subscripts using this convention, we see that the inner subscripts 
across the river, the boat must head (the two W’s) on the right-hand side of Eq. 15 are the same, whereas the outer 
upstream ataf angle 0; Velocity subscripts on the right of Eq. 15 (the B and the S) are the same as the two 
voctots are shown as preon ariows: subscripts for the sum vector on the left, Ygs. By following this convention (first 
subscript for the object, second for the reference frame), you can write down the 
correct equation relating velocities in different reference frames.’ Figure 32 gives a 
Yew = velocity of Boat with derivation of Eq. 15. 
respect to the Water, Equation 15 is valid in general and can be extended to three or more veloci- 
Yws = velocity of the Water with ties. For example, if a fisherman on the boat walks with a velocity Vpg relative to 
respect to the Shore (river the boat, his velocity relative to the shore is Ves = Vre + Vew + Yws. The equations 
current). involving relative velocity will be correct when adjacent inner subscripts are 
identical and when the outermost ones correspond exactly to the two on the velocity 
on the left of the equation. But this works only with plus signs (on the right), not 
minus signs. 
It is often useful to remember that for any two objects or reference frames, 
A and B, the velocity of A relative to B has the same magnitude, but opposite 
direction, as the velocity of B relative to A: 


| 


Ygs = velocity of Boat with 
respect to the Shore, 


Ýsa = —Vas- (16) 


For example, if a train is traveling 100 km/h relative to the Earth in a certain direc- 
tion, objects on the Earth (such as trees) appear to an observer on the train to be 
traveling 100 km/h in the opposite direction. 


*We thus would know by inspection that (for example) the equation Vew = Ves + Ws is wrong. 


FIGURE 32 Derivation of relative velocity equation (Eq. 15), in this case for a 
person walking along the corridor in a train. We are looking down on the train and 
two reference frames are shown: xy on the Earth and x'y’ fixed on the train. We 


have: 
fpr = position vector of person (P) relative to train (T), 
fpg = position vector of person (P) relative to Earth (E), 
Fre = position vector of train’s coordinate system (T) relative to Earth (E). 


From the diagram we see that 
fpg = Fpr + Fre- 

We take the derivative with respect to time to obtain 
d d 


R d, 
dt (Fre) dt (fpr) 4 dt (Fre). 


or, since d¥/dt = Ÿ, 
Ve = Vpr + Vre- 
This is the equivalent of Eq. 15 for the present situation (check the subscripts!). 
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Crossing a river. A woman in a small motor boat 
is trying to cross a river that flows due west with a strong current. The woman starts 
on the south bank and is trying to reach the north bank directly north from her 
starting point. Should she (a) head due north, (b) head due west, (c) head in a north- 
westerly direction, (d) head in a northeasterly direction? 


RESPONSE If the woman heads straight across the river, the current will drag the 
boat downstream (westward). To overcome the river’s westward current, the boat 
must acquire an eastward component of velocity as well as a northward compo- 
nent. Thus the boat must (d) head in a northeasterly direction (see Fig. 33). The 
actual angle depends on the strength of the current and how fast the boat moves 
relative to the water. If the current is weak and the motor is strong, then the boat 
can head almost, but not quite, due north. 


Heading upstream. A boats speed in still water is 
Upw = 1.85 m/s. If the boat is to travel directly across a river whose current has 
speed vws = 1.20 m/s, at what upstream angle must the boat head? (See Fig. 33.) 


APPROACH We reason as in Example 13, and use subscripts as in Eq. 15. Figure 
33 has been drawn with Vgs, the velocity of the Boat relative to the Shore, 
pointing directly across the river because this is how the boat is supposed to 
move. (Note that Vgs = Vgw + Vws.) To accomplish this, the boat needs to head 
upstream to offset the current pulling it downstream. 


SOLUTION Vector Vgw points upstream at an angle 0 as shown. From the diagram, 
vws _ 1.20m/s 
Upw 1.85 m/s 


sin 0 0.6486. 


Thus 0 = 40.4°, so the boat must head upstream at a 40.4° angle. 


Heading across the river. The same boat (vgy = 1.85 m/s) 
now heads directly across the river whose current is still 1.20 m/s. (a) What is the 
velocity (magnitude and direction) of the boat relative to the shore? (b) If the 
river is 110m wide, how long will it take to cross and how far downstream will 
the boat be then? 


APPROACH The boat now heads directly across the river and is pulled down- 
stream by the current, as shown in Fig. 34. The boat’s velocity with respect to the 
shore, Vgs, is the sum of its velocity with respect to the water, Vgw, plus the 
velocity of the water with respect to the shore, Yws: 

Ves = Vaw + Yws, 
just as before. 
SOLUTION (a) Since Vgw is perpendicular to Wws, we can get vgs using the 
theorem of Pythagoras: 


Ups = Vvaw + vys = V (1.85 m/s)? + (1.20m/s)? = 2.21 m/s. 
We can obtain the angle (note how 9 is defined in the diagram) from: 

tanð = Vws/Vgw = (1.20m/s)/(1.85 m/s) = 0.6486. 
Thus 0 = tan '(0.6486) = 33.0°. Note that this angle is not equal to the angle 
calculated in Example 14. 


(b) The travel time for the boat is determined by the time it takes to cross the river. 
Given the river’s width D = 110m, we can use the velocity component in the 
direction of D, vgw = D/t. Solving for t, we get t = 110m/1.85 m/s = 59.5 s. 
The boat will have been carried downstream, in this time, a distance 


d = vyst = (1.20m/s)(59.5s) = 714m ~ 71m. 


NOTE There is no acceleration in this Example, so the motion involves only 
constant velocities (of the boat or of the river). 


FIGURE 33 Examples 13 
and 14. 


FIGURE 34 Example 15. 

A boat heading directly across a 
river whose current moves at 
1.20 m/s. 


87 


88 


FIGURE 35 Example 16. 
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Car velocities at 90°. Two automobiles approach a street corner at 
right angles to each other with the same speed of 40.0 km/h (= 11.11 m/s), as 
shown in Fig. 35a. What is the relative velocity of one car with respect to the other? 
That is, determine the velocity of car 1 as seen by car 2. 


APPROACH Figure 35a shows the situation in a reference frame fixed to the 
Earth. But we want to view the situation from a reference frame in which car 2 is 
at rest, and this is shown in Fig. 35b. In this reference frame (the world as seen by 
the driver of car 2), the Earth moves toward car 2 with velocity Vp. (speed of 
40.0 km/h), which is of course equal and opposite to Vg, the velocity of car 2 
with respect to the Earth (Eq. 16): 


Yor = —Ve2- 
Then the velocity of car 1 as seen by car 2 is (see Eq. 15) 


Vio = Vie + Yep 
SOLUTION Because Vg, = —Vzg, then 
Vio = Vie — Vor. 


That is, the velocity of car 1 as seen by car 2 is the difference of their velocities, 
Vie — Voz, both measured relative to the Earth (see Fig. 35c). Since the magni- 
tudes of V£, Voz, and Vg, are equal (40.0 km/h = 11.11 m/s), we see (Fig. 35b) 


that ¥,> points at a 45° angle toward car 2; the speed is 


v = V(11.11m/s) + (11.11 m/s)? = 15.7m/s (= 56.6 km/h). 


| Summary 


A quantity that has both a magnitude and a direction is called a 
vector. A quantity that has only a magnitude is called a scalar. 

Addition of vectors can be done graphically by placing the 
tail of each successive arrow (representing each vector) at the 
tip of the previous one. The sum, or resultant vector, is the arrow 
drawn from the tail of the first to the tip of the last. Two vectors 
can also be added using the parallelogram method. 

Vectors can be added more accurately using the analytical 
method of adding their components along chosen axes with the 
aid of trigonometric functions. A vector of magnitude V making 
an angle 0 with the x axis has components 


Vx = Vcosé Vy = Vsiné. (2) 
Given the components, we can find the magnitude and direction from 
Vy 


V = VVi+V5, tana = 7 (3) 


x 
It is often helpful to express a vector in terms of its components 
along chosen axes using unit vectors, which are vectors of unit 


length along the chosen coordinate axes; for Cartesian coordinates 
the unit vectors along the x, y, and z axes are called i, i. and k. 

The general definitions for the instantaneous velocity, V, 
and acceleration, a, of a particle (in one, two, or three dimen- 
sions) are 


_ dk 
r= (8) 
__ d¥ 
a= 7 (11) 


where F is the position vector of the particle. The kinematic 
equations for motion with constant acceleration can be written 
for each of the x, y, and z components of the motion and have 
the same form as for one-dimensional motion. Or they can be 
written in the more general vector form: 
v= V+ at 
F = Fo + Vt + tar? (13) 
Projectile motion of an object moving in the air near the 
Earth’s surface can be analyzed as two separate motions if air 
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resistance can be ignored. The horizontal component of the The velocity of an object relative to one frame of reference 
motion is at constant velocity, whereas the vertical component is can be found by vector addition if its velocity relative to a 
at constant acceleration, g, just as for an object falling vertically second frame of reference, and the relative velocity of the two 
under the action of gravity. reference frames, are known. 


| Answers to Exercises 


A: When the two vectors D; and D, point in the same direction. D: (d). 


_ E: Both balls reach the same height, so are in the air for the 
B: 3V2 = 4.24. same length of time. 
C: (a). F: (c). 
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| Questions 


1. One car travels due east at 40 km/h, and a second car travels 
north at 40 km/h. Are their velocities equal? Explain. 

2. Can you conclude that a car is not accelerating if its 
speedometer indicates a steady 60 km/h? 

3. Can you give several examples of an object’s motion in 
which a great distance is traveled but the displacement is 
zero? 

4. Can the displacement vector for a particle moving in two 
dimensions ever be longer than the length of path traveled 
by the particle over the same time interval? Can it ever be 
less? Discuss. 

5. During baseball practice, a batter hits a very high fly ball 
and then runs in a straight line and catches it. Which had the 
greater displacement, the player or the ball? 

6. If V= Vv, oh V, is V necessarily greater than V, and/or 
V2? Discuss. 

7. Two vectors have length Vj = 3.5km and V, = 4.0km. 
What are the maximum and minimum magnitudes of their 
vector sum? 

8. Can two vectors, of unequal magnitude, add up to give the zero 
vector? Can three unequal vectors? Under what conditions? 

9. Can the magnitude of a vector ever (a) equal, or (b) be less 
than, one of its components? 

10. Can a particle with constant speed be accelerating? What if 
it has constant velocity? 

11. Does the odometer of a car measure a scalar or a vector 
quantity? What about the speedometer? 

12. A child wishes to determine the speed a slingshot imparts to 
a rock. How can this be done using only a meter stick, a 
rock, and the slingshot? 

13. In archery, should the arrow be aimed directly at the target? 
How should your angle of aim depend on the distance to 
the target? 
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15. 
16. 


17. 


18. 


19. 


20. 


21. 


. A projectile is launched at an upward angle of 30° to the 
horizontal with a speed of 30 m/s. How does the horizontal 
component of its velocity 1.0s after launch compare with its 
horizontal component of velocity 2.0 s after launch, ignoring 
air resistance? 

A projectile has the least speed at what point in its path? 

It was reported in World War I that a pilot flying at an 
altitude of 2km caught in his bare hands a bullet fired at 
the plane! Using the fact that a bullet slows down consid- 
erably due to air resistance, explain how this incident 
occurred. 

Two cannonballs, A and B, are fired from the ground with 
identical initial speeds, but with 6, larger than 8g. (a) Which 
cannonball reaches a higher elevation? (b) Which stays longer 
in the air? (c) Which travels farther? 

A person sitting in an enclosed train car, moving at constant 
velocity, throws a ball straight up into the air in her refer- 
ence frame. (a) Where does the ball land? What is your 
answer if the car (b) accelerates, (c) decelerates, (d) rounds 
a curve, (e) moves with constant velocity but is open to 
the air? 

If you are riding on a train that speeds past another train 
moving in the same direction on an adjacent track, it 
appears that the other train is moving backward. Why? 

Two rowers, who can row at the same speed in still water, 
set off across a river at the same time. One heads straight 
across and is pulled downstream somewhat by the current. 
The other one heads upstream at an angle so as to arrive at 
a point opposite the starting point. Which rower reaches the 
opposite side first? 

If you stand motionless under an umbrella in a rainstorm 
where the drops fall vertically you remain relatively dry. 
However, if you start running, the rain begins to hit your 
legs even if they remain under the umbrella. Why? 


l Problems 


[The Problems in this Section are ranked I, II, or III according to 
estimated difficulty, with (I) Problems being easiest. Level (IID) 
Problems are meant mainly as a challenge for the best students, for 
“extra credit.” The Problems are arranged by Sections, meaning that 
the reader should have read up to and including that Section, but 
this Chapter also has a group of General Problems that are not 
arranged by Section and not ranked.] 


2 to 5 Vector Addition; Unit Vectors 
1. (I) A car is driven 225 km west and then 78 km southwest (45°). 
What is the displacement of the car from the point of origin 
(magnitude and direction)? Draw a diagram. 
2. (I) A delivery truck travels 28 blocks north, 16 blocks east, 
and 26 blocks south. What is its final displacement from the 
origin? Assume the blocks are equal length. 


3. 


4. 


(1) If Vy = 7.80 units and V, = —6.40 units, determine the 

magnitude and direction of Vv. 

(II) Graphically determine the resultant of the following three 

vector displacements: (1) 24m, 36° north of east; (2) 18m, 

37° east of north; and (3) 26 m, 33° west of south. 

. (II) V is a vector 24.8 units in magnitude and points at an 
angle of 23.4° above the negative x axis. (a) Sketch this vector. 
(b) Calculate V yand V y .(c) Use V yand Vyto obtain (again) the 
magnitude and direction of V. [Note: Part (c) is a good way 
to check if you’ve resolved your vector correctly.] 

. (II) Figure 36 shows two vectors, A and B, whose magni- 

tudes are A = 6.8 units and B = 5.5 units. Determine Č if 

(a) È = A+B, (b) C= A —B, (c) Č = B — A. Give the 

magnitude and direction for each. 


From Chapter 3 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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11. 
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FIGURE 36 Problem 6. 


(II) An airplane is traveling 835 km/h in a direction 41.5° west 
of north (Fig. 37). (a) Find 
the components of the 
velocity vector in 

the northerly and y 
westerly directions. (835 km/h) 
(b) How far north 

and how far west 

has the plane trav- W E 
eled after 2.50 h? 


N 


41.5° 


FIGURE 37 
Problem 7. S 


. (II) Let V, = —6.0i + 8.0j and V> = 4.5î — 5.0j. Deter- 


mine the magnitude and direction of (a) Vi, (b) Vo, 
(c) Vi + Vand (d) V2 — V1. 


. (II) (a) Determine the magnitude and direction of the 


sum of the three vectors V, = 4.0i 8.0, V =i4 ĵî, and 
V; = —2.0î + 4.0j. (b) Determine V, — V, + V3. 

(II) Three vectors are shown in Fig. 38. Their magnitudes 
are given in arbitrary units. Determine the sum of the 
three vectors. Give the resultant in terms of (a) components, 
(b) magnitude and angle with x axis. 


FIGURE 38 

Problems 10, 11, 12, 13, and 14. 
Vector magnitudes are given 
in arbitrary units. 


C(C=31.0) 


(II) (a) Given the vectors A and B shown in Fig. 38, deter- 
mine B — A. (b) Determine A — B without using your 
answer in (a). Then compare your results and see if they are 


opposite. 


. (IL) Determine the vector A — Č, given the vectors A and Č 


in Fig. 38. 


. (II) For the vectors shown in Fig. 38, determine (a) B — 2A, 


(b) 2A — 3B + 2€. 

(I) For the vectors given in Fig. 38, determine 
(a) A-B+C,(b) A + B-— C, and (c) C — A - B. 

(II) The summit of a mountain, 2450 m above base camp, is 
measured on a map to be 4580m horizontally from the 


16. 


camp in a direction 32.4° west of north. What are the 
components of the displacement vector from camp to 
summit? What is its magnitude? Choose the x axis east, 
y axis north, and z axis up. 

(III) You are given a vector in the xy plane that has a 
magnitude of 90.0 units and a y component of —55.0 units. 
(a) What are the two possibilities for its x component? 
(b) Assuming the x component is known to be positive, 
specify the vector which, if you add it to the original one, 
would give a resultant vector that is 80.0 units long and 
points entirely in the —x direction. 


6 Vector Kinematics 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


(1) The position of a particular particle as a function of time 
is given by F = (9.60¢i + 8.85j — 1.00/7k) m. Determine 
the particle’s velocity and acceleration as a function of time. 
(1) What was the average velocity of the particle in Problem 17 
between ¢ = 1.00s and ź = 3.00s? What is the magnitude 
of the instantaneous velocity at t = 2.00 s? 

(II) What is the shape of the path of the particle of 
Problem 17? 

(II) A car is moving with speed 18.0 m/s due south at one 
moment and 27.5m/s due east 8.00s later. Over this time 
interval, determine the magnitude and direction of (a) its 
average velocity, (b) its average acceleration. (c) What is its 
average speed. [Hint: Can you determine all these from the 
information given?] 

(I) At ¢ = 0, a particle starts from rest at x = 0, y = 0, 
and moves in the xy plane with an acceleration 
a = (4.0i + 3.0j) m/s’. Determine (a) the x and y compo- 
nents of velocity, (b) the speed of the particle, and (c) the 
position of the particle, all as a function of time. (d) Eval- 
uate all the above at t = 2.0s. 

(II) (a) A skier is accelerating down a 30.0° hill at 1.80 m/s? 
(Fig. 39). What is the vertical component of her accelera- 
tion? (b) How long will it take her to reach the bottom of 
the hill, assuming she starts from rest and accelerates 
uniformly, if the elevation change is 325 m? 


W 


a = 1.80 m/s2 


FIGURE 39 Problem 22. 


(II) An ant walks on a piece of graph paper straight along the 
x axis a distance of 10.0 cm in 2.00s. It then turns left 30.0° 
and walks in a straight line another 10.0 cm in 1.80 s. Finally, 
it turns another 70.0° to the left and walks another 10.0 cm 
in 1.55 s. Determine (a) the x and y components of the ant’s 
average velocity, and (b) its magnitude and direction. 


24. 


25. 


26. 


27. 
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(ID) A particle starts from the origin at £ = 0 with an initial 
velocity of 5.0m/s along the positive x axis. If the accelera- 
tion is (—3.0i + 4.5j) m/s”, determine the velocity and posi- 
tion of the particle at the moment it reaches its maximum 
x coordinate. 

(II) Suppose the position of an object is given by 
r= (3.077% - 6.0075) m. (a) Determine its velocity ¥ and 
acceleration a, as a function of time. (b) Determine F and v 
at time t = 2.5s. 

(II) An object, which is at the origin at time t = 0, has 
initial velocity Vo = (—14.0i — 7.0j)m/s and constant 
acceleration a = (6.01 + 3.0) m/s’. Find the position F 
where the object comes to rest (momentarily). 

(IT) A particle’s position as a function of time ¢ is given 
by F = (5.0¢ + 6.0)mî + (7.0 — 3.003) mj. At t = 5.0s, 
find the magnitude and direction of the particle’s displace- 
ment vector AF relative to the point Fy = (0.0% + 7.0) m. 


7 and 8 Projectile Motion (neglect air resistance) 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


(1) A tiger leaps horizontally from a 7.5-m-high rock with a 
speed of 3.2 m/s. How far from the base of the rock will she 
land? 

(1) A diver running 2.3 m/s dives out horizontally from the 
edge of a vertical cliff and 3.0s later reaches the water 
below. How high was the cliff and how far from its base did 
the diver hit the water? 

(II) Estimate how much farther a person can jump on the 
Moon as compared to the Earth if the takeoff speed and 
angle are the same. The acceleration due to gravity on the 
Moon is one-sixth what it is on Earth. 

(II) A fire hose held near the ground shoots water at a 
speed of 6.5 m/s. At what angle(s) should the nozzle point 
in order that the water land 

2.5m away (Fig. 40)? ipa 

Why are there two 
different angles? Sketch 
the two trajectories. 


FIGURE 40 
Problem 31. 


k— 2.5 m—>| 


(II) A ball is thrown horizontally from the roof of a building 
9.0 m tall and lands 9.5 m from the base. What was the ball’s 
initial speed? 

(ID) A football is kicked at ground level with a speed of 
18.0 m/s at an angle of 38.0° to the horizontal. How much 
later does it hit the ground? 

(II) A ball thrown horizontally at 23.7 m/s from the roof of 
a building lands 31.0m from the base of the building. How 
high is the building? 

(II) A shot-putter throws the shot (mass = 7.3 kg) with an 
initial speed of 14.4m/s at a 34.0° angle to the horizontal. 
Calculate the horizontal distance traveled by the shot if it leaves 
the athlete’s hand at a height of 2.10 m above the ground. 

(II) Show that the time required for a projectile to reach its 
highest point is equal to the time for it to return to its orig- 
inal height if air resistance is neglible. 


37. 


38. 


39. 


40. 


41. 


42. 


(ID) You buy a plastic dart gun, and being a clever physics 
student you decide to do a quick calculation to find 
its maximum horizontal range. You shoot the gun straight 
up, and it takes 4.0s for the dart to land back at the barrel. 
What is the maximum horizontal range of your gun? 


(II) A baseball is hit with a speed of 27.0 m/s at an angle of 
45.0°. It lands on the flat roof of a 13.0-m-tall nearby 
building. If the ball was hit when it was 1.0m above the 
ground, what horizontal distance does it travel before it 
lands on the building? 

(II) In Example 11 of “Kinematics in Two or Three Dimen- 
sions; Vectors” we chose the x axis to the right and y axis 
up. Redo this problem by defining the x axis to the left and 
y axis down, and show that the conclusion remains the 
same—the football lands on the ground 40.5 m to the right 
of where it departed the punter’s foot. 


(II) A grasshopper hops down a level road. On each hop, 
the grasshopper launches itself at angle 0ọ = 45° and 
achieves a range R = 1.0m. What is the average hori- 
zontal speed of the grasshopper as it progresses down the 
road? Assume that the time spent on the ground between 
hops is negligible. 

(II) Extreme-sports enthusiasts have been known to jump 
off the top of El Capitan, a sheer granite cliff of height 
910m in Yosemite National Park. Assume a jumper runs 
horizontally off the top of El Capitan with speed 5.0 m/s 
and enjoys a freefall until she is 150m above the valley 
floor, at which time she opens her parachute (Fig. 41). 
(a) How long is the jumper in freefall? Ignore air resis- 
tance. (b) It is important to be as far away from the cliff as 
possible before opening the parachute. How far from the cliff 
is this jumper when she 

opens her chute? 


FIGURE 41 
Problem 41. 


(ID) Here is something to try at a sporting event. Show that 
the maximum height h attained by an object projected into 
the air, such as a baseball, football, or soccer ball, is approx- 
imately given by 


he 12m, 


where f is the total time of flight for the object in seconds. 
Assume that the object returns to the same level as that from 
which it was launched, as in Fig. 42. For example, if you 
count to find that a baseball was in the air for t = 5.0s, the 
maximum height attained was h = 1.2 X (5.0)? = 30m. 
The beauty of this relation is that h can be determined 
without knowledge of the launch speed vg or launch 
angle 6. 
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FIGURE 42 Problem 42. 


43. (II) The pilot of an airplane traveling 170km/h wants to 


44. 


45. 


46. 


47. 


48. 


drop supplies to flood victims isolated on a patch of land 
150m below. The supplies should be dropped how many 
seconds before the plane is directly overhead? 

(II) (a) A long jumper leaves the ground at 45° above the 
horizontal and lands 8.0m away. What is her “takeoff” 
speed vo? (b) Now she is out on a hike and comes to the left 
bank of a river. There is no bridge and the right bank is 
10.0m away horizontally and 2.5 m, vertically below. If she 
long jumps from the edge of the left bank at 45° with the 
speed calculated in (a), how long, or short, of the opposite 
bank will she land (Fig. 43)? 


_ 


(II) A high diver leaves the end of a 5.0-m-high diving 
board and strikes the water 1.3 s later, 3.0m beyond the end 
of the board. Considering the diver as a particle, determine 
(a) her initial velocity, Vo; (b) the maximum height reached; 
and (c) the velocity ¥¢ with which she enters the water. 

(ID) A projectile is shot from the edge of a cliff 115 m above 
ground level with an initial speed of 65.0 m/s at an angle of 
35.0° with the horizontal, as shown in Fig. 44. (a) Determine 
the time taken by the projectile to hit point P at ground level. (b) 
Determine the distance X of point P from the base of the 
vertical cliff, At the instant just before the projectile hits point P, 
find (c) the horizontal and the vertical components of its 
velocity, (d) the magnitude of the velocity, and (e) the angle 
made by the velocity vector with the horizontal. (f) Find the 
maximum height above the cliff top reached by the projectile. 


10.0 m 
FIGURE 43 Problem 44. 


(II) Suppose the kick in Example 7 of “Kinematics in Two or 
Three Dimensions; Vectors” is attempted 36.0m from the 
goalposts, whose crossbar is 3.00 m above the ground. If the 
football is directed perfectly between the goalposts, will it 
pass over the bar and be a field goal? Show why or why not. 
If not, from what horizontal distance must this kick be made 
if it is to score? 

(II) Exactly 3.0s after a projectile is fired into the air from the 
ground, it is observed to have a velocity ¥ = (8.61 + 4.8j) m/s, 
where the x axis is horizontal and the y axis is positive 


49. 


50 


D 


51. 


52. 


Ug = 65.0 m/s 


FIGURE 44 Problem 46. 


upward. Determine (a) the horizontal range of the projectile, 
(b) its maximum height above the ground, and (c) its speed 
and angle of motion just before it strikes the ground. 

(II) Revisit Example 9 of “Kinematics in Two or Three 
Dimensions; Vectors,” and assume that the boy with the sling- 
shot is below the boy in the tree (Fig. 45) and so aims 
upward, directly at the boy in the tree. Show that again the 
boy in the tree makes the wrong move by letting go at the 
moment the water balloon is shot. 


FIGURE 45 Problem 49. 


(II) A stunt driver wants to make his car jump over 8 cars 
parked side by side below a horizontal ramp (Fig. 46). 
(a) With what minimum speed must he drive off the hori- 
zontal ramp? The vertical height of the ramp is 1.5m above 
the cars and the horizontal distance he must clear is 22 m. (b) If 
the ramp is now tilted upward, so that “takeoff angle” is 7.0° 
above the horizontal, what is the new minimum speed? 


Must clear 
this point! 


FIGURE 46 Problem 50. 


(II) A ball is thrown horizontally from the top of a cliff 
with initial speed vp (at t = 0). At any moment, its direction 
of motion makes an angle @ to the horizontal (Fig. 47). 
Derive a formula for 6 as a function of time, t, as the ball 
follows a projectile’s path. 


(II) At what projection angle will the range of a projectile 
equal its maximum height? 
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FIGURE 47 Problem 51. 


53. (II) A projectile is fired with an initial speed of 46.6 m/s at 
an angle of 42.2° above the horizontal on a long flat firing 
range. Determine (a) the maximum height reached by the 
projectile, (b) the total time in the air, (c) the total hori- 
zontal distance covered (that is, the range), and (d) the 
velocity of the projectile 1.50 s after firing. 

54. (II) An athlete executing a long jump leaves the ground at a 
27.0° angle and lands 7.80 m away. (a) What was the takeoff 
speed? (b) If this speed were increased by just 5.0%, how 
much longer would the jump be? 

55. (IH) A person stands at the base of a hill that is a straight 
incline making an angle ¢ with the horizontal (Fig. 48). For 
a given initial speed vo, at what angle @ (to the horizontal) 
should objects be thrown so that the distance d they land up 
the hill is as large as possible? 


FIGURE 48 Problem 55. 
Given ¢ and vo, determine 0 
to make d maximum. 


56. (III) Derive a formula for the horizontal range R, of a 
projectile when it lands at a height h above its initial point. 
(For h < 0, it lands a distance —h below the starting point.) 
Assume it is projected at an angle 0 with initial speed vo. 


9 Relative Velocity 


57. (1) A person going for a morning jog on the deck of a cruise 
ship is running toward the bow (front) of the ship at 2.0 m/s 
while the ship is moving ahead at 8.5 m/s. What is the velocity 
of the jogger relative to the water? Later, the jogger is 
moving toward the stern (rear) of the ship. What is the 
jogger’s velocity relative to the water now? 


58. (I) Huck Finn walks at a 
speed of 0.70 m/s across 
his raft (that is, he walks 
perpendicular to the 
raft’s motion relative to 
the shore). The raft is 
traveling down the 
Mississippi River at a 
speed of 1.50m/s rela- 
tive to the river bank 
(Fig. 49). What is Huck’s 
velocity (speed and 
direction) relative to the 
river bank? 

FIGURE 49 
Problem 58. 


59, 


60. 


6l. 


62. 


63. 


64. 


(II) Determine the speed of the boat with respect to the 
shore in Example 14 of “Kinematics in Two or Three Dimen- 
sions; Vectors.” 

(II) Two planes approach each other head-on. Each has a 
speed of 780 km/h, and they spot each other when they are 
initially 12.0 km apart. How much time do the pilots have to 
take evasive action? 

(II) A child, who is 45m from the bank of a river, is being 
carried helplessly downstream by the river’s swift current of 
1.0 m/s. As the child passes a lifeguard on the river’s bank, 
the lifeguard starts swimming in a straight line until she 
reaches the child at a point downstream (Fig. 50). If 
the lifeguard can swim at a speed of 2.0 m/s relative to the 
water, how long does it take her to reach the child? How far 
downstream does the lifeguard intercept the child? 


} 45m 


FIGURE 50 Problem 61. 


(II) A passenger on a boat moving at 1.70 m/s on a still lake 
walks up a flight of stairs at a speed of 0.60 m/s, Fig. 51. The 
stairs are angled at 45° pointing in the direction of motion 
as shown. Write the vector velocity of the passenger relative 
to the water. 


FIGURE 51 Problem 62. 


(ID) A person in the passenger basket of a hot-air balloon 
throws a ball horizontally outward from the basket with 
speed 10.0m/s (Fig. 52). What initial velocity (magnitude 
and direction) does the ball have relative to a person 
standing on the ground (a) if the hot-air balloon is rising at 
5.0m/s relative to the ground during this throw, 
(b) if the hot-air balloon is descending at 5.0 m/s relative to 
the ground. 

(II) An airplane is heading due south at a speed of 580 km/h. 
If a wind begins blowing from the southwest at a speed of 
90.0 km/h (average), calculate (a) the velocity (magnitude 
and direction) of the plane, relative to the ground, and 
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(b) how far from its 
intended position it 
will be after 11.0 min 
if the pilot takes no 
corrective action. 
[Hint: First draw a 
diagram.] 


FIGURE 52 
Problem 63. 


65. (II) In what direction should the pilot aim the plane in 
Problem 64 so that it will fly due south? 


66. (II) Two cars approach a street corner at right angles to 
each other (see Fig. 35). Car 1 travels at 35km/h and 
car 2 at 45km/h. What is the relative velocity of car 1 
as seen by car 2? What is the velocity of car 2 relative to 


car 1? 
Vie 
6 


Vor 


fe VIE 


VIET V2 


(c) 


(a) 
FIGURE 35 Example 16. 


67. (II) A swimmer is capable of swimming 0.60 m/s in still 
water. (a) If she aims her body directly across a 55-m-wide 
river whose current is 0.50 m/s, how far downstream (from a 
point opposite her starting point) will she land? (b) How 
long will it take her to reach the other side? 


68. (II) (a) At what upstream angle must the swimmer in 
Problem 67 aim, if she is to arrive at a point directly across 
the stream? (b) How long will it take her? 


69. (II) A motorboat whose speed in still water is 3.40 m/s must 
aim upstream at an angle of 19.5° (with respect to a line 


perpendicular to the shore) in order to travel directly across 
the stream. (a) What is the speed of the current? (b) What is 
the resultant speed of the boat with respect to the shore? 
(See Fig. 31.) 


FIGURE 31 To move 
directly across the river, 
the boat must head 
upstream at an angle 0. 
Velocity vectors are shown 
as green arrows: 


Ygs = velocity of Boat 
with respect to 
the Shore, 


Ygw = Velocity of Boat 
with respect to 
the Water, 


Yws = Velocity of the 
Water with 
respect to the 
Shore (river 
current). 


70. (II) A boat, whose speed in still water is 2.70 m/s, must cross 
a 280-m-wide river and arrive at a point 120m upstream 
from where it starts (Fig. 53). To do so, the pilot must head 
the boat at a 45.0° upstream angle. What is the speed of the 
river’s current? 


I 
I 
I 
1 
I 
280m |! s/s 
1 
i 
1 
I 


FIGURE 53 
Problem 70. 


71. (III) An airplane, whose air speed is 580 km/h, is supposed 
to fly in a straight path 38.0° N of E. But a steady 72 km/h 
wind is blowing from the north. In what direction should the 
plane head? 


General Problems 


72. Two vectors, V; and V2, add to a resultant V = V, + Wp. 
Describe V, and Vj if (a) V = V, + V2, (b) V? = VÊ + V2, 
(QU += = V2. 

73. A plumber steps out of his truck, walks 66 m east and 35m 
south, and then takes an elevator 12 m into the subbasement 
of a building where a bad leak is occurring. What is the 
displacement of the plumber relative to his truck? Give 
your answer in components; also give the magnitude and 
angles, with respect to the x axis, in the vertical and horizontal 
plane. Assume x is east, y is north, and z is up. 

74. On mountainous downhill roads, escape routes are sometimes 
placed to the side of the road for trucks whose brakes might 
fail. Assuming a constant upward slope of 26°, calculate the 
horizontal and vertical components of the acceleration of a 
truck that slowed from 110 km/h to rest in 7.0s. See Fig. 54. 


Escape 
route ZZ 


Main road 
downhill 


FIGURE 54 
Problem 74. 


75. A light plane is headed due south with a speed relative to 
still air of 185km/h. After 1.00h, the pilot notices that 
they have covered only 135km and their direction is not 
south but southeast (45.0°). What is the wind velocity? 


76. 


TI. 


78. 


79. 


80. 


81. 


82. 
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An Olympic long jumper is capable of jumping 8.0m. 
Assuming his horizontal speed is 9.1 m/s as he leaves the 
ground, how long is he in the air and how high does he go? 
Assume that he lands standing upright—that is, the same 
way he left the ground. 

Romeo is chucking pebbles gently up to Juliet’s window, 
and he wants the pebbles 

to hit the window with 

only a horizontal compo- 

nent of velocity. He is oc 
standing at the edge of a 

rose garden 8.0m below 

her window and 9.0m 8.0m / | 


from the base of the wall 
(Fig. 55). How fast are 
the pebbles going when 
they hit her window? 


FIGURE 55 


Problem 77. k— 9.0 m ——+| 


Raindrops make an angle @ with the vertical when viewed 
through a moving train window (Fig. 56). If the speed of the 
train is vp, what is the 
speed of the raindrops 
in the reference frame 
of the Earth in which 
they are assumed to 
fall vertically? 


FIGURE 56 
Problem 78. 


Apollo astronauts took a “nine iron” to the Moon and hit a 
golf ball about 180m. Assuming that the swing, launch 
angle, and so on, were the same as on Earth where the same 
astronaut could hit it only 32m, estimate the acceleration 
due to gravity on the surface of the Moon. (We neglect air 
resistance in both cases, but on the Moon there is none.) 

A hunter aims directly at a target (on the same level) 68.0 m 
away. (a) If the bullet leaves the gun at a speed of 175 m/s, 
by how much will it miss the target? (b) At what angle 
should the gun be aimed so the target will be hit? 


The cliff divers of Acapulco 
push off horizontally from rock 
platforms about 35m above I 
the water, but they must clear 
rocky outcrops at water level 
that extend out into the water 
5.0 m from the base of the cliff 
directly under their launch point. 
See Fig. 57. What minimum 
pushoff speed is necessary to 
clear the rocks? How long are 


they in the air? 
FIGURE 57 
Problem 81. 


When Babe Ruth hit a homer over the 8.0-m-high right- 
field fence 98m from home plate, roughly what was the 
minimum speed of the ball when it left the bat? Assume the 
ball was hit 1.0m above the ground and its path initially 
made a 36° angle with the ground. 


83. 


84. 


The speed of a boat in still water is v. The boat is to make a 
round trip in a river whose current travels at speed u. Derive 
a formula for the time needed to make a round trip of total 
distance D if the boat makes the round trip by moving 
(a) upstream and back downstream, and (b) directly across 
the river and back. We must assume u < v; why? 

At serve, a tennis player aims to hit the ball horizontally. 
What minimum speed is required for the ball to clear the 
0.90-m-high net about 15.0 m from the server if the ball is 
“launched” from a height of 2.50m? Where will the ball 
land if it just clears the net (and will it be “good” in the 
sense that it lands within 7.0 m of the net)? How long will it 
be in the air? See Fig. 58. 


io” cat — 
2.50 m3 : Co 
| hi D 2 
H 15.0 m >— 7.0 m —+ 


85. 


FIGURE 59 
Problem 85. 


86. 


87. 


88. 


FIGURE 58 Problem 84. 


Spymaster Chris, flying a constant 208 km/h horizontally in 
a low-flying helicopter, wants to drop secret documents into 
her contact’s open car which is traveling 156km/h on a 
level highway 78.0 m below. At what angle (with the hori- 
zontal) should the car be in her sights when the packet is 
released (Fig. 59)? 


_208 km/h 


am 


Sa 78.0 m 


156 km/h 


A basketball leaves a player’s hands at a height of 2.10 m 
above the floor. The basket is 3.05m above the floor. The 
player likes to shoot the ball at a 38.0° angle. If the shot is 
made from a horizontal distance of 11.00m and must be 
accurate to + 0.22m (horizontally), what is the range of 
initial speeds allowed to make the basket? 
A particle has a velocity of ¥ = (—2.0î + 3.5tĵ)m/s. The 
particle starts at F = (1.5î = 3.1j)m at t = 0. Give the 
position and acceleration as a function of time. What is 
the shape of the resulting path? 
A projectile is 
launched from 
ground level 
to the top of a 
cliff which is 


Landing point 


195m away 
and 135m 
high (see Fig. 
60). If the 


projectile lands 
on top of the 


Vo, 
6 
FIGURE 60 61 = — 
Problem 88. S 
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cliff 6.6s after it is fired, find the initial velocity of the 
projectile (magnitude and direction). Neglect air resistance. 
In hot pursuit, Agent Logan of the FBI must get directly 
across a 1200-m-wide river in minimum time. The river’s 
current is 0.80 m/s, he can row a boat at 1.60 m/s, and he 
can run 3.00 m/s. Describe the path he should take (rowing 
plus running along the shore) for the minimum crossing 
time, and determine the minimum time. 

A boat can travel 2.20m/s in still water. (a) If the boat 
points its prow directly across a stream whose current is 
1.30 m/s, what is the velocity (magnitude and direction) of 
the boat relative to the shore? (b) What will be the position 
of the boat, relative to its point of origin, after 3.00 s? 

A boat is traveling where there is a current of 0.20 m/s east 
(Fig. 61). To avoid some offshore rocks, the boat must clear 
a buoy that is NNE (22.5°) and 3.0km away. The boat’s 
speed through still water is 2.1 m/s. If the boat wants to pass 
the buoy 0.15 km on its right, at what angle should the boat 
head? 


=> Current 
0.20 m/s 


Buoy. At 
re 


FIGURE 61 
Problem 91. 


A child runs down a 12° hill and then suddenly jumps upward 
at a 15° angle above horizontal and lands 1.4m down the hill 
as measured along the hill. What was the child’s initial speed? 
A basketball is shot from an initial height of 2.4m 
(Fig. 62) with an initial speed vp = 12 m/s directed at an 
angle fọ = 35° above the horizontal. (a) How far from the 
basket was the player if he made a basket? (b) At what 
angle to the horizontal did the ball enter the basket? 


FIGURE 62 
Problem 93. 


You are driving south on a highway at 25 m/s (approxi- 
mately 55 mi/h) in a snowstorm. When you last stopped, you 
noticed that the snow was coming down vertically, but it is 
passing the windows of the moving car at an angle of 37° to 
the horizontal. Estimate the speed of the snowflakes rela- 
tive to the car and relative to the ground. 

A rock is kicked horizontally at 15 m/s from a hill with a 
45° slope (Fig. 63). How long does it take for the rock to hit 
the ground? 
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FIGURE 63 
Problem 95. 


A batter hits a fly ball which leaves the bat 0.90 m above the 
ground at an angle of 61° with an initial speed of 28 m/s head- 
ing toward centerfield. Ignore air resistance. (a) How far from 
home plate would the ball land if not caught? (b) The ball is 
caught by the centerfielder who, starting at a distance of 105m 
from home plate, runs straight toward home plate at a constant 
speed and makes the catch at ground level. Find his speed. 


A ball is shot from the top of a building with an initial 
velocity of 18 m/s at an angle @ = 42° above the horizontal. 
(a) What are the horizontal and vertical components of the 
initial velocity? (b) If a nearby building is the same height 
and 55m away, how far below the top of the building will 
the ball strike the nearby building? 

At t = 0 a batter hits a baseball with an initial speed of 28 m/s 
at a 55° angle to the horizontal. An outfielder is 85m from 
the batter at £ = 0 and, as seen from home plate, the line of 
sight to the outfielder makes a horizontal angle of 22° with 
the plane in which the ball moves (see Fig. 64). What speed 
and direction must the fielder take to catch the ball at the same 
height from which it was struck? Give the angle with respect to 
the outfielder’s line of sight to home plate. 


Fielder runs 


to here ad 


FIGURE 64 
Problem 98. 


*Numerical/Computer 


*99, (II) Students shoot a plastic ball horizontally from a 


projectile launcher. They measure the distance x the ball 
travels horizontally, the distance y the ball falls vertically, 
and the total time ¢ the ball is in the air for six different 
heights of the projectile launcher. Here is their data. 


Time, Horizontal distance, Vertical distance, 
t (s) x (m) y m) 

0.217 0.642 0.260 

0.376 1.115 0.685 
0.398 1.140 0.800 

0.431 1.300 0.915 

0.478 1.420 1.150 

0.491 1.480 1.200 


(a) Determine the best-fit straight line that represents x as 
a function of t. What is the initial speed of the ball 
obtained from the best-fit straight line? (b) Determine the 


*100. 
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best-fit quadratic equation that represents y as a function 
of t. What is the acceleration of the ball in the vertical 


direction? 


(II) A shot-putter throws from a height h = 2.1m above 
the ground as shown in Fig. 65, with an initial speed of 
v = 13.5 m/s. (a) Derive a relation that describes how the 
distance traveled d depends on the release angle fp. 


(b) Using the given values for vp and h, use a graphing 
calculator or computer to plot d vs. 0). According to your 


plot, what value for 69 maximizes d? 


Answers to Odd-Numbered Problems 


1. 


286 km, 11° south of west. 


D 


west 


3. 10.1, —39.4°. 
5. (a) 
Vv, 
y 
BNS 
v, 
(b) =22.8, 9.85; 


11. 


13. 


15. 


17. 


19. 
21. 


23. 


(c) 24.8, 23.4° above the —x axis. 


. (a) 625 km/h, 553 km/h; 


(b) 1560 km, 1380 km. 


. (a) 4.2 at 315°; 


(b) 1.0î — 5.0j or 5.1 at 280°. 
(a) —53.7i + 1.31j or 53.7 at 1.4° 
above —x axis; 


(b) 53.7 — 1.31j or 53.7 at 1.4° 
below +x axis, they are 
opposite. 


(a) —92.5i — 19.4j or 94.5 at 11.8° 
below —x axis; 


(b) 122i — 86.6j or 150 at 35.3° 
below +x axis. 
(—2450 m)i + (3870 m)j 
+ (2450 m)k, 5190 m. 
(9.601 — 2.00tk) m/s, 
(—2.00k) m/s”. 
Parabola. 
(a) 4.0t m/s, 3.0t m/s; 
(b) 5.0t m/s; 
(c) (2.0071 + 1.5¢7j) m; 
(d) vy = 8.0m/s, vy = 6.0m/s, 
v= 10.0 m/s, i 
F = (8.01 + 6.0j) m. 
(a) (3.16î + 2.78ĵ) cm/s; 
(b) 4.21 cm/s at 41.3°. 


25. 


Vertical distance (m) } 


33. 
35. 
37. 
41. 


43. 
45. 


47. 


51. 
53. 


55. 


57. 
59. 
6l. 
63. 


(a) (6.0fi — 18.0£?ĵ) m/s, 
(6.01 — 36.0¢j) m/s?; 
(b) (19i — 94j) m, (15i — 110j) m/s. 


. 414m at —65.0°. 
. 44m, 6.9 m. 


185,72% 
2 


in 


= 


> 
in 


0 0.5 1 15 2 2.5 
Horizontal distance (m) 


2.26 s. 

22.3 m. 

39 m. 

(a) 12s; 

(b) 62 m. 

5.58. 

(a) (2.31 + 2.5j) m/s; 

(b) 5.3 m; 

(c) (2.31 — 10.2j) m/s. 

No, 0.76 m too low; 4.5 m to 

34.7 m. 

tan! gt/vo. 

(a) 50.0 m; 

(b) 6.39 s; 

(c) 221 m; 

(d) 38.3 m/s at 25.7°. 

1 - 1 e Tm 
tan { i 7 t 7 

(10.5 m/s)i, (6.5 m/s)i. 

1.41 m/s. 

23s, 23 m. 


(a) 11.2 m/s, 27° above the 
horizontal; 


(b) 11.2 m/s, 27° below the 
horizontal. 


FIGURE 65 Problem 100. 
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69. 


71. 
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75. 
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79. 
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83. 
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. 6.3°, west of south. 

(a) 46 m; 

(b) 92s. 

(a) 1.13 m/s; 

(b) 3.20 m/s. 

43.6° north of east. 

(66m)i — (35m)j — (12 m)k, 

76 m, 28° south of east, 9° below the 
horizontal. 


131 km/h, 43.1° north of east. 
7.0 m/s. 

1.8 m/s”. 

1.9 m/s, 2.7 s. 


54°. 
[(1.5 m)i — (2.0t m)i| 
+ [(-3.1m)j + (1.750? m)j, 
(3.5 m/s?)j,_ parabolic. 
Row at an angle of 24.9° upstream 
and run 104 m along the bank ina 
total time of 862 seconds. 


69.9° north of east. 

(a) 13m; 

(b) 31° below the horizontal. 

5.1s. 

(a) 13 m/s, 12 m/s; 

(b) 33 m. 

(a) x = (3.03t — 0.0265) m, 
3.03 m/s; 

(b) y = (0.158 — 0.855t + 6.09f?) m, 
12.2 m/s”. 
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The space shuttle Discovery is 
carried out into space by powerful 
rockets. They are accelerating, 
increasing in speed rapidly. To do so, 
a force must be exerted on them 
according to Newton’s second law, 
XF = ma. What exerts this force? 
The rocket engines exert a force on 
the gases they push out (expel) from 
the rear of the rockets (labeled For). 
According to Newton’s third law, 
these ejected gases exert an equal 
and opposite force on the rockets 
in the forward direction. It is this 
“reaction” force exerted on the 
rockets by the gases, labeled Fre: 
that accelerates the rockets forward. 


NASA/John F. Kennedy Space Center 
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Newton's Laws of Motion 


CHAPTER-OPENING QUESTIONS —Guess now! 


[Don't worry about getting the right answer now—the idea is to get your preconceived notions out on 


the table.] CONTENTS 
A 150-kg football player collides head-on with a 75-kg running back. During the 


1e ; ; 1 F 
collision, the heavier player exerts a force of magnitude F4 on the smaller player. S , 
` . 2 Newton’s First Law of 
If the smaller player exerts a force Fg back on the heavier player, which response Motion 
is most accurate? 
3 Mass 
(a) Fp = Fa. 4 Newton’s Second Law of 
(b) Fg < Fa. Motion 
(c) Fp > Fa 5 Newton’s Third Law of 
(d) Fg = 0. Motion 
(e) We need more information. 6  Weight—the Force of Gravity; 
, and the Normal Force 
Second Question: 7 Solving Problems with Newton’s 
A line by the poet T. S. Eliot (from Murder in the Cathedral) has the women of Laws: Free-Body Diagrams 
Canterbury say “the earth presses up against our feet.” What force is this? 8 Problem Solving—A 


(a) Gravity. General Approach 


(b) The normal force. 

(c) A friction force. 

(d) Centrifugal force. 

(e) No force—they are being poetic. 


From Chapter 4 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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Daly & Newton/Getty Images 


FIGURE 1 A force exerted ona 
grocery cart—in this case exerted by 
a person. 


FIGURE 2 A spring scale used to 


measure a force. 
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ecall how motion is described in terms of velocity and acceleration. Now 

we deal with the question of why objects move as they do: What makes an 

object at rest begin to move? What causes an object to accelerate or 

decelerate? What is involved when an object moves in a curved path? We 
can answer in each case that a force is required. In this Chapter’, we will investigate 
the connection between force and motion, which is the subject called dynamics. 


1 Force 


Intuitively, we experience force as any kind of a push or a pull on an object. When 
you push a stalled car or a grocery cart (Fig. 1), you are exerting a force on it. 
When a motor lifts an elevator, or a hammer hits a nail, or the wind blows the 
leaves of a tree, a force is being exerted. We often call these contact forces because 
the force is exerted when one object comes in contact with another object. On the 
other hand, we say that an object falls because of the force of gravity. 

If an object is at rest, to start it moving requires force—that is, a force is 
needed to accelerate an object from zero velocity to a nonzero velocity. For an 
object already moving, if you want to change its velocity—either in direction or in 
magnitude—a force is required. In other words, to accelerate an object, a force is 
always required. In Section 4 we discuss the precise relation between acceleration 
and net force, which is Newton’s second law. 

One way to measure the magnitude (or strength) of a force is to use a spring 
scale (Fig. 2). Normally, such a spring scale is used to find the weight of an object; 
by weight we mean the force of gravity acting on the object (Section 6). The spring 
scale, once calibrated, can be used to measure other kinds of forces as well, such as 
the pulling force shown in Fig. 2. 

A force exerted in a different direction has a different effect. Force has 
direction as well as magnitude, and is indeed a vector that follows the rules of 
vector addition. We can represent any force on a diagram by an arrow, just as we do 
with velocity. The direction of the arrow is the direction of the push or pull, and its 
length is drawn proportional to the magnitude of the force. 


012345678910 


2 Newton’s First Law of Motion 


What is the relationship between force and motion? Aristotle (384-322 B.c.) 
believed that a force was required to keep an object moving along a horizontal 
plane. To Aristotle, the natural state of an object was at rest, and a force was 
believed necessary to keep an object in motion. Furthermore, Aristotle argued, the 
greater the force on the object, the greater its speed. 

Some 2000 years later, Galileo disagreed: he maintained that it is just as natural 
for an object to be in motion with a constant velocity as it is for it to be at rest. 

To understand Galileo’s idea, consider the following observations involving 
motion along a horizontal plane. To push an object with a rough surface along a 


*We treat everyday objects in motion here; the treatment of the submicroscopic world of atoms 
and molecules, and when velocities are extremely high, close to the speed of light (3.0 x 108 m/s), are 
treated using quantum theory and the theory of relativity. 


Dynamics: Newton's Laws of Motion 


tabletop at constant speed requires a certain amount of force. To push an equally 
heavy object with a very smooth surface across the table at the same speed will 
require less force. If a layer of oil or other lubricant is placed between the surface of 
the object and the table, then almost no force is required to keep the object moving. 
Notice that in each successive step, less force is required. As the next step, we imagine 
that the object does not rub against the table at all—or there is a perfect lubricant 
between the object and the table—and theorize that once started, the object would 
move across the table at constant speed with no force applied. A steel ball bearing 
rolling on a hard horizontal surface approaches this situation. So does a puck on an 
air table, in which a thin layer of air reduces friction almost to zero. 

It was Galileo’s genius to imagine such an idealized world—in this case, one 
where there is no friction—and to see that it could lead to a more accurate and 
richer understanding of the real world. This idealization led him to his remarkable 
conclusion that if no force is applied to a moving object, it will continue to move 
with constant speed in a straight line. An object slows down only if a force is exerted 
on it. Galileo thus interpreted friction as a force akin to ordinary pushes and pulls. 

To push an object across a table at constant speed requires a force from your 
hand that can balance out the force of friction (Fig. 3). When the object moves at 
constant speed, your pushing force is equal in magnitude to the friction force, but 
these two forces are in opposite directions, so the net force on the object (the 
vector sum of the two forces) is zero. This is consistent with Galileo’s viewpoint, 
for the object moves with constant speed when no net force is exerted on it. 

Upon this foundation laid by Galileo, Isaac Newton (Fig. 4) built his great 
theory of motion. Newton’s analysis of motion is summarized in his famous “three 
laws of motion.” In his great work, the Principia (published in 1687), Newton 
readily acknowledged his debt to Galileo. In fact, Newton’s first law of motion is 
close to Galileo’s conclusions. It states that 


Every object continues in its state of rest, or of uniform velocity in a straight 
line, as long as no net force acts on it. 


The tendency of an object to maintain its state of rest or of uniform velocity in a straight line 
is called inertia. As a result, Newton’s first law is often called the law of inertia. 


Newton’s first law. A school bus comes to a 
sudden stop, and all of the backpacks on the floor start to slide forward. What force 
causes them to do that? 

RESPONSE It isn’t “force” that does it. By Newton’s first law, the backpacks 
continue their state of motion, maintaining their velocity. The backpacks slow 
down if a force is applied, such as friction with the floor. 


Inertial Reference Frames 


Newton’s first law does not hold in every reference frame. For example, if your 
reference frame is fixed in an accelerating car, an object such as a cup resting on the 
dashboard may begin to move toward you (it stayed at rest as long as the car’s 
velocity remained constant). The cup accelerated toward you, but neither you nor 
anything else exerted a force on it in that direction. Similarly, in the reference frame 
of the decelerating bus in Example 1, there was no force pushing the backpacks 
forward. In accelerating reference frames, Newton’s first law does not hold. Refer- 
ence frames in which Newton’s first law does hold are called inertial reference 
frames (the law of inertia is valid in them). For most purposes, we usually make the 
approximation that a reference frame fixed on the Earth is an inertial frame. This is 
not precisely true, due to the Earth’s rotation, but usually it is close enough. 

Any reference frame that moves with constant velocity (say, a car or an 
airplane) relative to an inertial frame is also an inertial reference frame. Reference 
frames where the law of inertia does not hold, such as the accelerating reference 
frames discussed above, are called noninertial reference frames. How can we be 
sure a reference frame is inertial or not? By checking to see if Newton’s first law 
holds. Thus Newton’s first law serves as the definition of inertial reference frames. 


F 


FIGURE 3 F represents the force 
applied by the person and Ffr 
represents the force of friction. 


NEWTON’S FIRST LAW 
OF MOTION 


FIGURE 4 
Isaac Newton (1642-1727). 


Bettmann/Corbis 


103 


104 


A CAUTION 
Distinguish mass from weight 


Gerard Vandystadt/Agence Vandystadt/Photo 
Researchers, Inc. 


b 


FIGURE 5 The bobsled accelerates 
because the team exerts a force. 


NEWTON’S SECOND LAW 
OF MOTION 


Dynamics: Newton's Laws of Motion 


3 Mass 


Newton’s second law, which we come to in the next Section, makes use of the 
concept of mass. Newton used the term mass as a synonym for quantity of matter. 
This intuitive notion of the mass of an object is not very precise because the 
concept “quantity of matter” is not very well defined. More precisely, we can say 
that mass is a measure of the inertia of an object. The more mass an object has, the 
greater the force needed to give it a particular acceleration. It is harder to start it 
moving from rest, or to stop it when it is moving, or to change its velocity sideways 
out of a straight-line path. A truck has much more inertia than a baseball moving 
at the same speed, and a much greater force is needed to change the truck’s 
velocity at the same rate as the ball’s. The truck therefore has much more mass. 

To quantify the concept of mass, we must define a standard. In SI units, the 
unit of mass is the kilogram (kg). 

The terms mass and weight are often confused with one another, but it is 
important to distinguish between them. Mass is a property of an object itself 
(a measure of an object’s inertia, or its “quantity of matter”). Weight, on the other 
hand, is a force, the pull of gravity acting on an object. To see the difference, 
suppose we take an object to the Moon. The object will weigh only about one-sixth 
as much as it did on Earth, since the force of gravity is weaker. But its mass will be 
the same. It will have the same amount of matter as on Earth, and will have just as 
much inertia—for in the absence of friction, it will be just as hard to start it 
moving on the Moon as on Earth, or to stop it once it is moving. (More on weight 
in Section 6.) 


4 Newton’s Second Law of Motion 


Newton’s first law states that if no net force is acting on an object at rest, the 
object remains at rest; or if the object is moving, it continues moving with constant 
speed in a straight line. But what happens if a net force is exerted on an object? 
Newton perceived that the object’s velocity will change (Fig. 5). A net force 
exerted on an object may make its velocity increase. Or, if the net force is in a 
direction opposite to the motion, the force will reduce the object’s velocity. If the 
net force acts sideways on a moving object, the direction of the object’s velocity 
changes (and the magnitude may as well). Since a change in velocity is an accelera- 
tion, we can say that a net force causes acceleration. 

What precisely is the relationship between acceleration and force? Everyday 
experience can suggest an answer. Consider the force required to push a cart when 
friction is small enough to ignore. (If there is friction, consider the net force, which 
is the force you exert minus the force of friction.) If you push the cart with a gentle 
but constant force for a certain period of time, you will make the cart accelerate 
from rest up to some speed, say 3 km/h. If you push with twice the force, the cart 
will reach 3 km/h in half the time. The acceleration will be twice as great. If you 
triple the force, the acceleration is tripled, and so on. Thus, the acceleration of an 
object is directly proportional to the net applied force. But the acceleration 
depends on the mass of the object as well. If you push an empty grocery cart with 
the same force as you push one that is filled with groceries, you will find that the 
full cart accelerates more slowly. The greater the mass, the less the acceleration for 
the same net force. The mathematical relation, as Newton argued, is that the 
acceleration of an object is inversely proportional to its mass. These relationships 
are found to hold in general and can be summarized as follows: 


The acceleration of an object is directly proportional to the net force acting 
on it, and is inversely proportional to the object’s mass. The direction of the 
acceleration is in the direction of the net force acting on the object. 


This is Newton’s second law of motion. 
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Newton’s second law can be written as an equation: 
=F 
at 
where a stands for acceleration, m for the mass, and =F for the net force on the object. 
The symbol £ (Greek “sigma”) stands for “sum of”; F stands for force, so XF means 
the vector sum of all forces acting on the object, which we define as the net force. 

We rearrange this equation to obtain the familiar statement of Newton’s 
second law: 


a= 


SF = ma. (da) 
Newton’s second law relates the description of motion (acceleration) to the cause 
of motion (force). It is one of the most fundamental relationships in physics. From 
Newton’s second law we can make a more precise definition of force as an action 
capable of accelerating an object. 

Every force F is a vector, with magnitude and direction. Equation 1a is a 
vector equation valid in any inertial reference frame. It can be written in component 
form in rectangular coordinates as 

XF, = may, XF, = may, XF, = maz, (1b) 
where 

F = F,it+ Fyj + F,k 
The component of acceleration in each direction is affected only by the component 
of the net force in that direction. 

In SI units, with the mass in kilograms, the unit of force is called the newton (N). 
One newton, then, is the force required to impart an acceleration of 1 m/s” to a 
mass of 1 kg. Thus 1N = 1 kg-m/s’. 

In cgs units, the unit of mass is the gram (g) as mentioned earlier." The unit of force is the 
dyne, which is defined as the net force needed to impart an acceleration of 1 cm/s” to a mass 
of 1g.Thus 1 dyne = 1g-cm/s’. It is easy to show that 1 dyne = 10% N. 

In the British system, the unit of force is the pound (abbreviated Ib), where 
11b = 4.448222 N ~ 4.45N. The unit of mass is the slug, which is defined as that 
mass which will undergo an acceleration of 1 ft/s? when a force of 1 lb is applied to 
it. Thus 1 lb = 1 slug- ft/s’. Table 1 summarizes the units in the different systems. 

It is very important that only one set of units be used in a given calculation or problem, 
with the SI being preferred. If the force is given in, say, newtons, and the mass in grams, then 
before attempting to solve for the acceleration in SI units, we must change the mass to kilo- 
grams. For example, if the force is given as 2.0N along the x axis and the mass is 500 g, we 
change the latter to 0.50kg, and the acceleration will then automatically come out in m/s” 
when Newton’s second law is used: 

=F, 2.0N 2.0 kg-m/s” 


= “2 = = = 40m/s, 
“xm (0.50 kg 0.50 kg me 


G12 PA ESTIMATE | Force to accelerate a fast car. Estimate the net force 
needed to accelerate (a) a 1000-kg car at +g; (b) a 200-g apple at the same rate. 


APPROACH We use Newton’s second law to find the net force needed for 
each object. This is an estimate (the } is not said to be precise) so we round off to 
one significant figure. 
SOLUTION (a) The car’s acceleration is a = }g = }(9.8 m/s?) ~ 5m/s?. We use 
Newton’s second law to get the net force needed to achieve this acceleration: 
=F = ma ~ (1000kg)(5 m/s’) = 5000N. 
(If you are used to British units, to get an idea of what a 5000-N force is, you can 
divide by 4.45 N/Ib and get a force of about 1000 Ib.) 
(b) For the apple, m = 200 g = 0.2kg, so 
=F = ma ~ (0.2kg)(Sm/s’) = 1N. 


‘Be careful not to confuse g for gram with g for the acceleration due to gravity. The latter is always 
italicized (or boldface when a vector). 
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OF MOTION 


TABLE 1 
Units for Mass and Force 


System Mass Force 


SI kilogram newton (N) 
(kg) (= kg:m/s°) 
cgs gram (g) dyne 
(=g-cm/s’) 


British slug pound (lb) 


Conversion factors: 1 dyne = 10> N; 
1lb ~ 4.45N. 


PROBLEM SOLVING 


Use a consistent set of units 
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Force to stop a car. What average net force is required to 
bring a 1500-kg car to rest from a speed of 100 km/h within a distance of 55 m? 


APPROACH We use Newton’s second law, =F = ma, to determine the force, 
but first we need to calculate the acceleration a. We assume the acceleration is 
constant, so we can use the kinematic equation, to calculate it. 


vo = 100 km/h v=0 
o> m i 


FIGURE 6 
Example 3. 


SOLUTION We assume the motion is along the +x axis (Fig. 6). We are given the 
initial velocity vj = 100km/h = 27.8 m/s, the final velocity v = 0, and the 
distance traveled x — x) = 55m. We have 


wv = vi + 2a(x — xo), 
so 
wv — v 0- (27.8 m/s) 
= = = =7.0 2 
TT Ax xo) 265m) mis 


The net force required is then 
=F = ma = (1500kg)(—7.0m/s?) = —1.1 x 10'N. 


The force must be exerted in the direction opposite to the initial velocity, which is 
what the negative sign means. 


NOTE If the acceleration is not precisely constant, then we are determining an 
“average” acceleration and we obtain an “average” net force. 


Newton’s second law, like the first law, is valid only in inertial reference frames 
(Section 2). In the noninertial reference frame of an accelerating car, for example, 
a cup on the dashboard starts sliding—it accelerates—even though the net force 
on it is zero; thus SF = ma doesn’t work in such an accelerating reference frame 
(=F = 0, but a # 0 in this noninertial frame). 


EXERCISE A Suppose you watch a cup slide on the (smooth) dashboard of an accelerating car 
as we just discussed, but this time from an inertial reference frame outside the car, on the 
street. From your inertial frame, Newton’s laws are valid. What force pushes the cup off 
the dashboard? 


Precise Definition of Mass 


As mentioned in Section 3, we can quantify the concept of mass using its definition 
as a measure of inertia. How to do this is evident from Eq. 1a, where we see that 
the acceleration of an object is inversely proportional to its mass. If the same net 
force =F acts to accelerate each of two masses, m, and m,, then the ratio of their 
masses can be defined as the inverse ratio of their accelerations: 

m a 


m M 
If one of the masses is known (it could be the standard kilogram) and the two 
accelerations are precisely measured, then the unknown mass is obtained from this 
definition. For example, if m, = 1.00 kg, and for a particular force a, = 3.00 m/s? 
and a = 2.00m/s’, then m, = 1.50 kg. 


Dynamics: Newton's Laws of Motion 


5 Newton’s Third Law of Motion 


Newton’s second law of motion describes quantitatively how forces affect motion. But 
where, we may ask, do forces come from? Observations suggest that a force exerted on 
any object is always exerted by another object. A horse pulls a wagon, a person pushes 
a grocery cart, a hammer pushes on a nail, a magnet attracts a paper clip. In each of 
these examples, a force is exerted on one object, and that force is exerted by another 
object. For example, the force exerted on the nail is exerted by the hammer. 

But Newton realized that things are not so one-sided. True, the hammer exerts 
a force on the nail (Fig. 7). But the nail evidently exerts a force back on the 
hammer as well, for the hammer’s speed is rapidly reduced to zero upon contact. 
Only a strong force could cause such a rapid deceleration of the hammer. Thus, 
said Newton, the two objects must be treated on an equal basis. The hammer 
exerts a force on the nail, and the nail exerts a force back on the hammer. This is 
the essence of Newton’s third law of motion: 


Whenever one object exerts a force on a second object, the second exerts an 
equal force in the opposite direction on the first. 


This law is sometimes paraphrased as “to every action there is an equal and 
opposite reaction.” This is perfectly valid. But to avoid confusion, it is very 
important to remember that the “action” force and the “reaction” force are 
acting on different objects. 

As evidence for the validity of Newton’s third law, look at your hand when 
you push against the edge of a desk, Fig. 8. Your hand’s shape is distorted, clear 
evidence that a force is being exerted on it. You can see the edge of the desk 
pressing into your hand. You can even feel the desk exerting a force on your hand; 
it hurts! The harder you push against the desk, the harder the desk pushes back on 
your hand. (You only feel forces exerted on you; when you exert a force on 
another object, what you feel is that object pushing back on you.) 


Force exerted 
on hand 
by desk 


FIGURE 8 If your hand pushes 
against the edge of a desk (the 
force vector is shown in red), the 
desk pushes back against your 
hand (this force vector is shown 
in a different color, violet, 

to remind us that this force 

acts on a different object). 


Force exerted 
on desk by hand 


The force the desk exerts on your hand has the same magnitude as the force 
your hand exerts on the desk. This is true not only if the desk is at rest but is true 
even if the desk is accelerating due to the force your hand exerts. 

As another demonstration of Newton’s third law, consider the ice skater in 
Fig. 9. There is very little friction between her skates and the ice, so she will move 
freely if a force is exerted on her. She pushes against the wall; and then she starts 
moving backward. The force she exerts on the wall cannot make her start moving, 
for that force acts on the wall. Something had to exert a force on her to start her 
moving, and that force could only have been exerted by the wall. The force with 
which the wall pushes on her is, by Newton’s third law, equal and opposite to the 
force she exerts on the wall. 

When a person throws a package out of a small boat (initially at rest), the boat 
starts moving in the opposite direction. The person exerts a force on the package. The 
package exerts an equal and opposite force back on the person, and this force 
propels the person (and the boat) backward slightly. 


David Jones/Photo Researchers, Inc. 


FIGURE 7 A hammer striking a nail. 
The hammer exerts a force on the nail 
and the nail exerts a force back on the 
hammer. The latter force decelerates the 
hammer and brings it to rest. 


NEWTON'S THIRD LAW 
OF MOTION 


A CAUTION 
Action and reaction forces act 
on different objects 


FIGURE9 An example of 
Newton’s third law: when an ice 
skater pushes against the wall, the 
wall pushes back and this force 
causes her to accelerate away. 


~ Force Force 
dn on 
skater wall 
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Horizontal 
force exerted 


FIGURE 10 Another example of 
Newton’s third law: the launch of a 
rocket. The rocket engine pushes the 
gases downward, and the gases exert 
an equal and opposite force upward 
on the rocket, accelerating it upward. 
(A rocket does not accelerate as a 
result of its propelling gases pushing 
against the ground.) 


FIGURE 11 We can walk forward 
because, when one foot pushes 
backward against the ground, the 
ground pushes forward on that foot 
(Newton’s third law). The two forces 
shown act on different objects. 


PRNG 


Horizontal 


OF MOTION 


NASA/John F Kennedy Space Center 


force exerted 


on the ground on the 
by person’s person’s foot 
foot by the ground 
Fop Fpa 
NEWTON’S THIRD LAW 


Dynamics: Newton's Laws of Motion 


Rocket propulsion also is explained using Newton’s third law (Fig. 10). A 
common misconception is that rockets accelerate because the gases rushing out 
the back of the engine push against the ground or the atmosphere. Not true. What 
happens, instead, is that a rocket exerts a strong force on the gases, expelling them; 
and the gases exert an equal and opposite force on the rocket. It is this latter force 
that propels the rocket forward—the force exerted on the rocket by the gases (see 
Chapter-Opening photo). Thus, a space vehicle is maneuvered in empty space by firing its 
rockets in the direction opposite to that in which it needs to accelerate. When the rocket 
pushes on the gases in one direction, the gases push back on the rocket in the opposite direc- 
tion. Jet aircraft too accelerate because the gases they thrust out backwards exert a forward 
force on the engines (Newton’s third law). 

Consider how we walk. A person begins walking by pushing with the foot 
backward against the ground. The ground then exerts an equal and opposite force 
forward on the person (Fig. 11), and it is this force, on the person, that moves the 
person forward. (If you doubt this, try walking normally where there is no friction, 
such as on very smooth slippery ice.) In a similar way, a bird flies forward by 
exerting a backward force on the air, but it is the air pushing forward (Newton’s 
third law) on the bird’s wings that propels the bird forward. 


CONCEPTUAL EXAMPLE 4 


makes a car go forward? 


What exerts the force to move a car? What 


RESPONSE A common answer is that the engine makes the car move forward. 
But it is not so simple. The engine makes the wheels go around. But if the tires 
are on slick ice or deep mud, they just spin. Friction is needed. On firm ground, 
the tires push backward against the ground because of friction. By Newton’s third 
law, the ground pushes on the tires in the opposite direction, accelerating the car 
forward. 


We tend to associate forces with active objects such as humans, animals, engines, 
or a moving object like a hammer. It is often difficult to see how an inanimate object 
at rest, such as a wall or a desk, or the wall of an ice rink (Fig. 9), can exert a force. 
The explanation is that every material, no matter how hard, is elastic (springy) at 
least to some degree. A stretched rubber band can exert a force on a wad of paper 
and accelerate it to fly across the room. Other materials may not stretch as readily 
as rubber, but they do stretch or compress when a force is applied to them. And 
just as a stretched rubber band exerts a force, so does a stretched (or compressed) 
wall, desk, or car fender. 

From the examples discussed above, we can see how important it is to 
remember on what object a given force is exerted and by what object that force is 
exerted. A force influences the motion of an object only when it is applied on that 
object. A force exerted by an object does not influence that same object; it only 
influences the other object on which it is exerted. Thus, to avoid confusion, the two 
prepositions on and by must always be used—and used with care. 

One way to keep clear which force acts on which object is to use double 
subscripts. For example, the force exerted on the Person by the Ground as the 
person walks in Fig. 11 can be labeled Fpg. And the force exerted on the ground 
by the person is Fop. By Newton’s third law 


Fop = ire (2) 


Fop and Fp, have the same magnitude (Newton’s third law), and the minus sign 
reminds us that these two forces are in opposite directions. 

Note carefully that the two forces shown in Fig. 11 act on different objects— 
hence we used slightly different colors for the vector arrows representing these 
forces. These two forces would never appear together in a sum of forces in 
Newton’s second law, =F = ma. Why not? Because they act on different objects: 
a is the acceleration of one particular object, and =F must include only the forces 
on that one object. 


Dynamics: Newton's Laws of Motion 


Force on 
Force on sled assistant 
exerted by exerted 


assistant by sled 


Friction Force on Force on Force on 


force on ground ground assistant 

sled exerted exerted exerted exerted 

by ground by sled by assistant by ground 
(= - Fag) 


Third law clarification. Michelangelo’s assistant has 
been assigned the task of moving a block of marble using a sled (Fig. 12). 
He says to his boss, “When I exert a forward force on the sled, the sled exerts 
an equal and opposite force backward. So how can I ever start it moving? No 
matter how hard I pull, the backward reaction force always equals my 
forward force, so the net force must be zero. Pll never be able to move this load.” 
Is he correct? 


RESPONSE No. Although it is true that the action and reaction forces are 
equal in magnitude, the assistant has forgotten that they are exerted on 
different objects. The forward (“action”) force is exerted by the assistant on 
the sled (Fig. 12), whereas the backward “reaction” force is exerted by the sled 
on the assistant. To determine if the assistant moves or not, we must consider 
only the forces on the assistant and then apply =F = ma, where XF is the net 
force on the assistant, a is the acceleration of the assistant, and m is the assis- 
tant’s mass. There are two forces on the assistant that affect his forward 
motion; they are shown as bright red (magenta) arrows in Figs. 12 and 13: they 
are (1) the horizontal force F,, exerted on the assistant by the ground (the 
harder he pushes backward against the ground, the harder the ground pushes 
forward on him—Newton’s third law), and (2) the force Fas exerted on the 
assistant by the sled, pulling backward on him; see Fig. 13. If he pushes hard 
enough on the ground, the force on him exerted by the ground, Fag, will be 
larger than the sled pulling back, F,,, and the assistant accelerates 

forward (Newton’s second law). The sled, on the other hand, accelerates 
forward when the force on it exerted by the assistant is greater than the fric- 
tional force exerted backward on it by the ground (that is, when Fe, has 
greater magnitude than Fc, in Fig. 12). 


Using double subscripts to clarify Newton’s third law can become cumbersome, 
and we won’t usually use them in this way. We will usually use a single subscript 
referring to what exerts the force on the object being discussed. Nevertheless, if 
there is any confusion in your mind about a given force, go ahead and use two 
subscripts to identify on what object and by what object the force is exerted. 


EXERCISE B Return to the first Chapter-Opening Question, and answer it again now. Try 
to explain why you may have answered differently the first time. 


EXERCISE C A massive truck collides head-on with a small sports car. (a) Which vehicle 
experiences the greater force of impact? (b) Which experiences the greater acceleration 
during the impact? (c) Which of Newton’s laws are useful to obtain the correct answers? 


EXERCISE D If you push on a heavy desk, does it always push back on you? (a) Not unless 
someone else also pushes on it. (b) Yes, if it is out in space. (c) A desk never pushes to 
start with. (d) No. (e) Yes. 


FIGURE 12 Example 5, showing 
only horizontal forces. Michelangelo 
has selected a fine block of marble 
for his next sculpture. Shown here is 
his assistant pulling it on a sled away 
from the quarry. Forces on the 
assistant are shown as red (magenta) 
arrows. Forces on the sled are purple 
arrows. Forces acting on the ground 
are orange arrows. Action—reaction 
forces that are equal and opposite 
are labeled by the same subscripts 
but reversed (such as Fg, and F<) 
and are of different colors because 
they act on different objects. 


PROBLEM SOLVING 


A study of Newton’s second and 
third laws 


Force on 
assistant 
exerted 

by sled 


Force on 
assistant 
exerted 
by ground 


FIGURE 13 Example 5. The 
horizontal forces on the assistant. 
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FIGURE 14 (a) The net force on an 
object at rest is zero according to 
Newton’s second law. Therefore the 
downward force of gravity (Fc) on 
an object at rest must be balanced 
by an upward force (the normal 
force Fy) exerted by the table in this 
case. (b) Fy is the force exerted on 
the table by the statue and is the 
reaction force to Fy by Newton’s 
third law. (Fy is shown in a different 
color to remind us it acts on a 
different object.) The reaction force 
to Fg is not shown. 


at} 
Fy 
b) 


A CAUTION 


Weight and normal force are not 
action—reaction pairs 


Dynamics: Newton's Laws of Motion 


6 Weight—the Force of Gravity; and 
the Normal Force 


Galileo claimed that all objects dropped near the surface of the Earth would fall 
with the same acceleration, g, if air resistance was negligible. The force that causes 
this acceleration is called the force of gravity or gravitational force. What exerts the 
gravitational force on an object? It is the Earth, and the force acts vertically’ down- 
ward, toward the center of the Earth. Let us apply Newton’s second law to an object 
of mass m falling freely due to gravity. For the acceleration, a, we use the downward 
acceleration due to gravity, 8. Thus, the gravitational force on an object, Fg, can be 
written as 

Fo = mg. (3) 
The direction of this force is down toward the center of the Earth. The magnitude 
of the force of gravity on an object, mg, is commonly called the object’s weight. 

In SI units, g = 9.80 m/s? = 9.80 N/kg, * so the weight of a 1.00-kg mass on 
Earth is 1.00kg X 9.80m/s* = 9.80N. We will mainly be concerned with the 
weight of objects on Earth, but we note that on the Moon, on other planets, or in 
space, the weight of a given mass will be different than it is on Earth. For example, 
on the Moon the acceleration due to gravity is about one-sixth what it is on Earth, 
and a 1.0-kg mass weighs only 1.6 N. Although we will not use British units, we 
note that for practical purposes on the Earth, a mass of 1 kg weighs about 2.2 lb. 
(On the Moon, 1 kg weighs only about 0.4 Ib.) 

The force of gravity acts on an object when it is falling. When an object is at 
rest on the Earth, the gravitational force on it does not disappear, as we know if 
we weigh it on a spring scale. The same force, given by Eq. 3, continues to act. Why, 
then, doesn’t the object move? From Newton’s second law, the net force on an 
object that remains at rest is zero. There must be another force on the object to 
balance the gravitational force. For an object resting on a table, the table exerts 
this upward force; see Fig. 14a. The table is compressed slightly beneath the object, 
and due to its elasticity, it pushes up on the object as shown. The force exerted by 
the table is often called a contact force, since it occurs when two objects are in 
contact. (The force of your hand pushing on a cart is also a contact force.) When a 
contact force acts perpendicular to the common surface of contact, it is referred 
to as the normal force (“normal” means perpendicular); hence it is labeled Fy in 
Fig. 14a. 

The two forces shown in Fig. 14a are both acting on the statue, which 
remains at rest, so the vector sum of these two forces must be zero (Newton’s 
second law). Hence Fo and Fy must be of equal magnitude and in opposite direc- 
tions. But they are not the equal and opposite forces spoken of in Newton’s third 
law. The action and reaction forces of Newton’s third law act on different objects, 
whereas the two forces shown in Fig. 14a act on the same object. For each of the 
forces shown in Fig. 14a, we can ask, “What is the reaction force?” The upward 
force, Fy, on the statue is exerted by the table. The reaction to this force is a force 
exerted by the statue downward on the table. It is shown in Fig. 14b, where it is 
labeled Fy. This force, Fy, exerted on the table by the statue, is the reaction force 
to Fy in accord with Newton’s third law. What about the other force on the statue, 
the force of gravity Fg exerted by the Earth? Can you guess what the reaction is to 
this force? The reaction force is also a gravitational force, exerted on the Earth by 
the statue. 


EXERCISE E Return to the second Chapter-Opening Question, and answer it again now. 
Try to explain why you may have answered differently the first time. 


‘The concept of “vertical” is tied to gravity. The best definition of vertical is that it is the direction in 
which objects fall. A surface that is “horizontal,” on the other hand, is a surface on which a round object 
won’t start rolling: gravity has no effect. Horizontal is perpendicular to vertical. 


*Since 1N = 1kg-m/s* (Section 4), then 1 m/s? = 1N/kg. 


Dynamics: Newton’s Laws of Motion 


Weight, normal force, and a box. A friend has given you 
a special gift, a box of mass 10.0kg with a mystery surprise inside. The box 
is resting on the smooth (frictionless) horizontal surface of a table (Fig. 15a). 
(a) Determine the weight of the box and the normal force exerted on it by the 
table. (b) Now your friend pushes down on the box with a force of 40.0 N, as in 
Fig. 15b. Again determine the normal force exerted on the box by the table. (c) 
If your friend pulls upward on the box with a force of 40.0 N (Fig. 15c), what now 
is the normal force exerted on the box by the table? 


APPROACH The box is at rest on the table, so the net force on the box in each 
case is zero (Newton’s second law). The weight of the box has magnitude mg in 
all three cases. 
SOLUTION (a) The weight of the box is mg = (10.0kg)(9.80 m/s’) = 98.0N, 
and this force acts downward. The only other force on the box is the normal force 
exerted upward on it by the table, as shown in Fig. 15a. We chose the upward 
direction as the positive y direction; then the net force XF, on the box is 
=F, = Fy — mg;the minus sign means mg acts in the negative y direction 
(m and g are magnitudes). The box is at rest, so the net force on it must be zero 
(Newton’s second law, =F = may, and ay = 0). Thus 
XF, = may 

Fy — mg = 0, 
so we have 

Fy = mg. 
The normal force on the box, exerted by the table, is 98.0N upward, and has 
magnitude equal to the box’s weight. 
(b) Your friend is pushing down on the box with a force of 40.0 N. So instead of 
only two forces acting on the box, now there are three forces acting on the box, 
as shown in Fig. 15b. The weight of the box is still mg = 98.0N. The net force is 
XF, = Fy — mg — 40.0N, and is equal to zero because the box remains at rest 
(a = 0). Newton’s second law gives 


XF, = Fy — mg — 40.0N = 0. 


We solve this equation for the normal force: 

Fy = mg + 40.0N = 98.0N + 40.0N = 138.0N, 
which is greater than in (a). The table pushes back with more force when a person 
pushes down on the box. The normal force is not always equal to the weight! 


(c) The box’s weight is still 98.0 N and acts downward. The force exerted by your 
friend and the normal force both act upward (positive direction), as shown in 
Fig. 15c. The box doesn’t move since your friend’s upward force is less than the 
weight. The net force, again set to zero in Newton’s second law because a = 0, is 


XF, = Fy — mg + 40.0N = 0, 


so 
Fy = mg — 40.0N = 98.0N — 40.0N = 58.0N. 


The table does not push against the full weight of the box because of the upward 
pull exerted by your friend. 


NOTE The weight of the box (= mg) does not change as a result of your friend’s 
push or pull. Only the normal force is affected. 


Recall that the normal force is elastic in origin (the table in Fig. 15 sags 
slightly under the weight of the box). The normal force in Example 6 is vertical, 
perpendicular to the horizontal table. The normal force is not always vertical, 
however. When you push against a wall, for example, the normal force with 
which the wall pushes back on you is horizontal (Fig. 9). For an object on a plane 
inclined at an angle to the horizontal, such as a skier or car on a hill, the normal 
force acts perpendicular to the plane and so is not vertical. 


mg 
(a) SF, = Fy — mg = 0 


Nt 


(b) ZF, = Fy ~ mg — 40.0N = 0 


mg 


(c) =F, = Fy = mg + 40.0N =0 


FIGURE 15 Example 6. 

(a) A 10-kg gift box is at rest on a 
table. (b) A person pushes down on 
the box with a force of 40.0 N. 

(c) A person pulls upward on the 
box with a force of 40.0 N. The forces 
are all assumed to act along a line; 
they are shown slightly displaced in 
order to be distinguishable. Only 
forces acting on the box are shown. 


A CAUTION 
The normal force is not 
always equal to the weight 


A CAUTION 


The normal force, Fy, is 
not necessarily vertical 
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mg (98.0 N) 


FIGURE 16 Example 7. 
The box accelerates upward because 
Fp > mg. 


FIGURE 17 Example 8. The 
acceleration vector is shown in gold 
to distinguish it from the red force 
vectors. 


Dynamics: Newton's Laws of Motion 


Accelerating the box. What happens when a person pulls 
upward on the box in Example 6c with a force equal to, or greater than, the box’s 
weight? For example, let Fp = 100.0 N (Fig. 16) rather than the 40.0 N shown in 
Fig. 15c. 


APPROACH We can start just as in Example 6, but be ready for a surprise. 
SOLUTION The net force on the box is 
XF, = Fy — mg + Fp 
= Fy — 98.0N + 100.0N, 


and if we set this equal to zero (thinking the acceleration might be zero), we 
would get Fy = —2.0N. This is nonsense, since the negative sign implies Fy 
points downward, and the table surely cannot pull down on the box (unless 
there’s glue on the table). The least Fycan be is zero, which it will be in this case. 
What really happens here is that the box accelerates upward because the net 
force is not zero. The net force (setting the normal force Fy = 0) is 


XF, = Fp — mg = 100.0N — 98.0N 
= 2.0N 


upward. See Fig. 16. We apply Newton’s second law and see that the box moves 
upward with an acceleration 


ee =Fy 20N 
y m 10.0kg 
= 0.20m/s?. 


GW ESE Apparent weight loss. A 65-kg woman descends in an elevator 
that briefly accelerates at 0.20g downward. She stands on a scale that reads in kg. 
(a) During this acceleration, what is her weight and what does the scale read? (b) 
What does the scale read when the elevator descends at a constant speed of 
2.0 m/s? 


APPROACH Figure 17 shows all the forces that act on the woman (and only 
those that act on her). The direction of the acceleration is downward, so we 
choose the positive direction as down (this is the opposite choice from Examples 
6 and 7). 


SOLUTION (a) From Newton’s second law, 
XF = ma 
mg — Fy = m(0.20g). 
We solve for Fy: 
Fy = mg — 0.20mg = 0.80mg, 


and it acts upward. The normal force Fy is the force the scale exerts on the 
person, and is equal and opposite to the force she exerts on the scale: 
Fy = 0.80mg downward. Her weight (force of gravity on her) is still 
mg = (65kg)(9.8m/s’) = 640N. But the scale, needing to exert a force of only 
0.80mg, will give a reading of 0.80m = 52kg. 

(b) Now there is no acceleration, a=0, so by Newton’s second law, 
mg — Fy = 0 and Fy = mg. The scale reads her true mass of 65 kg. 


NOTE The scale in (a) may give a reading of 52 kg (as an “apparent mass”), but 
her mass doesn’t change as a result of the acceleration: it stays at 65 kg. 


Dynamics: Newton’s Laws of Motion 


7 Solving Problems with Newton's Laws: 
Free-Body Diagrams 


Newton’s second law tells us that the acceleration of an object is proportional to 
the net force acting on the object. The net force, as mentioned earlier, is the 
vector sum of all forces acting on the object. Indeed, extensive experiments have 
shown that forces do add together as vectors. For example, in Fig. 18, two forces 
of equal magnitude (100 N each) are shown acting on an object at right angles 
to each other. Intuitively, we can see that the object will start moving at a 45° 
angle and thus the net force acts at a 45° angle. This is just what the rules of 
vector addition give. From the theorem of Pythagoras, the magnitude of the 
resultant force is Fp = \/(100N)* + (100N)? = 141 N. 


Adding force vectors. Calculate the sum of the two forces 
exerted on the boat by workers A and B in Fig. 19a. 


APPROACH We add force vectors like any other vectors. The first step is to 
choose an xy coordinate system (see Fig. 19a), and then resolve vectors into their 
components. 


SOLUTION The two force vectors are shown resolved into components in Fig. 19b. 
We add the forces using the method of components. The components of F4 are 


Fax = F,acos45.0° = (40.0N)(0.707) = 28.3N, 
Fay = Fasin45.0° = (40.0N)(0.707) = 28.3N. 
The components of Fp are 
Fx +F} cos 37.0° = +(30.0N)(0.799) = +24.0N, 
Fay —Fgsin37.0° = —(30.0N)(0.602) = —18.1N. 


Fgyis negative because it points along the negative y axis. The components of the 
resultant force are (see Fig. 19c) 


Fry = Fay + Fgx = 28.3N + 240N = 52.3N, 
Fry = Fay + Fey = 28.3N — 181N = 10.2N. 

To find the magnitude of the resultant force, we use the Pythagorean theorem 
Fp = V Fay + Fy = 623" + (10.2}N = 53.3N. 


The only remaining question is the angle 0 that the net force Fy makes with the x axis. 
We use: 


Fry 10.2N 
tan = - = = 0.195, 
Fax 523N 
and tan7'(0.195) = 11.0°. The net force on the boat has magnitude 53.3N and 


acts at an 11.0° angle to the x axis. 


When solving problems involving Newton’s laws and force, it is very important 
to draw a diagram showing all the forces acting on each object involved. Such a 
diagram is called a free-body diagram, or force diagram: choose one object, and 
draw an arrow to represent each force acting on it. Include every force acting on 
that object. Do not show forces that the chosen object exerts on other objects. To 
help you identify each and every force that is exerted on your chosen object, ask 
yourself what other objects could exert a force on it. If your problem involves 
more than one object, a separate free-body diagram is needed for each object. For 
now, the likely forces that could be acting are gravity and contact forces (one 
object pushing or pulling another, normal force, friction). Later we will consider air 
resistance, drag, buoyancy, pressure, as well as electric and magnetic forces. 


(a) 


FIGURE 18 (a) Two forces, Fy and 
Fp , exerted by workers A and B, act 


on a crate. (b) The sum, or resultant, 


of Fy and Fp is Fp. 


FIGURE 19 Example 9: Two force 
vectors act on a boat. 


F, = 40.0N 
45.0° 
=de ay 
37.0° 
Fg = 30.0N 


PROBLEM SOLVING 


Free-body diagram 
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Motion 


FIGURE 20 Example 10. Which is | 
the correct free-body diagram for a 
hockey puck sliding across 
frictionless ice? 


CONCEPTUAL EXAMPLE 10 


constant velocity across a flat horizontal ice surface that is assumed to be frictionless. 
Which of the sketches in Fig. 20 is the correct free-body diagram for this puck? What 
would your answer be if the puck slowed down? 


Motion 


Fy 


Motion 


(c) TEs 


The hockey puck. A hockey puck is sliding at 


RESPONSE Did you choose (a)? If so, can you answer the question: what exerts 
the horizontal force labeled F on the puck? If you say that it is the force needed to 
maintain the motion, ask yourself: what exerts this force? Remember that another 
object must exert any force—and there simply isn’t any possibility here. Therefore, 
(a) is wrong. Besides, the force F in Fig. 20a would give rise to an acceleration by 
Newton’s second law. It is (b) that is correct. No net force acts on the puck, and the 
puck slides at constant velocity across the ice. 

In the real world, where even smooth ice exerts at least a tiny friction force, 
then (c) is the correct answer. The tiny friction force is in the direction opposite 
to the motion, and the puck’s velocity decreases, even if very slowly. 


Here now is a brief summary of how to approach solving problems involving 


Newton’s laws. 


Newton's Laws; Free-Body Diagrams 


1. Draw a sketch of the situation. 
2. Consider only one object (at a time), and draw a 
free-body diagram for that object, showing all the 
forces acting on that object. Include any unknown 
forces that you have to solve for. Do not show any 
forces that the chosen object exerts on other objects. 
Draw the arrow for each force vector reasonably 
accurately for direction and magnitude. Label each force 
acting on the object, including forces you must solve for, 

as to its source (gravity, person, friction, and so on). 
If several objects are involved, draw a free-body 
diagram for each object separately, showing all the forces 
acting on that object (and only forces acting on that 


4. 


S: 


object). For each (and every) force, you must be clear 
about: on what object that force acts, and by what object 
that force is exerted. Only forces acting on a given 
object can be included in =F = mā for that object. 

3 Newton’s second law involves vectors, and it is usi 
important to resolve vectors into components. Choose x 
and y axes in a way that simplifies the calculation. For 
example, it often saves work if you choose one coordinate 
axis to be in the direction of the acceleration. 

For each object, apply Newton’s second law to the 
x and y components separately. That is, the x compo- 
nent of the net force on that object is related to the 
x component of that object’s acceleration: =F, = may, 
and similarly for the y direction. 

Solve the equation or equations for the unknown(s). 


This Problem Solving Strategy should not be considered a prescription. Rather it is 
a summary of things to do that will start you thinking and getting involved in the 


problem at hand. 


When we are concerned only about translational motion, all the forces on a given 


A CAUTION 
Treating an object as a particle 


object can be drawn as acting at the center of the object, thus treating the object as 
a point particle. However, for problems involving rotation or statics, the place where 


each force acts is also important. 
In the Examples that follow, we assume that all surfaces are very smooth so that 


friction can be ignored. 
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Pulling the mystery box. Suppose a friend asks to examine the 
10.0-kg box you were given (Example 6, Fig. 15), hoping to guess what is inside; 
and you respond, “Sure, pull the box over to you.” She then pulls the box by the 
attached cord, as shown in Fig. 21a, along the smooth surface of the table. The 
magnitude of the force exerted by the person is Fp = 40.0N, and it is exerted at 
a 30.0° angle as shown. Calculate (a) the acceleration of the box, and (b) the 
magnitude of the upward force Fy exerted by the table on the box. Assume that 
friction can be neglected. 

APPROACH We follow the Problem Solving Strategy on the previous page. 

SOLUTION 

1. Draw a sketch: The situation is shown in Fig. 21a; it shows the box and the 
force applied by the person, Fp. 

2. Free-body diagram: Figure 21b shows the free-body diagram of the box. To draw it 
correctly, we show all the forces acting on the box and only the forces acting on 
the box. They are: the force of gravity mg; the normal force exerted by the 
table Fy; and the force exerted by the person Fp. We are interested only in 
translational motion, so we can show the three forces acting at a point, Fig. 21c. 

3. Choose axes and resolve vectors: We expect the motion to be horizontal, so we 
choose the x axis horizontal and the y axis vertical. The pull of 40.0N has 
components 

Fox (40.0 N)(cos 30.0°) = (40.0N)(0.866) = 34.6N, 

Fpy = (40.0 N)(sin 30.0°) = (40.0N)(0.500) = 20.0N. 
In the horizontal (x) direction, Fy and mg have zero components. Thus the 
horizontal component of the net force is Fp,. 

4. (a) Apply Newton’s second law to determine the x component of the acceleration: 


Il 


Foy = may. 
5. (a) Solve: 
Fox (34.6 N) 
m  (10.0kg) 
The acceleration of the box is 3.46 m/s’ to the right. 
(b) Next we want to find Fy. 
4. (b) Apply Newton’s second law to the vertical (y) direction, with upward as positive: 


= 3.46m/s’. 


a, = 


XF, = may 
Fy — mg + Fpy = may. 

5'. (b) Solve: We have mg = (10.0kg)(9.80 m/s?) = 98.0N and, from point 3 
above, F py = 20.0 N. Furthermore, since F py < mg, the box does not move 
vertically, so ay = 0. Thus 

Fy — 98.0N + 20.00N = 0, 
so 
Fy = 78.0N. 

NOTE Fis less than mg: the table does not push against the full weight of the 

box because part of the pull exerted by the person is in the upward direction. 


EXERCISE F A 10.0-kg box is dragged on a horizontal frictionless surface by a horizontal 
force of 10.0N. If the applied force is doubled, the normal force on the box will 
(a) increase; (b) remain the same; (c) decrease. 


Tension in a Flexible Cord 


When a flexible cord pulls on an object, the cord is said to be under tension, and 
the force it exerts on the object is the tension Fr. If the cord has negligible mass, 
the force exerted at one end is transmitted undiminished to each adjacent piece of 
cord along the entire length to the other end. Why? Because =F = ma = 0 for 
the cord if the cord’s mass m is zero (or negligible) no matter what a is. Hence the 
forces pulling on the cord at its two ends must add up to zero (Frand — F). Note 
that flexible cords and strings can only pull. They can’t push because they bend. 


Fp=40.0N 4 = 


FIGURE 21 (a) Pulling the box, 
Example 11; (b) is the free-body 
diagram for the box, and (c) is the 
free-body diagram considering all 
the forces to act at a point (transla- 
tional motion only, which is what we 
have here). 


PROBLEM SOLVING 


Cords can pull but can’t push; 
tension exists throughout a cord 
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A CAUTION 
For any object, use only 
the forces on that object in 
calculating =F = ma 
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FIGURE 22 Example 12. (a) Two boxes, A and B, are 
connected by a cord. A person pulls horizontally on box 
A with force Fp = 40.0 N. (b) Free-body diagram for 
box A. (c) Free-body diagram for box B. 


Box A 


Our next Example involves two boxes connected by a cord. We can refer to 
this group of objects as a system. A system is any group of one or more objects we 
choose to consider and study. 


Two boxes connected by a cord. Two boxes, A and B, are 
connected by a lightweight cord and are resting on a smooth (frictionless) table. 
The boxes have masses of 12.0 kg and 10.0 kg. A horizontal force Fp of 40.0 N is 
applied to the 10.0-kg box, as shown in Fig. 22a. Find (a) the acceleration of each 
box, and (b) the tension in the cord connecting the boxes. 


APPROACH We streamline our approach by not listing each step. We have two boxes 
so we draw a free-body diagram for each. To draw them correctly, we must consider 
the forces on each box by itself, so that Newton’s second law can be applied to each. 
The person exerts a force F'p on box A. Box A exerts a force Fron the connecting 
cord, and the cord exerts an opposite but equal magnitude force F; back on box A 
(Newton’s third law). These two horizontal forces on box A are shown in Fig. 22b, 
along with the force of gravity m, g downward and the normal force Fay exerted 
upward by the table. The cord is light, so we neglect its mass. The tension at each end 
of the cord is thus the same. Hence the cord exerts a force Fyon the second box. 
Figure 22c shows the forces on box B, which are F,, mp g, and the normal 
force Fpy . There will be only horizontal motion. We take the positive x axis to the right. 
SOLUTION (a) We apply =F, = ma, to box A: 


DF, = Fp — Fr = mada. [box A] 
For box B, the only horizontal force is F;,so 
DF, = Fr = mpag. [box B] 


The boxes are connected, and if the cord remains taut and doesn’t stretch, then 

the two boxes will have the same acceleration a. Thus a, = dg = a. We are 

given mą = 10.0kg and mg = 12.0kg. We can add the two equations above to 
eliminate an unknown (F) and obtain 


(ma + mg)a = Fp — Fy + Fr = Fp 


or 


Fp 40.0 N ; 
ac aem ee TES 


This is what we sought. 


Alternate Solution We would have obtained the same result had we considered 
a single system, of mass ma + mg, acted on by a net horizontal force equal to Fp. 
(The tension forces Fr would then be considered internal to the system as a 
whole, and summed together would make zero contribution to the net force on 
the whole system.) 


(b) From the equation above for box B (Fr = mgag), the tension in the cord is 
Fy = mga = (12.0kg)(1.82 m/s?) = 21.8N. 


Thus, Fris less than Fp (= 40.0 N),as we expect, since F racts to accelerate only mpg . 
NOTE It might be tempting to say that the force the person exerts, Fp, acts not 
only on box A but also on box B. It doesn’t. Fp acts only on box A. It affects 
box B via the tension in the cord, F;, which acts on box B and accelerates it. 
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Elevator and counterweight (Atwood’s machine). A system of 
two objects suspended over a pulley by a flexible cable, as shown in Fig. 23a, is 
sometimes referred to as an Atwood’s machine. Consider the real-life application of 
an elevator (mp) and its counterweight (mc). To minimize the work done by the 
motor to raise and lower the elevator safely, mg and mc are made similar in mass. We 
leave the motor out of the system for this calculation, and assume that the cable’s 
mass is negligible and that the mass of the pulley, as well as any friction, is small 
and ignorable. These assumptions ensure that the tension Frin the cable has the 
same magnitude on both sides of the pulley. Let the mass of the counterweight be 
mc = 1000 kg. Assume the mass of the empty elevator is 850 kg, and its mass when 
carrying four passengers is mg = 1150kg. For the latter case (mg = 1150 kg), 
calculate (a) the acceleration of the elevator and (b) the tension in the cable. 


APPROACH Again we have two objects, and we will need to apply Newton’s 
second law to each of them separately. Each mass has two forces acting on it: 
gravity downward and the cable tension pulling upward, Fr. Figures 23b and 
c show the free-body diagrams for the elevator (mẹ) and for the counter- 
weight (mc). The elevator, being the heavier, will accelerate downward, 
whereas the counterweight will accelerate upward. The magnitudes of their 
accelerations will be equal (we assume the cable doesn’t stretch). For the 
counterweight, mcg = (1000kg)(9.80 m/s?) = 9800N, so Fr must be greater 
than 9800N (in order that mc will accelerate upward). For the elevator, 
mpg = (1150kg)(9.80 m/s”) = 11,300N, which must have greater magnitude 
than Fryso that mg accelerates downward. Thus our calculation must give Fr 
between 9800 N and 11,300 N. 

SOLUTION (a) To find Fy as well as the acceleration a, we apply Newton’s 
second law, =F = ma, to each object. We take upward as the positive y direc- 
tion for both objects. With this choice of axes, aç = a because mc accelerates 


upward, and ap = —a because mg accelerates downward. Thus 
Fy — mg = medg = -mga 
Fy — mcg = Mcdc = +mça. 


We can subtract the first equation from the second to get 
(mg = mo)g = (mg + mc)a, 
where a is now the only unknown. We solve this for a: 


1150kg — 1000 kg 
~ 1150kg + 1000kg ê 


Mg — Mc 


= 0.070g = 0.68 m/s’. 


mg + Mc 
The elevator (mẹ) accelerates downward (and the counterweight mc upward) at 
a = 0.070g = 0.68 m/s”. 
(b) The tension in the cable Fycan be obtained from either of the two =F = ma 
equations, setting a = 0.070g = 0.68 m/s’: 


Fr = meg mpa = m(g a) 


= 1150 kg (9.80 m/s? — 0.68 m/s?) = 10,500N, 
or 


Fr = mog + mea = m(g + a) 
= 1000kg (9.80 m/s? + 0.68 m/s’) = 10,500N, 


which are consistent. As predicted, our result lies between 9800 N and 11,300 N. 


NOTE We can check our equation for the acceleration a in this Example by 
noting that if the masses were equal (mẹ = mc), then our equation above for a 
would give a = 0, as we should expect. Also, if one of the masses is zero (say, 
mc = 0), then the other mass (mg # 0) would be predicted by our equation to 
accelerate at a = g, again as expected. 
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Elevator (as Atwood’s machine) 


Elevator ' | 
car 


ts 
Counterweight 
1150 kg me = 1000 kg 


mg = 


mp mç 
(b) (c) 


FIGURE 23 Example 13. 

(a) Atwood’s machine in the form of 
an elevator—counterweight system. 
(b) and (c) Free-body diagrams for 
the two objects. 


PROBLEM SOLVING 


Check your result by seeing if it 
works in situations where the 
answer is easily guessed 
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FIGURE 24 Example 14. 
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Accelerometer 


FIGURE 25 Example 15. 
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The advantage of a pulley. A mover is trying to 
lift a piano (slowly) up to a second-story apartment (Fig. 24). He is using a rope 
looped over two pulleys as shown. What force must he exert on the rope to slowly 
lift the piano’s 2000-N weight? 


RESPONSE The magnitude of the tension force F';within the rope is the same at any 
point along the rope if we assume we can ignore its mass. First notice the forces acting 
on the lower pulley at the piano. The weight of the piano pulls down on the pulley via 
a short cable. The tension in the rope, looped through this pulley, pulls up twice, once 
on each side of the pulley. Let us apply Newton’s second law to the pulley—piano 
combination (of mass m), choosing the upward direction as positive: 


2Fr — mg = ma. 


To move the piano with constant speed (set a= 0 in this equation) thus 
requires a tension in the rope, and hence a pull on the rope, of Fy = mg/2. The 
mover can exert a force equal to half the piano’s weight. We say the pulley has 
given a mechanical advantage of 2, since without the pulley the mover would 
have to exert twice the force. 


Accelerometer. A small mass m hangs from a thin string and 
can swing like a pendulum. You attach it above the window of your car as shown 
in Fig. 25a. When the car is at rest, the string hangs vertically. What angle 0 does 
the string make (a) when the car accelerates at a constant a = 1.20m/s’, and 
(b) when the car moves at constant velocity, v = 90 km/h? 


APPROACH The free-body diagram of Fig. 25b shows the pendulum at some 
angle @ and the forces on it: mg downward, and the tension Fy in the cord. 
These forces do not add up to zero if 0 # 0, and since we have an accelera- 
tion a, we therefore expect 6 # 0. Note that 0 is the angle relative to the 
vertical. 


SOLUTION (a) The acceleration a = 1.20m/s’ is horizontal, so from Newton’s 
second law, 


ma = Fysinð 
for the horizontal component, whereas the vertical component gives 
0 = Frycosé — mg. 


Dividing these two equations, we obtain 


Frsinð ma a 
tan@ = = = 
Fy cos 0 mg 
or 
1.20 m/s? 
tang = ———— 
9.80 m/s? 
= 0.122, 
so 
0 = 7.0°. 


(b) The velocity is constant, so a =0 and tan = 0. Hence the pendulum 
hangs vertically (0 = 0°). 

NOTE This simple device is an accelerometer—it can be used to measure 
acceleration. 
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Inclines 


Now we consider what happens when an object slides down an incline, such as a 
hill or ramp. Such problems are interesting because gravity is the accelerating PROBLEM SOLVING 
force, yet the acceleration is not vertical. Solving such problems is usually easier if Good choice of coordinate system 
we choose the xy coordinate system so that one axis points in the direction of the simplifies the calculation 
acceleration. Thus we often take the x axis to point along the incline and the y axis 

perpendicular to the incline, as shown in Fig. 26a. Note also that the normal force 

is not vertical, but is perpendicular to the plane, Fig. 26b. 


Box slides down an incline. A box of mass m is placed on a 
smooth (frictionless) incline that makes an angle 0 with the horizontal, as 
shown in Fig. 26a. (a) Determine the normal force on the box. (b) Determine 
the box’s acceleration. (c) Evaluate for a mass m = 10kg and an incline 
of 0 = 30°. 


APPROACH We expect the motion to be along the incline, so we choose the 
x axis along the slope, positive down the slope (the direction of motion). The 
y axis is perpendicular to the incline, upward. The free-body diagram is shown in 
Fig. 26b. The forces on the box are its weight mg vertically downward, which is 
shown resolved into its components parallel and perpendicular to the incline, and 
the normal force Fy.The incline acts as a constraint, allowing motion along its 
surface. The “constraining” force is the normal force. 


SOLUTION (a) There is no motion in the y direction, so ay = 0. Applying 
Newton’s second law we have 


Fy = may 


(b) 


Fy — mgcosé = 0, 


. . FIGURE 26 Example 16. 
where Fy and the y component of gravity (mg cos @) are all the forces acting on (a) Box sliding on inclined plane. 


the box in the y direction. Thus the normal force is given by (b) Free-body diagram of box. 
Fy = mgcosé. 


Note carefully that unless 6 = 0°, Fy has magnitude less than the weight mg. 


(b) In the x direction the only force acting is the x component of mg, which we 
see from the diagram is mg sin 0. The acceleration a is in the x direction so 


Fy, = ma, 
mg sind = ma, 
and we see that the acceleration down the plane is 
a = gsing. 


Thus the acceleration along an incline is always less than g, except at 0 = 90°, 
for which sin@ = 1 and a = g. This makes sense since 0 = 90° is pure vertical 
fall. For 6 = 0°, a = 0, which makes sense because 0 = 0° means the plane is 
horizontal so gravity causes no acceleration. Note too that the acceleration does 
not depend on the mass m. 


(c) For 0 = 30°, cos@ = 0.866 and sin = 0.500, so 


Fy = 0.866mg = 85N, 
and 
a = 0.500g = 4.9m/s’. 
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8 Problem Solving—A General Approach 


A basic part of a physics course is solving problems effectively. The approach 
discussed here, though emphasizing Newton’s laws, can be applied generally for 
other topics in physics study. 


gOLV, 
> ve 


In General 


1. Read and reread written problems carefully. A 
common error is to skip a word or two when reading, 
which can completely change the meaning of a 
problem. 

. Draw an accurate picture or diagram of the situa- 
tion. (This is probably the most overlooked, yet 
most crucial, part of solving a problem.) Use arrows 
to represent vectors such as velocity or force, and 
label the vectors with appropriate symbols. When 
dealing with forces and applying Newton’s laws, 
make sure to include all forces on a given object, 
including unknown ones, and make clear what 
forces act on what object (otherwise you may make 
an error in determining the net force on a particular 
object). 

. A separate free-body diagram needs to be drawn for 
each object involved, and it must show all the forces 
acting on a given object (and only on that object). 
Do not show forces that act on other objects. 

. Choose a convenient xy coordinate system (one that 
makes your calculations easier, such as one axis in the 
direction of the acceleration). Vectors are to be 
resolved into components along the coordinate axes. 
When using Newton’s second law, apply =F = ma 
separately to x and y components, remembering that 
x direction forces are related to ay, and similarly for y. 
If more than one object is involved, you can choose 
different (convenient) coordinate systems for each. 

. List the knowns and the unknowns (what you are 
trying to determine), and decide what you need in 
order to find the unknowns. For problems in the 
present Chapter, we use Newton’s laws. More gener- 
ally, it may help to see if one or more relationships 
(or equations) relate the unknowns to the knowns. 


But be sure each relationship is applicable in the 
given case. It is very important to know the limita- 
tions of each formula or relationship—when it is 
valid and when not. In this text, the more general 
equations have been given numbers, but even these 
can have a limited range of validity (often stated in 
brackets to the right of the equation). 


. Try to solve the problem approximately, to see if it is 
doable (to check if enough information has been 
given) and reasonable. Use your intuition, and make 
rough calculations. A rough calculation, or a reason- 
able guess about what the range of final answers 
might be, is very useful. And a rough calculation can 
be checked against the final answer to catch errors 
in calculation, such as in a decimal point or the 
powers of 10. 


. Solve the problem, which may include algebraic 
manipulation of equations and/or numerical calcula- 
tions. Recall the mathematical rule that you need as 
many independent equations as you have unknowns; 
if you have three unknowns, for example, then you 
need three independent equations. It is usually best 
to work out the algebra symbolically before putting 
in the numbers. Why? Because (a) you can then 
solve a whole class of similar problems with different 
numerical values; (b) you can check your result for 
cases already understood (say, © = 0° or 90°); (c) 
there may be cancellations or other simplifications; 
(d) there is usually less chance for numerical error; 
and (e) you may gain better insight into the problem. 


. Be sure to keep track of units, for they can serve as 
a check (they must balance on both sides of any 
equation). 

. Again consider if your answer is reasonable. The use 
of dimensional analysis can also serve as a check for 
many problems. 


| Summary 


Newton’s three laws of motion are the basic classical laws 
describing motion. 

Newton’s first law (the law of inertia) states that if the net 
force on an object is zero, an object originally at rest remains at 
rest, and an object in motion remains in motion in a straight line 
with constant velocity. 


Newton’s second law states that the acceleration of an 
object is directly proportional to the net force acting on it, and 
inversely proportional to its mass: 

SF = ma. (la) 
Newton’s second law is one of the most important and funda- 
mental laws in classical physics. 
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Newton’s third law states that whenever one object exerts a 
force on a second object, the second object always exerts a force 
on the first object which is equal in magnitude but opposite in 
direction: 


Fas = —Fpa, (2) 


where Fp a is the force on object B exerted by object A. This is 
true even if objects are moving and accelerating, and/or have 
different masses. 
The tendency of an object to resist a change in its motion is 
called inertia. Mass is a measure of the inertia of an object. 
Weight refers to the gravitational force on an object, and is 


equal to the product of the object’s mass m and the acceleration 
of gravity g: 
Fo = mg. O) 

Force, which is a vector, can be considered as a push or pull; 
or, from Newton’s second law, force can be defined as an action 
capable of giving rise to acceleration. The net force on an object 
is the vector sum of all forces acting on that object. 

For solving problems involving the forces on one or more 
objects, it is essential to draw a free-body diagram for each object, 
showing all the forces acting on only that object. Newton’s second 
law can be applied to the vector components for each object. 


J Answers to Exercises 


A: No force is needed. The car accelerates out from under the 
cup. Think of Newton’s first law (see Example 1). 


B: (a). 
C: (a) The same; (b) the sports car; (c) third law for part (a), 
second law for part (b). 


D: (e). 
E: (b). 
F: (b). 
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Problem Set 


| Questions 


1. 


2. 


10. 


11. 


Why does a child in a wagon seem to fall backward when 
you give the wagon a sharp pull forward? 


A box rests on the (frictionless) bed of a truck. The truck 
driver starts the truck and accelerates forward. The box 
immediately starts to slide toward the rear of the truck bed. 
Discuss the motion of the box, in terms of Newton’s laws, as 
seen (a) by Andrea standing on the ground beside the truck, 
and (b) by Jim who is riding on the truck (Fig. 27). 


FIGURE 27 Question 2. 


. If the acceleration of an object is zero, are no forces acting 


on it? Explain. 


. If an object is moving, is it possible for the net force acting 


on it to be zero? 


. Only one force acts on an object. Can the object have zero 


acceleration? Can it have zero velocity? Explain. 


. When a golf ball is dropped to the pavement, it bounces 


back up. (a) Is a force needed to make it bounce back up? 
(b) If so, what exerts the force? 


. If you walk along a log floating on a lake, why does the log 


move in the opposite direction? 


> Why might your foot hurt if you kick a heavy desk or a wall? 
. When you are running and want to stop quickly, you must 


decelerate quickly. (a) What is the origin of the force that 
causes you to stop? (b) Estimate (using your own experi- 
ence) the maximum rate of deceleration of a person running 
at top speed to come to rest. 

(a) Why do you push down harder on the pedals of a bicycle 
when first starting out than when moving at constant speed? 
(b) Why do you need to pedal at all when cycling at 
constant speed? 

A father and his young daughter are ice skating. They face 
each other at rest and push each other, moving in opposite 
directions. Which one has the greater final speed? 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Suppose that you are standing on a cardboard carton that 
just barely supports you. What would happen to it if you 
jumped up into the air? It would (a) collapse; (b) be unaf- 
fected; (c) spring upward a bit; (d) move sideways. 

A stone hangs by a fine thread from the ceiling, and a 
section of the same thread dangles from the bottom of the 
stone (Fig. 28). If a person gives a sharp pull on the dangling 
thread, where is the thread likely to break: below the stone 
or above it? What if the person gives a slow and steady 
pull? Explain your answers. 


FIGURE 28 
f Question 13. 


The force of gravity on a 2-kg rock is twice as great as that 
on a 1-kg rock. Why then doesn’t the heavier rock fall 
faster? 


Would a spring scale carried to the Moon give accurate 
results if the scale had been calibrated on Earth, (a) in 
pounds, or (b) in kilograms? 

You pull a box with a constant force across a frictionless 
table using an attached rope held horizontally. If you now 
pull the rope with the same force at an angle to the hori- 
zontal (with the box remaining flat on the table), does the 
acceleration of the box (a) remain the same, (b) increase, or 
(c) decrease? Explain. 


When an object falls freely under the influence of gravity 
there is a net force mg exerted on it by the Earth. Yet by 
Newton’s third law the object exerts an equal and opposite 
force on the Earth. Does the Earth move? 

Compare the effort (or force) needed to lift a 10-kg object 
when you are on the Moon with the force needed to lift 
it on Earth. Compare the force needed to throw a 
2-kg object horizontally with a given speed on the Moon 
and on Earth. 

Which of the following objects weighs about 1 N: (a) an apple, 
(b) a mosquito, (c) a 1200-page textbook, (d) you? 


From Chapter 4 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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According to Newton’s third law, each team in a tug of war 
(Fig. 29) pulls with equal force on the other team. What, 
then, determines which team will win? 


Lars Ternbald/Amana Japan 


FIGURE 29 Question 20. A tug of war. Describe 
the forces on each of the teams and on the rope. 


When you stand still on the ground, how large a force does 
the ground exert on you? Why doesn’t this force make you 
rise up into the air? 

Whiplash sometimes results from an automobile accident 
when the victim’s car is struck violently from the rear. 
Explain why the head of the victim seems to be thrown 
backward in this situation. Is it really? 


23. 


24. 


Mary exerts an upward force of 40N to hold a bag of 
groceries. Describe the “reaction” force (Newton’s third 
law) by stating (a) its magnitude, (b) its direction, (c) on 
what object it is exerted, and (d) by what object it is exerted. 
A bear sling, Fig. 30, is used in some national parks for 
placing backpackers’ food out of the reach of bears. Explain 
why the force needed to pull the backpack up increases as 
the backpack gets higher and higher. Is it possible to pull 
the rope hard enough so that it doesn’t sag at all? 


FIGURE 30 Question 24. 


| Problems 


[The Problems in this Section are ranked I, II, or HI according to 
estimated difficulty, with (I) Problems being easiest. Level (II) 
Problems are meant mainly as a challenge for the best students, for 
“extra credit.” The Problems are arranged by Sections, meaning that 
the reader should have read up to and including that Section, but 
this Chapter also has a group of General Problems that are not 
arranged by Section and not ranked.] 


4 to 6 Newton's Laws, Gravitational Force, 
Normal Force 


1 


(I) What force is needed to accelerate a child on a sled 
(total mass = 55kg) at 1.4 m/s?? 


. (I) A net force of 265N accelerates a bike and rider at 


2.30 m/s. What is the mass of the bike and rider together? 


. (I) What is the weight of a 68-kg astronaut (a) on Earth, 


(b) on the Moon (g = 1.7 m/s’), (c) on Mars (g = 3.7 m/s’), 
(d) in outer space traveling with constant velocity? 


. (I) How much tension must a rope withstand if it is used 


to accelerate a 1210-kg car horizontally along a frictionless 
surface at 1.20 m/s?? 


. (II) Superman must stop a 120-km/h train in 150 m to keep 


it from hitting a stalled car on the tracks. If the train’s mass 
is 3.6 X 10° kg, how much force must he exert? Compare to 
the weight of the train (give as %). How much force does the 
train exert on Superman? 


. (II) What average force is required to stop a 950-kg car in 


8.0 if the car is traveling at 95 km/h? 


. (II) Estimate the average force exerted by a shot-putter on 


a 7.0-kg shot if the shot is moved through a distance of 2.8 m 
and is released with a speed of 13 m/s. 


. (TI) A 0.140-kg baseball traveling 35.0 m/s strikes the catcher’s 


mitt, which, in bringing the ball to rest, recoils backward 11.0 cm. 
What was the average force applied by the ball on the glove? 


9 


10. 


11. 


12. 


13. 


14. 


(II) A fisherman yanks a fish vertically out of the water with 
an acceleration of 2.5 m/s? using very light fishing line that 
has a breaking strength of 18 N(~ 41b). The fisherman 
unfortunately loses the fish as the line snaps. What can you 
say about the mass of the fish? 

(II) A 20.0-kg box rests on a table. (a) What is the weight of the 
box and the normal force acting on it? (b) A 10.0-kg box is 
placed on top of the 20.0-kg box, as shown in Fig. 31. Determine 
the normal force that the table exerts on the 20.0-kg box and 
the normal force that the 20.0-kg box exerts on the 10.0-kg box. 


FIGURE 31 
Problem 10. 


(II) What average force is needed to accelerate a 9.20-gram 
pellet from rest to 125 m/s over a distance of 0.800 m along 
the barrel of a rifle? 

(I) How much tension must a cable withstand if it is used 
to accelerate a 1200-kg car vertically upward at 0.70 m/s”? 
(IT) A 14.0-kg bucket is lowered vertically by a rope in 
which there is 163N of tension at a given instant. What is 
the acceleration of the bucket? Is it up or down? 

(II) A particular race car can cover a quarter-mile track 
(402m) in 6.40s starting from a standstill. Assuming the 


15. 


16. 


17. 


18. 


19. 
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GQ? 


acceleration is constant, how many “g’s” does the driver 
experience? If the combined mass of the driver and race car is 
535 kg, what horizontal force must the road exert on the tires? 
(II) A 75-kg petty thief wants to escape from a third-story jail 
window. Unfortunately, a makeshift rope made of sheets tied 
together can support a mass of only 58kg. How might the 
thief use this “rope” to escape? Give a quantitative answer. 


(II) An elevator (mass 4850 kg) is to be designed so that the 
maximum acceleration is 0.0680 g. What are the maximum 
and minimum forces the motor should exert on the 
supporting cable? 


(II) Can cars “stop on a dime”? Calculate the acceleration 
of a 1400-kg car if it can stop from 35km/h on a dime 
(diameter = 1.7cm.) How many g’s is this? What is the 
force felt by the 68-kg occupant of the car? 


(ID) A person stands on a bathroom scale in a motionless 
elevator. When the elevator begins to move, the scale 
briefly reads only 0.75 of the person’s regular weight. 
Calculate the acceleration of the elevator, and find the 
direction of acceleration. 


(11) High-speed elevators function under two limitations: (1) 
the maximum magnitude of vertical acceleration that a 
typical human body can experience without discomfort is 
about 1.2m/s*, and (2) the typical maximum speed 
attainable is about 9.0m/s. You board an elevator on a 
skyscraper’s ground floor and are transported 180m above 
the ground level in three steps: acceleration of magnitude 
1.2 m/s’ from rest to 9.0 m/s, followed by constant upward 
velocity of 9.0m/s, then deceleration of magnitude 1.2 m/s” 
from 9.0 m/s to rest. (a) Determine the elapsed time for each 
of these 3 stages. (b) Determine the change in the magnitude 
of the normal force, expressed as a % of your normal weight 
during each stage. (c) What fraction of the total transport 
time does the normal force not equal the person’s weight? 


(II) Using focused laser light, optical tweezers can apply a 
force of about 10pN to a 1.0-um diameter polystyrene 
bead, which has a density about equal to that of water: a 
volume of 1.0 cm? has a mass of about 1.0 g. Estimate the 
bead’s acceleration in g’s. 


(II) A rocket with a mass of 2.75 X 10°kg exerts a vertical 
force of 3.55 x 10’N on the gases it expels. Determine (a) 
the acceleration of the rocket, (b) its velocity after 8.0 s, and 
(c) how long it takes to reach an altitude of 9500 m. Assume 
g remains constant, and ignore the mass of gas expelled (not 
realistic). 

(II) (a) What is the acceleration of two falling sky divers 
(mass = 132 kg including parachute) when the upward force 
of air resistance is equal to one-fourth of their weight? (b) 
After popping open the parachute, the divers descend leisurely 
to the ground at constant speed. What now is the force of air 
resistance on the sky divers and their parachute? See Fig. 32. 


Kathleen Schiaparelli 


FIGURE 32 Problem 22. 
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24. 


25. 


(II) An exceptional standing jump would raise a person 0.80 m 
off the ground. To do this, what force must a 68-kg person 
exert against the ground? Assume the person crouches a 
distance of 0.20 m prior to jumping, and thus the upward force 
has this distance to act over before he leaves the ground. 

(IL) The cable supporting a 2125-kg elevator has a maximum 
strength of 21,750 N. What maximum upward acceleration 
can it give the elevator without breaking? 

(III) The 100-m dash can be run by the best sprinters in 
10.0s. A 66-kg sprinter accelerates uniformly for the first 
45m to reach top speed, which he maintains for the 
remaining 55m. (a) What is the average horizontal compo- 
nent of force exerted on his feet by the ground during accel- 
eration? (b) What is the speed of the sprinter over the last 
55 m of the race (i.e., his top speed)? 


. (II) A person jumps from the roof of a house 3.9-m high. When 


he strikes the ground below, he bends his knees so that his torso 
decelerates over an approximate distance of 0.70 m. If the mass 
of his torso (excluding legs) is 42kg, find (a) his velocity just 
before his feet strike the ground, and (b) the average force 
exerted on his torso by his legs during deceleration. 


7 Using Newton's Laws 


2i; 


28. 


29. 


(I) A box weighing 77.0 N rests on a table. A rope tied to the 
box runs vertically upward over a pulley and a weight is hung 
from the other end (Fig. 33). ~~ 
Determine the force that the / \ 
table exerts on the box if the © 
weight hanging on the other side = 
of the pulley weighs (a) 30.0 N, 
(b) 60.0 N, and (c) 90.0 N. 


FIGURE 33 | 
Problem 27. 


(I) Draw the free-body diagram for a basketball player 
(a) just before leaving the 
ground on a jump, and (b) 
while in the air. See Fig. 34. 


Brian Bahr/Allsport 
Concepts/Getty Images 


FIGURE 34 
Problem 28. 


(I) Sketch the free-body diagram of a baseball (a) at the 
moment it is hit by the bat, and again (b) after it has left the 
bat and is flying toward the outfield. 
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30. (I) A 650-N force acts in a northwesterly direction. A 
second 650-N force must be exerted in what direction so 
that the resultant of the two forces points westward? Illus- 
trate your answer with a vector diagram. 


31. (II) Christian is making a Tyrolean traverse as shown in Fig. 
35. That is, he traverses a chasm by stringing a rope between 
a tree on one side of the chasm and a tree on the opposite 
side, 25m away. The rope must sag sufficiently so it won’t 
break. Assume the rope can provide a tension force of up to 
29 KN before breaking, and use a “safety factor” of 10 (that is, 
the rope should only be required to undergo a tension force 
of 2.9kN) at the center of the Tyrolean traverse. (a) Deter- 
mine the distance x that the rope must sag if it is to be within 
its recommended safety range and Christian’s mass is 72.0 kg. 
(b) If the Tyrolean traverse is incorrectly set up so that the 
rope sags by only one-fourth the distance found in (a), deter- 
mine the tension force in the rope. Will the rope break? 


FIGURE 35 Problem 31. 


32. (II) A window washer pulls herself upward using the 
bucket—pulley apparatus shown in Fig. 36. (a) How hard must 
she pull downward to raise herself slowly at 
constant speed? (b) If she increases this force by 
15%, what will her acceleration be? The mass of 
the person plus the bucket is 72 kg. 


FIGURE 36 f 
Problem 32. 


33. (II) One 3.2-kg paint bucket is hanging by a massless cord 
from another 3.2-kg paint bucket, also hanging by a mass- 
less cord, as shown in Fig. 37. (a) If the buckets 
are at rest, what is the tension in each cord? (b) 

If the two buckets are pulled upward with an 
acceleration of 1.25m/s? by the upper cord, 
calculate the tension in each cord. 


FIGURE 37 
Problems 33 and 34. 


34. (II) The cords accelerating the buckets in Problem 33b, 
Fig. 37, each has a weight of 2.0 N. Determine the tension in 
each cord at the three points of attachment. 

35. (II) Two snowcats in Antarctica are towing a housing unit to 
a new location, as shown in Fig. 38. The sum of the forces F4 


and Fp exerted on the unit by the horizontal cables is parallel 
to the line L, and Fa = 4500N. Determine Fg and the 
magnitude of F, + Fg. 


FIGURE 38 

Problem 35. Top view 

36. (II) A train locomotive is pulling two cars of the same mass 
behind it, Fig. 39. Determine the ratio of the tension in the 
coupling (think of it as a cord) between the locomotive and 
the first car (Fy), to that between the first car and the 
second car (Fr), for any nonzero acceleration of the train. 


Car 2 Car 1 En 


"nner" mrene a iam 
jul | jul | i \ 


FIGURE 39 Problem 36. 


37. (I1) The two forces F, and F, shown in Fig. 40a and b (looking 
down) act on a 18.5-kg object on a frictionless tabletop. If 
F, =10.2N and F, = 16.0N, find the net force on the 
object and its acceleration for (a) and (b). 


y 


(b) 


FIGURE 40 Problem 37. 


38. (II) At the instant a race began, a 65-kg sprinter exerted a 
force of 720N on the starting block at a 22° angle with 
respect to the ground. (a) What was the horizontal accelera- 
tion of the sprinter? (b) If the force was exerted for 0.32 s, 
with what speed did the sprinter leave the starting block? 

39. (II) A mass m is at rest on a horizontal frictionless surface at 
t = 0. Then a constant force Fp acts on it for a time tọ. 
Suddenly the force doubles to 2F'9 and remains constant until 
t = 2tọ. Determine the total distance traveled from t = 0 
tot= 2to. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 
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(11) A 3.0-kg object has the following two forces acting on it: 
F, = (161 + 12j)N 
F, = (-10i + 22j)N 
If the object is initially at rest, determine its velocity v at 
= 3.0s. 
(II) Uphill escape ramps are sometimes provided to the 
side of steep downhill highways for trucks with overheated 
brakes. For a simple 11° upward ramp, what length would be 
needed for a runaway truck traveling 140km/h? Note the 
large size of your calculated length. (If sand is used for the bed 
of the ramp, its length can be reduced by a factor of about 2.) 
(II) A child on a sled reaches the bottom of a hill with a 
velocity of 10.0m/s and travels 25.0m along a horizontal 
straightaway to a stop. If the child and sled together have a 
mass of 60.0 kg, what is the average retarding force on the 
sled on the horizontal straightaway? 
(II) A skateboarder, with an initial speed of 2.0 m/s, rolls virtu- 
ally friction free down a straight incline of length 18 m in 3.3s. 
At what angle 0 is the incline oriented above the horizontal? 
(II) As shown in Fig. 41, five balls (masses 2.00, 2.05, 2.10, 
2.15, 2.20 kg) hang from a crossbar. Each mass is supported 
by “5-lb test” fishing line which will break when its tension 
force exceeds 22.2 N (= 51b). When this device is placed 
in an elevator, which accelerates 
upward, only the lines 
attached to the 2.05 and 
2.00 kg masses do not 
break. Within what 
range is the elevator’s 
acceleration? 


FIGURE 41 
Problem 44. 


(ID) A 27-kg chandelier hangs from a ceiling on a vertical 
4.0-m-long wire. (a) What horizontal force would be neces- 
sary to displace its position 0.15 m to one side? (b) What 
will be the tension in the wire? 


(II) Three blocks on a frictionless horizontal surface are in 
contact with each other as shown in Fig. 42. A force F is 
applied to block A (mass ma). (a) Draw a free-body 
diagram for each block. Determine (b) the acceleration of 
the system (in terms of ma, mg, and mc), (c) the net force 
on each block, and (d) the force of contact that each block 
exerts on its neighbor. (e) If ma = mg = mc = 10.0kg and 
F = 96.0N, give numerical answers to (b), (c), and (d). 
Explain how your answers make sense intuitively. 


FIGURE 42 Problem 46. 
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49. 


50. 


51. 


52. 


53. 


(II) Redo Example 13 of “Dynamics: Newton’s Laws of 
Motion” but (a) set up the equations so that the direction 
of the acceleration a of each object is in the direction of 
motion of that object. (In Example 13, we took a as positive 
upward for both masses.) (b) Solve the equations to obtain 
the same answers as in Example 13. 


. (II) The block shown in Fig. 43 has mass m = 7.0kg and 


lies on a fixed smooth frictionless plane tilted at an angle 
@ = 22.0° to the horizontal. (a) Determine the acceleration 
of the block as it slides down the plane. (b) If the block starts 
from rest 12.0m up the plane from its base, what will be the 
block’s speed when it 
reaches the bottom of 
the incline? 


y 


FIGURE 43 

Block on inclined 
plane. Problems 48 
and 49. 


D 
(II) A block is given an initial speed of 4.5m/s up the 
22° plane shown in Fig. 43. (a) How far up the plane will it 
go? (b) How much time elapses before it returns to its 
starting point? Ignore friction. 

(ID) An object is hanging by a string from your rearview 
mirror. While you are accelerating at a constant rate from 
rest to 28m/s in 6.0s, 
what angle 0 does the 
string make with the 
vertical? See Fig. 44. 


FIGURE 44 
Problem 50. 


(II) Figure 45 shows a block (mass ma) on a smooth hori- 
zontal surface, connected by a thin cord that passes over a 
pulley to a second block (mg), which hangs vertically. (2) Draw 
a free-body diagram for each block, showing the force of 
gravity on each, the force (tension) exerted by the cord, and any 
normal force. (b) Apply Newton’s second law to find formulas 
for the acceleration of the system and for the tension in the 
cord. Ignore friction and 
the masses of the pulley 
and cord. 


FIGURE 45 

Problems 51, 52, 

and 53. Mass mą rests 
on a smooth horizontal 
surface, mg hangs 
vertically. 


(ID) (a) If ma = 13.0kg and mpg = 5.0kg in Fig. 45, deter- 
mine the acceleration of each block. (b) If initially 74 is at rest 
1.250m from the edge of the table, how long does it take to 
reach the edge of the table if the system is allowed to move 
freely? (c) If mg = 1.0kg, how large must mz, be if the accel- 
eration of the system is to be kept at 745 2? 

(III) Determine a formula for the acceleration of the system 
shown in Fig. 45 (see Problem 51) if the cord has a 
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non-negligible mass mc. Specify in terms of £4 and £g, the 
lengths of cord from the respective masses to the pulley. 
(The total cord length is £ = £4 + fg) 


the cord, using the free-body diagrams shown in Fig. 49. 
Assume Fp = 35.0N, and ignore sagging of the cord. 
Compare your results to Example 12 of “Dynamics: 


Newton’s Laws of Motion” and Fig. 22. 


54. (II) Suppose the pulley in Fig. 46 is suspended by a cord C. 
Determine the tension in 
this cord after the masses 


are released and before one c 
hits the ground. Ignore the 
mass of the pulley and cords. 
Box A 
1.2 kg 3.2 kg 
FIGURE 46 m 
Problem 54. 


55. (III) A small block of mass m rests on the sloping side of a 
triangular block of mass M which itself rests on a hori- 
zontal table as shown in Fig. 47. Assuming all surfaces are 
frictionless, determine the magnitude of the force F that (b) 
must be applied to M so that m remains in a fixed position 
relative to M (that is, m doesn’t move on the incline). 
[Hint: Take x and y 
axes horizontal and 
vertical. ] 


FIGURE 47 
Problem 55. 


56. (III) The double Atwood machine shown in Fig. 48 has fric- 
tionless, massless pulleys and cords. Determine (a) the accel- 
eration of masses m4 , Mpg, 
and mc, and (b) the 
tensions Fra and Frc in 
the cords. 


FIGURE 22 Example 12. (a) Two boxes, A and B, are connected 
by acord. A person pulls horizontally on box A with force 

Fp = 40.0N. (b) Free-body diagram for box A. (c) Free-body 
diagram for box B. 


——— EEE 


58. (II) The two masses shown in Fig. 50 are each initially 
1.8m above the ground, and the massless frictionless 
pulley is 4.8m above the ground. What maximum height 
does the lighter object reach after the system is released? 
[Hint: First determine 
the acceleration of the 
lighter mass and 
then its velocity at the 
moment the heavier 
one hits the ground. 
This is its “launch” 
speed. Assume the 

57. (HI) Suppose two boxes on a frictionless table are mass doesn’t hit the 
connected by a heavy cord of mass 1.0kg. Calculate pulley. Ignore the 
the acceleration of each box and the tension at each end of mass of the cord.] 


FIGURE 48 
Problem 56. 


48m 


ij 2.2kg 3.6kg 
1.8m 


7 
Fpr F TB Cord Fr A Fy B | = 
x =—=—— — -= 
mç= 1.0 kg 


FIGURE 50 Problem 58. 


(a) (b) 


FIGURE 4-49 Problem 57. Free-body diagrams for each of the objects of the system shown in 
Fig. 4-22a. Vertical forces, Fy and Fg , are not shown. 
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FIGURE 51 
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(HI) Determine a formula for the magnitude of the force F 
exerted on the large block (mc) in Fig. 51 so that the mass 
ma does not move relative to mc. Ignore all friction. 
Assume mg does not make contact with mc. 


Problem 59. 


l General Problems 


62. 


63. 


64. 


65. 


66. 


67. 


A person has a reasonable chance of surviving an automobile 
crash if the deceleration is no more than 30 g’s. Calculate the 
force on a 65-kg person accelerating at this rate. What distance 
is traveled if brought to rest at this rate from 95 km/h? 

A 2.0-kg purse is dropped 58 m from the top of the Leaning 
Tower of Pisa and falls 55m before reaching the ground 
with a speed of 27 m/s. What was the average force of air 
resistance? 

Tom’s hang glider supports his weight using the six ropes 
shown in Fig. 52. Each rope is designed to support an equal 
fraction of Tom’s weight. Tom’s mass is 74.0 kg. What is the 
tension in each of the support ropes? 


30° 30° 


FIGURE 52 Problem 64. 


A wet bar of soap (m = 150 g) slides freely down a ramp 
3.0 m long inclined at 8.5°. How long does it take to reach the 
bottom? How would this change if the soap’s mass were 300 g? 
A crane’s trolley at point P in Fig. 53 moves for a few 
seconds to the right with constant acceleration, and the 
870-kg load hangs at a 5.0° angle to the vertical as shown. 
What is the acceleration of the trolley and load? 


P 


l 
em 
| 5:0? 


FIGURE 53 Problem 66. 


A block (mass m4 ) lying on a fixed frictionless inclined plane is 
connected to a mass mpg by a cord passing over a pulley, as 
shown in Fig. 54. (a) Determine a formula for the accelera- 
tion of the system in terms of m4, mpg, 6, and g. (b) What 


60. 


61. 


68. 


69. 


70. 


TL 


(II) A particle of mass m, initially at rest at x = 0, is 
accelerated by a force that increases in time as F = CË. 
Determine its velocity v and position x as a function of time. 


(III) A heavy steel cable of length £ and mass M passes over a 
small massless, frictionless pulley. (a) If a length y hangs on one 
side of the pulley (so 2 — y hangs on the other side), calculate 
the acceleration of the cable as a function of y. (b) Assuming 
the cable starts from rest with length yọ on one side of the 
pulley, determine the velocity vr at the moment the whole cable 
has fallen from the pulley. (c) Evaluate vp for yy = 44. [Hint: 
Use the chain rule, dv/dt = (dv/dy)(dy/dt), and integrate. ] 


conditions apply to masses mą and mp for the acceleration 
to be in one direction (say, mą down the plane), or in the 
opposite direction? Ignore the mass of the cord and pulley. 


FIGURE 54 
Problems 67 
and 68. 


(a) In Fig. 54, if ma = mg = 1.00kg and 0 = 33.0°, what 
will be the acceleration of the system? (b) If ma = 1.00 kg 
and the system remains at rest, what must the mass mp be? 
(c) Calculate the tension in the cord for (a) and (b). 


The masses ma, and mg slide on the smooth (frictionless) 
inclines fixed as shown in Fig. 55. (a) Determine a formula for 
the acceleration of the system in terms of ma, mp, 0a, 0g, 
and g. (b) If 6,4 = 32°, 0g = 23°, and ma = 5.0kg, what 
value of mp would keep the system at rest? What would be the 
tension in the cord (negligible mass) in this case? (c) What 
ratio, m,/mp, would allow the masses to move at constant 
speed along their ramps in either direction? 


FIGURE 55 
Problem 69. 


A 75.0-kg person stands on a scale in an elevator. What does 
the scale read (in N and in kg) when (a) the elevator is at 
rest, (b) the elevator is climbing at a constant speed of 
3.0 m/s, (c) the elevator is descending at 3.0m/s, (d) the 
elevator is accelerating upward at 3.0 m/s”, (e) the elevator 
is accelerating downward at 3.0 m/s”? 

A city planner is working on the redesign of a hilly portion 


of a city. An important consideration is how steep the roads 
can be so that even low-powered cars can get up the hills 
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without slowing down. A particular small car, with a mass of 
920 kg, can accelerate on a level road from rest to 21 m/s 
(75 km/h) in 12.5 s. Using these data, calculate the maximum 
steepness of a hill. 


If a bicyclist of mass 65 kg (including the bicycle) can coast 
down a 6.5° hill at a steady speed of 6.0 km/h because of air 
resistance, how much force must be applied to climb the hill 
at the same speed (and the same air resistance)? 


A bicyclist can coast down a 5.0° hill at a constant speed of 
6.0 km/h. If the force of air resistance is proportional to the 
speed v so that Fair = cv, calculate (a) the value of the 
constant c, and (b) the average force that must be applied in 
order to descend the hill at 18.0km/h. The mass of the 
cyclist plus bicycle is 80.0 kg. 


Francesca dangles her watch from a thin 
piece of string while the jetliner she is in 
accelerates for takeoff, which takes about 
16s. Estimate the takeoff speed of the 
aircraft if the string makes an angle of 
25° with respect to the vertical, Fig. 56. 


FIGURE 56 
Problem 74. 


(a) What minimum force F is needed to lift 
the piano (mass M) using the pulley 
apparatus shown in Fig. 57? (b) Deter- 
mine the tension in each section of rope: 
Fr, Fr2, Frs, and F'yq. 


FIGURE 57 
Problem 75. 


In the design of a supermarket, there are to be several 
ramps connecting different parts of the store. Customers 
will have to push grocery carts up the ramps and it is obvi- 
ously desirable that this not be too difficult. The engineer 
has done a survey and found that almost no one complains 
if the force required is no more than 18 N. Ignoring friction, 
at what maximum angle @ should the ramps be built, 
assuming a full 25-kg grocery cart? 

A jet aircraft is accelerating at 3.8 m/s? as it climbs at an 
angle of 18° above the horizontal (Fig. 58). What is the total 
force that the cockpit seat exerts on the 75-kg pilot? 


FIGURE 58 
Problem 77. 


78. A 7650-kg helicopter accelerates upward at 0.80 m/s? while 


lifting a 1250-kg frame at a construction site, Fig. 59. 
(a) What is the lift force 
exerted by the air on 
the helicopter rotors? 
(b) What is the tension in 
the cable (ignore its mass) 
that connects the frame to 
the helicopter? (c) What 
force does the cable exert 
on the helicopter? 


FIGURE 59 p 
Problem 78. mg 


79. A super high-speed 14-car Italian train has a mass of 


640 metric tons (640,000 kg). It can exert a maximum force of 
400kN horizontally against the tracks, whereas at maximum 
constant velocity (300 km/h), it exerts a force of about 150 kN. 
Calculate (a) its maximum acceleration, and (b) estimate the 
force of friction and air resistance at top speed. 


80. A fisherman in a boat is using a “10-lb test” fishing line. This 


means that the line can exert a force of 45N without 
breaking (11b = 4.45 N). (a) How heavy a fish can the fish- 
erman land if he pulls the fish up vertically at constant 
speed? (b) If he accelerates the fish upward at 2.0m/s’, 
what maximum weight fish can he land? (c) Is it possible to 
land a 15-lb trout on 10-lb test line? Why or why not? 


81. An elevator in a tall building is allowed to reach a maximum 


speed of 3.5m/s going down. What must the tension be in 
the cable to stop this elevator over a distance of 2.6 m if the 
elevator has a mass of 1450 kg including occupants? 


82. Two rock climbers, Bill and Karen, use safety ropes of 


similar length. Karen’s rope is more elastic, called a dynamic 
rope by climbers. Bill has a static rope, not recommended for 
safety purposes in pro climbing. (a) Karen falls freely about 
2.0m and then the rope stops her over a distance of 1.0 m (Fig. 
60). Estimate how large a force (assume constant) she will feel 
from the rope. (Express the result in multiples of her weight.) 
(b) In a similar fall, Bill’s rope stretches by only 30cm. How 
many times his weight will the rope pull on him? Which 
climber is more likely to be hurt? 


Tyler Stableford/The Image Bank/ 
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FIGURE 60 
Problem 82. 
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83. Three mountain climbers who are roped together in a line 
are ascending an icefield inclined at 31.0° to the horizontal 
(Fig. 61). The last climber slips, pulling the second climber 
off his feet. The first climber is able to hold them both. If 
each climber has a mass of 75 kg, calculate the tension in 
each of the two sections of rope between the three climbers. 
Ignore friction between the ice and the fallen climbers. 


87. A 1.5-kg block rests on top of a 7.5-kg block (Fig. 63). The 


cord and pulley have negligible mass, and there is no signif- 
icant friction anywhere. (a) What force F must be applied to 
the bottom block so the top block accelerates to the right at 
2.5 m/s”? (b) What is the tension in the connecting cord? 


=! 


FIGURE 63 
Problem 87. 


88. You are driving home in your 750-kg car at 15 m/s. At a point 


31.004 


FIGURE 61 Problem 83. 


84. A “doomsday” asteroid with a mass of 1.0 X 10'kg is 
hurtling through space. Unless the asteroid’s speed is 
changed by about 0.20 cm/s, it will collide with Earth and 
cause tremendous damage. Researchers suggest that a small 
“space tug” sent to the asteroid’s surface could exert a gentle 
constant force of 2.5 N. For how long must this force act? 


85. A 450-kg piano is being unloaded from a truck by rolling it 
down a ramp inclined at 22°. There is negligible friction and 
the ramp is 11.5 m long. Two workers slow the rate at which 
the piano moves by pushing with a combined force of 
1420N parallel to the ramp. If the piano starts from rest, 
how fast is it moving at the bottom? 


86. Consider the system shown in Fig. 62 with ma = 9.5 kg 
and mg = 11.5kg. The angles 0, = 59° and 0g = 32°. 
(a) In the absence of friction, what force F would be 
required to pull the masses at a 
constant velocity up the fixed 
inclines? (b) The force F is 
now removed. What is the 
magnitude and direction 
of the acceleration 
of the two blocks? 
(c) In the absence 
of F, what is the 
tension in the 
string? 


FIGURE 62 
Problem 86. 


45m from the beginning of an intersection, you see a green 
traffic light change to yellow, which you expect will last 4.0 s, 
and the distance to the far side of the intersection is 65m 
(Fig. 64). (a) If you choose to accelerate, your car’s engine will 
furnish a forward force of 1200 N. Will you make it completely 
through the intersection before the light turns red? (b) If you 
decide to panic stop, your brakes will provide a force of 
1800 N. Will you stop before entering the intersection? 


+ 15m 


I 65 m T 3 


FIGURE 64 Problem 88. 


*Numerical/Computer 
*89. (II) A large crate of mass 1500 kg starts sliding from rest 


along a frictionless ramp, whose length is £ and whose incli- 
nation with the horizontal is 0. (a) Determine as a function 
of 0: (i) the acceleration a of the crate as it goes downhill, 
(ii) the time ¢ to reach the bottom of the incline, (iii) the 
final velocity v of the crate when it reaches the bottom of 
the ramp, and (iv) the normal force Fyon the crate. (b) Now 
assume £= 100m. Use a spreadsheet to calculate and 
graph a, t, v, and Fyas functions of 0 from 6 = 0° to 90° in 
1° steps. Are your results consistent with the known result 
for the limiting cases @ = 0° and 0 = 90°? 


| Answers to Odd-Numbered Problems 


1. 77N. 7. 2.1 X 10°N. 19. (a) 7.5 s, 13s, 7.5 s; 
3. (a) 6.7 X 10° N; 9. m > 1.5kg. (b) 12%, 0%, —12%; 
(b) 1.2 X 10° N; 11. 89.8 N. (c) 55%. 
(c) 2.5 X 10° N; 13. 1.8 m/s”, up. 21. (a) 3.1 m/s’; 
(d) 0. 15. Descend with a = 2.2 m/2?. (b) 25 m/s; 
5. 1.3 X 10°N, 39%, 1.3 X 10°N. 17. —2800 m/s”, 280 g’s, 1.9 X 10° N. (c) 78s. 
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3.3 X 10N. 

(a) 150 N; 

(b) 14.5 m/s. 

(a) 47.0 N; 

(b) 17.0 N; 

(c) 0. 

(a) (b) 


F bat 
mg mg 


(a) 1.5m; 

(b) 11.5 KN, no. 

(a) 31N, 63 N; 

(b) 35N, 71N. 

6.3 X 10°N,8.4 X 10°N. 


(a) 19.0 N at 237.5°, 1.03 m/s? at 
237.5°: 


(b) 14.0N at 51.0°, 0.758 m/s? at 
51.0°. 


4.0 X 10? m. 

125; 

(a) 9.9 N; 

(b) 260 N. 

(a) mgg — Fr = mga; 
Fr — mcg = mca; 

(b) 0.68 m/s’, 10, 500 N. 


(a) 2.8m; 

(b) 2.55. 

(a) 
Fr 
mp 
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Forces: Drag and Terminal 
Velocity 


Newton’s laws are fundamental in physics. 
These photos show two situations of using 
Newton’s laws. The downhill skier illustrates 
friction on an incline, although at this moment 
she is not touching the snow, and so is retarded 
only by air resistance which is a velocity- 
dependent force. The people on the rotating 
amusement park ride below illustrate the 
dynamics of circular motion. 
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Using Newton's Laws: Friction, 
Circular Motion, Drag Forces 


CHAPTER-OPENING QUESTION— Guess now! 


[Don't worry about getting the right answer now—the idea is to (a) J) m 
get your preconceived notions out on the table.] pi 4 A7 © 
You revolve a ball around you in a horizontal circle a (a Se (a) 
at constant speed on a string, as shown here from aS ` 
: . . %4 
above. Which path will the ball follow if you ,” s (e) 
let go of the string at point P? d \ 
1 1 
\ 
1 
l l 
\ ! 
\ I 
\ 1 
\ / 
\ / 
\ / 
X. - 
w m p a á 


his chapter considers aspects of Newton’s laws and emphasizes their 
fundamental importance in physics. We cover some important applications 
of Newton’s laws, including friction and circular motion. 


Note: Sections marked with an asterisk (*) may be considered optional by the instructor. 


Using Newton's Laws: Friction, Circular Motion, Drag Forces 


1] Applications of Newton's Laws 
Involving Friction 


Friction must be taken into account in most practical situations. Friction exists 
between two solid surfaces because even the smoothest looking surface is quite 
rough on a microscopic scale, Fig. 1. When we try to slide an object across another 
surface, these microscopic bumps impede the motion. Exactly what is happening at 
the microscopic level is not yet fully understood. It is thought that the atoms on a 
bump of one surface may come so close to the atoms of the other surface that 
attractive electric forces between the atoms could “bond” as a tiny weld between 
the two surfaces. Sliding an object across a surface is often jerky, perhaps due to 
the making and breaking of these bonds. Even when a round object rolls across a 
surface, there is still some friction, called rolling friction, although it is generally 
much less than when objects slide across a surface. We focus our attention now on 
sliding friction, which is usually called kinetic friction (kinetic is from the Greek for 
“moving”). 

When an object slides along a rough surface, the force of kinetic friction acts 
opposite to the direction of the object’s velocity. The magnitude of the force of 
kinetic friction depends on the nature of the two sliding surfaces. For given surfaces, 
experiment shows that the friction force is approximately proportional to the 
normal force between the two surfaces, which is the force that either object exerts 
on the other and is perpendicular to their common surface of contact (see Fig. 2). 
The force of friction between hard surfaces in many cases depends very little on the 
total surface area of contact; that is, the friction force on this book is roughly the 
same whether it is being slid on its wide face or on its spine, assuming the surfaces 
have the same smoothness. We consider a simple model of friction in which we 
make this assumption that the friction force is independent of area. Then we write 
the proportionality between the magnitudes of the friction force F;,and the normal 
force Fy as an equation by inserting a constant of proportionality, uy: 

Fa = ugFy. [kinetic friction] 

This relation is not a fundamental law; it is an experimental relation between 
the magnitude of the friction force Fẹ, which acts parallel to the two surfaces, 
and the magnitude of the normal force Fy ,which acts perpendicular to the surfaces. 
It is not a vector equation since the two forces have directions perpendicular to 
one another. The term uy is called the coefficient of kinetic friction, and its value 
depends on the nature of the two surfaces. Measured values for a variety of 
surfaces are given in Table 1. These are only approximate, however, since u 
depends on whether the surfaces are wet or dry, on how much they have been 
sanded or rubbed, if any burrs remain, and other such factors. But ug is roughly 
independent of the sliding speed, as well as the area in contact. 


TABLE 1 Coefficients of Friction’ 


Coefficient of Coefficient of 
Surfaces Static Friction, u, Kinetic Friction, uk 
Wood on wood 0.4 02 
Ice on ice 0.1 0.03 
Metal on metal (lubricated) 0.15 0.07 
Steel on steel (unlubricated) 0.7 0.6 
Rubber on dry concrete 1.0 0.8 
Rubber on wet concrete 0.7 0.5 
Rubber on other solid surfaces 1-4 il 
Teflon® on Teflon in air 0.04 0.04 
Teflon on steel in air 0.04 0.04 
Lubricated ball bearings <0.01 <0.01 
Synovial joints (in human limbs) 0.01 0.01 


Values are approximate and intended only as a guide. 


FIGURE 1 An object moving to 
the right on a table or floor. 

The two surfaces in contact are 
rough, at least on a microscopic 
scale. 


FIGURE 2 When an object is 
pulled along a surface by an 

applied force (Fa), the force of 
friction Fj, opposes the motion. 

The magnitude of Fj, is proportional 
to the magnitude of the normal 
force (Fy). 
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mg 
FIGURE 2 Repeated for Example 1. 


FIGURE 3 Example 1. Magnitude 
of the force of friction as a function 
of the external force applied to an 
object initially at rest. As the applied 
force is increased in magnitude, the 
force of static friction increases in 
proportion until the applied force 
equals ps Fy. 

If the applied force increases 
further, the object will begin to 
move, and the friction force drops to 
a roughly constant value 
characteristic of kinetic friction. 
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What we have been discussing up to now is kinetic friction, when one object slides 
over another. There is also static friction, which refers to a force parallel to the two 
surfaces that can arise even when they are not sliding. Suppose an object such as a desk 
is resting on a horizontal floor. If no horizontal force is exerted on the desk, there also 
is no friction force. But now suppose you try to push the desk, and it doesn’t move. You 
are exerting a horizontal force, but the desk isn’t moving, so there must be another 
force on the desk keeping it from moving (the net force is zero on an object at rest). 
This is the force of static friction exerted by the floor on the desk. If you push with a 
greater force without moving the desk, the force of static friction also has increased. If 
you push hard enough, the desk will eventually start to move, and kinetic friction takes 
over. At this point, you have exceeded the maximum force of static friction, which is 
given by (Fir)max = Msn, Where us is the coefficient of static friction (Table 1). 
Because the force of static friction can vary from zero to this maximum value, we write 

Fe < ps Fn. [static friction] 

You may have noticed that it is often easier to keep a heavy object sliding than 
it is to start it sliding in the first place. This is consistent with u, generally being 
greater than py, (see Table 1). 


Friction: static and kinetic. Our 10.0-kg mystery box rests on a 
horizontal floor. The coefficient of static friction is u, = 0.40 and the coefficient 
of kinetic friction is uw, = 0.30. Determine the force of friction, F;,,acting on the 
box if a horizontal external applied force F; is exerted on it of magnitude: (a) 0, 
(b) 10N, (c) 20N, (d) 38N, and (e) 40 N. 

APPROACH We don’t know, right off, if we are dealing with static friction or 
kinetic friction, nor if the box remains at rest or accelerates. We need to draw a 
free-body diagram, and then determine in each case whether or not the box will 
move: the box starts moving if F, is greater than the maximum static friction 
force (Newton’s second law). The forces on the box are gravity mg, the normal 
force exerted by the floor Fy, the horizontal applied force F4, and the friction 
force F;,, as shown in Fig. 2. 

SOLUTION The free-body diagram of the box is shown in Fig. 2. In the vertical 
direction there is no motion, so Newton’s second law in the vertical direction 
gives XF, = may =0, which tells us Fy — mg =0. Hence the normal force is 


Fy = mg = (10.0kg)(9.80m/s’) = 98.0N. 


(a) Because Fa = 0 in this first case, the box doesn’t move, and Fẹ = 0. 
(b) The force of static friction will oppose any applied force up to a maximum of 


usFxy = (0.40)(98.0N) = 39N. 


When the applied force is Fa = 10N, the box will not move. Newton’s second 
law gives Fy = Fy — Fy =0,s0 Fẹ =10N. 

(c) An applied force of 20N is also not sufficient to move the box. Thus 
F;, = 20N to balance the applied force. 

(d) The applied force of 38 N is still not quite large enough to move the box; so 
the friction force has now increased to 38 N to keep the box at rest. 

(e) A force of 40 N will start the box moving since it exceeds the maximum force 
of static friction, us Fy = (0.40)(98N) = 39N. Instead of static friction, we now 
have kinetic friction, and its magnitude is 


Fa = pxFy = (0.30)(98.0N) = 29N. 
There is now a net (horizontal) force on the box of magnitude F = 40N — 29N = 
11 N, so the box will accelerate at a rate 
XF 11N 
m 10.0 kg 


as long as the applied force is 40 N. Figure 3 shows a graph that summarizes this 
Example. 


= ji m/s 


ay 
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Friction can be a hindrance. It slows down moving objects and causes heating 
and binding of moving parts in machinery. Friction can be reduced by using lubri- 
cants such as oil. More effective in reducing friction between two surfaces is to 
maintain a layer of air or other gas between them. Devices using this concept, 
which is not practical for most situations, include air tracks and air tables in which 
the layer of air is maintained by forcing air through many tiny holes. Another tech- 
nique to maintain the air layer is to suspend objects in air using magnetic fields 
(“magnetic levitation”). On the other hand, friction can be helpful. Our ability to 
walk depends on friction between the soles of our shoes (or feet) and the ground. 
(Walking involves static friction, not kinetic friction. Why?) The movement of a 
car, and also its stability, depend on friction. When friction is low, such as on ice, 
safe walking or driving becomes difficult. 


A box against a wall. You can hold a box against 
a rough wall (Fig. 4) and prevent it from slipping down by pressing hard horizon- 
tally. How does the application of a horizontal force keep an object from moving 
vertically? 


RESPONSE This won’t work well if the wall is slippery. You need friction. Even 
then, if you don’t press hard enough, the box will slip. The horizontal force you 
apply produces a normal force on the box exerted by the wall (net force horizontally 
is zero since box doesn’t move horizontally.) The force of gravity mg, acting 
downward on the box, can now be balanced by an upward static friction force 
whose maximum magnitude is proportional to the normal force. The harder you 
push, the greater Fyis and the greater F;,can be. If you don’t press hard enough, 
then mg > p, Fyand the box begins to slide down. 


EXERCISE A If u, = 0.40 and mg = 20N, what minimum force F will keep the box 
from falling: (a) 100 N; (b) 80 N; (c) 50 N; (d) 20 N; (e) 8N? 


Pulling against friction. A 10.0-kg box is pulled along a 
horizontal surface by a force Fpof 40.0 N applied at a 30.0° angle above horizontal. 
We assume a coefficient of kinetic friction of 0.30. Calculate the acceleration. 
APPROACH The free-body diagram is shown in Fig. 5. But with one more force, that 
of friction. 

SOLUTION The calculation for the vertical (y) direction is 
mg = (10.0 kg)(9.80 m/s*) = 98.0N and Fpy = (40.0 N)(sin 30.0°) = 20.0 N. 
With y positive upward and ay = 0, we have 
Fy — mg + Fpy = may 

Fy — 98.0N + 20.00N = 0, 
so the normal force is Fy = 78.0 N. Now we apply Newton’s second law for the 
horizontal (x) direction (positive to the right), and include the friction force: 

Fp, — Fr = may. 
The friction force is kinetic as long as Fẹ =p, Fy is less than Fp, = 
(40.0 N) cos 30.0° = 34.6 N, which it is: 

Fr = ukFn = (0.30)(78.0N) = 23.4N. 
Hence the box does accelerate: 

Fp, — Fir 34.6N — 23.4N 3 

a, = =m = 10.0kg = 1.1 m/s’. 

In the absence of friction, the acceleration would be much greater than this. 


NOTE Our final answer has only two significant figures because our least significant 
input value (4, = 0.30) has two. 


| EXERCISE B If ug Fy were greater than Fp,,what would you conclude? 


FIGURE 4 Example 2. 


FIGURE 5 Example 3. 
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(a) mg 


(c) mg 


FIGURE6 Example 4. 


FIGURE 7 Example 5. 
5.0 kg 


A 


Fy 
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CONCEPTUAL EXAMPLE 4 | To push or to pull a sled? Your little sister wants 


a ride on her sled. If you are on flat ground, will you exert less force if you push her 
or pull her? See Figs. 6a and b. Assume the same angle 0 in each case. 

RESPONSE Let us draw free-body diagrams for the sled—sister combination, as 
shown in Figs. 6c and d. They show, for the two cases, the forces exerted by you, F 
(an unknown), by the snow, Fy and F;,, and gravity mg. (a) If you push her, and 
0 > 0, there is a vertically downward component to your force. Hence the 
normal force upward exerted by the ground (Fig. 6c) will be larger than mg 
(where m is the mass of sister plus sled). (b) If you pull her, your force has a 
vertically upward component, so the normal force Fy will be less than mg, 
Fig. 6d. Because the friction force is proportional to the normal force, Fý will be 
less if you pull her. So you exert less force if you pull her. 


Two boxes and a pulley. In Fig. 7a, two boxes are connected by 
a cord running over a pulley. The coefficient of kinetic friction between box A and 
the table is 0.20. We ignore the mass of the cord and pulley and any friction in the 
pulley, which means we can assume that a force applied to one end of the cord will 
have the same magnitude at the other end. We wish to find the acceleration, a, of the 
system, which will have the same magnitude for both boxes assuming the cord 
doesn’t stretch. As box B moves down, box A moves to the right. 
APPROACH The free-body diagrams for each box are shown in Figs. 7b and c. 
The forces on box A are the pulling force of the cord Fr, gravity m, g, the normal 
force exerted by the table Fy, and a friction force exerted by the table Fg; the 
forces on box B are gravity mpg g, and the cord pulling up, Fr. 
SOLUTION Box A does not move vertically, so Newton’s second law tells us the 
normal force just balances the weight, 
Fy = mag = (5.0kg)(9.8m/s’) = 49N. 
In the horizontal direction, there are two forces on box A (Fig. 7b): Fy, the 
tension in the cord (whose value we don’t know), and the force of friction 
Fe = pxFy = (0.20)(49N) = 9.8N. 
The horizontal acceleration is what we wish to find; we use Newton’s second law 
in the x direction, >F yy, =m, ay, which becomes (taking the positive direction 
to the right and setting ay, = a): 
DFay = Fy — Fe = maa. [box A] 
Next consider box B. The force of gravity mgg = (2.0kg)(9.8 m/s’) = 19.6 N 
pulls downward; and the cord pulls upward with a force Fr. So we can write 
Newton’s second law for box B (taking the downward direction as positive): 
=Fpy = mg — Fr = mga. [box B] 
[Notice that if a # 0, then Fris not equal to mg g.] 
We have two unknowns, a and Fr,and we also have two equations. We solve 
the box A equation for Fy: 
Fy = Fr + maa, 
and substitute this into the box B equation: 
mpg — Fy — maa = mga. 
Now we solve for a and put in numerical values: 
_ mpg — Fe _ 196N — 9.8N 
m, + mg 5.0kg + 2.0 kg 
which is the acceleration of box A to the right, and of box B down. 
If we wish, we can calculate Frusing the third equation up from here: 
Fy = Fy + maa = 98N + (5.0kg)(1.4m/s’) = 17N. 
NOTE Box B is not in free fall. It does not fall at a = g because an additional 
force, Fr,is acting upward on it. 


= 1.4m/s’, 
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The skier. The skier in Fig. 8a is descending a 30° slope, at ® PHYSICS APPLIED 
constant speed. What can you say about the coefficient of kinetic friction ug? Skiing 


APPROACH We choose the x axis along the slope, positive pointing downslope in FIGURE 8 Example 6.A 

the direction of the skier’s motion. The y axis is perpendicular to the surface skier descending a slope; Fc = mg 
as shown in Fig. 8b, which is the free-body diagram for our system which is the force of gravity (weight) on 
we choose as the skier and her skis (total mass m). The forces acting are the skier. 

gravity, Fo = mg, which points vertically downward (not perpendicular to the 
slope), and the two forces exerted on her skis by the snow—the normal force 
perpendicular to the snowy slope (not vertical), and the friction force parallel to 
the surface. These three forces are shown acting at one point in Fig. 8b, 
for convenience. 

SOLUTION We have to resolve only one vector into components, the weight Fg, 
and its components are shown as dashed lines in Fig. 8c: 


Fox = mgsinð, 
Foy = —mgcos0, 


where we have stayed general by using 0 rather than 30° for now. There 
is no acceleration, so Newton’s second law applied to the x and y components 
gives 

XF, = Fy — mgcos0 = may = 0 

ZF 


mgsinð — uyFy = ma, = 0. 


From the first equation, we have Fy = mg cos 0. We substitute this into the 
second equation: 


mgsinð — m(mg cos) = 0. 
Now we solve for ug: 


mg sin 0 sin 0 
px = = = tang 
mg cos 0 cos 0 


which for @ = 30° is 


ux = tan = tan30° = 0.58. 


Notice that we could use the equation 
uk = tan 


to determine upg under a variety of conditions. All we need to do is observe at 
what slope angle the skier descends at constant speed. Here is another reason 
why it is often useful to plug in numbers only at the end: we obtained a general 
result useful for other situations as well. 


In problems involving a slope or “inclined plane,’ avoid making errors A CAUTION 


in the directions of the normal force and gravity. The normal force is not Directions of gravity and 


vertical: it is perpendicular to the slope or plane. And gravity is not perpen- the normal force 
dicular to the slope—gravity acts vertically downward toward the center of 
the Earth. 
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FIGURE 9 Example 7. Note choice 
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(case i) (case ii) 


(b) (c) 


A ramp, a pulley, and two boxes. A box of mass m, = 10.0 kg 
rests on a surface inclined at 0 = 37° to the horizontal. It is connected by a light- 
weight cord, which passes over a massless and frictionless pulley, to a second box 
of mass mg, which hangs freely as shown in Fig. 9a. (a) If the coefficient of static 
friction is u, = 0.40, determine what range of values for mass mg will keep the 
system at rest. (b) If the coefficient of kinetic friction is p, = 0.30, and 
mz = 10.0 kg, determine the acceleration of the system. 


APPROACH Figure 9b shows two free-body diagrams for box m, because the force 
of friction can be either up or down the slope, depending on which direction the box 
slides: (i) if mg = 0 or is sufficiently small, m, would tend to slide down the incline, 
so Fp would be directed up the incline; (ii) if mpg is large enough, ma will tend to be 
pulled up the plane, so Fẹ would point down the plane. The tension force exerted 
by the cord is labeled F}. 


SOLUTION (a) For both cases (i) and (ii), Newton’s second law for the y direction 
(perpendicular to the plane) is the same: 


Fy — magcos@ = maay = 0 

since there is no y motion. So 
Fy = magcosé. 

Now for the x motion. We consider case (i) first for which =F = ma gives 
magsin@d — Fy — Fe = maay. 


We want a, =0 and we solve for Fysince Fyris related to mg (whose value we 
are seeking) by Fr = mgg (see Fig. 9c). Thus 


mygsind — Fy = Fr = mpg. 


We solve this for mg and set Fp at its maximum value u, Fy = usm, gcosé to 
find the minimum value that mg can have to prevent motion (a x = 0): 


mg = masinð — usma cosd 


(10.0 kg) (sin 37° — 0.40 cos 37°) = 2.8kg. 


ll 


Thus if mg < 2.8 kg, then box A will slide down the incline. 
Now for case (ii) in Fig. 9b, box A being pulled up the incline. Newton’s second 
law is 


magsin@d + Fy — Fy = maay = 0. 


Using Newton's Laws: Friction, Circular Motion, Drag Forces 
Then the maximum value mpg can have without causing acceleration is given by 


Fy = mpg = magsind + usma gcosé 
or 


mg = masind + p.m, cos 0 


= (10.0kg)(sin37° + 0.40 cos 37°) = 9.2kg. 
Thus, to prevent motion, we have the condition 
2.8kg < mpg < 9.2 kg. 


(b) If mg =10.0kg and upg = 0.30, then mg will fall and m, will rise up the 
plane (case ii). To find their acceleration a, we use XF = ma for box A: 


mya = Fr — mggsind — py Fy. 
Since mg accelerates downward, Newton’s second law for box B (Fig. 9c) tells us 
mga = mgg — Fy, or Fr =mgg — mga, and we substitute this into the 
equation above: 


m,a = Mpg — mga — magsind — pw, Fy. 


We solve for the acceleration a and substitute Fy = mag cos, and then 
m, = mp = 10.0 kg, to find 


_ mgg — Magsind — pym, gcosd 


m, + mg 


(10.0 kg)(9.80 m/s°)(1 — sin 37° — 0.30 cos 37°) 
20.0 kg 


= 0.079g = 0.78 m/s’. 


NOTE It is worth comparing this equation for acceleration a with that obtained 
in Example 5: if here we let 0 = 0, the plane is horizontal as in Example 5, and 
we obtain a = (mgg — mma g)/(m, + mp) just as in Example 5. 


2 Uniform Circular Motion— Kinematics FIGURE 10 A small object 


moving in a circle, showing how 

the velocity changes. At each point, 
the instantaneous velocity is ina 
direction tangent to the circular path. 


An object moves in a straight line if the net force on it acts in the direction of 
motion, or the net force is zero. If the net force acts at an angle to the direction of 
motion at any moment, then the object moves in a curved path. An example of the 
latter is projectile motion. Another important case is that of an object moving in a 
circle, such as a ball at the end of a string revolving around one’s head, or the nearly 
circular motion of the Moon about the Earth. 

An object that moves in a circle at constant speed v is said to experience 
uniform circular motion. The magnitude of the velocity remains constant in this 
case, but the direction of the velocity continuously changes as the object moves 
around the circle (Fig. 10). Because acceleration is defined as the rate of change of 
velocity, a change in direction of velocity constitutes an acceleration, just as a 
change in magnitude of velocity does. Thus, an object revolving in a circle is 
continuously accelerating, even when the speed remains constant (v; = v, = v). 
We now investigate this acceleration quantitatively. 
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(b) 


E (c) 


FIGURE 11 Determining the change 
in velocity, Av, for a particle moving in 
a circle. The length Af is the distance 
along the arc, from A to B. 


A CAUTION 


In uniform circular motion, the speed is 
constant, but the acceleration is not zero 


FIGURE 12 For uniform circular 
motion, a is always perpendicular to V. 


Vo 


Acceleration is defined as 

i Av dy 

soo At dt 

where AV is the change in velocity during the short time interval At. We will eventually 
consider the situation in which At approaches zero and thus obtain the instantaneous 
acceleration. But for purposes of making a clear drawing (Fig. 11), we consider a 
nonzero time interval. During the time interval Af, the particle in Fig. 11a moves from 
point A to point B, covering a distance Af along the arc which subtends an 
angle A@. The change in the velocity vector is V, — ¥, = AV, and is shown in Fig. 11b. 

Now we let At be very small, approaching zero. Then A£ and A90 are also very 
small, and ¥, will be almost parallel to ¥, (Fig. 11c); Av will be essentially perpen- 
dicular to them. Thus AV points toward the center of the circle. Since a, by defini- 
tion, is in the same direction as AV, it too must point toward the center of the 
circle. Therefore, this acceleration is called centripetal acceleration (“center- 
pointing” acceleration) or radial acceleration (since it is directed along the radius, 
toward the center of the circle), and we denote it by ap. 

We next determine the magnitude of the radial (centripetal) acceleration, ap. 
Because CA in Fig. 11a is perpendicular to ¥,, and CB is perpendicular to V, it 
follows that the angle A@, defined as the angle between CA and CB, is also the 
angle between ¥, and ¥,. Hence the vectors ¥,,¥., and AV in Fig. 11b form a 
triangle that is geometrically similar to triangle CAB in Fig. lla. 
If we take A@ to be very small (letting At be very small) and setting v = vı = v 
because the magnitude of the velocity is assumed not to change, we can write 


a= 


ao y Ak 
Vv i T , 
or 
Av = ČAL 
r 


This is an exact equality when Aft approaches zero, for then the arc length Af 
equals the chord length AB. We want to find the instantaneous acceleration, dp , SO 
we use the expression above to write 


li li v AL 
fg = AL AF At 


Then, because 
jm 2t 
aD At 


is just the linear speed, v, of the object, we have for the centripetal (radial) acceleration 


dp = —: [centripetal (radial) acceleration] (1) 


Equation 1 is valid even when v is not constant. 

To summarize, an object moving in a circle of radius r at constant speed v has 
an acceleration whose direction is toward the center of the circle and whose magni- 
tude is dg = v’/r. It is not surprising that this acceleration depends on v and r. 
The greater the speed v, the faster the velocity changes direction; and the larger 
the radius, the less rapidly the velocity changes direction. 

The acceleration vector points toward the center of the circle. But the velocity 
vector always points in the direction of motion, which is tangential to the circle. 
Thus the velocity and acceleration vectors are perpendicular to each other at every 
point in the path for uniform circular motion (Fig. 12). This is another example 
that illustrates the error in thinking that acceleration and velocity are always in the 
same direction. For an object falling vertically, ä and VW are indeed parallel. But in 
circular motion, 4 and ¥ are perpendicular, not parallel (nor are they parallel in 
projectile motion). 


EXERCISE C Can the kinematic equations for constant acceleration be used for uniform 
circular motion? For example, could this Equation’ be used to calculate the time for the 
revolving ball in Fig. 12 to make one revolution? 


tx = Xo + xot + af. 


Using Newton's Laws: Friction, Circular Motion, Drag Forces 


Circular motion is often described in terms of the frequency f, the number of 
revolutions per second. The period T of an object revolving in a circle is 
the time required for one complete revolution. Period and frequency are related by 


1 
TP ee (2) 
f 
For example, if an object revolves at a frequency of 3 rev/s, then each revolution 
takes $s. For an object revolving in a circle (of circumference 27r) at constant 
speed v, we can write 
2r 
v= ? 
T 
since in one revolution the object travels one circumference. 


OWES Acceleration of a revolving ball. A 150-g ball at the end of a 
string is revolving uniformly in a horizontal circle of radius 0.600 m, as in Fig. 10 or 12. 
The ball makes 2.00 revolutions in a second. What is its centripetal acceleration? 


APPROACH The centripetal acceleration is ag = v’/r. We are given r, and we 
can find the speed of the ball, v, from the given radius and frequency. 
SOLUTION If the ball makes two complete revolutions per second, then the ball 
travels in a complete circle in a time interval equal to 0.500s, which is its 
period 7. The distance traveled in this time is the circumference of the circle, 27rr, 
where r is the radius of the circle. Therefore, the ball has speed 

2r 27 (0.600 m) 


v= y = (0.500s) ~ 7.54 m/s. 
The centripetal acceleration’ is 
v (7.54 m/s} 
= = = 94.7 m/s’. 
aR T 0600m) ae 


EXERCISE D If the radius is doubled to 1.20m but the period stays the same, by what 
factor will the centripetal acceleration change? (a) 2, (b) 4, (c) +, (d) 4, (e) none of these. 


Moon’s centripetal acceleration. The Moon’s nearly circular 
orbit about the Earth has a radius of about 384,000 km and a period T of 27.3 
days. Determine the acceleration of the Moon toward the Earth. 
APPROACH Again we need to find the velocity v in order to find ag. We will 
need to convert to SI units to get v in m/s. 
SOLUTION In one orbit around the Earth, the Moon travels a distance 27r, 
where r = 3.84 X 10°m is the radius of its circular path. The time required for 
one complete orbit is the Moon’s period of 27.3 d. The speed of the Moon in its 
orbit about the Earth is v=2ar/T. The period T in seconds is 
T = (27.3 d)(24.0 h/d) (3600 s/h) = 2.36 X 10°s. Therefore, 


v (2ar}? dar 4a7°(3.84 X 108 m) 
r T’r r (2.36 X 10° s} 
= 0.00272 m/s? = 2.72 X 10° m/s’. 


We can write this acceleration in terms of g = 9.80 m/s? (the acceleration of 
gravity at the Earth’s surface) as 


ap = 


— E 
9.80 m/s? 
NOTE The centripetal acceleration of the Moon, a = 2.78 X 10™ g, is not the 
acceleration of gravity for objects at the Moon’s surface due to the Moon’s 
gravity. Rather, it is the acceleration due to the Earth’s gravity for any object 
(such as the Moon) that is 384,000 km from the Earth. Notice how small this 
acceleration is compared to the acceleration of objects near the Earth’s surface. 


a = 2.72 X10° m/s( = 2.78 X10 4g. 


‘Differences in the final digit can depend on whether you keep all digits in your calculator for v (which 
gives ar = 94.7 m/s’), or if you use v = 7.54 m/s in which case you get ap = 94.8 m/s”. Both results 
are valid since our assumed accuracy is about + 0.1 m/s. 


A CAUTION 
Distinguish the Moon’s gravity 
on objects at its surface, 

from the Earth’s gravity acting 
on the Moon (this Example) 
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@) puysics APPLIED *Centrifugation 


Centrifuge Centrifuges and very high speed ultracentrifuges, are used to sediment materials 
quickly or to separate materials. Test tubes held in the centrifuge rotor are accelerated 
to very high rotational speeds: see Fig. 13, where one test tube is shown in 
two positions as the rotor turns. The small green dot represents a small particle, 
perhaps a macromolecule, in a fluid-filled test tube. At position A the particle has a 
tendency to move in a straight line, but the fluid resists the motion of the particles, 
exerting a centripetal force that keeps the particles moving nearly in a circle. The 
resistive force exerted by the fluid (liquid, gas, or gel, depending on the application) 
usually does not quite equal mv*/r, and the particles move slowly toward the bottom 
of the tube. A centrifuge provides an “effective gravity” much larger than normal 
gravity because of the high rotational speeds, thus causing more rapid sedimentation. 


Force exerted 


Ultracentrifuge. The rotor of an ultracentrifuge rotates at 
50,000 rpm (revolutions per minute). A particle at the top of a test tube (Fig. 13) is 


Koo? 


6.00 cm from the rotation axis. Calculate its centripetal acceleration, in “g’s. 


FIGURE 13 Two positions of a 
rotating test tube in a centrifuge (top 
view). At A, the green dot represents a 
macromolecule or other particle being 
sedimented. It would tend to follow 
the dashed line, heading toward the 
bottom of the tube, but the fluid resists 
this motion by exerting a force on the 
particle as shown at point B. 


APPROACH We calculate the centripetal acceleration from ag = v/r. 


SOLUTION The test tube makes 5.00 X 10* revolutions each minute, or, dividing 
by 60 s/min, 833 rev/s. The time to make one revolution, the period T, is 
1 


T = —— = 120X10° ; 
(833 rev/s) ae 


At the top of the tube, a particle revolves in a circle of circumference 
2ar = (2r )(0.0600 m) = 0.377 m per revolution. The speed of the particle is then 
Qur ( 0.377 m/rev 
T 1.20 X 10% s/rev 
The centripetal acceleration is 
wy (314 X 10? m/s)” SERN 
al noem = 1.64 X 10° m/s’, 
which, dividing by g = 9.80 m/s”, is 1.67 X 10° g’s = 167,000 g’s. 


v = 


) = 3.14 X 10 m/s. 


FIGURE 14 A force is required to 3 Dynamics of Uniform Circular Motion 


keep an object moving in a circle. If According to Newton’s second law (=F = mā), an object that is accelerating 
the speed is constant, the force is must have a net force acting on it. An object moving in a circle, such as a ball on 

directed toward the circle’s center. p ; : 3 ae 
the end of a string, must therefore have a force applied to it to keep it moving in 
that circle. That is, a net force is necessary to give it centripetal acceleration. The 
magnitude of the required force can be calculated using Newton’s second law for 
the radial component, {Fp = mag, where dp is the centripetal acceleration, 

dg =v’/r, and =Fg is the total (or net) force in the radial direction: 
2 
Fp = mag = m = [circular motion] (3) 
For uniform circular motion (v = constant), the acceleration is ag, which is 
directed toward the center of the circle at any moment. Thus the net force too must 
be directed toward the center of the circle, Fig. 14. A net force is necessary because 
if no net force were exerted on the object, it would not move in a circle but in a 
straight line, as Newton’s first law tells us. The direction of the net force is contin- 
ually changing so that it is always directed toward the center of the circle. This 
A CAUTION force is sometimes called a centripetal (“pointing toward the center”) force. But be 
Centripetal force isnotanew aware that “centripetal force” does not indicate some new kind of force. The term 
kind of force (Every force must merely describes the direction of the net force needed to provide a circular path: 
be exerted by an object) the net force is directed toward the circle’s center. The force must be applied by 
other objects. For example, to swing a ball in a circle on the end of a string, you pull 
on the string and the string exerts the force on the ball. (Try it.) 


~ 


Using Newton's Laws: Friction, Circular Motion, Drag Forces 


There is a common misconception that an object moving in a circle has an outward ® CAUTION 


force acting on it, a so-called centrifugal (“center-fleeing”) force. This is incorrect: there There is no real “centrifugal force” 

is no outward force on the revolving object. Consider, for example, a person swinging a eas 

ball on the end of a string around her head (Fig. 15). If you have ever done this yourself, 77 ~ Force on bals 

you know that you feel a force pulling outward on your hand. The misconception arises / exerted by 

when this pull is interpreted as an outward “centrifugal” force pulling on the ball that is hi =e \\ 

transmitted along the string to your hand. This is not what is happening at all. To keep | Force on hand \ 

the ball moving in a circle, you pull inwardly on the string, and the string exerts this l exerted by | 

force on the ball. The ball exerts an equal and opposite force on the string (Newton’s ie l 

third law), and this is the outward force your hand feels (see Fig. 15). \ A 
The force on the ball is the one exerted inwardly on it by you, via the string. To N if 

see even more convincing evidence that a “centrifugal force” does not act on the Sy Pa 


~ 


ball, consider what happens when you let go of the string. If a centrifugal force 
were acting, the ball would fly outward, as shown in Fig. 16a. But it doesn’t; the FIGURE 15 Swinging a ball on the 
ball flies off tangentially (Fig. 16b), in the direction of the velocity it had at the end of a string. 

: : ; i 
moment it was released, because the inward force no longer acts. Try it and see! FIGURE 16 If centrifugal force 


existed, the revolving ball would fly 
outward as in (a) when released. In 
fact, it flies off tangentially as in (b). 
For example, in (c) sparks fly in 
EXAMPLE 11 Force on revolving ball (horizontal). Estimate straight lines tangentially from the 
the force a person must exert on a string attached to a 0.150-kg ball to make the edge of a rotating grinding wheel. 


EXERCISE E Return to the Chapter-Opening Question and answer it again now. Try to 
explain why you may have answered differently the first time. 


ball revolve in a horizontal circle of radius 0.600 m. The ball makes 2.00 revolutions wo 
per second (T = 0.500s), as in Example 8. Ignore the string’s mass. ro 
APPROACH First we need to draw the free-body diagram for the ball. The forces rs ice 


acting on the ball are the force of gravity, mg downward, and the tension force Fy 
that the string exerts toward the hand at the center (which occurs because the 
person exerts that same force on the string). The free-body diagram for the ball is 
as shown in Fig. 17. The ball’s weight complicates matters and makes it impossible 
to revolve a ball with the cord perfectly horizontal. We assume the weight is small, 
and put ¢ ~ 0 in Fig. 17. Thus Fy will act nearly horizontally and, in any case, 
provides the force necessary to give the ball its centripetal acceleration. 
SOLUTION We apply Newton’s second law to the radial direction, which we 
assume is horizontal: 


(2F )p = mar, 
where ag = v’/r and v = 2ar/T = 27(0.600 m)/(0.500s) = 7.54m/s. Thus 


F, = mŽČ = (0150k (r SAs 14N 
t= mp = (0150kg) Oem) ~ i 


NOTE We keep only two significant figures in the answer because we ignored the 
ball’s weight; it is mg = (0.150 kg)(9.80 m/s?) = 1.5N, about 75 of our result, 
which is small but not so small as to justify stating a more precise answer for Fy. 
NOTE To include the effect of mg, resolve F, in Fig. 17 into components, and set 


the horizontal component of Fy equal to mv?/r and its vertical component equal 
to mg. 


FIGURE 17 Example 11. 


(c) Jay Brousseau 


145 


146 


Using Newton's Laws: Friction, Circular Motion, Drag Forces 


2 Ls Se 
go Fy, 
j 23 
/ e \ 
/ \ 
I \ 
l | 
\ l 
\ I 
\ E / 
\ / 
N T2 / 
N 7 
N Pa 
Sw. 2 Lo? 
mg 


FIGURE 18 Example 12. Free-body 
diagrams for positions 1 and 2. 


A CAUTION 


Circular motion only if cord 
is under tension 


FIGURE 19 Exercise F. 


Revolving ball (vertical circle). A 0.150-kg ball on the end of a 
1.10-m-long cord (negligible mass) is swung in a vertical circle. (a) Determine the 
minimum speed the ball must have at the top of its arc so that the ball continues 
moving in a circle. (b) Calculate the tension in the cord at the bottom of the arc, 
assuming the ball is moving at twice the speed of part (a). 

APPROACH The ball moves in a vertical circle and is not undergoing uniform circular 
motion. The radius is assumed constant, but the speed v changes because of gravity. 
Nonetheless, Eq. 1 is valid at each point along the circle, and we use it at the top and 
bottom points. The free-body diagram is shown in Fig. 18 for both positions. 
SOLUTION (a) At the top (point 1), two forces act on the ball: mg, the force 
of gravity, and F;,, the tension force the cord exerts at point 1. Both act down- 
ward, and their vector sum acts to give the ball its centripetal acceleration ap. We 
apply Newton’s second law, for the vertical direction, choosing downward as posi- 
tive since the acceleration is downward (toward the center): 


(ZF)r = mag 
vi 

Fr, + mg = m—- [at top] 
r 


From this equation we can see that the tension force Fy, at point 1 will get larger 
if v (ball’s speed at top of circle) is made larger, as expected. But we are asked 
for the minimum speed to keep the ball moving in a circle. The cord will remain 
taut as long as there is tension in it. But if the tension disappears (because v, is 
too small) the cord can go limp, and the ball will fall out of its circular path. Thus, 
the minimum speed will occur if Fp; = 0, for which we have 
vi 

mg =m 

We solve for v, keeping an extra digit for use in (b): 


1 = Ver = \/(9.80m/s?)(1.10m) = 3.283 m/s. 
This is the minimum speed at the top of the circle if the ball is to continue 
moving in a circular path. 
(b) When the ball is at the bottom of the circle (point 2 in Fig. 18), the cord 
exerts its tension force Fr, upward, whereas the force of gravity, mg, still acts 
downward. Choosing upward as positive, Newton’s second law gives: 


[minimum speed at top] 


(2F)p Maz 
v 

Fr — mg = m~: [at bottom] 
r 


The speed v, is given as twice that in (a), namely 6.566 m/s. We solve for Fr3: 


(6.566 m/s)? 


+ (0.150kg)(9.80 m/s’) = 7.35N. 


EXERCISE F A rider on a Ferris wheel moves in a vertical circle of radius r at constant speed v 
(Fig. 19). Is the normal force that the seat exerts on the rider at the top of the wheel (a) less 
than, (b) more than, or (c) the same as, the force the seat exerts at the bottom of the wheel? 


S 
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Conical pendulum. A small ball of mass m, suspended by a 


cord of length £, revolves in a circle of radius r = £sin6, where 0 is the angle 
the string makes with the vertical (Fig. 20). (a) In what direction is the accelera- 
tion of the ball, and what causes the acceleration? (b) Calculate the speed and 
period (time required for one revolution) of the ball in terms of £, 0, g, and m. 


APPROACH We can answer (a) by looking at Fig. 20, which shows the forces on 
the revolving ball at one instant: the acceleration points horizontally toward the 
center of the ball’s circular path (not along the cord). The force responsible for 
the acceleration is the net force which here is the vector sum of the 
forces acting on the mass m: its weight Fg (of magnitude Fg = mg) and the force 
exerted by the tension in the cord, F;. The latter has horizontal and vertical 
components of magnitude Fy sin 0 and Fy cos 0, respectively. 

SOLUTION (b) We apply Newton’s second law to the horizontal and vertical 
directions. In the vertical direction, there is no motion, so the acceleration is zero 
and the net force in the vertical direction is zero: 


Frcosð — mg = 0. 


econd law tells us: 
f v? 
Frsinĝð = m—: 
r 


and use r = £sin 0): 


/rFysin@ T ( mg ) : 
v= = sin 0 
m m \cos@é 


fg sin? 0 


cos 0 


T 2ml sin 0 2ml sin 0 
v [Lg sin? 0 
cos 0 
Lcosé 
oe cos 6 
E 


Uniform Circular Motion 


1. Draw a free-body diagram, showing all the forces 
acting on each object under consideration. Be sure 
you can identify the source of each force (tension in 
a cord, Earth’s gravity, friction, normal force, and 
so on). Don’t put in something that doesn’t belong 
(like a centrifugal force). 

2. Determine which of the forces, or which of their compo- 

nents, act to provide the centripetal acceleration — that 


. Choose a convenient coordinate system, preferably 


4. Apply Newton’s second law to the radial component: 


Fycos0 j$ 
I l 
->t 


SFr sind i | 


kaS n 


FIGURE 20 Example 13. Conical 
pendulum. 


In the horizontal direction there is only one force, of magnitude Fy sin 6, that acts 
toward the center of the circle and gives rise to the acceleration v’/r. Newton’s 


We solve the second equation for v, and substitute for Frfrom the first equation 


The period T is the time required to make one revolution, a distance of 
2ar = 27l sin 0. The speed v can thus be written v = 27fsin6/T; then 


NOTE The speed and period do not depend on the mass m of the ball. They do 
depend on £ and 6. 


is, all the forces or components that act radially, 
toward or away from the center of the circular path. 
The sum of these forces (or components) provides the 
centripetal acceleration, ag = v’/r. 


with one axis along the acceleration direction. 


(2F)gp = mag = m% [radial direction] 
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© Guido Alberto Rossi/TIPS Images 


FIGURE 22 Race car heading into 
a curve. From the tire marks we see 
that most cars experienced a 
sufficient friction force to give them 
the needed centripetal acceleration 
for rounding the curve safely. But, we 
also see tire tracks of cars on which 
there was not sufficient force — and 
which unfortunately followed more 
nearly straight-line paths. 


FIGURE 23 Example 14. 
Forces on a car rounding a curve ona 
flat road. (a) Front view, (b) top view. 


(a) 


(b) 


——— | 


Force on car 
FIGURE 21 The road exerts an (sum of friction forces 


inward force on a car (friction against acting on each tire) 
the tires) to make it move ina 
circle. The car exerts an inward force 
on the passenger. 


Tendency for 
a 
/ passenger to 
go straight 
Force on 


passenger 


4 Highway Curves: Banked and Unbanked 


An example of circular dynamics occurs when an automobile rounds a curve, say to 
the left. In such a situation, you may feel that you are thrust outward toward the right 
side door. But there is no mysterious centrifugal force pulling on you. What is 
happening is that you tend to move in a straight line, whereas the car has begun to 
follow a curved path. To make you go in the curved path, the seat (friction) or the 
door of the car (direct contact) exerts a force on you (Fig. 21). The car also must have 
a force exerted on it toward the center of the curve if it is to move in that curve. On a 
flat road, this force is supplied by friction between the tires and the pavement. 

If the wheels and tires of the car are rolling normally without slipping or 
sliding, the bottom of the tire is at rest against the road at each instant; so the fric- 
tion force the road exerts on the tires is static friction. But if the static friction 
force is not great enough, as under icy conditions or high speed, sufficient friction 
force cannot be applied and the car will skid out of a circular path into a more 
nearly straight path. See Fig. 22. Once a car skids or slides, the friction force 
becomes kinetic friction, which is less than static friction. 


Skidding on a curve. A 1000-kg car rounds a curve on a flat 
road of radius 50 m at a speed of 15 m/s (54 km/h). Will the car follow the curve, 
or will it skid? Assume: (a) the pavement is dry and the coefficient of static fric- 
tion is us = 0.60; (b) the pavement is icy and u, = 0.25. 

APPROACH The forces on the car are gravity mg downward, the normal force Fy 
exerted upward by the road, and a horizontal friction force due to the road. They 
are shown in Fig. 23, which is the free-body diagram for the car. The car will 
follow the curve if the maximum static friction force is greater than the mass 
times the centripetal acceleration. 

SOLUTION In the vertical direction there is no acceleration. Newton’s second 
law tells us that the normal force Fyon the car is equal to the weight mg: 


Fy = mg = (1000kg)(9.80 m/s?) = 9800N. 
In the horizontal direction the only force is friction, and we must compare it to the 
force needed to produce the centripetal acceleration to see if it is sufficient. The net 
horizontal force required to keep the car moving in a circle around the curve is 
v? (15 m/s} 
XF 1000 kg) ———— <> 
(2F)r magr mM ( g) 60m) 
Now we compute the maximum total static friction force (the sum of the friction 
forces acting on each of the four tires) to see if it can be large enough to provide 
a safe centripetal acceleration. For (a), u, = 0.60, and the maximum friction 
force attainable (recall from Section 1 that Fe < us Fy) is 


(Fa)max = usFy = (0.60)(9800N) = 5880N. 


Since a force of only 4500N is needed, and that is, in fact, how much will be 
exerted by the road as a static friction force, the car can follow the curve. But in 


= 4500N. 


Using Newton's Laws: Friction, Circular Motion, Drag Forces 


(b) the maximum static friction force possible is 
(Filmax = BsFu = (0.25)(9800N) = 2450N. 


The car will skid because the ground cannot exert sufficient force (4500N is 
needed) to keep it moving in a curve of radius 50 m at a speed of 54 km/h. 


The banking of curves can reduce the chance of skidding. The normal force 
exerted by a banked road, acting perpendicular to the road, will have a component 
toward the center of the circle (Fig. 24), thus reducing the reliance on friction. For 
a given banking angle 0, there will be one speed for which no friction at all is 
required. This will be the case when the horizontal component of the normal force 
toward the center of the curve, Fy sin 0 (see Fig. 24), is just equal to the force 
required to give a vehicle its centripetal acceleration — that is, when 

2 


v 


Fysn@é = m—- [no friction required] 
r 


The banking angle of a road, 0, is chosen so that this condition holds for a partic- 
ular speed, called the “design speed.” 


Banking angle. (a) For a car traveling with speed v around a 
curve of radius r, determine a formula for the angle at which a road should be 
banked so that no friction is required. (b) What is this angle for an expressway 
off-ramp curve of radius 50 m at a design speed of 50 km/h? 


APPROACH Even though the road is banked, the car is still moving along a 
horizontal circle, so the centripetal acceleration needs to be horizontal. We choose 
our x and y axes as horizontal and vertical so that ag, which is horizontal, is along 
the x axis. The forces on the car are the Earth’s gravity mg downward, and the 
normal force Fy exerted by the road perpendicular to its surface. See Fig. 24, 
where the components of Fy are also shown. We don’t need to consider the fric- 
tion of the road because we are designing a road to be banked so as to eliminate 
dependence on friction. 
SOLUTION (a) Since there is no vertical motion, =Fy = may gives us 

Fycos@é — mg = 0. 
Thus, 
mg 
cos 0 
[Note in this case that Fy = mg since cos @ < 1.] 
We substitute this relation for Fyinto the equation for the horizontal motion, 


Fy 


wv 
Fysind = m—> 
r 
and obtain 
v 
sind = m— 
cos 0 r 
or 
D 
tand = —- 


rg 
This is the formula for the banking angle @: no friction needed at speed v. 


(b) For r =50mand v = 50km/h (or 14m/s), 
(14 m/s)? 
~ (50m)(9.8 m/s’) 


tan 0 = 0.40, 


so 0 = 22°. 


is needed for a design speed of 2v? (a) 02 = 401; (b) 02 = 201; (c) tan 6, = 4 tan 01; 


| EXERCISE G The banking angle of a curve for a design speed v is 6,. What banking angle 6, 


(d) tan 6, = 2 tan 04. 


EXERCISE H Can a heavy truck and a small car travel safely at the same speed around an 
icy banked-curve road? 


@® puysics APPLIED 
Banked curves 


y 


FIGURE 24 Normal force on a car 
rounding a banked curve, resolved 
into its horizontal and vertical 
components. The centripetal 
acceleration is horizontal (not parallel 
to the sloping road). The friction force 
on the tires, not shown, could point up 
or down along the slope, depending on 
the car’s speed. The friction force will 
be zero for one particular speed. 


Ay CAUTION 
Fy is not always equal to mg 
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(b) 


FIGURE 25 The speed of an object 
moving in a circle changes if the 
force on it has a tangential 
component, Ftan. Part (a) shows the 
force F and its vector components; 
part (b) shows the acceleration 
vector and its vector components. 


*5 Nonuniform Circular Motion 


Circular motion at constant speed occurs when the net force on an object is 
exerted toward the center of the circle. If the net force is not directed toward the 
center but is at an angle, as shown in Fig. 25a, the force has two components. The 
component directed toward the center of the circle, Fg, gives rise to the centripetal 
acceleration, äg, and keeps the object moving in a circle. The component tangent 
to the circle, Fan, acts to increase (or decrease) the speed, and thus gives rise to a 
component of the acceleration tangent to the circle, a,,,. When the speed of the 
object is changing, a tangential component of force is acting. 

When you first start revolving a ball on the end of a string around your head, you 
must give it tangential acceleration. You do this by pulling on the string with your hand 
displaced from the center of the circle. In athletics, a hammer thrower accelerates the 
hammer tangentially in a similar way so that it reaches a high speed before release. 

The tangential component of the acceleration, atn, has magnitude equal to 
the rate of change of the magnitude of the object’s velocity: 

dv 
atan = dt ó (4) 
The radial (centripetal) acceleration arises from the change in direction of the 
velocity and, as we have seen, has magnitude 


The tangential acceleration always points in a direction tangent to the circle, and is 
in the direction of motion (parallel to ¥, which is always tangent to the circle) if 
the speed is increasing, as shown in Fig. 25b. If the speed is decreasing, ātan points 
antiparallel to Ÿ. In either case, a,,, and äp are always perpendicular to each other; 
and their directions change continually as the object moves along its circular path. 
The total vector acceleration a is the sum of the two components: 


ä = dan + ap. (5) 


Since äg and ätan are always perpendicular to each other, the magnitude of a at any 


moment is 
a = Vaan + ak. 


Two components of acceleration. A race car starts from rest 
in the pit area and accelerates at a uniform rate to a speed of 35m/s in 11s, 
moving on a circular track of radius 500m. Assuming constant tangential 
acceleration, find (a) the tangential acceleration, and (b) the radial acceleration, 
at the instant when the speed is v = 15 m/s. 

APPROACH The tangential acceleration relates to the change in speed of the car, 
and can be calculated as an = Av/At. The centripetal acceleration relates to the 
change in the direction of the velocity vector and is calculated using ag = v*/r. 
SOLUTION (a) During the 11-s time interval, we assume the tangential 
acceleration atan is constant. Its magnitude is 

Av (35 m/s — 0m/s) 

a 
me it 11s 

(b) When v = 15m/s, the centripetal acceleration is 
v? (15 m/s} 
r (500 m) 


NOTE The radial acceleration increases continually, whereas the tangential accel- 
eration stays constant. 


= 32m/s’. 


ag = 0.45 m/s’. 


EXERCISE I When the speed of the race car in Example 16 is 30 m/s, how are (a) atan and 
(b) ag changed? 
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These concepts can be used for an object moving along any curved path, such as 
that shown in Fig. 26. We can treat any portion of the curve as an arc of a circle with a 
radius of curvature r. The velocity at any point is always tangent to the path. The 
acceleration can be written, in general, as a vector sum of two components: the tangen- 
tial component aan = dv/dt, and the radial (centripetal) component ag = v/r. 


“6 Velocity-Dependent Forces: 
Drag and Terminal Velocity 


When an object slides along a surface, the force of friction acting on the object is 
nearly independent of how fast the object is moving. But other types of resistive forces 
do depend on the object’s velocity. The most important example is for an object 
moving through a liquid or gas, such as air. The fluid offers resistance to the motion of 
the object, and this resistive force, or drag force, depends on the velocity of the object.’ 

The way the drag force varies with velocity is complicated in general. But for small 
objects at very low speeds, a good approximation can often be made by assuming that 
the drag force, Fp ,is directly proportional to the magnitude of the velocity, v: 

Fp = —bv. (6) 
The minus sign is necessary because the drag force opposes the motion. Here b is a 
constant (approximately) that depends on the viscosity of the fluid and on the size 
and shape of the object. Equation 6 works well for small objects moving at low 
speed in a viscous liquid. It also works for very small objects moving in air at very 
low speeds, such as dust particles. For objects moving at high speeds, such as an 
airplane, a sky diver, a baseball, or an automobile, the force of air resistance can be 
better approximated as being proportional to v”: 

Fp x v. 
For accurate calculations, however, more complicated forms and numerical 
integration generally need to be used. For objects moving through liquids, Eq. 6 
works well for everyday objects at normal speeds (e.g., a boat in water). 

Let us consider an object that falls from rest, through air or other fluid, under 
the action of gravity and a resistive force proportional to v. The forces acting on 
the object are the force of gravity, mg, acting downward, and the drag force, —bv, 
acting upward (Fig. 27a). Since the velocity ¥ points downward, let us take the 
positive direction as downward. Then the net force on the object can be written 


XF = mg — bv. 
From Newton’s second law =F = ma, we have 


dv 7 
m (7) 
where we have written the acceleration according to its definition as rate of change of 
velocity, a = dv/dt. At t =0, we set v =0 and the acceleration dv/dt = g. As 
the object falls and increases in speed, the resistive force increases, and this reduces the 
acceleration, du/dt (see Fig. 27b). The velocity continues to increase, but at a slower 
rate. Eventually, the velocity becomes so large that the magnitude of the resistive force, 
bv, approaches that of the gravitational force, mg; when the two are equal, we have 

mg — bv = 0. (8) 
At this point dv/dt =0 and the object no longer increases in speed. It has 
reached its terminal velocity and continues to fall at this constant velocity until it 
hits the ground. This sequence of events is shown in the graph of Fig. 27b. The 
value of the terminal velocity v; can be obtained from Eq. 8. 
m 
vr = 7S. (9) 
If the resistive force is assumed proportional to v’, or an even higher power of v, 
the sequence of events is similar and a terminal velocity reached, although it will 
not be given by Eq. 9. 


mg — bv = 


‘Any buoyant force is ignored in this Section. 


FIGURE 26 Object following a 
curved path (solid line). At point P 
the path has a radius of curvature r. 
The object has velocity V, tangential 
acceleration dan (the object is here 
increasing in speed), and radial 
(centripetal) acceleration ag 
(magnitude agp = v*/r) which 
points toward the center of 
curvature C. 


FIGURE 27 (a) Forces acting on 

an object falling downward. 

(b) Graph of the velocity of an object 
falling due to gravity when the air 
resistance drag force is Fp = —bv. 
Initially, v = 0 and dv/dt = g, but 
as time goes on dv/dt (= slopeof 
curve) decreases because of Fp. 
Eventually, v approaches a 
maximum value, vy, the terminal 
velocity, which occurs when Fp has 
magnitude equal to mg. 


Fp =-bv 


(b) 
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Force proportional to velocity. Determine the velocity as a 
function of time for an object falling vertically from rest when there is a resistive 
force linearly proportional to v. 

APPROACH This is a derivation and we start with Eq. 7, which we rewrite as 

dv | b 

dt. = gpa ia Vv. 
SOLUTION In this equation there are two variables, v and t. We collect variables 
of the same type on one or the other side of the equation: 


dv dv b 


= dt or —— = —— dt. 
b mg m 
a ee 
5 m b 
Now we can integrate, remembering v = 0 at t =0: 
v d t 
l ai a LP | dt 
0, 7 mh 
ob 
which gives 
mg mg b 
1 I t 
a(o b ) n( b ) m 
or 
v—mg/b b ; 
—mg/b m 


We raise each side to the exponential [note that the natural log and the exponen- 
tial are inverse operations of each other: e"* = x, or In(e*) = x] and obtain 


WE _ _ ms int 
b b 
so 
= mg _ sm! 
v= b (1 ) 


This relation gives the velocity v as a function of time and corresponds to the 
graph of Fig. 27b. As a check, note that at t = 0, and v =0 


dv mg d 5; mg | b 
t=0) = = 1 m) = = 
a= = a Too | (2) S 
as expected (see also Eq. 7). At large t, e i approaches zero, so v approaches 
mg/b, which is the terminal velocity, vr, as we saw earlier. If we set + = m/b, 
then v = vr(1 — e™"). So r =m/b is the time required for the velocity to 


reach 63% of the terminal velocity (since e™ = 0.37). Figure 27b shows a plot of 
speed v vs. time t, where the terminal velocity vp = mg/b. 


m 


| Summary 


When two objects slide over one another, the force of friction 
that each exerts on the other can be written approximately as 
Ffr = ug Fy, where Fyis the normal force (the force each object 
exerts on the other perpendicular to their contact surfaces), and px 
is the coefficient of kinetic friction. If the objects are at rest relative 
to each other, even though forces act, then F's, is just large enough 
to hold them at rest and satisfies the inequality Ffr = us Fy where 
Ms is the coefficient of static friction. 

An object moving in a circle of radius r with constant speed v 
is said to be in uniform circular motion. It has a radial acceleration 
dp that is directed radially toward the center of the circle (also 
called centripetal acceleration), and has magnitude 

2 
ap = La a) 


F 
The direction of the velocity vector and that of the accelera- 


tion 4p are continually changing in direction, but are perpen- 
dicular to each other at each moment. 

A force is needed to keep an object revolving uniformly 
in a circle, and the direction of this force is toward the 
center of the circle. This force may be gravity (as for 
the Moon), or tension in a cord, or a component of the 
normal force, or another type of force or a combination of 
forces. 

[*When the speed of circular motion is not constant, the 
acceleration has two components, tangential as well as radial. 
The force too has tangential and radial components.] 

[*A drag force acts on an object moving through a fluid, 
such as air or water. The drag force Fp can often be approxi- 
mated by Fp = —bvor Fp x v’, where v is the speed of the 
object relative to the fluid.] 
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J Answers to Exercises 


A: (c). F: (a). 

B: Fp, is insufficient to keep the box moving for long. G: (0). 

C: No—the acceleration is not constant (in direction). 

D: (a), it doubles. Bes: 

E: (d). I: (a) No change; (b) 4 times larger. 
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Using Newton's Laws: Friction, 
Circular Motion, Drag Forces 
Problem Set 


| Questions 


1. 


10. 


11. 


12. 


13. 


A heavy crate rests on the bed of a flatbed truck. When the 
truck accelerates, the crate remains where it is on the truck, so 
it, too, accelerates. What force causes the crate to accelerate? 


. A block is given a push so that it slides up a ramp. After the 


block reaches its highest point, it slides back down, but 
the magnitude of its acceleration is less on the descent than 
on the ascent. Why? 


. Why is the stopping distance of a truck much shorter than 


for a train going the same speed? 


. Can a coefficient of friction exceed 1.0? 
. Cross-country skiers prefer their skis to have a large coeffi- 


cient of static friction but a small coefficient of kinetic fric- 
tion. Explain why. [Hint: Think of uphill and downhill.] 


. When you must brake your car very quickly, why is it safer 


if the wheels don’t lock? When driving on slick roads, why is 
it advisable to apply the brakes slowly? 


. When attempting to stop a car quickly on dry pavement, which 


of the following methods will stop the car in the least time? 
(a) Slam on the brakes as hard as possible, locking the wheels 
and skidding to a stop. (b) Press the brakes as hard as possible 
without locking the wheels and rolling to a stop. Explain. 


. You are trying to push your stalled car. Although you apply 


a horizontal force of 400 N to the car, it doesn’t budge, and 
neither do you. Which force(s) must also have a magnitude 
of 400 N: (a) the force exerted by the car on you; (b) the 
friction force exerted by the car on the road; (c) the normal 
force exerted by the road on you; (d) the friction force 
exerted by the road on you? 


. It is not easy to walk on an icy sidewalk without slipping. Even 


your gait looks different than on dry pavement. Describe what 
you need to do differently on the icy surface and why. 

A car rounds a curve at a steady 50 km/h. If it rounds the 
same curve at a steady 70 km/h, will its acceleration be any 
different? Explain. 

Will the acceleration of a car be the same when a car 
travels around a sharp curve at a constant 60 km/h as when 
it travels around a gentle curve at the same speed? Explain. 
Describe all the forces acting on a child riding a horse on a 
merry-go-round. Which of these forces provides the 
centripetal acceleration of the child? 

A child on a sled comes flying over the crest of a small hill, 
as shown in Fig. 28. His sled does not leave the ground, but 
he feels the normal force between his chest and the sled 
decrease as he goes 
over the hill. Explain 
this decrease using 
Newton’s second law. 


FIGURE 28 
Question 13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Sometimes it is said that water is removed from clothes in a 
spin dryer by centrifugal force throwing the water outward. 
Is this correct? Discuss. 

Technical reports often specify only the rpm for centrifuge 
experiments. Why is this inadequate? 

A girl is whirling a ball on a string around her head in a 
horizontal plane. She wants to let go at precisely the right 
time so that the ball will hit a target on the other side of the 
yard. When should she let go of the string? 
The game of tetherball is played with 

a ball tied to a pole with a string. 
When the ball is struck, it whirls 
around the pole as shown in Fig. 29. 

In what direction is the acceleration 


of the ball, and what causes the per 
acceleration? 

FIGURE 29 

Problem 17. 
Astronauts who spend long periods in outer space could be 


adversely affected by weightlessness. One way to simulate 
gravity is to shape the spaceship like a cylindrical shell that 
rotates, with the astronauts 
walking on the inside 
surface (Fig. 30). Explain 
how this simulates gravity. 
Consider (a) how objects 
fall, (b) the force we feel 
on our feet, and (c) any 
other aspects of gravity 
you can think of. 


FIGURE 30 

Question 18. 
A bucket of water can be whirled in a vertical circle without 
the water spilling out, even at the top of the circle when the 
bucket is upside down. Explain. 
A car maintains a constant speed v as it traverses the hill 
and valley shown in Fig. 31. Both the hill and valley have a 
radius of curvature R. At which point, A, B, or C, is the 
normal force acting on the car (a) the largest, (b) the 


FIGURE 31 


Question 20. 


From Chapter 5 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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smallest? Explain. (c) Where would the driver feel heaviest 
and (d) lightest? Explain. (e) How fast can the car go 
without losing contact with the road at A? 

Why do bicycle riders lean in when rounding a curve at high 
speed? 

Why do airplanes bank when they turn? How would you 
compute the banking angle given the airspeed and radius of 


*23. 


*24. 


the turn? [Hint: Assume an aerodynamic “lift” force acts 
perpendicular to the wings.] 

For a drag force of the form F = —bv, what are the units 
of b? 

Suppose two forces act on an object, one force proportional 
to v and the other proportional to V°. Which force domi- 
nates at high speed? 


l Problems 


[The Problems in this Section are ranked I, II, or I according to 
estimated difficulty, with (I) Problems being easiest. Level (III) 
Problems are meant mainly as a challenge for the best students, for 
“extra credit.” The Problems are arranged by Sections, meaning that 
the reader should have read up to and including that Section, but 
this Chapter also has a group of General Problems that are not 
arranged by Section and not ranked.] 


1 Friction and Newton’s Laws 


1 


10. 


11. 


(1) If the coefficient of kinetic friction between a 22-kg crate 
and the floor is 0.30, what horizontal force is required to 
move the crate at a steady speed across the floor? What 
horizontal force is required if upę is zero? 


. (T) A force of 35.0 N is required to start a 6.0-kg box moving 


across a horizontal concrete floor. (a) What is the coefficient 
of static friction between the box and the floor? (b) If the 
35.0-N force continues, the box accelerates at 0.60 m/s’. 
What is the coefficient of kinetic friction? 


. (1) Suppose you are standing on a train accelerating at 0.20 g. 


What minimum coefficient of static friction must exist 
between your feet and the floor if you are not to slide? 


. (I) The coefficient of static friction between hard rubber 


and normal street pavement is about 0.90. On how steep a 
hill (maximum angle) can you leave a car parked? 


. (I) What is the maximum acceleration a car can undergo if 


the coefficient of static friction between the tires and the 
ground is 0.90? 


. (II) (a) A box sits at rest on a rough 33° inclined plane. 


Draw the free-body diagram, showing all the forces acting 
on the box. (b) How would the diagram change if the box 
were sliding down the plane? (c) How would it change if the 
box were sliding up the plane after an initial shove? 


. (ID) A 25.0-kg box is released on a 27° incline and accelerates 


down the incline at 0.30 m/s”. Find the friction force impeding 
its motion. What is the coefficient of kinetic friction? 


. (II) A car can decelerate at —3.80 m/s? without skidding 


when coming to rest on a level road. What would its decel- 
eration be if the road is inclined at 9.3° and the car moves 
uphill? Assume the same static friction coefficient. 


. (II) A skier moves down a 27° slope at constant speed. What 


can you say about the coefficient of friction, ug? Assume 
the speed is low enough that air resistance can be ignored. 
(II) A wet bar of soap slides freely down a ramp 9.0 m long 
inclined at 8.0°. How long does it take to reach the bottom? 
Assume px = 0.060. 

(II) A box is given a push so that it slides across the floor. 
How far will it go, given that the coefficient of kinetic friction 
is 0.15 and the push imparts an initial speed of 3.5 m/s? 


. (TI) (a) Show that the minimum stopping distance for an auto- 


mobile traveling at speed v is equal to v7/2 usg, where pg is 
the coefficient of static friction between the tires and the road, 
and g is the acceleration of gravity. (b) What is this distance for 
a 1200-kg car traveling 95 km/h if us = 0.65? (c) What would 


13. 


14. 


15. 


16. 


17. 


18. 


it be if the car were on the Moon (the acceleration of gravity 
on the Moon is about g/6) but all else stayed the same? 


(IT) A 1280-kg car pulls a 350-kg trailer. The car exerts a hori- 
zontal force of 3.6 X 10° N against the ground in order to 
accelerate. What force does the car exert on the trailer? 
Assume an effective friction coefficient of 0.15 for the trailer. 


(II) Police investigators, examining the scene of an accident 
involving two cars, measure 72-m-long skid marks of one of 
the cars, which nearly came to a stop before colliding. The 
coefficient of kinetic friction between rubber and the pave- 
ment is about 0.80. Estimate the initial speed of that car 
assuming a level road. 


(II) Piles of snow on slippery roofs can become dangerous 
projectiles as they melt. Consider a chunk of snow at the 
ridge of a roof with a slope of 34°. (a) What is the minimum 
value of the coefficient of static friction that will keep the 
snow from sliding down? (b) As the snow begins to melt the 
coefficient of static friction decreases and the snow finally 
slips. Assuming that the distance from the chunk to the edge 
of the roof is 6.0m and the coefficient of kinetic friction is 
0.20, calculate the speed of the snow chunk when it slides off 
the roof. (c) If the edge of the roof is 10.0m above ground, 
estimate the speed of the snow when it hits the ground. 


(II) A small box is held in place against a rough vertical wall by 
someone pushing on it with a force directed upward at 28° 
above the horizontal. The coefficients of static and kinetic 
friction between the box and wall are 0.40 and 0.30, respec- 
tively. The box slides down unless the applied force has 
magnitude 23 N. What is the mass of the box? 


(II) Two crates, of mass 65 kg and 125 kg , are in contact and at 
rest on a horizontal surface (Fig. 32). A 650-N force is exerted 
on the 65-kg crate. If the coefficient of kinetic friction is 0.18, 
calculate (a) the acceleration of the system, and (b) the force 
that each crate exerts on the other. (c) Repeat with the crates 


reversed. 
650 N 
<= 


FIGURE 32 
Problem 17. 


(II) The crate shown in Fig. 33 lies on a plane tilted at 

an angle @ = 25.0° to the horizontal, with px, = 0.19. 

(a) Determine the acceleration of the 

y crate as it slides down the plane. (b) 

If the crate starts from rest 8.15 m up 

the plane from its base, what will be 

the crate’s speed when it reaches 
the bottom of the incline? 


FIGURE 33 
Crate on inclined plane. 
Problems 18 and 19. 
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(II) A crate is given an initial speed of 3.0m/s up the 
25.0° plane shown in Fig. 33. (a) How far up the plane will it 
go? (b) How much time elapses before it returns to its 
starting point? Assume px = 0.17. 

(II) Two blocks made of different materials connected together 
by a thin cord, slide down a plane ramp inclined at an angle 0 
to the horizontal as shown in Fig. 34 (block B is above 
block A). The masses of the blocks are ma, and mg, and the 
coefficients of friction are wa and ug. If ma = mpg = 5.0 kg, 
and pa = 0.20 and upg = 0.30, deter- 
mine (a) the acceleration of the 
blocks and (b) the tension in 
the cord, for an angle 
0 = 32°. 


FIGURE 34 
Problems 20 and 21. 


(II) For two blocks, connected by a cord and sliding down 
the incline shown in Fig. 34 (see Problem 20), describe the 
motion (a) if wa < mp, and (b) if wa > upg. (c) Determine 
a formula for the acceleration of each block and the tension 
Fy in the cord in terms of m,,mg, and 6; interpret your 
results in light of your answers to (a) and (b). 

(II) A flatbed truck is carrying a heavy crate. The coefficient 
of static friction between the crate and the bed of the truck 
is 0.75. What is the maximum rate at which the driver can 
decelerate and still avoid having the crate slide against the 
cab of the truck? 

(II) In Fig. 35 the coefficient of static friction between mass 
ma and the table is 0.40, whereas the coefficient of kinetic 
friction is 0.30 (a) What 
minimum value of ma 
will keep the system 
from starting to move? 
(b) What value(s) of ma 
will keep the system 
moving at constant 
speed? 


FIGURE 35 
Problems 23 and 24. 


(II) Determine a formula for the acceleration of the system 
shown in Fig. 35 in terms of m,a,mg, and the mass of the 
cord, mc. Define any other variables needed. 

(IT) A small block of mass m is given an initial speed vp up 
a ramp inclined at angle @ to the horizontal. It travels a 
distance d up the ramp and comes to rest. (a) Determine 
a formula for the coefficient of kinetic friction between 
block and ramp. (b) What can you say about the value of 
the coefficient of static friction? 

(II) A 75-kg snowboarder has an initial velocity of 
5.0 m/s at the top of a 28° incline (Fig. 36). After sliding 
down the 110-m long incline (on which the coefficient of 
kinetic friction is px = 0.18), the snowboarder has 
attained a velocity v. The snowboarder then slides along 
a flat surface (on which yp, = 0.15) and comes to rest 
after a distance x. Use Newton’s second law to find the 
snowboarder’s acceleration while on the incline and 
while on the flat surface. Then use these accelerations to 
determine x. 


27. 
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ai, 


FIGURE 36 Problem 26. 


(IL) A package of mass m is dropped vertically onto a hori- 
zontal conveyor belt whose speed is v = 1.5m/s, and the 
coefficient of kinetic friction between the package and the 
belt is ug = 0.70. (a) For how much time does the package 
slide on the belt (until it is at rest relative to the belt)? 
(b) How far does the package move during this time? 

(II) Two masses ma = 2.0kg and mp = 5.0kg are on 
inclines and are connected together by a string as shown in 
Fig. 37. The coefficient of kinetic friction between each mass 
and its incline is ug = 0.30. If ma moves up, and mg moves 
down, determine their acceleration. 


FIGURE 37 Problem 28. 


(II) A child slides down a slide with a 34° incline, and at the 
bottom her speed is precisely half what it would have been 
if the slide had been frictionless. Calculate the coefficient of 
kinetic friction between the slide and the child. 

(ID) (a) Suppose the coefficient of kinetic friction between 
ma, and the plane in Fig. 38 is px = 0.15, and that 
Ma = mpg = 2.7kg. As mg moves down, determine the 
magnitude of the acceleration of ma and mp, given 
0 = 34°. (b) What smallest value of ug will keep the system 
from accelerating? 


FIGURE 38 Problem 30. 


(II) A 3.0-kg block sits on top of a 5.0-kg block which is on 
a horizontal surface. The 5.0-kg block is pulled to the right 
with a force F as shown in Fig. 39. The coefficient of static 
friction between all surfaces is 0.60 and the kinetic coeffi- 
cient is 0.40. (a) What is the minimum value of F needed to 
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40. (II) At what minimum 
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move the two blocks? (b) If the force is 10% greater than 
your answer for (a), what is the acceleration of each block? 


FIGURE 39 Problem 31. 


32. (III) A 4.0-kg block is stacked on top of a 12.0-kg block, 


which is accelerating along a horizontal table at a = 5.2 m/s” 
(Fig. 40). Let uk = ws = u. (a) What minimum coefficient of 
friction u between the two blocks will prevent the 4.0-kg 
block from sliding off? (b) If u is only half this minimum 
value, what is the acceleration of the 4.0-kg block with respect 
to the table, and (c) with respect to the 12.0-kg block? 
(d) What is the force 
that must be applied to 
the 12.0-kg block in (a) 
and in (b), assuming that 
the table is frictionless? 


FIGURE 40 
Problem 32. 


33. (III) A small block of mass m rests on the rough, sloping side 


of a triangular block of mass M which itself rests on a hori- 
zontal frictionless table as shown in Fig. 41. If the coefficient 
of static friction is u, determine the minimum horizontal 


TABLE 1 Coefficients of Friction’ 


force F applied to M that will cause the small block m to start 
moving up the 
incline. 


FIGURE 41 
Problem 33. 


2 to 4 Uniform Circular Motion 


34. 
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39. 


(1) What is the maximum speed with which a 1200-kg car 
can round a turn of radius 80.0 m on a flat road if the coeffi- 
cient of friction between tires and road is 0.65? Is this result 
independent of the mass of the car? 

(I) A child sitting 1.20m from the center of a merry- 
go-around moves with a speed of 1.30m/s. Calculate 
(a) the centripetal acceleration of the child and (b) the 
net horizontal force exerted on the child (mass = 22.5 kg). 
(I) A jet plane traveling 1890 km/h (525 m/s) pulls out of a 
dive by moving in an arc of radius 4.80km. What is the 
plane’s acceleration in g’s? 

(II) Is it possible to whirl a bucket of water fast enough in a 
vertical circle so that the water won’t fall out? If so, what is 
the minimum speed? Define all quantities needed. 

(II) How fast (in rpm) must a centrifuge rotate if a particle 
8.00 cm from the axis of rotation is to experience an acceler- 
ation of 125,000 g’s? 

(II) Highway curves are marked with a suggested speed. If 
this speed is based on what would be safe in wet weather, 
estimate the radius of curvature for a curve marked 50 km/h. 
Use Table 1. 


Coefficient of Coefficient of 
Surfaces Static Friction, u, Kinetic Friction, py, 
Wood on wood 0.4 0.2 
Ice on ice on 0.03 
Metal on metal (lubricated) 0.15 0.07 
Steel on steel (unlubricated) 0.7 0.6 
Rubber on dry concrete 1.0 0.8 
Rubber on wet concrete 0.7 0.5 
Rubber on other solid surfaces 1-4 il 
Teflon® on Teflon in air 0.04 0.04 
Teflon on steel in air 0.04 0.04 
Lubricated ball bearings <0.01 <0.01 
Synovial joints (in human limbs) 0.01 0.01 


Values are approximate and intended only as a guide. 


speed must a roller 
coaster be traveling 
when upside down at 
the top of a circle 
(Fig. 42) so that the 
passengers do not fall 
out? Assume a radius 
of curvature of 7.6 m. 


FIGURE 42 
Problem 40. 
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(II) A sports car crosses the bottom of a valley with a radius 
of curvature equal to 95m. At the very bottom, the normal 
force on the driver is twice his weight. At what speed was 
the car traveling? 

(II) How large must the coefficient of static friction be 
between the tires and the road if a car is to round a level 
curve of radius 85 m at a speed of 95 km/h? 

(II) Suppose the space shuttle is in orbit 400 km from the 
Earth’s surface, and circles the Earth about once every 
90min. Find the centripetal acceleration of the space 
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shuttle in its orbit. Express your answer in terms of g, the 
gravitational acceleration at the Earth’s surface. 


(II) A bucket of mass 2.00 kg is whirled in a vertical circle of 
radius 1.10m. At the lowest point of its motion the tension 
in the rope supporting the bucket is 25.0N. (a) Find the 
speed of the bucket. (b) How fast must the bucket move at 
the top of the circle so that the rope does not go slack? 

(11) How many revolutions per minute would a 22-m- 
diameter Ferris wheel need to make for the passengers to 
feel “weightless” at the topmost point? 

(ID) Use dimensional analysis to obtain the form for the 
centripetal acceleration, dp = v/ r. 

(II) A jet pilot takes his aircraft in a vertical loop 
(Fig. 43). (a) If the jet is moving at a speed of 1200 km/h at 
the lowest point of the loop, determine the minimum radius 
of the circle so that the centripetal acceleration at the 
lowest point does not exceed 6.0 g’s. (b) Calculate the 78-kg 
pilot’s effective weight (the force with which the seat pushes 
up on him) at the bottom of the circle, and (c) at the top of 
the circle (assume the same speed). 


= 


— 
FIGURE 43 Problem 47. 


(ID) A proposed space station consists of a circular tube that 
will rotate about its center (like a tubular bicycle tire), 
Fig. 44. The circle formed by the tube has a diameter of 
about 1.1 km. What must be the rotation speed (revolutions 
per day) if an effect equal to 
gravity at the surface of the 
Earth (1.0 g) is to be felt? 


FIGURE 44 
Problem 48. 


(II) On an ice rink two skaters of equal mass grab hands 
and spin in a mutual circle once every 2.5s. If we assume 
their arms are each 0.80 m long and their individual masses 
are 60.0 kg, how hard are they pulling on one another? 


(II) Redo Example 11 of “Using Newton’s Laws: Friction, 
Circular Motion, Drag Forces”, precisely this time, by not 
ignoring the weight of the ball which revolves on a string 
0.600 m long. In particular, find the magnitude of F,;, and the 
angle it makes with the horizontal. [Hint: Set the horizontal 
component of Fy equal to mag; also, since there is no vertical 
motion, what can you say about the vertical component of 
Fr ?] 

(II) A coin is placed 12.0cm from the axis of a rotating 
turntable of variable speed. When the speed of the turntable 
is slowly increased, the coin remains fixed on the turntable 
until a rate of 35.0 rpm (revolutions per minute) is reached, 
at which point the coin slides off. What is the coefficient of 
static friction between the coin and the turntable? 
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(II) The design of a new road includes a straight stretch that 
is horizontal and flat but that suddenly dips down a steep 
hill at 22°. The = a n 
transition should = 
be rounded with 
what minimum 
radius so that cars 
traveling 95 km/h 
will not leave the 
road (Fig. 45)? 


FIGURE 45 
Problem 52. = 


(II) A 975-kg sports car (including driver) crosses the 
rounded top of a hill (radius = 88.0m) at 12.0 m/s. 
Determine (a) the normal force exerted by the road on the 
car, (b) the normal force exerted by the car on the 72.0-kg 
driver, and (c) the car speed at which the normal force on 
the driver equals zero. 

(II) Two blocks, with masses ma and mp, are connected to 
each other and to a central post by cords as shown in 
Fig. 46. They rotate about the post at frequency f 
(revolutions per second) on a frictionless horizontal surface 
at distances ra and rg from the post. Derive an algebraic 
expression for the tension in each segment of the cord 
(assumed massless). 


FIGURE 46 Problem 54. 


(ID) Tarzan plans to cross a gorge by swinging in an arc from 
a hanging vine (Fig. 47). If his arms are capable of exerting 
a force of 1350N on the rope, 
what is the maximum speed he 
can tolerate at the lowest point 
of his swing? His mass is 78 kg 
and the vine is 5.2 m long. 


FIGURE 47 
Problem 55. 


(ID) A pilot performs an evasive maneuver by diving verti- 
cally at 310m/s. If he can withstand an acceleration of 
9.0 g’s without blacking out, at what altitude must he begin 
to pull out of the dive to avoid crashing into the sea? 


(II) The position of a particle moving in the xy plane is 
given by F = 2.0cos(3.0rad/st)i + 2.0 sin (3.0 rad/s t)ĵ, 
where r is in meters and ź is in seconds. (a) Show that this 
represents circular motion of radius 2.0m centered at the 
origin. (b) Determine the velocity and acceleration vectors as 
functions of time. (c) Determine the speed and magnitude of 
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the acceleration. (d) Show that a = v?/r. (e) Show that the 
acceleration vector always points toward the center of the 
circle. 


(III) If a curve with a radius of 85 m is properly banked for a 
car traveling 65 km/h, what must be the coefficient of static 
friction for a car not to skid when traveling at 95 km/h? 


(III) A curve of radius 68 m is banked for a design speed of 
85 km/h. If the coefficient of static friction is 0.30 (wet pave- 
ment), at what range of speeds can a car safely make the 
curve? [Hint: Consider the direction of the friction force 
when the car goes too slow or too fast.] 


*5 Nonuniform Circular Motion 


*60. 


*6L. 


*62. 


*63. 


*64. 


(II) A particle starting from rest revolves with uniformly 
increasing speed in a clockwise circle in the xy plane. The 
center of the circle is at the origin of an xy coordinate 
system. At t = 0, the particle is at x = 0.0, y = 2.0m. At 
t = 2.0s, it has made one-quarter of a revolution and is at 
x = 2.0m, y = 0.0. Determine (a) its speed at t = 2.0s, 
(b) the average velocity vector, and (c) the average acceler- 
ation vector during this interval. 


(11) In Problem 60 assume the tangential acceleration is 
constant and determine the components of the instantaneous 
acceleration at (a) t = 0.0, (b) t = 1.0s, and (c) t = 2.0s. 
(II) An object moves in a circle of radius 22 m with its speed 
given by v = 3.6 + 1.5ť, with v in meters per second and t 
in seconds. At t = 3.0s, find (a) the tangential acceleration 
and (b) the radial acceleration. 


(II) A particle rotates in a circle of radius 3.80m. At a 
particular instant its acceleration is 1.15 m/s? in a direction 
that makes an angle of 38.0° to its direction of motion. 
Determine its speed (a) at this moment and (b) 2.00s later, 
assuming constant tangential acceleration. 


(II) An object of mass m is constrained to move in a circle of 
radius r. Its tangential acceleration as a function of time is given 
by atan = b + ct?, where b and c are constants. If v = up at 
t = 0, determine the tangential and radial components of the 
force, Ftanand FR ,acting on the object at any time t > 0. 


*6 Velocity-Dependent Forces 


*65. 


* 66. 
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(I) Use dimensional analysis in Example 17 of “Using 
Newton’s Laws: Friction, Circular Motion, Drag Forces” to 
determine if the time constant 7 is rT = m/b or t = b/m. 


(II) The terminal velocity of a 3 X 10> kg raindrop is about 
9m/s. Assuming a drag force Fp = —bv, determine (a) the 
value of the constant b and (b) the time required for such a 
drop, starting from rest, to reach 63% of terminal velocity. 
(II) An object moving vertically has ¥ = Vọ at f=0. 
Determine a formula for its velocity as a function of time 
assuming a resistive force F = —bv as well as gravity for 
two cases: (a) Vo is downward and (b) Vo is upward. 

(IID) The drag force on large objects such as cars, planes, and 


sky divers moving through air is more nearly Fp = —bv*. 


(a) For this quadratic dependence on v, determine a 
formula for the terminal velocity vr, of a vertically falling 
object. (b) A 75-kg sky diver has a terminal velocity of 
about 60m/s; determine the value of the constant b. 
(c) Sketch a curve like that of Fig. 27b for this case of 
Fp œ v’.For the same terminal velocity, would this curve lie 
above or below that in Fig. 27? Explain why. 


FIGURE 27 (a) Forces acting on 


Fp =-b¥ 


an object falling downward. 

(b) Graph of the velocity of an 
object falling due to gravity when 
the air resistance drag force is 


Fp 


= —bv. Initially, v = 0 and 


dv/dt = g, but as time goes on 


dv/dt (= slope of curve) 


mg 


decreases because of Fp. (a) 
Eventually, v approaches a 
maximum value, vy, the terminal v 


velocity, which occurs when Fp 
has magnitude equal to mg. 
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(b) 


(III) A bicyclist can coast down a 7.0° hill at a steady 
9.5 km/h. If the drag force is proportional to the square of 
the speed v, so that Fp = —cv’, calculate (a) the value of 
the constant c and (b) the average force that must be applied 
in order to descend the hill at 25km/h. The mass of the 
cyclist plus bicycle is 80.0 kg. Ignore other types of friction. 
(III) Two drag forces act on a bicycle and rider: Fp; due to 
rolling resistance, which is essentially velocity independent; 
and Fp» due to air resistance, which is proportional to v’. 
For a specific bike plus rider of total mass 78kg, 
Fp; ~ 4.0N; and for a speed of 2.2m/s, Fp2 ~ 1.0N. 
(a) Show that the total drag force is 

Fp = 4.0 + 0.21v’, 
where v is in m/s, and Fp is in N and opposes the motion. 
(b) Determine at what slope angle @ the bike and rider can 
coast downhill at a constant speed of 8.0 m/s. 


(III) Determine a formula for the position and acceleration 
of a falling object as a function of time if the object starts 
from rest at t=O and undergoes a resistive force 
F = —bv, as in Example 17 of “Using Newton’s Laws: 
Friction, Circular Motion, Drag Forces”. 


(HI) A block of mass m slides along a horizontal surface 
lubricated with a thick oil which provides a drag force 
proportional to the square root of velocity: 


if 
Fp = —bv?, 


If v =v at t= 0, determine v and x as functions of 
time. 


(III) Show that the maximum distance the block in Problem 72 
can travel is 2m vg/?/3b. 


(III) You dive straight down into a pool of water. You hit the 
water with a speed of 5.0 m/s, and your mass is 75 kg. Assuming 
a drag force of the form Fp = —(1.00 x 104 kg/s) v, how 
long does it take you to reach 2% of your original speed? 
(Ignore any effects of buoyancy.) 


(HI) A motorboat traveling at a speed of 2.4m/s shuts off 
its engines at t = 0. How far does it travel before coming 
to rest if it is noted that after 3.0s its speed has dropped to 
half its original value? Assume that the drag force of the 
water is proportional to v. 
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| General Problems 


A coffee cup on the horizontal dashboard of a car slides 
forward when the driver decelerates from 45 km/h to rest 
in 3.5s or less, but not if she decelerates in a longer time. 
What is the coefficient of static friction between the cup 
and the dash? Assume the road and the dashboard are 
level (horizontal). 


A 2.0-kg silverware drawer does not slide readily. The 
owner gradually pulls with more and more force, and when 
the applied force reaches 9.0N, the drawer suddenly 
opens, throwing all the utensils to the floor. What is the 
coefficient of static friction between the drawer and the 
cabinet? 

A roller coaster reaches the top of the steepest hill with a 
speed of 6.0 km/h. It then descends the hill, which is at an 
average angle of 45° and is 45.0m long. What will its 
speed be when it reaches the bottom? Assume px = 0.12. 
An 18.0-kg box is released on a 37.0° incline and accelerates 
down the incline at 0.220m/s*. Find the friction force 
impeding its motion. How large is the coefficient of friction? 
A flat puck (mass M) is revolved in a circle on a frictionless 
air hockey table top, and is held in this orbit by a light cord 
which is connected to a dangling mass (mass m) through a 
central hole as shown in Fig. 48. Show that the speed of the 
puck is given by v = VmgR/M. 


FIGURE 48 Problem 80. 


A motorcyclist is coasting with the engine off at a steady 
speed of 20.0 m/s but enters a sandy stretch where the coeffi- 
cient of kinetic friction is 0.70. Will the cyclist emerge from the 
sandy stretch without having to start the engine if the sand 
lasts for 15 m? If so, what will be the speed upon emerging? 


In a “Rotor-ride” at a carnival, people rotate in a vertical 
cylindrically walled “room.” (See Fig. 49). If the room radius 
was 5.5m, and the rotation frequency 0.50 revolutions per 
second when the floor drops out, what minimum coefficient 
of static friction keeps the people from slipping down? 
People on this ride said they were “pressed against the 
wall.” Is there really an outward force pressing them against 
the wall? If so, what is its source? If not, what is the proper 
description of their situation (besides nausea)? [Hint: Draw 
a free-body diagram for a person.] 
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FIGURE 49 Problem 82. 
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A device for training astronauts and jet fighter pilots is 
designed to rotate the trainee in a horizontal circle of radius 
11.0 m. If the force felt by the trainee is 7.45 times her own 
weight, how fast is she rotating? Express your answer in 
both m/s and rev/s. 


A 1250-kg car rounds a curve of radius 72m banked at an 
angle of 14°. If the car is traveling at 85 km/h, will a friction 
force be required? If so, how much and in what direction? 


Determine the tangential and centripetal components of the 
net force exerted on a car (by the ground) when its speed is 
27 m/s, and it has accelerated to this speed from rest in 9.0s 
on a curve of radius 450 m. The car’s mass is 1150 kg. 


The 70.0-kg climber in Fig. 50 is supported in the “chimney” 
by the friction forces exerted on his 
shoes and back. The static coeffi- 
cients of friction between his shoes 
and the wall, and between his back 
and the wall, are 0.80 and 0.60, 
respectively. What is the minimum 
normal force he must exert? 
Assume the walls are vertical and 
that the static friction forces are 
both at their maximum. Ignore his 
grip on the rope. 


FIGURE 50 
Problem 86. 


A small mass m is set on the surface of a sphere, Fig. 51. If 
the coefficient of static fric- eens 

tion is ps = 0.70, at what 
angle would the mass 
start sliding? 


FIGURE 51 
Problem 87. 


. A 28.0-kg block is connected to an empty 2.00-kg bucket by a 


cord running over a frictionless pulley (Fig. 52). The coefficient 
of static friction between the table and the block is 0.45 and the 
coefficient of kinetic friction between the table and the block 
is 0.32. Sand is gradually 
added to the bucket until the 
system just begins to move. 
(a) Calculate the mass of 
sand added to the bucket. 
(b) Calculate the acceleration 
of the system. 


28.0 kg 


FIGURE 52 
Problem 88. 
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Using Newton's Laws: Friction, Circular Motion, Drag Forces: Problem Set 


A car is heading down a slippery road at a speed of 95 km/h. 
The minimum distance within which it can stop without 
skidding is 66m. What is the sharpest curve the car can 
negotiate on the icy surface at the same speed without 
skidding? 

What is the acceleration experienced by the tip of the 
1.5-cm-long sweep second hand on your wrist watch? 

An airplane traveling at 480 km/h needs to reverse its course. 
The pilot decides to accomplish this by banking the wings at 
an angle of 38°. (a) Find the time needed to reverse course. 
(b) Describe any additional force the 
passengers experience during the 
turn. [Hint: Assume an aerodynamic 
“lift” force that acts perpendicularly 
to the flat wings; see Fig. 53.] 


FIGURE 53 
Problem 91. 


A banked curve of radius R in a new highway is designed so 
that a car traveling at speed vp can negotiate the turn safely 
on glare ice (zero friction). If a car travels too slowly, then it 
will slip toward the center of the circle. If it travels too fast, 
it will slip away from the center of the circle. If the 
coefficient of static friction increases, it becomes possible for 
a car to stay on the road while traveling at a speed within 
a range from Vmin tO Umax. Derive formulas for vmin and 
Vmax as functions of us, Vo, and R. 

A small bead of mass m is constrained to slide without 
friction inside a circular vertical hoop of radius r which 
rotates about a vertical axis 
(Fig. 54) at a frequency f. 
(a) Determine the angle 0 
where the bead will be in 
equilibrium—that is, where 
it will have no tendency to 
move up or down along the 
hoop. (b) If f = 2.00 rev/s 


Sigs 


and r = 22.0cm, what is 0? a 
(c) Can the bead ride as a 


high as the center of the 
circle (@ = 90°)? Explain. 


FIGURE 54 
Problem 93. 


Earth is not quite an inertial frame. We often make measure- 
ments in a reference frame fixed on the Earth, assuming 
Earth is an inertial reference frame. But the Earth rotates, so 
this assumption is not quite valid. Show that this assumption 
is off by 3 parts in 1000 by calculating the acceleration of an 
object at Earth’s equator due to Earth’s daily rotation, and 
compare to g = 9.80 m/s?, the acceleration due to gravity. 
While fishing, you get bored and start to swing a sinker weight 
around in a circle below you on a 0.45-m piece of fishing line. 
The weight makes a complete circle every 0.50 s. What is the 
angle that the fishing line makes with the vertical? 

Consider a train that rounds a curve with a radius of 570m 
at a speed of 160 km/h (approximately 100 mi/h). (a) Calcu- 
late the friction force needed on a train passenger of mass 
75kg_ if the track is not banked and the train does not tilt. 
(b) Calculate the friction force on the passenger if the train 
tilts at an angle of 8.0° toward the center of the curve. 


OF. 


98. 


99. 


100. 


101. 


A car starts rolling down a 1-in-4 hill (1-in-4 means that for 
each 4m traveled along the road, the elevation change is 
1m). How fast is it going when it reaches the bottom after 
traveling 55m? (a) Ignore friction. (b) Assume an effective 
coefficient of friction equal to 0.10. 


The sides of a cone make an angle ¢ with the vertical. A 
small mass 7m is placed on the inside of the cone and the cone, 
with its point down, is revolved at a frequency f (revolutions 
per second) about its symmetry axis. If the coefficient of static 
friction is ws, at what positions on the cone can the mass be 
placed without sliding on the cone? (Give the maximum and 
minimum distances, r, from the axis). 


A 72-kg water skier is being accelerated by a ski boat on a 
flat (“glassy”) lake. The coefficient of kinetic friction 
between the skier’s skis and the water surface is ux = 0.25 
(Fig. 55). (a) What is the skier’s acceleration if the rope 
pulling the skier behind the boat applies a horizontal tension 
force of magnitude Fy = 240N to the skier (@ = 0°)? 
(b) What is the skier’s horizontal acceleration if the rope 
pulling the skier exerts a force of Fr = 240N on the skier 
at an upward angle 0 = 12°? (c) Explain why the skier’s 
acceleration in part (b) is greater than that in part (a). 


Fy = 240N 
=> ___l0_._ | & = 
Ė 
py, = 0.25 — 


FIGURE 55 Problem 99. 


A ball of mass m = 1.0 kg at the end of a thin cord of length 
r = 0.80m revolves in a vertical circle about point O, as 
shown in Fig. 56. During the time we observe it, the only 
forces acting on the ball are gravity and the tension in the 
cord. The motion is circular but not uniform because of the 
force of gravity. The ball increases in speed as it descends and 
decelerates as it rises on the other side of the circle. At the 
moment the cord makes an angle 0 = 30° below the 
horizontal, the ball’s JAn 

speed is 6.0m/s. At 7 
this point, determine 7 
the tangential accel- / 
eration, the radial l 
acceleration, and the \ 
tension in the cord, \ 
Fr. Take 0 increasing N 
downward as shown. N 


FIGURE 56 
Problem 100. 


A car drives at a constant speed around a banked circular 
track with a diameter of 127 m. The motion of the car can 
be described in a coordinate system with its origin at the 
center of the circle. At a particular instant the car’s accel- 
eration in the horizontal plane is given by 


a = (-15.7i — 23.2j) m/s’. 


(a) What is the car’s speed? (b) Where (x and y) is the car 
at this instant? 


g 


Using Newton's Laws: Friction, Circular Motion, Drag Forces: Problem Set 


* Numerical/Computer 


* 102. 


* 103. 


(III) The force of air resistance (drag force) on a rapidly 
falling body such as a skydiver has the form Fp = —kv’, so 
that Newton’s second law applied to such an object is 


dv _ 2 
m= ms kv’, 
where the downward direction is taken to be positive. 
(a) Use numerical integration to estimate (within 2%) the 
position, speed, and acceleraton, from f=0 up to 
t = 15.0s, for a 75-kg skydiver who starts from rest, 
assuming k = 0.22 kg/m. (b) Show that the diver eventually 
reaches a steady speed, the terminal speed, and explain why 
this happens. (c) How long does it take for the skydiver to 
reach 99.5% of the terminal speed? 
(III) The coefficient of kinetic friction ukg between two 


surfaces is not strictly independent of the velocity of the 
object. A possible expression for ug for wood on wood is 


* 104. 


0.20 
(1 + 0.002092} 


where v is in m/s. A wooden block of mass 8.0 kg is at rest 
on a wooden floor, and a constant horizontal force of 41 N 
acts on the block. Use numerical integration to determine 
and graph (a) the speed of the block, and (b) its position, as 
a function of time from 0 to 5.0s. (c) Determine the 
percent difference for the speed and position at 5.0s 
if ux is constant and equal to 0.20. 


(III) Assume a net force F = —mg — kv’ acts during the 
upward vertical motion of a 250-kg rocket, starting at 
the moment (t = 0) when the fuel has burned out and the 
rocket has an upward speed of 120 m/s. Let k = 0.65 kg/m. 
Estimate v and y at 1.0-s intervals for the upward motion 
only, and estimate the maximum height reached. Compare 
to free-flight conditions without air resistance (k = 0). 


l Answers to Odd-Numbered Problems 


2 


1. 65N, 0. 25. (a) ö _ tang: 59. 17 m/s =< v = 32 m/s. 
3. 0.20. 2dg cos 0 61. (a) a; = (7/2) m/s’, ac = 0; 
5. 8.8 m/s?. (b) us = tan 0. Ha a (7/2) m/2, 
7. 1.0 X 10° N, 0.48. 27. (a) 0.22s; = (7?/8) m/s"; 
9. 0.51. (b) 0.16m. (© m = (7/2) ) m/s, 
11. 4.2m. 29. 0.51. a, = (7°/2) m/s”. 
13. 1.2 X 10°N. 31. (a) 82N; 63. (a) 1.64 m/s; 
15. (a) 0.67; (b) 4.5 m/s2. (b) 3.45 m/s. 
(b) 6.8 m/s; (sin @ + u cos @) 65. m/b. 
` : 33. (M + m)g : : mg mg b 
(c) 16 m/s. (cos @ — usin 0) 67. (a) T +ù v- T enim: 
17. (a) 1.7 m/s’; 35. (a) 1.41 m/s*; mg mg\ p 
(b) 4.3 x 10N; (b) 31.7N. 0) -78+ (o n me et 
2 2 37. Vre b b 
(c) 1.7 m/s’, 2.2 X 10°N. . Vrg. ; 
69. (a) 14kg/m; 
19. (a) 0.80 m; 39. 30m. (b) STON. 
(b) 1.3. 41. 31 m/s. me whe : 
21. (a) A will pull B along; 43. 0.9 g’s. 71. Fi |: +3 (emt — 1) | gent 
(b) B will eventually catch up to A; 45. 9.0 ieee 75. 10m. 
(c) Ha < ppia= 47. (a) 1.9 X 10° m 77. 0.46. 


(b) 5.4 X 10° N; 


pa + mp) sin 0 


(uama t uB mp) = 


(ma+ mp) 49. 3.0 X 10°N. 
Mamp 51. 0.164. 
ST Tap tam) (us Ha) 0088, 53. (a) 7960 N; 
ua > fp: aa = g(sind — macos O), (b) 588 N; 
ag = g(sin@ — upgcos 0), Fy = 0. (c) 29.4m/s. 
55. 6.2 m/s. 
23. (a) 5.0kg; Lee 


a 


(c) 3.8 xX 10°N. 


(—6.0 m/s) sin (3.0 rad/s t)i 
(b) 6.7 kg. + (6.0 m/s) cos (3.0 rad/s t)j, 93. 
(—18 m/s?) cos (3.0 rad/s f) i 


79. 102 N, 0.725. 
81. Yes, 14 m/s. 
83. 28.3 m/s, 0.410 rev/s. 
85. 3500 N, 1900 N. 
87. 35°. 
89. 132 m. 
91. (a) 55s; 

(b) centripetal component of the 

normal force. 
Snog] 3 

. (a) 0 = cos tarp 
(b) 73.6°; 


+ (18 m/s’) sin (3.0rad/s t) j; 
(c) v = 6.0m/s, a = 18 m/s’. 


(c) no. 
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95. 82°. 103. (a) (b) 
97. (a) 16 m/s; 20 50 
(b) 13 m/s. 15 1 — Varying friction 40 
99. (a) 0.88 m/s”: n —e— Constant friction 30 
(b) 0.98 m/s”. a En 
101. (a) 42.2 m/s; ar) “40 
(b) 35.6 m, 52.6 m. o 0 
0 1 2 3 4 5 0 1 2 3 4 


KON 19) 
(c) speed: —12%, position: — 6.6%. 
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Gravitation and 
Newton's Synthesis 


CHAPTER-OPENING QUESTION— Guess now! 
[Don't worry about getting the right answer now—the idea is to get your preconceived notions out on 
the table.] 
A space station revolves around the Earth as a satellite, 100 km above Earth’s 
surface. What is the net force on an astronaut at rest inside the space station? 
(a) Equal to her weight on Earth. 
(b) A little less than her weight on Earth. 
(c) Less than half her weight on Earth. 
(d) Zero (she is weightless). 
(e) Somewhat larger than her weight on Earth. 


ir Isaac Newton not only put forth the three great laws of motion that serve as 

the foundation for the study of dynamics. He also conceived of another 

great law to describe one of the basic forces in nature, gravitation, and he 

applied it to understand the motion of the planets. This new law, published 
in 1687 in his book Philosophiae Naturalis Principia Mathematica (the Principia, 
for short), is called Newton’s law of universal gravitation. It was the capstone of 
Newton’s analysis of the physical world. Indeed, Newtonian mechanics, with its 
three laws of motion and the law of universal gravitation, was accepted for 
centuries as a mechanical basis for the way the universe works. 


The astronauts in the upper left of 
this photo are working on the Space 
Shuttle. As they orbit the Earth—at 
a rather high speed—they experience 
apparent weightlessness. The Moon, 
in the background, also is orbiting 
the Earth at high speed. What keeps 
the Moon and the space shuttle (and 
its astronauts) from moving off in a 
straight line away from Earth? It is 
the force of gravity. Newton’s law of 
universal gravitation states that all 
objects attract all other objects with 
a force proportional to their masses 
and inversely proportional to the 
square of the distance between them. 


CONTENTS 
1 Newton’s Law of Universal 
Gravitation 


2 Vector Form of Newton’s Law 
of Universal Gravitation 


3 Gravity Near the Earth’s 
Surface; Geophysical 
Applications 


Satellites and “Weightlessness” 


5 Kepler’s Laws and Newton’s 
Synthesis 


*6 Gravitational Field 
7 Types of Forces in Nature 


*8 Principle of Equivalence; 
Curvature of Space; Black 
Holes 


Note: Sections marked with an asterisk (*) may be considered optional by the instructor. 


From Chapter 6 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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FIGURE 1 Anywhere on Earth, 
whether in Alaska, Australia, or 
Peru, the force of gravity acts 
downward toward the center of the 
Earth. 


FIGURE 2 The gravitational force 
one object exerts on a second object 
is directed toward the first object, 
and is equal and opposite to the 
force exerted by the second object 
on the first. 


Moon 


Gravitational 
force exerted on 
Moon by Earth 


Gravitational force 
Earth 
E exerted on Earth 
by the Moon 
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] Newton’s Law of Universal Gravitation 


Among his many great accomplishments, Sir Isaac Newton examined the motion 
of the heavenly bodies—the planets and the Moon. In particular, he wondered 
about the nature of the force that must act to keep the Moon in its nearly circular 
orbit around the Earth. 

Newton was also thinking about the problem of gravity. Since falling objects 
accelerate, Newton had concluded that they must have a force exerted on them, a 
force we call the force of gravity. Whenever an object has a force exerted on it, that 
force is exerted by some other object. But what exerts the force of gravity? Every 
object on the surface of the Earth feels the force of gravity, and no matter where 
the object is, the force is directed toward the center of the Earth (Fig. 1). Newton 
concluded that it must be the Earth itself that exerts the gravitational force on 
objects at its surface. 

According to legend, Newton noticed an apple drop from a tree. He is said to 
have been struck with a sudden inspiration: If gravity acts at the tops of trees, and 
even at the tops of mountains, then perhaps it acts all the way to the Moon! With 
this idea that it is Earth’s gravity that holds the Moon in its orbit, Newton devel- 
oped his great theory of gravitation. But there was controversy at the time. Many 
thinkers had trouble accepting the idea of a force “acting at a distance.” Typical 
forces act through contact—your hand pushes a cart and pulls a wagon, a bat hits 
a ball, and so on. But gravity acts without contact, said Newton: the Earth exerts a 
force on a falling apple and on the Moon, even though there is no contact, and the 
two objects may even be very far apart. 

Newton set about determining the magnitude of the gravitational force that 
the Earth exerts on the Moon as compared to the gravitational force on objects at 
the Earth’s surface. At the surface of the Earth, the force of gravity accelerates 
objects at 9.80 m/s’. The centripetal acceleration of the Moon is calculated from 
dg = v’/r and gives ag = 0.00272 m/s’. In terms of the acceleration of gravity at 
the Earth’s surface, g, this is equivalent to 


0.00272m/ 1 
9.80m/s Ê ~ 360 ® 


That is, the acceleration of the Moon toward the Earth is about sgy as great as the 
acceleration of objects at the Earth’s surface. The Moon is 384,000km from the 
Earth, which is about 60 times the Earth’s radius of 6380 km. That is, the Moon is 
60 times farther from the Earth’s center than are objects at the Earth’s surface. 
But 60 x 60 = 60° = 3600. Again that number 3600! Newton concluded that the 
gravitational force F exerted by the Earth on any object decreases with the square 
of its distance, r, from the Earth’s center: 


1 


Fa 5 
P 


aR = 


The Moon is 60 Earth radii away, so it feels a gravitational force only on = a0 


times as strong as it would if it were a point at the Earth’s surface. 

Newton realized that the force of gravity on an object depends not only on 
distance but also on the object’s mass. In fact, it is directly proportional to its mass, 
as we have seen. According to Newton’s third law, when the Earth exerts its gravi- 
tational force on any object, such as the Moon, that object exerts an equal and 
opposite force on the Earth (Fig. 2). Because of this symmetry, Newton reasoned, 
the magnitude of the force of gravity must be proportional to both the masses. 
Thus 


Mp Mpg 


r? 


F x 


> 


where mg is the mass of the Earth, mg the mass of the other object, and r the 
distance from the Earth’s center to the center of the other object. 
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Newton went a step further in his analysis of gravity. In his examination of the 
orbits of the planets, he concluded that the force required to hold the different 
planets in their orbits around the Sun seems to diminish as the inverse square of 
their distance from the Sun. This led him to believe that it is also the gravitational 
force that acts between the Sun and each of the planets to keep them in their 
orbits. And if gravity acts between these objects, why not between all objects? Thus 
he proposed his law of universal gravitation, which we can state as follows: 


Every particle in the universe attracts every other particle with a force that is 
proportional to the product of their masses and inversely proportional to the 
square of the distance between them. This force acts along the line joining the 
two particles. 


The magnitude of the gravitational force can be written as 


mM M 


p a GAR, (1) 
if 


where m, and m, are the masses of the two particles, r is the distance between 
them, and G is a universal constant which must be measured experimentally and 
has the same numerical value for all objects. 

The value of G must be very small, since we are not aware of any force of 
attraction between ordinary-sized objects, such as between two baseballs. The force 
between two ordinary objects was first measured by Henry Cavendish in 1798, 
over 100 years after Newton published his law. To detect and measure the incred- 
ibly small force between ordinary objects, he used an apparatus like that shown in 
Fig. 3. Cavendish confirmed Newton’s hypothesis that two objects attract one 
another and that Eq. 1 accurately describes this force. In addition, because 
Cavendish could measure F, m,m, and r accurately, he was able to determine 
the value of the constant G as well. The accepted value today is 

G = 6.67 X 10`" N-m?/kg’. 

Strictly speaking, Eq. 1 gives the magnitude of the gravitational force that one 
particle exerts on a second particle that is a distance r away. For an extended object 
(that is, not a point), we must consider how to measure the distance r. You might 
think that r would be the distance between the centers of the objects. This is true for 
two spheres, and is often a good approximation for other objects. A correct calculation 
treats each extended body as a collection of particles, and the total force is the 
sum of the forces due to all the particles. The sum over all these particles is often 
best done using integral calculus, which Newton himself invented. When extended 
bodies are small compared to the distance between them (as for the Earth—Sun 
system), little inaccuracy results from considering them as point particles. 

Newton was able to show that the gravitational force exerted on a particle 
outside a sphere, with a spherically symmetric mass distribution, is the same as if the 
entire mass of the sphere was concentrated at its center. Thus Eq. 1 gives the correct 
force between two uniform spheres where r is the distance between their centers. 


EXAMPLE 1 Can you attract another person gravitationally? 
A 50-kg person and a 70-kg person are sitting on a bench close to each other. 
Estimate the magnitude of the gravitational force each exerts on the other. 
APPROACH This is an estimate: we let the distance between the centers of the 
two people be $m (about as close as you can get). 
SOLUTION We use Eq. 1, which gives 

-11 2/ķo2 

pa (6.67 X 10" N: m?/kg”)(50 kg)(70 kg) S I0“ N, 
(0.5 m)? 

rounded off to an order of magnitude. Such a force is unnoticeably small unless 
extremely sensitive instruments are used. 
NOTE As a fraction of their weight, this force is (10% N)/(70 kg)(9.8 m/s°) ~ 10%. 


NEWTON’S 


LAW 


OF 


UNIVERSAL 


GRAVITATION 


FIGURE 3 Schematic diagram of 
Cavendish’s apparatus. Two spheres 
are attached to a light horizontal 
rod, which is suspended at its center 
by a thin fiber. When a third sphere 
(labeled A) is brought close to one of 
the suspended spheres, the 
gravitational force causes the latter 
to move, and this twists the fiber 
slightly. The tiny movement is 
magnified by the use of a narrow 
light beam directed at a mirror 
mounted on the fiber. The beam 
reflects onto a scale. Previous 
determination of how large a force 
will twist the fiber a given amount 
then allows the experimenter to 
determine the magnitude of the 
gravitational force between two 
objects. 
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FIGURE 4 Example 2. 


FIGURE 5 Example 3. 


Orientation of Sun (S), Earth (E), 


and Moon (M) at right angles to 
each other (not to scale). 


F 
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@ Earth 


Ay CAUTION 


Distinguish between 
Newton’s second law and 
the law of universal gravitation 
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Spacecraft at 2r;. What is the force of gravity acting on a 
2000-kg spacecraft when it orbits two Earth radii from the Earth’s center (that is, 
a distance rg = 6380km above the Earth’s surface, Fig. 4)? The mass of the 
Earth is mg = 5.98 xX 10” kg. 


APPROACH We could plug all the numbers into Eq. 1, but there is a simpler 
approach. The spacecraft is twice as far from the Earth’s center as when it is at 
the surface of the Earth. Therefore, since the force of gravity decreases as the 
square of the distance (and z = }), the force of gravity on the satellite will be 
only one-fourth its weight at the Earth’s surface. 

SOLUTION At the surface of the Earth, Fo = mg. At a distance from the 
Earth’s center of 2rg, Fg is $ as great: 


Fo = img = 4(2000kg)(9.80 m/s?) = 4900N. 


Force on the Moon. Find the net force on the Moon 
my, = 7.35 X 10? kg) due to the gravitational attraction of both the Earth 
my = 5.98 X 10% kg) and the Sun (ms = 1.99 x 10*°kg), assuming they are at 
right angles to each other as in Fig. 5. 


APPROACH The forces on our object, the Moon, are the gravitational force 
exerted on the Moon by the Earth Fue and the force exerted by the Sun Fus, as 
shown in the free-body diagram of Fig. 5. We use the law of universal gravitation 
to find the magnitude of each force, and then add the two forces as vectors. 
SOLUTION The Earth is 3.84 x 10°km = 3.84 x 108m from the Moon, so Fue 
(the gravitational force on the Moon due to the Earth) is 
6.67 X 107"! N-m?/ke’)(7.35 xX 10” kg)(5.98 x 10%k 
Re= ( /kg’)( : 2)( g) er 
(3.84 x 10° m) 
The Sun is 1.50 X 10°km from the Earth and the Moon, so Fus (the gravitational 
force on the Moon due to the Sun) is 
6.67 X 107" N-m?/ke’)(7.35 x 10° kg)(1.99 x 10°k 
Fus = ( ks" 5 el 8) = 4.34 x 10°N. 
(1.50 x 10"! m) 
The two forces act at right angles in the case we are considering (Fig. 5), so we 
can apply the Pythagorean theorem to find the magnitude of the total force: 


F = V(1.99 x 10°N) + (434 x 10? NỌ = 4.77 x 10°N. 


The force acts at an angle @ (Fig. 5) given by 6 = tan™!(1.99/4.34) = 24.6°. 


NOTE The two forces, Fug and Fus, have the same order of magnitude (107° N). 
This may be surprising. Is it reasonable? The Sun is much farther from Earth than 
the Moon (a factor of 10" m/108m ~ 10°), but the Sun is also much more 
massive (a factor of 10% kg/10"kg ~ 10’). Mass divided by distance squared 
(107/106) comes out within an order of magnitude, and we have ignored factors of 
3 or more. Yes, it is reasonable. 


Note carefully that the law of universal gravitation describes a particular force 
(gravity), whereas Newton’s second law of motion (F = ma) tells how an object 
accelerates due to any type of force. 


* Spherical Shells 


Newton was able to show, using the calculus he invented for the purpose, that a thin 
uniform spherical shell exerts a force on a particle outside it as if all the shell’s mass 
were at its center; and that such a thin uniform shell exerts zero force on a particle 
inside the shell. The Earth can be modelled as a series of concentric shells starting 
at its center, each shell uniform but perhaps having a different density to take into 
account Earth’s varying density in various layers. As a simple example, suppose the 
Earth were uniform throughout; what is the gravitational force on a particle placed 
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exactly halfway from Earth’s center to its surface? Only the mass inside this radius 
r = 4r, would exert a net force on this particle. The mass of a sphere is proportional 
to its volume V = $ 7r’, so the mass m inside r = 3 rg is GF =; the mass of the 
entire Earth. The gravitational force on the particle at r =ż}rg, which is propor- 
tional to m/r? (Eq. 1), is reduced to GG) =} the gravitational force it would 


experience at Earth’s surface. 


2 Vector Form of Newton’s Law of 
Universal Gravitation 


We can write Newton’s law of universal gravitation in vector form as 

z mM) ,. 

F = -G 27 ‘21> (2) 

r31 

where F,, is the vector force on particle 1 (of mass m,) exerted by particle 2 
(of mass m), which is a distance r; away; f»; is a unit vector that points from 
particle 2 toward particle 1 along the line joining them so that fp; = F31/r21, 
where Ff), is the displacement vector as shown in Fig. 6. The minus sign in Eq. 2 is 
necessary because the force on particle 1 due to particle 2 points toward m,, in the 
direction opposite to f,,. The displacement vector F,, is a vector of the same 
magnitude as F,,, but it points in the opposite direction so that 


Fig = —¥o- 
By Newton’s third law, the force F,, acting on m, exerted by mı must have the 


same magnitude as F, , but acts in the opposite direction (Fig. 7), so that 


= = Mı mM 
B, = -F.=G 7 "21 
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The force of gravity exerted on one particle by a second particle is always 
directed toward the second particle, as in Fig. 6. When many particles interact, the 
total gravitational force on a given particle is the vector sum of the forces exerted 
by each of the others. For example, the total force on particle number 1 is 


F, = F, H F,, | F, Peete} F,, E XÉ; (3) 
i=2 


where F,; means the force on particle 1 exerted by particle i, and n is the total 
number of particles. 

This vector notation can be very helpful, especially when sums over many 
particles are needed. However, in many cases we do not need to be so formal and 
we can deal with directions by making careful diagrams. 


3 Gravity Near the Earth’s Surface; 
Geophysical Applications 


When Eq. 1 is applied to the gravitational force between the Earth and an object 
at its surface, mı becomes the mass of the Earth mg, m, becomes the mass of the 
object m, and r becomes the distance of the object from the Earth’s center, which 
is the radius of the Earth rg. This force of gravity due to the Earth is the weight of 
the object, which we have been writing as mg. Thus, 


mmg 
ng = G 
TE 
We can solve this for g, the acceleration of gravity at the Earth’s surface: 
m 
g = G (4) 
rE 


Thus, the acceleration of gravity at the surface of the Earth, g, is determined 
by mz and rg. (Don’t confuse G with g; they are very different quantities, but are 
related by Eq. 4.) 


FIGURE 6 The displacement vector 
Y2; points from particle of mass m 
to particle of mass m; . The unit 
vector shown, fy, is in the same 
direction as F}; , but is defined as 
having length one. 


FIGURE 7 By Newton’s third law, 
the gravitational force on particle 1 
exerted by particle 2, F, 2, is equal 
and opposite to that on particle 2 
exerted by particle 1, F, 1; that is 
Fy) = -Fo. 


A CAUTION 
Distinguish G from g 
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FIGURE 8 Example 4. Mount 
Everest, 8850 m (29,035 ft) above sea 
level; in the foreground, the author 
with sherpas at 5500 m (18,000 ft). 


TABLE 1 
Acceleration Due to Gravity 


at Various Locations on Earth 


Elevation g 
Location (m) (m/s?) 
New York 0 9.803 
San Francisco 0 9.800 
Denver 1650 9.796 
Pikes Peak 4300 9.789 
Sydney, 

Australia 0 9.798 
Equator 0 9.780 
North Pole 0 9.832 

(calculated) 
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Until G was measured, the mass of the Earth was not known. But once G was 
measured, Eq. 4 could be used to calculate the Earth’s mass, and Cavendish was 
the first to do so. Since g =9.80m/s? and the radius of the Earth is 
rg = 6.38 X 10°m, then, from Eq. 4, we obtain 
gr (9.80 m/s”)(6.38 x 10° my 

G 6.67 x 107! N-m2/kg? 
= 5.98 x 10%kg 


mg = 


for the mass of the Earth. 
Equation 4 can be applied to other planets, where g, m, and r would refer to 
that planet. 


EXAMPLE 4 Gravity on Everest. Estimate the effective value of 
g on the top of Mt. Everest, 8850 m (29,035 ft) above sea level (Fig. 8). That is, 
what is the acceleration due to gravity of objects allowed to fall freely at this 
altitude? 


APPROACH The force of gravity (and the acceleration due to gravity g) depends 
on the distance from the center of the Earth, so there will be an effective value g’ 
on top of Mt. Everest which will be smaller than g at sea level. We assume the 
Earth is a uniform sphere (a reasonable “estimate”’). 


SOLUTION We use Eq. 4, with rg replaced by r = 6380km + 8.9km = 
6389 km = 6.389 x 10°m: 
Mp (6.67 x 10`"! N- m?/kg?)(5.98 x 10” kg) 
=p a (6.389 x 106 m} 
9.77 m/s’, 


which is a reduction of about 3 parts in a thousand (0.3%). 


NOTE This is an estimate because, among other things, we ignored the mass 
accumulated under the mountaintop. 


Note that Eq. 4 does not give precise values for g at different locations 
because the Earth is not a perfect sphere. The Earth not only has mountains and 
valleys, and bulges at the equator, but also its mass is not distributed precisely 
uniformly (see Table 1). The Earth’s rotation also affects the value of g (see 
Example 5). However, for most practical purposes when an object is near the 
Earth’s surface, we will simply use g = 9.80 m/s? and write the weight of an object 
as mg. 


EXERCISE A Suppose you could double the mass of a planet but kept its volume the 
same. How would the acceleration of gravity, g, at the surface change? 


The value of g can vary locally on the Earth’s surface because of the presence 
of irregularities and rocks of different densities. Such variations in g, known as 
“gravity anomalies,” are very small—on the order of 1 part per 10° or 10’ in the 
value of g. But they can be measured (“gravimeters” today can detect variations 
in g to 1 part in 10°). Geophysicists use such measurements as part of their 
investigations into the structure of the Earth’s crust, and in mineral and oil 
exploration. Mineral deposits, for example, often have a greater density than 
surrounding material; because of the greater mass in a given volume, g can have 
a slightly greater value on top of such a deposit than at its flanks. “Salt domes,” 
under which petroleum is often found, have a lower than average density and 
searches for a slight reduction in the value of g in certain locales have led to the 
discovery of oil. 
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Effect of Earth’s rotation on g. Assuming the Earth is a perfect 
sphere, determine how the Earth’s rotation affects the value of g at the equator 
compared to its value at the poles. 


APPROACH Figure 9 shows a person of mass m standing on a doctor’s scale 
at two places on the Earth. At the North Pole there are two forces acting on the 
mass m: the force of gravity, Fg = mg, and the force with which the scale pushes 
up on the mass, W. We call this latter force w because it is what the scale reads as 
the weight of the object, and by Newton’s third law it equals the force with which the 
mass pushes down on the scale. Since the mass is not accelerating, Newton’s 
second law tells us 


mg — w = 0, 


so w = mg. Thus the weight w that the spring registers equals mg, which is no 
surprise. Next, at the equator, there is an acceleration because the Earth is rotating. 
The same magnitude of the force of gravity Fg = mg acts downward (we are letting 
g represent the acceleration of gravity in the absence of rotation and we ignore the 
slight bulging of the equator). The scale pushes upward with a force w’; w' 
is also the force with which the person pushes down on the scale (Newton’s third 
law) and hence is the weight registered on the scale. From Newton’s second law 
we now have (see Fig. 9) 
1 v? 

mg -—w' =m 
because the person of mass m now has a centripetal acceleration due to Earth’s 
rotation; rg = 6.38 X 10°m is the Earth’s radius and v is the speed of m due to the 
Earth’s daily rotation. 
SOLUTION First we determine the speed v of an object at rest on the Earth’s 
equator, rembering that Earth makes one rotation (distance = circumference of 
Earth = 27rp) in 1 day = (24h)(60 min/h)(60s/min) = 8.64 x 10's: 


2mrg  (6.283)(6.38 X 10°m) 
~ 1day — (8.64 x 10*s) 
= 4.640 x 10? m/s. 


The effective weight is w’ = mg’ where g’ is the effective value of g, and so 
g' = w'/m. Solving the equation above for w’, we have 


So 
a v 
g8 = m & TE 
Hence 
ae / u? (4.640 X 10? m/s)” 
a ae (6.38 x 10°m) 
= 0.0337 m/s’, 


which is about Ag ~ 0.003g, a difference of 0.3%. 

NOTE In Table 1 we see that the difference in g at the pole and equator is actually 
greater than this: (9.832 — 9.780) m/s? = 0.052 m/s’. This discrepancy is due mainly 
to the Earth being slightly fatter at the equator (by 21 km) than at the poles. 
NOTE The calculation of the effective value of g at latitudes other than at the 
poles or equator is a two-dimensional problem because Fg acts radially toward 
the Earth’s center whereas the centripetal acceleration is directed perpendicular 
to the axis of rotation, parallel to the equator and that means that a plumb line (the 
effective direction of g) is not precisely vertical except at the equator and the poles. 


FIGURE 9 Example 5. 


<I 
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Earth as Inertial Reference Frame 

We often make the assumption that reference frames fixed on the Earth are 
inertial reference frames. Our calculation in Example 5 above shows that this 
assumption can result in errors no larger than about 0.3% in the use of Newton’s 
second law, for example. 


4 Satellites and “Weightlessness” 


Satellite Motion 


Artificial satellites circling the Earth are now commonplace (Fig. 10). A satellite is 
put into orbit by accelerating it to a sufficiently high tangential speed 
with the use of rockets, as shown in Fig. 11. If the speed is too high, the space- 
craft will not be confined by the Earth’s gravity and will escape, never to 
return. If the speed is too low, it will return to Earth. Satellites are usually put 
into circular (or nearly circular) orbits, because such orbits require the least 
takeoff speed. 


27,000 km/h 30,000 km/h 
circular elliptical 
| 40,000 km/h 


escape 
N 


FIGURE 10 A satellite, the International Space FIGURE 11 Artificial satellites launched at 
Station, circling the Earth. different speeds. 


FIGURE 12 A moving satellite 
“falls” out of a straight-line path 
toward the Earth. 
Without 
gravit: 
gati 
~ 
With , 
: gravity N 
ors 


It is sometimes asked: “What keeps a satellite up?” The answer is: its high 
speed. If a satellite stopped moving, it would fall directly to Earth. But at the very 
high speed a satellite has, it would quickly fly out into space (Fig. 12) if it weren’t 
for the gravitational force of the Earth pulling it into orbit. In fact, a satellite is 
falling (accelerating toward Earth), but its high tangential speed keeps it from 
hitting Earth. 

For satellites that move in a circle (at least approximately), the needed 
acceleration is centripetal and equals v’/r. The force that gives a satellite this 
acceleration is the force of gravity exerted by the Earth, and since a satellite may 
be at a considerable distance from the Earth, we must use Newton’s law of 
universal gravitation (Eq. 1) for the force acting on it. When we apply Newton’s 
second law, Fp = mag in the radial direction, we find 


2 


(2) 
= = m— (5) 
r r 


mmg 


G 


where m is the mass of the satellite. This equation relates the distance of the satellite 
from the Earth’s center, r, to its speed, v, in a circular orbit. Note that only one 
force—gravity—is acting on the satellite, and that r is the sum of the Earth’s 
radius rg plus the satellite’s height h above the Earth: r = rg + A. 
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Geosynchronous satellite. A geosynchronous satellite is one 
that stays above the same point on the Earth, which is possible only if it is above 
a point on the equator. Such satellites are used for TV and radio transmission, for 
weather forecasting, and as communication relays. Determine (a) the height 
above the Earth’s surface such a satellite must orbit, and (b) such a satellite’s speed. 
(c) Compare to the speed of a satellite orbiting 200 km above Earth’s surface. 


APPROACH To remain above the same point on Earth as the Earth rotates, the 
satellite must have a period of 24 hours. We can apply Newton’s second law, 
F = ma, where a = %?/r if we assume the orbit is circular. 

SOLUTION (a) The only force on the satellite is the force of universal gravitation 
due to the Earth. (We can ignore the gravitational force exerted by the Sun. 
Why?) We apply Eq. 5, assuming the satellite moves in a circle: 

Msat ME v? 


= Meu — 
r? y 


G 


This equation has two unknowns, r and v. But the satellite revolves around the 
Earth with the same period that the Earth rotates on its axis, namely once in 
24 hours. Thus the speed of the satellite must be 
2r 
y= —, 
T 
where T = 1 day = (24h)(3600s/h) = 86,400s. We substitute this into the 
“satellite equation” above and obtain (after canceling Msat on both sides) 
mg (ar)? 
Po ft? 
After cancelling an r, we can solve for r°: 
Gm,T* (6.67 x 10°! N-m?/kg”)(5.98 x 10% kg)(86,400 s)? 
4mo 4r’ 
= 7.54 X 10” m°. 
We take the cube root and find 
r = 4.23 x 10’m, 


or 42,300 km from the Earth’s center. We subtract the Earth’s radius of 6380 km 
to find that a geosynchronous satellite must orbit about 36,000 km (about 6 rg) 
above the Earth’s surface. 


(b) We solve for v in the satellite equation, Eq. 5: 


G 6.67 X 10°! N-m?/kg7)(5.98 x 10” k 
w= x] a i ks’) 8) = 3070 m/s. 


PS 


4.23 X 107m 
( ) 


We get the same result if we use v = 2mr/T. 
(c) The equation in part (b) for v shows v x V1/r. So for r=re+h= 
6380 km + 200km = 6580km, we get 


raa JE = (3070 m/s), [220K _ aag0 
= tag = OS) lesen) m/s; 


NOTE The center of a satellite orbit is always at the center of the Earth; so it is 
not possible to have a satellite orbiting above a fixed point on the Earth at any 
latitude other than 0°. 


CONCEPTUAL EXAMPLE 7 | Catching a satellite. You are an astronaut in the 
space shuttle pursuing a satellite in need of repair. You find yourself in a circular orbit 
of the same radius as the satellite, but 30 km behind it. How will you catch up with it? 


RESPONSE We saw in Example 6 (or see Eq. 5) that the velocity is proportional 
to 1/Vr. Thus you need to aim for a smaller orbit in order to increase your speed. 
Note that you cannot just increase your speed without changing your orbit. After 
passing the satellite, you will need to slow down and rise upward again. 
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(c) ł a = g (down) 


FIGURE 13 (a) An object in an 
elevator at rest exerts a force on a 
spring scale equal to its weight. 

(b) In an elevator accelerating upward 
at įg, the object’s apparent weight is 
1} times larger than its true weight. 
(c) Ina freely falling elevator, the 
object experiences “weightlessness”: 
the scale reads zero. 
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EXERCISE B Two satellites orbit the Earth in circular orbits of the same radius. One satel- 
lite is twice as massive as the other. Which of the following statements is true about the 
speeds of these satellites? (a) The heavier satellite moves twice as fast as the lighter one. 
(b) The two satellites have the same speed. (c) The lighter satellite moves twice as fast as 
the heavier one. (d) The heavier satellite moves four times as fast as the lighter one. 


Weightlessness 


People and other objects in a satellite circling the Earth are said to experience 
apparent weightlessness. Let us first look at a simpler case, that of a falling 
elevator. In Fig. 13a, an elevator is at rest with a bag hanging from a spring scale. 
The scale reading indicates the downward force exerted on it by the bag. This 
force, exerted on the scale, is equal and opposite to the force exerted by the scale 
upward on the bag, and we call its magnitude w. Two forces act on the bag: the 
downward gravitational force and the upward force exerted by the scale equal to 
w. Because the bag is not accelerating (a = 0) when we apply =F = ma to the 
bag in Fig. 13a we obtain 


w — mg = 0, 


where mg is the weight of the bag. Thus, w = mg, and since the scale indicates the 
force w exerted on it by the bag, it registers a force equal to the weight of the bag, 
as we expect. 

Now let the elevator have an acceleration, a. Applying Newton’s second law, 
=F = ma, to the bag as seen from an inertial reference frame (the elevator itself 
is not an inertial frame) we have 


w — mg = ma. 
Solving for w, we have 
w = mg + ma. [ais + upward] 


We have chosen the positive direction up. Thus, if the acceleration a is up, a is posi- 
tive; and the scale, which measures w, will read more than mg. We call w the 
apparent weight of the bag, which in this case would be greater than its actual 
weight (mg). If the elevator accelerates downward, a will be negative and w, the 
apparent weight, will be less than mg. The direction of the velocity ¥ doesn’t 
matter. Only the direction of the acceleration a (and its magnitude) influences the 
scale reading. 
Suppose, for example, the elevator’s acceleration is 4 g upward; then we find 


w = mg + mg) = 3 mg. 


That is, the scale reads 14 times the actual weight of the bag (Fig. 13b). The apparent 
weight of the bag is 15 times its real weight. The same is true of the person: her 
apparent weight (equal to the normal force exerted on her by the elevator floor) is 
14 times her real weight. We can say that she is experiencing 1} g’s, just as astro- 
nauts experience so many g’s at a rocket’s launch. 


If, instead, the elevator’s acceleration is a = —4g (downward), then 
w = mg — mg = mg. That is, the scale reads half the actual weight. If the 
elevator is in free fall (for example, if the cables break), then a = —g and 


w = mg — mg = 0. The scale reads zero. See Fig. 13c. The bag appears weight- 
less. If the person in the elevator accelerating at —g let go of a pencil, say, it 
would not fall to the floor. True, the pencil would be falling with acceleration g. 
But so would the floor of the elevator and the person. The pencil would hover 
right in front of the person. This phenomenon is called apparent weightlessness 
because in the reference frame of the person, objects don’t fall or seem to have 
weight—yet gravity does not disappear. Gravity is still acting on each object, 
whose weight is still mg. The person and other objects seem weightless only 
because the elevator is accelerating in free fall, and there is no contact force on 
the person to make her feel the weight. 


AP Wide World Photos 


| a 
epnprmar! 
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The “weightlessness” experienced by people in a satellite orbit close to the Earth 
(Fig. 14) is the same apparent weightlessness experienced in a freely falling elevator. 
It may seem strange, at first, to think of a satellite as freely falling. But a satellite is 
indeed falling toward the Earth, as was shown in Fig. 12. The force of gravity causes 
it to “fall” out of its natural straight-line path. The acceleration of the satellite must 
be the acceleration due to gravity at that point, since the only force acting on it is 
gravity. (We used this to obtain Eq. 5.) Thus, although the force of gravity acts on 
objects within the satellite, the objects experience an apparent weightlessness 
because they, and the satellite, are accelerating together as in free fall. 


EXERCISE C Return to the Chapter-Opening Question and answer it again now. Try to 
explain why you may have answered differently the first time. 


Figure 15 shows some examples of “free fall,’ or apparent weightlessness, 
experienced by people on Earth for brief moments. 

A completely different situation occurs if a spacecraft is out in space 
far from the Earth, the Moon, and other attracting bodies. The force of gravity 
due to the Earth and other heavenly bodies will then be quite small because of 
the distances involved, and persons in such a spacecraft would experience real 
weightlessness. 


EXERCISE D Could astronauts in a spacecraft far out in space easily play catch with a 
bowling ball (m = 7kg)? 


FIGURE 15 Experiencing “weightlessness” on Earth. 


Mickey Pfleger/Lonely Planet Images 
Dave Cannon/Getty Images 


(b) 


5 Kepler’s Laws and Newton's 
Synthesis 


More than a half century before Newton proposed his three laws of motion and 
his law of universal gravitation, the German astronomer Johannes Kepler 
(1571-1630) had worked out a detailed description of the motion of the planets 
about the Sun. Kepler’s work resulted in part from the many years he spent exam- 
ining data collected by Tycho Brahe (1546-1601) on the positions of the planets in 
their motion through the heavens. 


FIGURE 14 This astronaut is 
moving outside the International 
Space Station. He must feel very free 
because he is experiencing apparent 
weightlessness. 


NASA Headquarters 
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FIGURE 16 Kepler's first law. An ellipse is a closed curve such that the sum P 
of the distances from any point P on the curve to two fixed points (called the 

foci, F; and F>) remains constant. That is, the sum of the distances, F;P + FP, 
is the same for all points on the curve. A circle is a special case of an ellipse in 
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Planet 


which the two foci coincide, at the center of the circle. The semimajor axis is s Q F, R 
(that is, the long axis is 2s) and the semiminor axis is b, as shown. The 

eccentricity, e, is defined as the ratio of the distance from either focus to the \ j Ab l 
center divided by the semimajor axis s. Thus es is the distance from the center b 


to either focus, as shown. For a circle, e = 0. The Earth and most of the 
other planets have nearly circular orbits. For Earth e = 0.017. 


FIGURE 17 Kepler's second law. 
The two shaded regions have equal 
areas. The planet moves from point 1 
to point 2 in the same time as it takes 
to move from point 3 to point 4. 
Planets move fastest in that part of 
their orbit where they are closest to 


the Sun. Exaggerated scale. 


TABLE 2 Planetary Data Applied 
to Kepler's Third Law 


Mean 
Distance 8/7? 
from Sun,s Period, T 24 km? 
Planet (10°km) (Earth yr) a 
Mercury 57.9 0.241 3.34 
Venus 108.2 0.615 3.35 
Earth 149.6 1.0 3135) 
Mars 227.9 1.88 3.35 
Jupiter 778.3 11.86 3.35 
Saturn 1427 295 3.34 
Uranus 2870 84.0 335) 
Neptune 4497 165 3.34 
Pluto 5900 248 3.34 


Among Kepler’s writings were three empirical findings that we now refer to as 
Kepler’s laws of planetary motion. These are summarized as follows, with addi- 
tional explanation in Figs. 16 and 17. 


Kepler's first law: The path of each planet about the Sun is an ellipse with the 
Sun at one focus (Fig. 16). 


Kepler's second law: Each planet moves so that an imaginary line drawn from the 
Sun to the planet sweeps out equal areas in equal periods of time (Fig. 17). 


Kepler's third law: The ratio of the squares of the periods of any two planets 
revolving about the Sun is equal to the ratio of the cubes of their semimajor 
axes. [The semimajor axis is half the long (major) axis of the orbit, as shown 
in Fig. 16, and represents the planet’s mean distance from the Sun."] 
That is, if T, and T, represent the periods (the time needed for one revolution 
about the Sun) for any two planets, and sı and s, represent their semimajor 
axes, then 


T,\? lay 
T 7 9j 
We can rewrite this as 
io S 
h 73 
meaning that s*/T should be the same for each planet. Present-day data are 
given in Table 2; see the last column. 


Kepler arrived at his laws through careful analysis of experimental data. Fifty 
years later, Newton was able to show that Kepler’s laws could be derived mathe- 
matically from the law of universal gravitation and the laws of motion. He also 
showed that for any reasonable form for the gravitational force law, only one that 
depends on the inverse square of the distance is fully consistent with Kepler’s 
laws. He thus used Kepler’s laws as evidence in favor of his law of universal 
gravitation, Eq. 1. 

We will not derive Kepler’s second law in this Chapter. Here we derive 
Kepler’s third law, and we do it for the special case of a circular orbit, in which 
case the semimajor axis is the radius r of the circle. (Most planetary orbits are 
close to a circle.) First, we write Newton’s second law of motion, XF = ma. For F 
we use the law of universal gravitation (Eq. 1) for the force between the Sun and a 
planet of mass mı, and for a the centripetal acceleration, v’/r. We assume the 
mass of the Sun Ms is much greater than the mass of its planets, so we 
ignore the effects of the planets on each other. Then 


=F = ma 
2 
m Ms vi 
G= =m- 
ri fi 


İThe semimajor axis is equal to the planet’s mean distance from the Sun in the sense that it equals 
half the sum of the planet’s nearest and farthest distances from the Sun (points Q and R in Fig. 16). 
Most planetary orbits are close to circles, and for a circle the semimajor axis is the radius of the circle. 
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Here m; is the mass of a particular planet, r, its distance from the Sun, and v; its 
average speed in orbit; Mg is the mass of the Sun, since it is the gravitational attrac- 
tion of the Sun that keeps each planet in its orbit. The period T; of the planet is the 
time required for one complete orbit, which is a distance equal to 27r,, the 
circumference of a circle. Thus 


2r; 


Vv. = 
1 T, 
We substitute this formula for v, into the equation above: 


m, Ms 4n’r, 
=m—: 
Ti 


2 

ri 
We rearrange this to get 
T An? 


= : 6 
r GMs (6) 


We derived this for planet 1 (say, Mars). The same derivation would apply for a 
second planet (say, Saturn) orbiting the Sun, 


T3 An? 


where T, and r, are the period and orbit radius, respectively, for the second 
planet. Since the right sides of the two previous equations are equal, we have 
T/r} = T3/r3. or, rearranging, 


() = (2) 
Tol Nr] D 
which is Kepler’s third law. Equations 6 and 7 are valid also for elliptical orbits if 
we replace r with the semimajor axis s. 

The derivations of Eqs. 6 and 7 (Kepler’s third law) compared two planets 
revolving around the Sun. But they are general enough to be applied to other 
systems. For example, we could apply Eq. 6 to our Moon revolving around Earth 
(then Ms would be replaced by Mz, the mass of the Earth). Or we could apply 
Eq. 7 to compare two moons revolving around Jupiter. But Kepler’s third law, 
Eq. 7, applies only to objects orbiting the same attracting center. Do not use Eq. 7 
to compare, say, the Moon’s orbit around the Earth to the orbit of Mars around 
the Sun because they depend on different attracting centers. 

In the following Examples, we assume the orbits are circles, although it is not 
quite true in general. 


GN 8S Where is Mars? Mars’ period (its “year”) was first noted by 
Kepler to be about 687 days (Earth-days), which is (687 d/365d) = 1.88 yr 
(Earth years). Determine the mean distance of Mars from the Sun using the 
Earth as a reference. 


APPROACH We are given the ratio of the periods of Mars and Earth. We can 
find the distance from Mars to the Sun using Kepler’s third law, given the 
Earth—Sun distance as 1.50 xX 10'! m (Table 2). 


SOLUTION Let the distance of Mars from the Sun be rys, and the Earth—Sun 
distance be rgs = 1.50 xX 10''m. From Kepler’s third law (Eq. 7): 


Ty \2 1.88 yr \2 
ME, = ( n); = ( x) = 1.52. 
Es TE lyr 


So Mars is 1.52 times the Earth’s distance from the Sun, or 2.28 X 10" m. 


A CAUTION 


Compare orbits of objects 
only around the same center 
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FIGURE 18 Our solar system (a) is 


compared to recently discovered planets 


orbiting (b) the star 47 Ursae Majoris and 47 Planet 
(c) the star Upsilon Andromedae with at © 


least three planets. my is the mass of 
Jupiter. (Sizes not to scale.) 
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The Sun’s mass determined. Determine the mass of the Sun 
given the Earth’s distance from the Sun as rgs = 1.5 X 10" m. 
APPROACH Equation 6 relates the mass of the Sun Mg to the period and 
distance of any planet. We use the Earth. 
SOLUTION The Earth’s period is Tg = 1 yr = (365}d)(24 h/d)(3600s/h) = 
3.16 X 107s. We solve Eq. 6 for Ms: 
4r’r 4r? (1.5 X 10" my’ 
Ms = ms = ( ) = 2.0 X 10” kg. 
GT; (6.67 x 107! N-m?/kg?)(3.16 x 107s) 


EXERCISEE Suppose there were a planet in circular orbit exactly halfway between 
the orbits of Mars and Jupiter. What would its period be in Earth-years? Use Table 2. 


Accurate measurements on the orbits of the planets indicated that they did not 
precisely follow Kepler’s laws. For example, slight deviations from perfectly elliptical 
orbits were observed. Newton was aware that this was to be expected because any 
planet would be attracted gravitationally not only by the Sun but also (to a much lesser 
extent) by the other planets. Such deviations, or perturbations, in the orbit of Saturn 
were a hint that helped Newton formulate the law of universal gravitation, that all 
objects attract gravitationally. Observation of other perturbations later led to the 
discovery of Neptune and Pluto. Deviations in the orbit of Uranus, for example, could 
not all be accounted for by perturbations due to the other known planets. Careful calcu- 
lation in the nineteenth century indicated that these deviations could be accounted for 
if another planet existed farther out in the solar system. The position of this planet was 
predicted from the deviations in the orbit of Uranus, and telescopes focused on that 
region of the sky quickly found it; the new planet was called Neptune. Similar but much 
smaller perturbations of Neptune’s orbit led to the discovery of Pluto in 1930. 

Starting in the mid 1990s, planets revolving about distant stars (Fig. 18) were 
inferred from the regular “wobble” of each star due to the gravitational attraction of 
the revolving planet(s). Many such “extrasolar” planets are now known. 

The development by Newton of the law of universal gravitation and the three 
laws of motion was a major intellectual achievement: with these laws, he was able 
to describe the motion of objects on Earth and in the heavens. The motions of 
heavenly bodies and objects on Earth were seen to follow the same laws (not 
recognized previously). For this reason, and also because Newton integrated the 
results of earlier scientists into his system, we sometimes speak of Newton’s synthesis. 

The laws formulated by Newton are referred to as causal laws. By causality we 
mean the idea that one occurrence can cause another. When a rock strikes a 
window, we infer that the rock causes the window to break. This idea of “cause and 
effect” relates to Newton’s laws: the acceleration of an object was seen to be 
caused by the net force acting on it. 

As a result of Newton’s theories the universe came to be viewed by many 
scientists and philosophers as a big machine whose parts move in a deterministic 
way. This deterministic view of the universe, however, had to be modified by 
scientists in the twentieth century. 
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Lagrange Point. The mathematician Joseph-Louis Lagrange 
discovered five special points in the vicinity of the Earth’s orbit about the Sun where 
a small satellite (mass m) can orbit the Sun with the same period T as Earth’s 
(= 1year). One of these “Lagrange Points,” called L1, lies between the Earth (mass 
Mz) and Sun (mass Ms), on the line connecting them (Fig. 19). That is, the Earth and 
the satellite are always separated by a distance d. If the Earth’s orbital radius is Rgs, 
then the satellite’s orbital radius is (Rgs — d). Determine d. 


APPROACH We use Newton’s law of universal gravitation and set it equal to the 
mass times the centripetal acceleration. But how could an object with a smaller 
orbit than Earth’s have the same period as Earth? Kepler’s third law clearly tells 
us a smaller orbit around the Sun results in a smaller period. But that law 
depends on only the Sun’s gravitational attraction. Our mass m is pulled by both 
the Sun and the Earth. 

SOLUTION Because the satellite is assumed to have negligible mass in comparison 
to the masses of the Earth and Sun, to an excellent approximation the Earth’s 
orbit will be determined solely by the Sun. Applying Newton’s second law to the 
Earth gives 


2 


GMg Ms M v? Mg (27T Res) 


Rig "Reg Reg P 
or 
GM, 4r? Rgs , 
Ris T 


Next we apply Newton’s second law to the satellite m (which has the same period T 
as Earth), including the pull of both Sun and Earth (see simplified form, Eq. (i)) 
GM, GM; 4m’ (Res — d) 

( Rag = dy QZ T2 f 
which we rewrite as 
GM; (: d j GM;  4r’Res (1 d 
Ris s d? T? Res / 
We now use the binomial expansion (1 + x)" ~ 1 + nx, if x < 1. Setting 
x = d/Rpgs and assuming d << Rgs, we have 


GM; d GM: 4r” Rgs t d 
ne Res /` 
Substituting GM;/RẸs from Eq. (i) into Eq. (ii) we find 
GM. d GM, GM. d 
—(1+2 ~ = |1 
Res Res d RÉs Res 


(ii) 


Simplifying, we have 
GM, (3 d _ GMg 
Res Res 

We solve for d to find 


My \3 
* Res. 
(; nk) HS 


Substituting in values we find 
d = 1.0 X 10°Rpgs = 1.5 X 10°km. 


NOTE Since d/Rgs = 107, we were justified in using the binomial expansion. 
NOTE Placing a satellite at L1 has two advantages: the satellite’s view of the Sun 
is never eclipsed by the Earth, and it is always close enough to Earth to transmit 
data easily. The L1 point of the Earth—Sun system is currently home to the Solar 
and Heliospheric Observatory (SOHO) satellite, Fig. 20. 
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FIGURE 19 Finding the position of 
the Lagrange Point L1 for a satellite 
that can remain along the revolving 
line between the Sun and Earth, at 
distance d from the Earth. Thus a 
mass m at L1 has the same period 
around the Sun as the 

Earth has. (Not to scale.) 


FIGURE 20 Artistť’s rendition 
of the Solar and Heliospheric 
Observatory (SOHO) satellite 
in orbit. 


NASA Headquarters 
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“6 Gravitational Field 


Most of the forces we meet in everyday life are contact forces: you push or 
pull on a lawn mower, a tennis racket exerts a force on a tennis ball when 
they make contact, or a ball exerts a force on a window when they make 
contact. But the gravitational force acts over a distance: there is a force 
even when the two objects are not in contact. The Earth, for example, exerts 
a force on a falling apple. It also exerts a force on the Moon, 384,000 km 
away. And the Sun exerts a gravitational force on the Earth. The idea of 
a force acting at a distance was a difficult one for early thinkers. Newton 
himself felt uneasy with this concept when he published his law of universal 
gravitation. 

Another point of view that helps with these conceptual difficulties is 
the concept of the field, developed in the nineteenth century by Michael 
Faraday (1791-1867) to aid understanding of electric and magnetic forces 
which also act over a distance. Only later was it applied to gravity. According to 
the field concept, a gravitational field surrounds every object that has mass, and 
this field permeates all of space. A second object at a particular location near the 
first object experiences a force because of the gravitational field that exists 
there. Because the gravitational field at the location of the second mass is 
considered to act directly on this mass, we are a little closer to the idea of a 
contact force. 

To be quantitative, we can define the gravitational field as the gravitational 
force per unit mass at any point in space. If we want to measure the gravitational 
field at any point, we place a small “test” mass m at that point and measure the 
force F exerted on it (making sure only gravitational forces are acting). Then the 
gravitational field, g, at that point is defined as 


[gravitational field] (8) 


The units of g are N/kg. 

From Eq. 8 we see that the gravitational field an object experiences has 
magnitude equal to the acceleration due to gravity at that point. (When we speak 
of acceleration, however, we use units m/s”, which is equivalent to N/kg, since 
1N = 1kg-m/s*.) 

If the gravitational field is due to a single spherically symmetric (or small) 
object of mass M, such as when m is near the Earth’s surface, then the gravitational 
field at a distance r from M has magnitude 


In vector notation we write 


zo aM, due to a 
8 ~ ro” single mass M 


where f is a unit vector pointing radially outward from mass M, and the minus 
sign reminds us that the field points toward mass M (see Eqs. 1, 2, and 4). If 
several different bodies contribute significantly to the gravitational field, then we 
write the gravitational field g as the vector sum of all these contributions. In 
interplanetary space, for example, g at any point in space is the vector sum of 
terms due to the Earth, Sun, Moon, and other bodies that contribute. The 
gravitational field g at any point in space does not depend on the value of our 
test mass, m, placed at that point; g depends only on the masses (and locations) 
of the bodies that create the field there. 
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7 Types of Forces in Nature 


We have already discussed that Newton’s law of universal gravitation, Eq. 1, 
describes how a particular type of force—gravity—depends on the distance 
between, and masses of, the objects involved. Newton’s second law, SF = ma, on 
the other hand, tells how an object will accelerate due to any type of force. But what 
are the types of forces that occur in nature besides gravity? 

In the twentieth century, physicists came to recognize four different funda- 
mental forces in nature: (1) the gravitational force; (2) the electromagnetic force 
(electric and magnetic forces are intimately related); (3) the strong nuclear force; 
and (4) the weak nuclear force. In this Chapter, we discussed the gravitational 
force in detail. The strong and weak nuclear forces operate at the level of the 
atomic nucleus; although they manifest themselves in such phenomena as radioac- 
tivity and nuclear energy, they are much less obvious in our daily lives. 

Physicists have been working on theories that would unify these four forces—that 
is, to consider some or all of these forces as different manifestations of the same basic 
force. So far, the electromagnetic and weak nuclear forces have been theoretically 
united to form electroweak theory, in which the electromagnetic and weak forces are 
seen as two different manifestations of a single electroweak force. Attempts to further 
unify the forces, such as in grand unified theories (GUT), are hot research topics today. 

But where do everyday forces fit into this scheme? Ordinary forces, other than 
gravity, such as pushes, pulls, and other contact forces like the normal force and 
friction, are today considered to be due to the electromagnetic force acting at the 
atomic level. For example, the force your fingers exert on a pencil is the result of 
electrical repulsion between the outer electrons of the atoms of your finger and 
those of the pencil. 


*8 Principle of Equivalence; 
Curvature of Space; Black Holes 


We have dealt with two aspects of mass. Mass is a measure of the inertia of a body. 
Newton’s second law relates the force acting on a body to its acceleration and its 
inertial mass, as we call it. We might say that inertial mass represents a resistance 
to any force. In this Chapter we have dealt with mass as a property related to the 
gravitational force—that is, mass as a quantity that determines the strength of the 
gravitational force between two bodies. This we call the gravitational mass. 

It is not obvious that the inertial mass of a body should be equal to its gravitational 
mass. The force of gravity might have depended on a different property of a body, just 
as the electrical force depends on a property called electric charge. Newton’s and 
Cavendish’s experiments indicated that the two types of mass are equal for a body, 
and modern experiments confirm it to a precision of about 1 part in 10. 

Albert Einstein (1879-1955) called this equivalence between gravitational and 
inertial masses the principle of equivalence, and he used it as a foundation for his 
general theory of relativity (c. 1916). The principle of equivalence can be stated in 
another way: there is no experiment observers can perform to distinguish if an 
acceleration arises because of a gravitational force or because their reference 
frame is accelerating. If you were far out in space and an apple fell to the floor of 
your spacecraft, you might assume a gravitational force was acting on the apple. 
But it would also be possible that the apple fell because your spacecraft accelerated 
upward (relative to an inertial system). The effects would be indistinguishable, 
according to the principle of equivalence, because the apple’s inertial and 
gravitational masses—that determine how a body “reacts” to outside influences—are 
indistinguishable. 
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FIGURE 21 (a) Light beam goes 
straight across an elevator that is not 
accelerating. (b) The light beam bends 
(exaggerated) in an elevator accelerating 
in an upward direction. 


FIGURE 22 (a) Three stars in the 
sky. (b) If the light from one of these 
stars passes very near the Sun, 
whose gravity bends the light beam, 
the star will appear higher than it 
actually is. 
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(b) 


The principle of equivalence can be used to show that light ought to be 
deflected due to the gravitational force of a massive object. Let us consider a thought 
experiment in an elevator in free space where virtually no gravity acts. If a light 
beam enters a hole in the side of the elevator, the beam travels straight across the 
elevator and makes a spot on the opposite side if the elevator is at rest (Fig. 21a). If 
the elevator is accelerating upward as in Fig. 21b, the light beam still travels 
straight as observed in the original reference frame at rest. In the upwardly 
accelerating elevator, however, the beam is observed to curve downward. Why? 
Because during the time the light travels from one side of the elevator to the 
other, the elevator is moving upward at ever-increasing speed. 

According to the equivalence principle, an upwardly accelerating reference frame 
is equivalent to a downward gravitational field. Hence, we can picture the curved light 
path in Fig. 21b as being the effect of a gravitational field. Thus we expect gravity to 
exert a force on a beam of light and to bend it out of a straight-line path! 

Einstein’s general theory of relativity predicts that light should be affected by 
gravity. It was calculated that light from a distant star would be deflected by 1.75” 
of arc (tiny but detectable) as it passed near the Sun, as shown in Fig. 22. Such a 
deflection was measured and confirmed in 1919 during an eclipse of the Sun. (The 
eclipse reduced the brightness of the Sun so that the stars in line with its edge at 
that moment would be visible.) 

That a light beam can follow a curved path suggests that space itself is curved 
and that it is gravitational mass that causes the curvature. The curvature is greatest 
near very massive objects. To visualize this curvature of space, we might think of 
space as being like a thin rubber sheet; if a heavy weight is hung from it, it curves 
as shown in Fig. 23. The weight corresponds to a huge mass that causes space 
(space itself!) to curve. 

The extreme curvature of space-time shown in Fig. 23 could be produced by a 
black hole, a star that becomes so dense and massive that gravity would be so strong 
that even light could not escape it. Light would be pulled back in by the force of 
gravity. Since no light could escape from such a massive star, we could not see it—it 
would be black. An object might pass by it and be deflected by its gravitational field, 
but if the object came too close it would be swallowed up, never to escape. Hence the 
name black holes. Experimentally there is good evidence for their existence. 
One likely possibility is a giant black hole at the center of our Galaxy and probably 
at the center of other galaxies. 


FIGURE 23 Rubber-sheet 
analogy for space (technically 
space-time) curved by matter. 
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| Summary 


Newton’s law of universal gravitation states that every particle 
in the universe attracts every other particle with a force propor- 
tional to the product of their masses and inversely proportional 
to the square of the distance between them: 


mı m 
Rog () 
r 


The direction of this force is along the line joining the two parti- 
cles, and is always attractive. It is this gravitational force that 
keeps the Moon revolving around the Earth and the planets 
revolving around the Sun. 

The total gravitational force on any object is the vector sum 
of the forces exerted by all other objects; frequently the effects 
of all but one or two objects can be ignored. 

Satellites revolving around the Earth are acted on by 
gravity, but “stay up” because of their high tangential speed. 


Newton’s three laws of motion, plus his law of universal 
gravitation, constituted a wide-ranging theory of the universe. 
With them, motion of objects on Earth and in the heavens could 
be accurately described. And they provided a theoretical base 
for Kepler’s laws of planetary motion. 

[*According to the field concept, a gravitational field 
surrounds every object that has mass, and it permeates all of 
space. The gravitational field at any point in space is the vector 
sum of the fields due to all massive objects and can be defined as 


2 > — (8) 


where F is the force acting on a small “test” mass m placed at 
that point.] 

The four fundamental forces in nature are (1) the gravita- 
tional force, (2) electromagnetic force, (3) strong nuclear force, 
and (4) weak nuclear force. The first two fundamental forces are 
responsible for nearly all “everyday” forces. 


| Answers to Exercises 


A: g would double. 
B: (b). 
C: (b). 


D: No; even though they are experiencing weightlessness, the 
massive ball would require a large force to throw and to 
decelerate when caught (inertial mass, Newton’s second law). 


E: 6.17 yr. 
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Problem Set 


Į Questions 


1. 


10. 


11. 


12. 


Does an apple exert a gravitational force on the Earth? If 
so, how large a force? Consider an apple (a) attached to a 
tree and (b) falling. 


. The Sun’s gravitational pull on the Earth is much larger 


than the Moon’s. Yet the Moon’s is mainly responsible for 
the tides. Explain. [Hint: Consider the difference in gravita- 
tional pull from one side of the Earth to the other. | 


. Will an object weigh more at the equator or at the poles? 


What two effects are at work? Do they oppose each other? 


. Why is more fuel required for a spacecraft to travel from 


the Earth to the Moon than it does to return from the Moon 
to the Earth? 


. The gravitational force on the Moon due to the Earth is only 


about half the force on the Moon due to the Sun (see 
Example 3 of “Gravitation and Newton’s Synthesis”). Why 
isn’t the Moon pulled away from the Earth? 


. How did the scientists of Newton’s era determine the 


distance from the Earth to the Moon, despite not knowing 
about spaceflight or the speed of light? [Hint: Think about 
why two eyes are useful for depth perception.] 


. If it were possible to drill a hole all the way through the 


Earth along a diameter, then it would be possible to drop a 
ball through the hole. When the ball was right at the center 
of the Earth, what would be the total gravitational force 
exerted on it by the Earth? 


. Why is it not possible to put a satellite in geosynchronous 


orbit above the North Pole? 


. Which pulls harder gravitationally, the Earth on the Moon, 


or the Moon on the Earth? Which accelerates more? 
Would it require less speed to launch a satellite (a) toward 
the east or (b) toward the west? Consider the Earth’s rota- 
tion direction. 

An antenna loosens and becomes detached from a satellite in a 
circular orbit around the Earth. Describe the antenna’s motion 
subsequently. If it will land on the Earth, describe where; if not, 
describe how it could be made to land on the Earth. 

Describe how careful measurements of the variation in g in 
the vicinity of an ore deposit might be used to estimate the 
amount of ore present. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


*24. 


*25, 


The Sun is below us at midnight, nearly in line with the 
Earth’s center. Are we then heavier at midnight, due to the 
Sun’s gravitational force on us, than we are at noon? Explain. 
When will your apparent weight be the greatest, as 
measured by a scale in a moving elevator: when the elevator 
(a) accelerates downward, (b) accelerates upward, (c) is in 
free fall, or (d) moves upward at constant speed? In which 
case would your apparent weight be the least? When would 
it be the same as when you are on the ground? 

If the Earth’s mass were double what it actually is, in what 
ways would the Moon’s orbit be different? 

The source of the Mississippi River is closer to the center of 
the Earth than is its outlet in Louisiana (since the Earth is 
fatter at the equator than at the poles). Explain how the 
Mississippi can flow “uphill.” 

People sometimes ask, “What keeps a satellite up in its orbit 
around the Earth?” How would you respond? 

Explain how a runner experiences “free fall” or “apparent 
weightlessness” between steps. 

If you were in a satellite orbiting the Earth, how might you cope 
with walking, drinking, or putting a pair of scissors on a table? 
Is the centripetal acceleration of Mars in its orbit around 
the Sun larger or smaller than the centripetal acceleration 
of the Earth? 

The mass of the planet Pluto was not known until it was 
discovered to have a moon. Explain how this enabled an 
estimate of Pluto’s mass. 

The Earth moves faster in its orbit around the Sun in 
January than in July. Is the Earth closer to the Sun in 
January, or in July? Explain. [Note: This is not much of a 
factor in producing the seasons — the main factor is the tilt 
of the Earth’s axis relative to the plane of its orbit.] 
Kepler’s laws tell us that a planet moves faster when it is 
closer to the Sun than when it is farther from the Sun. What 
causes this change in speed of the planet? 

Does your body directly sense a gravitational field? 
(Compare to what you would feel in free fall.) 

Discuss the conceptual differences between g as accelera- 
tion due to gravity and g as gravitational field. 


l Problems 


[The Problems in this Section are ranked I, II, or III according to 
estimated difficulty, with (I) Problems being easiest. Level (III) 
Problems are meant mainly as a challenge for the best students, for 
“extra credit.” The Problems are arranged by Sections, meaning that 
the reader should have read up to and including that Section, but 
this Chapter also has a group of General Problems that are not 
arranged by Section and not ranked.] 


1 to 3 Law of Universal Gravitation 


1. 


2. 


(I) Calculate the force of Earth’s gravity on a spacecraft 
2.00 Earth radii above the Earth’s surface if its mass is 1480 kg. 


(I) Calculate the acceleration due to gravity on the Moon. 
The Moon’s radius is 1.74 X 10°m and its mass is 
7.35 X 10” kg. 


From Chapter 6 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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4. 


5 


6 
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. (I) A hypothetical planet has a radius 2.3 times that of 
Earth, but has the same mass. What is the acceleration due 
to gravity near its surface? 

. (I) A hypothetical planet has a mass 1.80 times that of 
Earth, but the same radius. What is g near its surface? 

. (I) If you doubled the mass and tripled the radius of a 
planet, by what factor would g at its surface change? 

. (II) Calculate the effective value of g, the acceleration of gravity, 
at (a) 6400 m, and (b) 6400 km, above the Earth’s surface. 


7. (II) You are explaining to friends why astronauts feel 


oo 


10. 


weightless orbiting in the space shuttle, and they respond that 
they thought gravity was just a lot weaker up there. Convince 
them and yourself that it isn’t so by calculating how much 
weaker gravity is 300 km above the Earth’s surface. 

. (II) Every few hundred years most of the planets line up on 
the same side of the Sun. Calculate the total force on the Earth 
due to Venus, Jupiter, and Saturn, assuming all four planets 
are in a line, Fig. 24. The masses are My = 0.815 Mp, 
M; = 318 Mg, Msat = 95.1 Mg, and the mean distances 
of the four planets from the Sun are 108, 150, 778, and 
1430 million km. What fraction of the Sun’s force on the 
Earth is this? 
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FIGURE 24 Problem 8 (not to scale). 


. (II) Four 8.5-kg spheres are located at the corners of a square 
of side 0.80 m. Calculate the magnitude and direction of the 
gravitational force exerted on one sphere by the other three. 
(II) Two objects attract each other gravitationally with a 
force of 2.5 x 10-!°N when they are 0.25m apart. Their 
total mass is 4.00 kg. Find their individual masses. 


11. (II) Four masses are arranged as shown in Fig. 25. 


Determine the x and y components of the gravitational 
force on the mass at 


the origin (m). Write y 
the force _in vector 
notation (i, j) 4m , 3m 
Xo I 
| 
| 
| 
Yo 10 
| 
FIGURE 25 r x 
m 2m 
Problem 11. Xo 


12. (II) Estimate the acceleration due to gravity at the surface 


of Europa (one of the moons of Jupiter) given that its mass 
is 4.9 X 10” kg and making the assumption that its density 
is the same as Earth’s. 


13. (II) Suppose the mass of the Earth were doubled, but it 


kept the same density and spherical shape. How would the 
weight of objects at the Earth’s surface change? 


14. (II) Given that the acceleration of gravity at the surface of 


Mars is 0.38 of what it is on Earth, and that Mars’ radius is 
3400 km, determine the mass of Mars. 


15. 


16. 


17. 


18. 


19. 


20. 


(II) At what distance from the Earth will a spacecraft trav- 
eling directly from the Earth to the Moon experience zero 
net force because the Earth and Moon pull with equal and 
opposite forces? 

(ID) Determine the mass of the Sun using the known value 
for the period of the Earth and its distance from the Sun. 
[Hint: The force on the Earth due to the Sun is related to 
the centripetal acceleration of the Earth.] Compare your 
answer to that obtained using Kepler’s laws, Example 9 of 
“Gravitation and Newton’s Synthesis”. 

(II) Two identical point masses, each of mass M, always 
remain separated by a distance of 2R. A third mass m is then 
placed a distance x along the perpendicular bisector of the 
original two masses, as shown in Fig. 26. Show that the gravi- 
tational force on the third 
mass is directed inward along Q M 
the perpendicular bisector and 
has a magnitude of 


aa © 
(x? + R 


FIGURE 26 
Problem 17. 


QM 


(II) A mass M is ring shaped with radius r. A small mass m 
is placed at a distance x along the ring’s axis as shown in 
Fig. 27. Show that the gravitational force on the mass m 
due to the ring is directed inward along the axis and has 
magnitude 


GMmx 
ee: 
(x? + Pr’)? 
[Hint: Think of the ring as made up 
of many small point masses dM; sum 


over the forces due to each dM, and x 
use symmetry.] 
FIGURE 27 
Problem 18. 
(II) (a) Use the binomial expansion 
n(n-1) , 
GEED 1+nx + A 5 cae eae 
to show that the value of g is altered by approximately 
A 
Ag ~ —2g x 
TE 


at a height Ar above the Earth’s surface, where rg is the 
radius of the Earth, as long as Ar << rg. (b) What is the 
meaning of the minus sign in this relation? (c) Use this 
result to compute the effective value of g at 125km above 
the Earth’s surface. Compare to a direct use of Eq. 1. 


m m j 
- (a) 
r 


F=G 


(III) The center of a 1.00 km diameter spherical pocket of oil 
is 1.00km beneath the Earth’s surface. Estimate by what 
percentage g directly above the pocket of oil would differ 
from the expected value of g for a uniform Earth? Assume 
the density of oil is 8.0 X 10*kg/m*. 


21. 


*22. 
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(III) Determine the magnitude and direction of the effec- 
tive value of g at a latitude of 45° on the Earth. Assume the 
Earth is a rotating sphere. 

(III) It can be shown that for a uniform sphere the force of 
gravity at a point inside the sphere depends only on the mass 
closer to the center than that point. The net force of gravity 
due to points outside the radius of the point cancels. How far 
would you have to drill into the Earth, to reach a point where 
your weight is reduced by 5.0%? Approximate the Earth as a 
uniform sphere. 


4 Satellites and Weightlessness 
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(I) The space shuttle releases a satellite into a circular orbit 
680km above the Earth. How fast must the shuttle be 
moving (relative to Earth’s center) when the release occurs? 


(I) Calculate the speed of a satellite moving in a stable 
circular orbit about the Earth at a height of 5800 km. 


(II) You know your mass is 65 kg, but when you stand on a 
bathroom scale in an elevator, it says your mass is 76 kg. What 
is the acceleration of the elevator, and in which direction? 


(11) A 13.0-kg monkey hangs from a cord suspended from the 
ceiling of an elevator. The cord can withstand a tension of 
185N and breaks as the elevator accelerates. What was the 
elevator’s minimum acceleration (magnitude and direction)? 


(ID) Calculate the period of a satellite orbiting the Moon, 
120km above the Moon’s surface. Ignore effects of the 
Earth. The radius of the Moon is 1740 km. 


(II) Two satellites orbit Earth at altitudes of 5000 km and 
15,000 km. Which satellite is faster, and by what factor? 

(II) What will a spring scale read for the weight of a 53-kg 
woman in an elevator that moves (a) upward with constant 
speed 5.0m/s, (b) downward with constant speed 5.0 m/s, 
(c) upward with acceleration 0.33 g, (d) downward with 
acceleration 0.33 g, and (e) in free fall? 

(II) Determine the time it takes for a satellite to orbit the 
Earth in a circular “near-Earth” orbit. A “near-Earth” orbit 
is at a height above the surface of the Earth that is very small 
compared to the radius of the Earth. [Hint: You may take the 
acceleration due to gravity as essentially the same as that on the 
surface.] Does your result depend on the mass of the satellite? 


(II) What is the apparent weight of a 75-kg astronaut 
2500km from the center of the Earth’s Moon in a space 
vehicle (a) moving at constant velocity and (b) accelerating 
toward the Moon at 2.3 m/s”? State “direction” in each case. 


(II) A Ferris wheel 22.0m in diameter rotates once every 
12.5 s. What is the ratio of a person’s apparent weight to her 
real weight (a) at the top, and (b) at the bottom? 

(II) Two equal-mass stars maintain a constant distance apart 
of 8.0 x 10!!m and rotate about a point midway between 
them at a rate of one revolution every 12.6 yr. (a) Why don’t 
the two stars crash into one another due to the gravitational 
force between them? (b) What must be the mass of each star? 
(III) (a) Show that if a satellite orbits very near the surface of a 
planet with period 7, the density (= mass per unit volume) of 
the planet is p = m/V = 37/GT”. (b) Estimate the density 
of the Earth, given that a satellite near the surface orbits with a 
period of 85 min. Approximate the Earth as a uniform sphere. 
(III) Three bodies of identical mass M form the vertices of 
an equilateral triangle of side 2 and rotate in circular orbits 
about the center of the triangle. They are held in place by 
their mutual gravitation. What is the speed of each? 


36. 


(II) An inclined plane, fixed to the inside of an elevator, 
makes a 32° angle with the floor. A mass m slides on the 
plane without friction. What is its acceleration relative to 
the plane if the elevator (a) accelerates upward at 0.50 g, 
(b) accelerates downward at 0.50g, (c) falls freely, and 
(d) moves upward at constant speed? 


5 Kepler's Laws 
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(I) Use Kepler’s laws and the period of the Moon (27.4 d) to 
determine the period of an artificial satellite orbiting very 
near the Earth’s surface. 

(I) Determine the mass of the Earth from the known period 
and distance of the Moon. 

(I) Neptune is an average distance of 4.5 X 10° km from the 
Sun. Estimate the length of the Neptunian year using the fact 
that the Earth is 1.50 X 10°km from the Sun on the average. 
(II) Planet A and planet B are in circular orbits around a 
distant star. Planet A is 9.0 times farther from the star than 
is planet B. What is the ratio of their speeds va/vp? 

(II) Our Sun rotates about the center of our Galaxy 
(mo ~ 4x 104 kg) at a distance of about 3 X 104 light-years 
[11y = (3.00 x 108 m/s): (3.16 x 10’s/yr) (1.00 yr)]. What is the 
period of the Sun’s orbital motion about the center of the Galaxy? 
(ID) Table 3 gives the mean distance, period, and mass for the 
four largest moons of Jupiter (those discovered by Galileo in 
1609). (a) Determine the mass of Jupiter using the data for 
Io. (b) Determine the mass of Jupiter using data for each of 
the other three moons. Are the results consistent? 


TABLE 3 Principal Moons of Jupiter 
(Problems 42, 43, and 47) 


Period Mean distance 
Moon Mass (kg) (Earth days) from Jupiter (km) 
Io 8.9 x 107 la 422 x 10° 
Europa AG 86 NO 3.55 671 x 10° 
Ganymede 15 x 10” 7.16 1070 x 10° 
Callisto il 3 1G” 16.7 1883 x 10° 
43. (II) Determine the mean distance from Jupiter for each of 


45. 


Jupiter’s moons, using Kepler’s third law. Use the distance 
of Io and the periods given in Table 3. Compare your results 
to the values in the Table. 


. (II) The asteroid belt between Mars and Jupiter consists of 


many fragments (which some space scientists think came 
from a planet that once orbited the Sun but was destroyed). 
(a) If the mean orbital radius of the asteroid belt (where the 
planet would have been) is about three times farther from 
the Sun than the Earth is, how long would it have taken this 
hypothetical planet to orbit the Sun? (b) Can we use these 
data to deduce the mass of this planet? 

(II) The comet Hale-Bopp has a period of 2400 years. 
(a) What is its mean distance from the Sun? (b) At its 
closest approach, the comet is about 1.0 AU from the Sun 
(1 AU = distance from Earth to the Sun). What is the 
farthest distance? (c) What is the ratio of the speed at the 
closest point to the speed at the farthest point? 


. (III) (a) Use Kepler’s second law to show that the ratio of the 


speeds of a planet at its nearest and farthest points from the 
Sun is equal to the inverse ratio of the near and far distances: 
UN/Vp = dp/dy. (b) Given that the Earth’s distance from the 
Sun varies from 1.47 to 1.52 X 10!! m, determine the minimum 
and maximum velocities of the Earth in its orbit around the Sun. 
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(II) The orbital periods T and mean orbital distances r 
for Jupiter’s four largest moons are given in Table 3, on the 
previous page. (a) Starting with Kepler’s third law in the form 


T2 = 4n? 3 
~ (Gm ae 


where my is the mass of Jupiter, show that this relation 
implies that a plot of log(T) vs. log(r) will yield a straight 
line. Explain what Kepler’s third law predicts about the 
slope and y-intercept of this straight-line plot. (b) Using the 
data for Jupiter’s four moons, plot log(T) vs. log(r) and 
show that you get a straight line. Determine the slope of 
this plot and compare it to the value you expect if the data are 
consistent with Kepler’s third law. Determine the y-intercept 
of the plot and use it to compute the mass of Jupiter. 


*6 Gravitational Field 


*48. 
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(II) What is the magnitude and direction of the gravitational 
field midway between the Earth and Moon? Ignore effects 
of the Sun. 

(II) (a) What is the gravitational field at the surface of the 
Earth due to the Sun? (b) Will this affect your weight 
significantly? 

(III) Two identical particles, each of mass m, are located on 
the x axis at x = +xọ and x = —xg. (a) Determine a 
formula for the gravitational field due to these two particles 
for points on the y axis; that is, write g as a function of y, m, 
Xo, and so on. (b) At what point (or points) on the y axis is 
the magnitude of g a maximum value, and what is its value 
there? [Hint: Take the derivative dg/dy.] 


l General Problems 
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55. 


56. 


57. 


58. 


How far above the Earth’s surface will the acceleration of 
gravity be half what it is at the surface? 

At the surface of a certain planet, the gravitational accelera- 
tion g has a magnitude of 12.0 m/s?. A 13.0-kg brass ball is 
transported to this planet. What is (a) the mass of the brass 
ball on the Earth and on the planet, and (b) the weight of 
the brass ball on the Earth and on the planet? 

A certain white dwarf star was once an average star like our 
Sun. But now it is in the last stage of its evolution and is the 
size of our Moon but has the mass of our Sun. (a) Estimate 
gravity on the surface on this star. (b) How much would a 65-kg 
person weigh on this star? (c) What would be the speed of a 
baseball dropped from a height of 1.0 m when it hit the surface? 
What is the distance from the Earth’s center to a point out- 
side the Earth where the gravitational acceleration due to 
the Earth is J of its value at the Earth’s surface? 

The rings of Saturn are composed of chunks of ice that orbit 
the planet. The inner radius of the rings is 73,000 km, while 
the outer radius is 170,000km. Find the period of an 
orbiting chunk of ice at the inner radius and the period of a 
chunk at the outer radius. Compare your numbers with 
Saturn’s mean rotation period of 10 hours and 39 minutes. 
The mass of Saturn is 5.7 X 10°% kg. 

During an Apollo lunar landing mission, the command 
module continued to orbit the Moon at an altitude of about 
100 km. How long did it take to go around the Moon once? 
Halley’s comet orbits the Sun roughly once every 76 years. It comes 
very close to the surface of the Sun on its closest approach (Fig. 28). 
Estimate the greatest distance of the comet from the Sun. Is it still 


“in” the solar system? What planet’s ——-— Se 
orbit is nearest when it is out there? Halley’s comet ) 
Sun 
FIGURE 28 eo 
Problem 57. papan 


The Navstar Global Positioning System (GPS) utilizes a group 
of 24 satellites orbiting the Earth. Using “triangulation” and 
signals transmitted by these satellites, the position of a receiver 
on the Earth can be determined to within an accuracy of a few 
centimeters. The satellite orbits are distributed evenly around 
the Earth, with four satellites in each of six orbits, allowing 
continuous navigational “fixes.” The satellites orbit at an alti- 
tude of approximately 11,000 nautical miles [1 nautical mile = 
1.852 km = 6076 ft]. (a) Determine the speed of each satellite. 
(b) Determine the period of each satellite. 


59. 
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Jupiter is about 320 times as massive as the Earth. Thus, 
it has been claimed that a person would be crushed by 
the force of gravity on a planet the size of Jupiter since 
people can’t survive more than a few g’s. Calculate the 
number of g’s a person would experience at the equator 
of such a planet. Use the following data for Jupiter: 
mass = 1.9 X 10” kg, equatorial radius = 7.1 X 10km, 
rotation period = 9 hr 55 min. Take the centripetal accelera- 
tion into account. 


The Sun rotates about the center of the Milky Way 
Galaxy (Fig. 29) at a distance of about 30,000 light-years 
from the center (1 ly = 9.5 x 10 m). If it takes about 200 
million years to make one rotation, estimate the mass of 
our Galaxy. Assume that the mass distribution of our 
Galaxy is concentrated mostly in a central uniform 
sphere. If all the stars had about the mass of our Sun 
(2 x 10% kg), how many stars would there be in our 
Galaxy? 


— 30,000 ly ——+| 


FIGURE 29 Edge-on view of our galaxy. Problem 60. 


Astronomers have observed an otherwise normal star, 
called S2, closely orbiting an extremely massive but small 
object at the center of the Milky Way Galaxy called SgrA. 
S2 moves in an elliptical orbit around SgrA with a period of 
15.2 yr and an eccentricity e = 0.87 (Fig. 16). In 2002, S2 
reached its closest approach to SgrA, a distance of only 
123 AU (1AU = 1.50 x 10!'m is the mean Earth-Sun 
distance). Determine the mass M of SgrA, the massive 
compact object (believed to be a supermassive black hole) 
at the center of our Galaxy. State M in kg and in terms of the 
mass of our Sun. 
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FIGURE 16 Kepler's first law. An ellipse is a closed curve such 


that the sum of the distances from any point P on the curve to two 


fixed points (called the foci, F, and F2) remains constant. That is, 
the sum of the distances, F;}P + FP, is the same for all points on 
the curve. A circle is a special case of an ellipse in which the two 
foci coincide, at the center of the circle. The semimajor axis is s 
(that is, the long axis is 2s) and the semiminor axis is b, as shown. 


The eccentricity, e, is defined as the ratio of the distance from 
either focus to the center divided by the semimajor axis s. Thus es 
is the distance from the center to either focus, as shown. For a 
circle, e = 0. The Earth and most of the other planets have 
nearly circular orbits. For Earth e = 0.017. 
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A satellite of mass 5500 kg orbits the Earth and has a period 
of 6200s. Determine (a) the radius of its circular orbit, 
(b) the magnitude of the Earth’s gravitational force on the 
satellite, and (c) the altitude of the satellite. 


Show that the rate of change of your weight is 


mgm 
=2G— 3z v 
r 


if you are traveling directly away from Earth at constant 
speed v. Your mass is m, and r is your distance from the 
center of the Earth at any moment. 

Astronomers using the Hubble Space Telescope deduced the 
presence of an extremely massive core in the distant galaxy 
M37, so dense that it could be a black hole (from which no 
light escapes). They did this by measuring the speed of gas 
clouds orbiting the core to be 780km/s at a distance of 
60 light-years (5.7 x 10!” m) from the core. Deduce the mass 
of the core, and compare it to the mass of our Sun. 

Suppose all the mass of the Earth were compacted into a small 
spherical ball. What radius must the sphere have so that the 
acceleration due to gravity at the Earth’s new surface was equal 
to the acceleration due to gravity at the surface of the Sun? 

A plumb bob (a mass m hanging on a string) is deflected from 
the vertical by an angle @ due to a massive mountain nearby 
(Fig. 30). (a) Find an approximate formula for @ in terms of the 
mass of the mountain, my, the distance to its center, Dy, and 
the radius and mass of the Earth. (b) Make a rough estimate of 
the mass of Mt. Everest, assuming it has the shape of a cone 
4000 m high and base of diameter 4000m. Assume its mass 
per unit volume is 3000 kg per m°. (c) Estimate the angle 0 of 
the plumb bob if it is 5 km from the center of Mt. Everest. 


FIGURE 30 Problem 66. 
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A geologist searching for oil finds that the gravity at a 
certain location is 2 parts in 10’ smaller than average. 
Assume that a deposit of oil is located 2000m directly 
below. Estimate the size of the deposit, assumed spherical. 
Take the density (mass per unit volume) of rock to be 
3000 kg/m? and that of oil to be 800 kg/m°. 
You are an astronaut in the space shuttle pursuing a satellite 
in need of repair. You are in a circular orbit of the same 
radius as the satellite (400 km above the Earth), but 25 km 
behind it. (a) How long will it take to overtake the satellite if 
you reduce your orbital radius by 1.0km? (b) By how much 
must you reduce your orbital radius to catch up in 7.0 h? 
A science-fiction tale describes an artificial “planet” in the 
form of a band completely encircling a sun (Fig. 31). The 
inhabitants live on the inside surface (where it is always 
noon). Imagine that this sun is exactly like our own, that the 
distance to the band is the same as the Earth—Sun distance 
(to make the climate temperate), and that the ring rotates 
quickly enough to produce an apparent gravity of g as on 
Earth. What will be 
the period of revo- 
lution, this planets / 
year, in Earth days? Q 
Sun 


FIGURE 31 
Problem 69. 


How long would a day be if the Earth were rotating so fast 
that objects at the equator were apparently weightless? 

An asteroid of mass m is in a circular orbit of radius r 
around the Sun with a speed v. It has an impact with 
another asteroid of mass M and is kicked into a new circular 
orbit with a speed of 1.5v. What is the radius of the new 
orbit in terms of r? 


Newton had the data listed in Table 4, plus the relative 
sizes of these objects: in terms of the Sun’s radius R, the 
radii of Jupiter and Earth were 0.0997R and 0.0109R. 
Newton used this information to determine that the 
average density p(= mass/volume) of Jupiter is slightly 
less than that of the Sun, while the average density of 
the Earth is four times that of the Sun. Thus, without leaving 
his home planet, Newton was able to predict that the 
composition of the Sun and Jupiter is markedly different 
than that of Earth. Reproduce Newton’s calculation 
and find his values for the ratios pj/Pgy, and pg/Psun 
(the modern values for these ratios are 0.93 and 3.91, 
respectively). 


TABLE 4 Problem 72 


Orbital Radius, R 
(in AU = Orbital Period, T 
1.50 x 10" m) (Earth days) 
Venus about Sun 0.724 224.70 
Callisto about Jupiter 0.01253 16.69 
Moon about Earth 0.003069 2732 
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A satellite circles a spherical planet of unknown mass in a 
circular orbit of radius 2.0 X 10’m. The magnitude of the 
gravitational force exerted on the satellite by the planet is 
120N. (a) What would be the magnitude of the gravitational 
force exerted on the satellite by the planet if the radius of 
the orbit were increased to 3.0 X 10’ m? (b) If the satellite 
circles the planet once every 2.0h in the larger orbit, what is 
the mass of the planet? 

A uniform sphere has mass M and radius r. A spherical 
cavity (no mass) of radius r/2 is then carved within this 
sphere as shown in Fig. 32 (the cavity’s surface passes 
through the sphere’s center and just touches the sphere’s 
outer surface). The centers of the original sphere and the 
cavity lie on a straight line, which defines the x axis. 
With what gravitational force will the hollowed-out sphere 
attract a point mass m which lies on the x axis a distance d 
from the sphere’s center? [Hint: Subtract the effect of 
the “small” sphere (the cavity) from that of the larger entire 
sphere.] 


FIGURE 32 Problem 74. 


The gravitational force at different places on Earth due to 
the Sun and the Moon depends on each point’s distance 
from the Sun or Moon, and this variation is what causes the 
tides. Research the values for the Earth-Moon distance 
Rem, the Earth—Sun distance Rgs, the Moon’s mass My, the 
Sun’s mass, Mg, and the Earth’s radius Rx. (a) First consider 
two small pieces of the Earth, each of mass m, one on the side 
of the Earth nearest the Moon, the other on the side farthest 
from the Moon. Show that the ratio of the Moon’s gravita- 
tional forces on these two masses is 


F ser) 
i = 1.0687. 
( Fiar M 


(b) Next consider two small pieces of the Earth, each of 
mass m, one on the nearest point of Earth to the Sun, the 
other at the farthest point from the Sun. Show that 
the ratio of the Sun’s gravitational forces on these two 
masses is 


Freer) 
e = 1.000171. 
( Fiar /s 


(c) Show that the ratio of the Sun’s average gravitational 
force on the Earth compared to that of the Moon’s is 


*76. 


TR 
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Note that the Moon’s smaller force varies much more 
across the Earth’s diameter than the Sun’s larger force. 
(d) Estimate the resulting “force difference” (the cause of 
the tides) 


F F, 
AF = Fhear ~ Ffar Fil A i F Fal Fa T 1) 


for the Moon and for the Sun. Show that the ratio of the 
tide-causing force differences due to the Moon compared to 
the Sun is 


AFyy 


= 2.3. 
AFs 


Thus the Moon’s influence on tide production is over two 
times as great as the Sun’s. 

A particle is released at a height rg (radius of Earth) above 
the Earth’s surface. Determine its velocity when it hits the 
Earth. Ignore air resistance. [Hint: Use Newton’s second law, 
the law of universal gravitation, the chain rule, and integrate.] 


Estimate the value of the gravitational constant G in 
Newton’s law of universal gravitation using the following 
data: the acceleration due to gravity at the Earth’s surface is 
about 10 m/s’; the Earth has a circumference of about 
40 x 10°m:; rocks found on the Earth’s surface typically 
have densities of about 3000 kg/m? and assume this density 
is constant throughout (even though you suspect it is not true). 


Between the orbits of Mars and Jupiter, several thousand 
small objects called asteroids move in nearly circular orbits 
around the Sun. Consider an asteroid that is spherically 
shaped with radius r and density 2700 kg/m°. (a) You find 
yourself on the surface of this asteroid and throw a baseball at 
a speed of 22 m/s (about 50 mi/h). If the baseball is to travel 
around the asteroid in a circular orbit, what is the largest 
radius asteroid on which you are capable of accomplishing 
this feat? (b) After you throw the baseball, you turn around 
and face the opposite direction and catch the baseball. How 
much time 7 elapses between your throw and your catch? 


* Numerical/Computer 


x79, 


(II) The accompanying table shows the data for the mean 
distances of planets (except Pluto) from the Sun in our solar 
system, and their periods of revolution about the Sun. 


Planet Mean Distance (AU) Period (Years) 
Mercury 0.387 0.241 
Venus 0.723 0.615 
Earth 1.000 1.000 
Mars 1.524 1.881 
Jupiter 5.203 11.88 
Saturn 9,539 29.46 
Uranus 19.18 84.01 
Neptune 30.06 164.8 


(a) Graph the square of the periods as a function of the 
cube of the average distances, and find the best-fit straight 
line. (b) If the period of Pluto is 247.7 years, estimate the 
mean distance of Pluto from the Sun from the best-fit line. 


l Answers to Odd-Numbered Problems 


. 1610 N. 
. 1.9 m/s. 


31. 


33. 
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J- 


. 0.91 g’s. 
. 1.4 x 10°8N at 45°. 


3 f 
. onl? + li 
x (x9 + yh? 


4 3yo h 
+ [=F se ir: 
F (x5 + y 


. 2'3 = 1,26 times larger. 
. 3.46 X 108m from the center of the 


Earth. 


. (b) g decreases as r increases; 


(c) 9.42 m/s? approximate, 
9.43 m/s? exact. 


. 9.78 m/s’, 0.099° south of radially 


inward. 


. 7.52 X 10° m/s. 
. 1.7 m/s? upward. 
. 7.20 X 10°s. 

. (a) 520 N; 


(b) 520 N; 
(c) 690 N; 
(d) 350 N; 
(e) 0. 
(a) 59 N, toward the Moon; 

(b) 110 N, away from the Moon. 


(a) They are executing centripetal 
motion; 
(b) 9.6 X 10” kg. 


| GM 
35. 7 


37. 5070 s, or 84.5 min. 

39. 160y. 

41. 2 x 10°y. 

43. Europa: 671 X 10° km; 


Ganymede: 1070 X 10° km; 
Callisto: 1880 x 10° km. 


45. (a) 180 AU; 


(b) 360 AU; 
(c) 360/1. 
An 
47. (a) logT = 51 + 5] 
(a) log ogr Tt? oe 4) 
slope = 3, 
int t = 41 ir 
-Interce = 7510 ye 
y P 2108 Gm)" 
(b) 
6.2 —— 
y = 1.50x — 7.76 
© 58 : 
2 
T 54 
50 


86 8.7 88 89 90 91 92 93 94 
Log (7) 


slope = 1.50 as predicted, 
my = 1.97 X 10” kg. 
49. (a) 5.95 X 1073 m/s”; 
(b) no, only by about 0.06%. 
51. 2.64 x 10°m. 
53. (a) 4.38 X 10’ m/s’; 
(b) 2.8 X 10°N; 
(c) 9.4 X 10° m/s. 


55. Tinner = 2.0 X 10's, 
Toner = TA X10? 8: 
57. 5.4 X 10! m, it is still in the solar 
system, nearest to Pluto’s orbit. 
59. 2.3 g’s. 
61. 7.4 X 10% kg, 3.7 X 10° Mgun. 
65. 1.21 X 10°m. 
67. Vaeposit = 5 X 107m’, 
Tdeposit = 200 m; 
Maeposit = 4 X 10!°kg. 
69. 8.99 days. 
71. 0.44r. 
73. (a) 53 N; 
(b) 3.1 X 10% kg. 
77. 1 X 107! m3/kg-s?. 
79. (a) 
30,000 


y = 0.9999x + 0.3412 


20,000 


& 10,000 


0 


0 10,000 20,000 30,000 
r? (AUS) 


(b) 39.44 AU. 
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y Displacement 
-= m => 


This baseball pitcher is about to accelerate the 
baseball to a high velocity by exerting a force on it. He 
will be doing work on the ball as he exerts the force over a 
displacement of several meters, from behind his head until he 
releases the ball with arm outstretched in front of him. The 
total work done on the ball will be equal to the kinetic 
energy G mv’) acquired by the ball, a result known as the 
work-energy principle. 


Ben Margot/AP Wide World Photos 


Work and Energy 


CHAPTER-OPENING QUESTION— Guess now! 
[Don't worry about getting the right answer now—the idea is to get your preconceived notions out on 
the table. | 
You push very hard on a heavy desk, trying to move it. You do work on the desk: 
(a) Whether or not it moves, as long as you are exerting a force. 
(b) Only if it starts moving. 
(c) Only if it doesn’t move. 
(d) Never —it does work on you. 
(e) None of the above. 


CONTENTS 
ecall the translational motion of an object in terms of Newton’s three laws 1 Work Done by a Constant 
A i : Force 
of motion. In that analysis, force plays a central role as the quantity 
determining the motion. In this Chapter, we discuss an alternative 4 =e TORNEI ate 


analysis of the translational motion of objects in terms of the quantities 
energy and momentum. The significance of energy and momentum is that they are 
conserved. In quite general circumstances they remain constant. That conserved 4 Kineti 
pe i ř Page n inetic Energy and the 
quantities exist gives us not only a deeper insight into the nature of the world but Work-Energy Principle 
also gives us another way to approach solving practical problems. 

The conservation laws of energy and momentum are especially valuable in 
dealing with systems of many objects, in which a detailed consideration of the 
forces involved would be difficult or impossible. These laws are applicable to a 
wide range of phenomena, including the atomic and subatomic worlds, where 
Newton’s laws cannot be applied. 

This Chapter is devoted to the very important concept of energy and the 
closely related concept of work. These two quantities are scalars and so have no 
direction associated with them, which often makes them easier to work with than 
vector quantities such as acceleration and force. 


3 Work Done by a Varying 
Force 


From Chapter 7 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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FIGURE 1 A person pulling a crate 
along the floor. The work done by 
the force Fis W = Fdcos 06, where 


d is the displacement. 


FIGURE 2 The person does no work 
on the bag of groceries since Fp is 
perpendicular to the displacement d. 


Work and Energy 


= a m m 


F cos 0= F, 
d 


1 Work Done by a Constant Force 


The word work has a variety of meanings in everyday language. But in physics, 
work is given a very specific meaning to describe what is accomplished when a 
force acts on an object, and the object moves through a distance. We consider only 
translational motion for now and, unless otherwise explained, objects are assumed 
to be rigid with no complicating internal motion, and can be treated like particles. Then 
the work done on an object by a constant force (constant in both magnitude and 
direction) is defined to be the product of the magnitude of the displacement times the 
component of the force parallel to the displacement. In euation form, we can write 


where F) is the component of the constant force F parallel to the displacement d. 
We can also write 


W = Fdcos@, (1) 


where F is the magnitude of the constant force, d is the magnitude of the displace- 
ment of the object, and 6 is the angle between the directions of the force and the 
displacement (Fig. 1). The cos @ factor appears in Eq. 1 because F cos 0 (= F i) is 
the component of F that is parallel to d. Work is a scalar quantity —it has only 
magnitude, which can be positive or negative. 

Let us consider the case in which the motion and the force are in the same 
direction, so 0 = 0 and cos@ = 1; in this case, W = Fd. For example, if you 
push a loaded grocery cart a distance of 50m by exerting a horizontal force of 
30N on the cart, you do 30N X 50m = 1500N-m of work on the cart. 

As this example shows, in SI units work is measured in newton-meters (N-m). 
A special name is given to this unit, the joule (J): 1J = 1N-m. 

[In the cgs system, the unit of work is called the erg and is defined as 
l erg = 1 dyne-cm. In British units, work is measured in foot-pounds. It is easy to 
show that 1J = 10’ erg = 0.7376 ft: lb.] 

A force can be exerted on an object and yet do no work. If you hold a 
heavy bag of groceries in your hands at rest, you do no work on it. You do exert a 
force on the bag, but the displacement of the bag is zero, so the work done by 
you on the bag is W = 0. You need both a force and a displacement to do work. 
You also do no work on the bag of groceries if you carry it as you walk horizontally 
across the floor at constant velocity, as shown in Fig. 2. No horizontal force is 
required to move the bag at a constant velocity. The person shown in Fig. 2 does exert an 
upward force Fp on the bag equal to its weight. But this upward force is perpendicular to 
the horizontal displacement of the bag and thus is doing no work. This conclusion 
comes from our definition of work, Eq. 1: W = 0, because 6 = 90° and cos 90° = 0. 
Thus, when a particular force is perpendicular to the displacement, no work is done 
by that force. When you start or stop walking, there is a horizontal acceleration and 
you do briefly exert a horizontal force, and thus do work on the bag. 
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When we deal with work, as with force, it is necessary to specify whether you 
are talking about work done by a specific object or done on a specific object. Itis Æ CAUTION 
also important to specify whether the work done is due to one particular force State that work is done 
(and which one), or the total (net) work done by the net force on the object. on or by an object 


Work done on a crate. A person pulls a 50-kg crate 40m along a 
horizontal floor by a constant force Fp = 100 N, which acts at a 37° angle as shown in 
Fig. 3. The floor is rough and exerts a friction force, Fe = 50N. Determine (a) the 
work done by each force acting on the crate, and (b) the net work done on the crate. 


FIGURE 3 Example 1. 
A 50-kg crate is pulled along 
a floor. 


X (40 m) 


APPROACH We choose our coordinate system so that ¥ can be the vector that repre- 
sents the 40-m displacement (that is, along the x axis). Four forces act on the crate, 
as shown in Fig. 3: the force exerted by the person Fp; the friction force Fẹ; the 
gravitational force exerted by the Earth, mg; and the normal force Fy exerted upward 
by the floor. The net force on the crate is the vector sum of these four forces. 


SOLUTION (a) The work done by the gravitational and normal forces is zero, 
since they are perpendicular to the displacement x (0 = 90° in Eq. 1): 


Woe = mgxcos90° = 0 and Wy = Fyxcos90° = 0. 
The work done by Fp is 
Wp = Fpxcosé@ = (100N)(40m) cos 37° = 3200J. 
The work done by the friction force is 
Wt = Fexcos180° = (50N)(40m)(—1) = —2000J. 


The angle between the displacement ¥ and Fẹ is 180° because they point in oppo- 
site directions. Since the force of friction is opposing the motion (and 
cos 180° = —1), it does negative work on the crate. 


(b) The net work can be calculated in two equivalent ways: 
(1) The net work done on an object is the algebraic sum of the work done by 
each force, since work is a scalar: 
Wnet = Wo + Wn + Wp + Wg = 0+ 0 + 32003 — 20003 = 12003. 
(2) The net work can also be calculated by first determining the net force on 
the object and then taking its component along the displacement: (Fret). = 
Fpcos@ — Fø. Then the net work is 
Waet = (Faet)ex = (Fpcosé — Fy) x 
= (100Ncos 37° — 50N)(40m) = 1200J. 


In the vertical (y) direction, there is no displacement and no work done. 


In Example 1 we saw that friction did negative work. In general, the work done by Æ CAUTION 
a force is negative whenever the force (or the component of the force, F) acts in Negative work 
the direction opposite to the direction of motion. 


EXERCISE A A box is dragged a distance d across a floor by a force Fp which makes an 
angle @ with the horizontal as in Fig. 1 or 3. If the magnitude of Fp is held constant but the 
angle 0 is increased, the work done by Fp (a) remains the same; (b) increases; (c) decreases; 
(d) first increases, then decreases. 


EXERCISE B Return to the Chapter-Opening Question and answer it again now. Try to 
explain why you may have answered differently the first time. 
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1. Draw a free-body diagram showing all the forces 
acting on the object you choose to study. 

2. Choose an xy coordinate system. If the object is in 
motion, it may be convenient to choose one of the 
coordinate directions as the direction of one of the 
forces, or as the direction of motion. [Thus, for an 
object on an incline, you might choose one coordi- 
nate axis to be parallel to the incline.] 


4. Find the work done by a specific force on the object 


. To find the net work done on the object, either 


by using W = Fdcos@ for a constant force. Note 
that the work done is negative when a force tends to 
oppose the displacement. 


(a) find the work done by each force and add the 
results algebraically; or (b) find the net force on 
the object, Faet, and then use it to find the net work 


done, which for constant net force is: 
Waet = Fretd cos 0. 


3. Apply Newton’s laws to determine any unknown 
forces. 


Work on a backpack. (a) Determine the work a hiker must do 
on a 15.0-kg backpack to carry it up a hill of height A = 10.0m, as shown in 
Fig. 4a. Determine also (b) the work done by gravity on the backpack, and 
(c) the net work done on the backpack. For simplicity, assume the motion is 
smooth and at constant velocity (i.e., acceleration is zero). 

APPROACH We explicitly follow the steps of the Problem Solving Strategy above. 
SOLUTION 
1. Draw a free-body diagram. The forces on the backpack are shown in Fig. 4b: 
the force of gravity, mg, acting downward; and Fy, the force the hiker must 
exert upward to support the backpack. The acceleration is zero, so horizontal 
forces on the backpack are negligible. 
2. Choose a coordinate system. We are interested in the vertical motion of the 
backpack, so we choose the y coordinate as positive vertically upward. 
3. Apply Newton’s laws. Newton’s second law applied in the vertical direction to 
the backpack gives 
XF, = may 
Fy- mg = 0 
since ay = 0. Hence, 
Fy = mg = (15.0kg)(9.80 m/s?) = 147N. 
4. Work done by a specific force. (a) To calculate the work done by the hiker on 
the backpack, we write Eq. 1 as 
Wy = Fy(dcos8), 
and we note from Fig. 4a that dcos = h. So the work done by the hiker is 
Wy = Fy(dcosé) = Fyh = mgh 
= (147N)(10.0m) = 1470J. 
Note that the work done depends only on the change in elevation and not on 
the angle of the hill, 6. The hiker would do the same work to lift the pack 
vertically the same height h. 
(b) The work done by gravity on the backpack is (from Eq. 1 and Fig. 4c) 
Wo = Fod cos(180° — 6). 
Since cos(180° — 0) = —cos 0, we have 
Wo = Fod(—cos0) = mg(—dcos 6) 
= —mgh 
= —(15.0kg)(9.80m/s?)(10.0m) = —1470J. 
NOTE The work done by gravity (which is negative here) doesn’t depend on the 
angle of the incline, only on the vertical height A of the hill. This is because gravity acts 
vertically, so only the vertical component of displacement contributes to work done. 
5. Net work done. (c) The net work done on the backpack is Wnet = 0, since the 
net force on the backpack is zero (it is assumed not to accelerate significantly). 
We can also determine the net work done by adding the work done by each force: 
Waet = Woe + Wy = —1470J + 14703 = 0. 
NOTE Even though the net work done by all the forces on the backpack is zero, 
the hiker does do work on the backpack equal to 1470 J. 


FIGURE 4 Example 2. 


PROBLEM SOLVING 


Work done by gravity depends on 
the height of the hill and 
not on the angle of incline 
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Does the Earth do work on the Moon? The Moon 
revolves around the Earth in a nearly circular orbit, with approximately constant 
tangential speed, kept there by the gravitational force exerted by the Earth. Does 
gravity do (a) positive work, (b) negative work, or (c) no work at all on the Moon? 


RESPONSE The gravitational force Fg on the Moon (Fig. 5) acts toward the Earth 
and provides its centripetal force, inward along the radius of the Moon’s orbit. The 
Moon’s displacement at any moment is tangent to the circle, in the direction of its 
velocity, perpendicular to the radius and perpendicular to the force of gravity. 
Hence the angle @ between the force Fo and the instantaneous displacement of 
the Moon is 90°, and the work done by gravity is therefore zero (cos 90° = 0). 
This is why the Moon, as well as artificial satellites, can stay in orbit without 
expenditure of fuel: no work needs to be done against the force of gravity. 


2 Scalar Product of Two Vectors 


Although work is a scalar, it involves the product of two quantities, force and 
displacement, both of which are vectors. Therefore, we now investigate the 
multiplication of vectors and apply it to work. 

Because vectors have direction as well as magnitude, they cannot be 
multiplied in the same way that scalars are. Instead we must define what the 
operation of vector multiplication means. Among the possible ways to define 
how to multiply vectors, there are three ways that we find useful in physics: 

(1) multiplication of a vector by a scalar; (2) multiplication of one vector by a 
second vector to produce a scalar; (3) multiplication of one vector by a second 
vector to produce another vector. The third type is called the vector product. 

We now discuss the second type, called the scalar product, or dot product 
(because a dot is used to indicate the multiplication). If we have two vectors, A 
and B, then their scalar (or dot) product is defined to be 


A-B = ABcos@, (2) 


where A and B are the magnitudes of the vectors and 0 is the angle (< 180°) 
between them when their tails touch, Fig. 6. Since A, B, and cos @ are scalars, then 
so is the scalar product A - B (read “A dot B”). 

This definition, Eq. 2, fits perfectly with our definition of the work done by a 
constant force, Eq. 1. That is, we can write the work done by a constant force as the 
scalar product of force and displacement: 


W = F-d = Fdcosð. (3) 


Indeed, the definition of scalar product, Eq. 2, is so chosen because many physically 
important quantities, such as work (and others we will meet later), can be described 
as the scalar product of two vectors. 

An equivalent definition of the scalar product is that it is the product of the 
magnitude of one vector (say B) and the component (or projection) of the other 
vector along the direction of the first (A cos 0). See Fig. 6. 

Since A, B, and cos@ are scalars, it doesn’t matter in what order they are 
multiplied. Hence the scalar product is commutative: 


A-B = B.-A. [commutative property] 


It is also easy to show that it is distributive: 


A: (B + C) =A-B+A-C4 [distributive property] 


y _ Moon 
an Da 
- y a 
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7 \ 
/ \ 
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WO a a a 


FIGURE 5 Example 3. 


FIGURE 6 The scalar product, or 
dot product, of two vectors Ä and B 
is A + B = AB cos. The scalar 
product can be interpreted as the 
magnitude of one vector (B in this 
case) times the projection of the 
other vector, A cos 0, onto B. 
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Let us write our vectors A and B in terms of their rectangular components 
using unit vectors as 


A = A,i+ Ayj + Azk 


B = B,i + Byj + Bk. 


We will take the scalar product, A - B, of these two vectors, remembering that the 
unit vectors, i, j, and k, are perpendicular to each other 
i-i= icj = k-k = 


1 
i-j = i-k = j-k = 0. 


Thus the scalar product equals 


> 
w 


= (A,i + Ayj + A;k)+(Byi + Byj + B,k) 
= A,B, + A,B, + A;Bz. (4) 


Equation 4 is very useful. 

If A is perpendicular to B, then Eq. 2 tells us A- B = ABcos90° = 0. But 
the converse, given that A- B = 0, can come about in three different ways: 
A=0, B= 0, or ALB. 


FIGURE 7 Example 4. Work done by 
a force Fp acting at an angle 0 to the 


ground is W = Fp- d. 


Using the dot product. The force shown in Fig. 7 has magnitude 
Fp = 20N and makes an angle of 30° to the ground. Calculate the work done by 
this force using Eq. 4 when the wagon is dragged 100 m along the ground. 


APPROACH We choose the x axis horizontal to the right and the y axis vertically 
upward, and write Fp and d in terms of unit vectors. 


SOLUTION 
Fp = F,i+ Fyj = (Fpcos30°)i + (Fpsin30°)j = (17N)i + (10N)j, 

whereas d = (100m)i. Then, using Eq. 4, 
W = Fp-d = (17N)(100m) + (10N)(0) + (0)(0) = 1700J. 


Note that by choosing the x axis along d we simplified the calculation because d 
then has only one component. 


3 Work Done by a Varying Force 


If the force acting on an object is constant, the work done by that force can be 
calculated using Eq. 1. In many cases, however, the force varies in magnitude or 
direction during a process. For example, as a rocket moves away from Earth, work 
is done to overcome the force of gravity, which varies as the inverse square of the 
distance from the Earth’s center. Other examples are the force exerted by a spring, 
which increases with the amount of stretch, or the work done by a varying force 
exerted to pull a box or cart up an uneven hill. 
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FIGURE 8 A particle acted on 
by a variable force, F, moves along 
the path shown from point a to point b. 


x 


Figure 8 shows the path of an object in the xy plane as it moves from point a 
to point b. The path has been divided into short intervals each of 
length Af,, A&,...,A&. A force F acts at each point on the path, and is 
indicated at two points as F, and F;. During each small interval Af, the force is 
approximately constant. For the first interval, the force does work AW of 
approximately (see Eq. 1) 


AW ~ Fcosð Ak. 
In the second interval the work done is approximately F, cos 0, Af, , and so on. The 


total work done in moving the particle the total distance £ = Al, + Ab, +... + AG 
is the sum of all these terms: 


A 

W x > F; cos 0; Ag;. (5) 

i=1 
We can examine this graphically by plotting F cos@ versus the distance £ 

along the path as shown in Fig. 9a. The distance £ has been subdivided = FIGURE9 Work done bya 

into the same seven intervals (see the vertical dashed lines). The value of force Fis (a) approximately equal to 

Fcos@ at the center of each interval is indicated by the horizontal dashed the sum of the areas of the 

lines. Each of the shaded rectangles has an area (F;cos@)(Aé;), which is a good _ Tectangles, (b) exactly equal to the 

estimate of the work done during the interval. The estimate of the work done along —@"€4 under the curve of F cos 0 vs. £. 


the entire path given by Eq. 5, equals the sum of the areas of all the rectangles. 300 + 
If we subdivide the distance into a greater number of intervals, so that each AQ; is 
smaller, the estimate of the work done becomes more accurate (the assumption that F F Fı cos 0 
is constant over each interval is more accurate). Letting each Af; approach zero (sowe ¥ 200 T i 
approach an infinite number of intervals), we obtain an exact result for the work done: § Fo ` 
b = 100+ a : 
W = lim ÈF;cos0; Afl; = | Foose (6) ROP HE ae ie oy 
At;—0 ä l l l l ] ] l ] 

This limit as Af; — 0 is the integral of (F cos 0 df) from point a to point b. The 0 AAD, AL, Ab; AL, Als Als AGP 
symbol for the integral, f, is an elongated S to indicate an infinite sum; and AZ has (a) Distance, £ 


been replaced by df, meaning an infinitesimal distance. 

In this limit as Al approaches zero, the total area of the rectangles (Fig. 9a) 
approaches the area between the (F cos@) curve and the £ axis from a to b as 300 
shown shaded in Fig. 9b. That is, the work done by a variable force in moving 
an object between two points is equal to the area under the (F cos 0) versus (£) curve 
between those two points. 

In the limit as Af approaches zero, the infinitesimal distance dł equals 
the magnitude of the infinitesimal displacement vector dé. The direction of i 
the vector dé is along the tangent to the path at that point, so 0 is the angle 
between F and dé at any point. Thus we can rewrite Eq. 6, using dot-product 0 a b 
notation: (b) Distance, 


Fos 0@(N) 
a N 
= S 
=] S 


b = 
w~ [F a (7) 


This is a general definition of work. In this equation, a and b represent 
two points in space, (xa, Ya, Za) and (xp, Yp, Zb). The integral in Eq. 7 is called a 
line integral since it is the integral of F cos 6 along the line that represents the path 
of the object. (Equation 1 for a constant force is a special case of Eq. 7.) 
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(a) Unstretched 


| 
| 
(b) Stretched 
| 


(c) Compressed 


FIGURE 10 (a) Spring in normal 
(unstretched) position. (b) Spring is 
stretched by a person exerting a 
force Fp to the right (positive 
direction). The spring pulls back 
with a force És where Fs = —kx. 
(c) Person compresses the spring 

(x < 0), and the spring pushes back 
with a force Fs = —kx where 

Fs > 0 because x < 0. 


FIGURE 11 Work done to stretch 
a spring a distance x equals the 
triangular area under the 

curve F = kx. The area of a 
triangle is} X base X altitude, 

so W = 3(x)(kx) = kx. 


F 
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In rectangular coordinates, any force can be written 
F = F,i+ Fyj + Fk 
and the displacement df is 


dt = dxi + dyj + dzk. 


Then the work done can be written 


Xb Yb Zb 
W = | vd + | y dy + | Fede. 


Xa Ya Za 


To actually use Eq. 6 or 7 to calculate the work, there are several options: 
(1) If F cos @ is known as a function of position, a graph like that of Fig. 9b can 
be made and the area determined graphically. (2) Another possibility is to use 
numerical integration (numerical summing), perhaps with the aid of a computer or 
calculator. (3) A third possibility is to use the analytical methods of integral 
calculus, when it is doable. To do so, we must be able to write F as a function of 
position, F(x, y, z), and we must know the path. Let’s look at some specific examples. 


Work Done by a Spring Force 


Let us determine the work needed to stretch or compress a coiled spring, such as 
that shown in Fig. 10. For a person to hold a spring either stretched or compressed 
an amount x from its normal (relaxed) length requires a force Fp that is directly 
proportional to x. That is, 


Fp = kx, 


where k is a constant, called the spring constant (or spring stiffness constant), and is 
a measure of the stiffness of the particular spring. The spring itself exerts a force in 
the opposite direction (Fig. 10b or c): 


Fy = —kx. (8) 


This force is sometimes called a “restoring force” because the spring exerts 
its force in the direction opposite the displacement (hence the minus sign), 
and thus acts to return the spring to its normal length. Equation 8 is known 
as the spring equation or Hooke’s law, and is accurate for springs as long as x is 
not too great and no permanent deformation occurs. 

Let us calculate the work a person does to stretch (or compress) a spring 
from its normal (unstretched) length, x, = 0, to an extra length, x, = x. 
We assume the stretching is done slowly, so that the acceleration is essentially 
zero. The force Fp is exerted parallel to the axis of the spring, along the x axis, 
so Fp and dé are parallel. Hence, since dé = dxi in this case, the work done by 
the person ist 


Wp = [Tee i] fal = | Fe) ax = [ xa = ik 


X,=0 0 0 


0 


(As is frequently done, we have used x to represent both the variable of integra- 
tion, and the particular value of x at the end of the interval x, = 0 to x, = x.) 
Thus we see that the work needed is proportional to the square of the distance 
stretched (or compressed), x. 

This same result can be obtained by computing the area under the graph of F vs. x 
(with cos @ = 1 in this case) as shown in Fig. 11. Since the area is a triangle of alti- 
tude kx and base x, the work a person does to stretch or compress a spring an 
amount x is 


W = 3(x)(kx) = dee’, 


which is the same result as before. Because W œ x’, it takes the same amount of 
work to stretch a spring or compress it the same amount x. 


*See the Table of Integrals, Appendix: Derivatives and Integrals. 
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Work done on a spring. (a) A person pulls on the spring in 
Fig. 10, stretching it 3.0cm, which requires a maximum force of 75 N. How 
much work does the person do? (b) If, instead, the person compresses the 
spring 3.0 cm, how much work does the person do? 


APPROACH The force F = kx holds at each point, including Xmax. Hence Fmax 


occurs at X = Xmax- 


SOLUTION (a) First we need to calculate the spring constant k: 


Fmax _ 75N 


k= 0.030 m 


= 2.5 x 10° N/m. 


Xmax 
Then the work done by the person on the spring is 
W = bkxhaxs = }(2.5 x 10° N/m)(0.030m)} = 1.1J. 
(b) The force that the person exerts is still Fp = kx, though now both x and Fp 
are negative (x is positive to the right). The work done is 


—0.030 m 


x=-0.030m x=—0.030 m 
Wp = | F(x) dx = | kx dx = kx 
0 


0 


x=0 


= 3(2.5 x 10°N/m)(—0.030m)? = 1.1J, 


which is the same as for stretching it. 


NOTE We cannot use W = Fd (Eq. 1) for a spring because the force is not 
constant. 


A More Complex Force Law— Robot Arm 


Force as function of x. A robot arm that controls the position 
of a video camera (Fig. 12) in an automated surveillance system is manipulated 
by a motor that exerts a force on the arm. The force is given by 


F(x) = F(t + +=) 


where Fo = 2.0N, x9 = 0.0070m, and x is the position of the end of the 
arm. If the arm moves from x, =0.010m to x, =0.050m, how much 
work did the motor do? 


APPROACH The force applied by the motor is not a linear function of x. We can 
determine the integral [F(x)dx, or the area under the F(x) curve (shown in 
Fig. 13). 

SOLUTION We integrate to find the work done by the motor: 


X xX X F Xz 
Wu = Fa e + |a = ra| dx + mal x? dx 
6x9 c 


xX, xX, Xo Jx 
1 Le 
= F ag a 
(= 6x) 2) ) x4 
We put in the values given and obtain 
(0.050 m)? — (0.010 m)? 
Wu = 2.0N/(0.050m — 0.010m) 4 5 0.36 J. 
(3)(6)(0.0070 m) 


FIGURE 12 
video camera. 


Robot arm positions a 


FIGURE 13 Example 6. 
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FIGURE 14 A constant net force 
F pet accelerates a car from speed v, 
to speed v2 over a displacement d. 
The net work done is Wnet = Foetd. 


Kinetic energy 
(defined) 
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4 Kinetic Energy and the 
Work-Energy Principle 


Energy is one of the most important concepts in science. Yet we cannot give a 
simple general definition of energy in only a few words. Nonetheless, each specific 
type of energy can be defined fairly simply. In this Chapter we define transla- 
tional kinetic energy. The crucial aspect of all the types of energy is that the sum 
of all types, the total energy, is the same after any process as it was before: that is, 
energy is a conserved quantity. 

For the purposes of this Chapter, we can define energy in the traditional way 
as “the ability to do work.” This simple definition is not very precise, nor is it really 
valid for all types of energy.’ It works, however, for mechanical energy which we 
discuss in this Chapter. We now define and discuss one of the basic types of energy, 
kinetic energy. 

A moving object can do work on another object it strikes. A flying cannonball 
does work on a brick wall it knocks down; a moving hammer does work on a nail 
it drives into wood. In either case, a moving object exerts a force on a second 
object which undergoes a displacement. An object in motion has the ability to do 
work and thus can be said to have energy. The energy of motion is called kinetic 
energy, from the Greek word kinetikos, meaning “motion.” 

To obtain a quantitative definition for kinetic energy, let us consider a simple 
rigid object of mass m (treated as a particle) that is moving in a straight line with 
an initial speed v,. To accelerate it uniformly to a speed v, a constant net force 
Fret is exerted on it parallel to its motion over a displacement d, Fig. 14. 


vi 
aa c 


peau | 


Then the net work done on the object is Wnet = Fnetd. We apply Newton’s 
second law, Faet = ma, and use v3 = vf + 2ad,which we rewrite as 
_ Br w 
7 
where v; is the initial speed and v, the final speed. Substituting this into Fnet = ma, 
we determine the work done: 


2 2 2 2 
v — Vj v2 — vi 
W iet Fred mad m Ja = m( ) 


2d 

or 
WwW. ae 2 2_ 1 2 9 
net 2 MV? 2 MVI. (9) 


We define the quantity 4 mv” to be the translational kinetic energy, K, of the object: 
K = ime. (10) 


(We call this “translational” kinetic energy to distinguish it from rotational kinetic 
energy.) Equation 9, derived here for one-dimensional motion with a constant 
force, is valid in general for translational motion of an object in three dimensions 
and even if the force varies, as we will show at the end of this Section. 


‘Energy associated with heat is often not available to do work. 


Work and Energy 


We can rewrite Eq. 9 as: 
W net = K,- kK, 


or 
Whe = AK = imh — imè. (11) 


Equation 11 (or Eq. 9) is a useful result known as the work-energy principle. It can 
be stated in words: 


The net work done on an object is equal to the change in the object’s 
kinetic energy. 


Notice that we made use of Newton’s second law, Faet = ma, where Fy, is the net 
force—the sum of all forces acting on the object. Thus, the work-energy principle 
is valid only if W is the net work done on the object—that is, the work done by all 
forces acting on the object. 

The work-energy principle is a very useful reformulation of Newton’s 
laws. It tells us that if (positive) net work W is done on an object, the object’s 
kinetic energy increases by an amount W. The principle also holds true for 
the reverse situation: if the net work W done on an object is negative, 
the object’s kinetic energy decreases by an amount W. That is, a net force 
exerted on an object opposite to the object’s direction of motion decreases its 
speed and its kinetic energy. An example is a moving hammer (Fig. 15) striking 
a nail. The net force on the hammer (—F in Fig. 15, where F is assumed constant 
for simplicity) acts toward the left, whereas the displacement d of the hammer is 
toward the right. So the net work done on the hammer, 
W, = (F)(d)(cos 180°) = —Fd, is negative and the hammer’s kinetic energy 
decreases (usually to zero). 

Figure 15 also illustrates how energy can be considered the ability to 
do work. The hammer, as it slows down, does positive work on the nail: 
W, = (+F)(+d)(cos 0°) = Fd and is positive. The decrease in kinetic energy of 
the hammer (= Fd by Eq. 11) is equal to the work the hammer can do on 
another object, the nail in this case. 

The translational kinetic energy (= mv’) is directly proportional to the mass 
of the object, and it is also proportional to the square of the speed. Thus, if the 
mass is doubled, the kinetic energy is doubled. But if the speed is doubled, the 
object has four times as much kinetic energy and is therefore capable of doing four 
times as much work. 

Because of the direct connection between work and kinetic energy, energy is 
measured in the same units as work: joules in SI units. [The energy unit is ergs in 
the cgs, and foot-pounds in the British system.] Like work, kinetic energy is a 
scalar quantity. The kinetic energy of a group of objects is the sum of the kinetic 
energies of the individual objects. 

The work-energy principle can be applied to a particle, and also to an object 
that can be approximated as a particle, such as an object that is rigid or whose 
internal motions are insignificant. It is very useful in simple situations, as we will 
see in the Examples below. The work-energy principle is not as powerful and 
encompassing as the law of conservation of energy, and should not itself be consid- 
ered a statement of energy conservation. 


Kinetic energy and work done on a baseball. A 145-g baseball is 
thrown so that it acquires a speed of 25 m/s. (a) What is its kinetic energy? 
(b) What was the net work done on the ball to make it reach this speed, if it started 
from rest? 

APPROACH We use K = }mv*, and the work-energy principle, Eq. 11. 
SOLUTION (a) The kinetic energy of the ball after the throw is 


K = įm = }(0.145kg)(25 m/s} = 45J. 


(b) Since the initial kinetic energy was zero, the net work done is just equal to the 
final kinetic energy, 45 J. 


WORK-ENERGY PRINCIPLE 


WORK-ENERGY PRINCIPLE 


Ay CAUTION 


Work-energy valid only for net work 


/ \.. PHF | 
hammer) (on nail) | 


n 


FIGURE 15 A moving hammer 
strikes a nail and comes to rest. The 
hammer exerts a force F on the nail; 
the nail exerts a force —F on the 
hammer (Newton’s third law). The 
work done on the nail by the 
hammer is positive (W, = Fd > 0). 
The work done on the hammer by 
the nail is negative (Wp = —Fd). 
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GW LEE ESTIMATE | Work on a car, to increase its kinetic energy. 
How much net work is required to accelerate a 1000-kg car from 20 m/s to 30 m/s 
(Fig. 16)? 


vı = 20 m/s V2 = 30 m/s 


a s 


FIGURE 16 Example 8. 


APPROACH A car is a complex system. The engine turns the wheels and tires 
which push against the ground, and the ground pushes back. We aren’t interested 
right now in those complications. Instead, we can get a useful result using the 
work-energy principle, but only if we model the car as a particle or simple rigid 
object. 

SOLUTION The net work needed is equal to the increase in kinetic energy: 


W = K,- K, = im} — im? 


= }(1000kg)(30 m/s)? — (1000 kg)(20 m/s)? = 2.5 x 10°J. 


EXERCISE C (a) Make a guess: will the work needed to accelerate the car in Example 8 
from rest to 20 m/s be more than, less than, or equal to the work already calculated to 
accelerate it from 20 m/s to 30 m/s? (b) Make the calculation. 


(a) d (d = 20m) 


FIGURE 17 Example 9. 
vı = 120 km/h V7 = 0 


Work to stop a car. A car traveling 60 km/h 
can brake to a stop within a distance d of 20 m (Fig. 17a). If the car is going twice as 
fast, 120 km/h, what is its stopping distance (Fig. 17b)? Assume the maximum 
braking force is approximately independent of speed. 


RESPONSE Again we model the car as if it were a particle. Because the net 
stopping force F is approximately constant, the work needed to stop the car, Fd, is 
proportional to the distance traveled. We apply the work-energy principle, noting 
that F and d are in opposite directions and that the final speed of the car is zero: 


Waet = Fdcos180° = —Fd. 

Then 
Fd = AK = įm} — im? 
= 0 — smi. 


Thus, since the force and mass are constant, we see that the stopping distance, d, 


increases with the square of the speed: 
@® puysics APPLIED 


Car's stopping distance x 
initial speed squared 


d x v. 
If the car’s initial speed is doubled, the stopping distance is (2)? = 4 times as 
great, or 80 m. 


| EXERCISE D Can kinetic energy ever be negative? 


EXERCISE E (a) If the kinetic energy of an arrow is doubled, by what factor has its speed 
increased? (b) If its speed is doubled, by what factor does its kinetic energy increase? 


Work and Energy 


A compressed spring. A horizontal spring has spring constant 
k = 360N/m. (a) How much work is required to compress it from its uncom- 
pressed length (x = 0) to x = 11.0cm? (b) If a 1.85-kg block is placed against 
the spring and the spring is released, what will be the speed of the block when it 
separates from the spring at x = 0? Ignore friction. (c) Repeat part (b) but 
assume that the block is moving on a table as in Fig. 18 and that some kind of 
constant drag force Fp = 7.0N_ is acting to slow it down, such as friction 
(or perhaps your finger). 


FIGURE 18 Example 10. 


APPROACH We use our result from Section 3 that the net work, W, needed to 
stretch or compress a spring by a distance x is W = $kx?. In (b) and (c) we use 
the work-energy principle. 


SOLUTION (a) The work needed to compress the spring a distance x = 0.110 m is 
W = 3(360N/m)(0.110m)? = 2.18], 


where we have converted all units to SI. 

(b) In returning to its uncompressed length, the spring does 2.18J of work on the 
block (same calculation as in part (a), only in reverse). According to the work-energy 
principle, the block acquires kinetic energy of 2.18J. Since K = }mv*, the block’s 
speed must be 


2K 
v = ,/— 
m 


_ [EBD _ og 
= Alsi ` 134m 


(c) There are two forces on the block: that exerted by the spring and that exerted 
by the drag force, Fp . Work done by a force such as friction is complicated. For one 
thing, heat (or, rather, “thermal energy”) is produced — try rubbing your hands 
together. Nonetheless, the product Fp -d for the drag force, even when it is 
friction, can be used in the work-energy principle to give correct results for a 
particle-like object. The spring does 2.18 J of work on the block. The work done 
by the friction or drag force on the block, in the negative x direction, is 


Wp = —Fpx = -(7.0N)(0.110m) = —0.77J. 


This work is negative because the drag force acts in the direction opposite to the 
displacement x. The net work done on the block is Wnet = 2.18 J — 0.77 J = 1.41 J. 
From the work-energy principle, Eq. 11 (with v, = v and v, = 0), we have 


= | 2Wret 
y= a 
m 


_ [MAD _ a 
= Viske 7 12m 


for the block’s speed at the moment it separates from the spring (x = 0). 
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General Derivation of the Work-Energy Principle 


We derived the work-energy principle, Eq. 11, for motion in one dimension with a 
constant force. It is valid even if the force is variable and the motion is in two or 
three dimensions, as we now show. Suppose the net force Fnet on a particle varies in 
both magnitude and direction, and the path of the particle is a curve as in Fig. 8. 
The net force may be considered to be a function of £, the distance along the curve. 
The net work done is (Eq. 6): 


Waet = | Boas = | Fx cos 6 ae = [ra 


FIGURE 8 (repeated) where F) represents the component of the net force parallel to the curve at any point. 
A particle acted on by a variable By Newton’s second law, 

force F, moves along the path shown dù 

from point a to point b. Fy, = may = m—> 


where a), the component of a parallel to the curve at any point, is equal to the rate 
of change of speed, dv/dt. We can think of v as a function of £, and using the chain 
rule for derivatives, we have 

dv dvdl dv a 

dt dé dt dt ° 


since d/dt is the speed v. Thus (letting 1 and 2 refer to the initial and final quantities, 
respectively): 


2 2 z 2 
Wret = [ra = [nia = [mo Spat = | mv av 
1 1 1 dt 1 


which integrates to 


Wet = må — 4m} = AK. 


This is again the work-energy principle, which we have now derived for motion in 
three dimensions with a variable net force, using the definitions of work and 
kinetic energy plus Newton’s second law. 

Notice in this derivation that only the component of F,.; parallel to the 
motion, F, contributes to the work. Indeed, a force (or component of a force) 
acting perpendicular to the velocity vector does no work. Such a force changes 
only the direction of the velocity. It does not affect the magnitude of the velocity. 
One example of this is uniform circular motion in which an object moving with 
constant speed in a circle has a (“centripetal”) force acting on it toward the center of 
the circle. This force does no work on the object, because (as we saw in Example 3) it 
is always perpendicular to the object’s displacement df. 


| Summary 


Work is done on an object by a force when the object moves 
through a distance, d. The work W done by a constant force F on 
an object whose position changes by a displacement d is given by 

W = Fdcos@ = F.d, a, 3) 
where @ is the angle between F and d. E 

The last expression is called the scalar product of F and d. 

In general, the scalar product of any two vectors A and B is 
defined as 

A-B = ABcosé (2) 
where @ is the angle between A and B. In rectangular coordi- 
nates we can also write 

A+B = AyBy + AyBy + AzBz. (4) 


The work W done by a variable force F on an object that 


moves from point a to point b is 


b b 
W = [Fa = [F cosa at (7) 
a a 
where di represents an infinitesimal displacement along the 
path of the object and @ is the angle between dé and F at each 
point of the object’s path. 
The translational kinetic energy, K, of an object of mass m 


moving with speed v is defined to be 
K = įm’. (10) 
The work-energy principle states that the net work done on an 


object by the net resultant force is equal to the change in kinetic 
energy of the object: 


Wnet = AK = må — im}. (11) 


Work and Energy 


l Answers to Exercises 


A: (c). D: No, because the speed v would be the square root of a 
B: (b). negative number, which is not real. 
C: (b) 2.0 X 10°J (i.e., less). E: (a) V2, (b) 4. 
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| Questions 


1. 


11. 


In what ways is the word “work” as used in everyday 
language the same as defined in physics? In what ways is it 
different? Give examples of both. 


. A woman swimming upstream is not moving with respect to 


the shore. Is she doing any work? If she stops swimming and 
merely floats, is work done on her? 


. Can a centripetal force ever do work on an object? Explain. 
. Why is it tiring to push hard against a solid wall even 


though you are doing no work? 


» Does the scalar product of two vectors depend on the 


choice of coordinate system? 


. Can a dot product ever be negative? If yes, under what 


conditions? 


. If A-C=B-C, isit necessarily true that A = B? 
- Does the dot product of two vectors have direction as well 


as magnitude? 


. Can the normal force on an object ever do work? Explain. 
10. 


You have two springs that are identical except that spring 1 
is stiffer than spring 2 (kı > kz). On which spring is more 
work done: (a) if they are stretched using the same force; 
(b) if they are stretched the same distance? 

If the speed of a particle triples, by what factor does its 
kinetic energy increase? 


12. 


13. 


14. 


15. 


In Example 10 of “Work and Energy”, it was stated that the 
block separates from the compressed spring when the spring 
reached its equilibrium length (x = 0). Explain why sepa- 
ration doesn’t take place before (or after) this point. 

Two bullets are fired at the same time with the same kinetic 
energy. If one bullet has twice the mass of the other, which 
has the greater speed and by what factor? Which can do the 
most work? 

Does the net work done on a particle depend on the choice 
of reference frame? How does this affect the work-energy 
principle? 


A hand exerts a constant horizontal force on a block that is free 
to slide on a frictionless surface (Fig. 19). The block starts from 
rest at point A, and by the time it has traveled a distance d to 
point B it is traveling with speed vg. When the block has trav- 
eled another distance d to point C, will its 
speed be greater than, less than, or equal to 

2vg ? Explain your reasoning. 


FIGURE 19 
Question 15. 


| Problems 


[The Problems in this Section are ranked I, II, or III according to 
estimated difficulty, with (I) Problems being easiest. Level (IID) 
Problems are meant mainly as a challenge for the best students, for 
“extra credit.” The Problems are arranged by Sections, meaning that 
the reader should have read up to and including that Section, but 
this Chapter also has a group of General Problems that are not 
arranged by Section and not ranked.] 


1 Work, Constant Force 


1. 


(1) How much work is done by the gravitational force when 
a 280-kg pile driver falls 2.80 m? 


. (I) How high will a 1.85-kg rock go if thrown straight up 


by someone who does 80.0J of work on it? Neglect air 
resistance. 


. (I) A 75.0-kg firefighter climbs a flight of stairs 20.0 m high. 


How much work is required? 


. (I) A hammerhead with a mass of 2.0 kg is allowed to fall onto 


a nail from a height of 0.50 m. What is the maximum amount 
of work it could do on the nail? Why do people not just “let it 
fall” but add their own force to the hammer as it falls? 


. (II) Estimate the work you do to mow a lawn 10m by 20m 


with a 50-cm wide mower. Assume you push with a force of 
about 15N. 


. (II) A lever such as that shown in Fig. 20 can be used 


to lift objects we might not otherwise be able to lift. Show 


that the ratio of output force, Fo, to input force, Fy, is 
related to the lengths 4 
and fo from the pivot by 
Fo/F, = &/fo. Ignore 
friction and the mass of 
the lever, and assume the 
work output equals work 
input. 


FIGURE 20 
A lever. Problem 6. 


. (II) What is the minimum work needed to push a 950-kg car 


310 m up along a 9.0° incline? Ignore friction. 


. (II) Eight books, each 4.0 cm thick with mass 1.8 kg, lie flat 


on a table. How much work is required to stack them one 
on top of another? 


. (II) A box of mass 6.0 kg is accelerated from rest by a force 


across a floor at a rate of 2.0 m/s? for 7.0s. Find the net 
work done on the box. 


From Chapter 7 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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10. 


11. 


13. 


U.S. Department of Defense photo by 
Airman Kristopher Wilson, U.S. Navy 


= 
> 


15. 
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(II) (a) What magnitude force is required to give a 
helicopter of mass M an acceleration of 0.10 g upward? 
(b) What work is done by this force as the helicopter moves 
a distance h upward? 

(II) A 380-kg piano slides 3.9m down a 27° incline and is 
kept from accelerating by a man who is pushing back on it 
parallel to the incline (Fig. 21). Determine: (a) the force 
exerted by the man, (b) the 
work done by the man on 
the piano, (c) the work 
done by the force of 
gravity, and (d) the net 
work done on the piano. 
Ignore friction. 


FIGURE 21 
Problem 11. 


. (II) A gondola can carry 20 skiers, with a total mass of up to 


2250 kg. The gondola ascends at a constant speed from the base 
of a mountain, at 2150m, to the summit at 3345 m. (a) How 
much work does the motor do in moving a full gondola up the 
mountain? (b) How much work does gravity do on the 
gondola? (c) If the motor is capable of generating 10% more 
work than found in (a), what is the acceleration of the gondola? 
(II) A 17,000-kg jet takes off from an aircraft carrier via a cata- 
pult (Fig. 22a). The gases thrust out from the jet’s engines 
exert a constant force of 130 kN on the jet; the force exerted 
on the jet by the catapult is plotted in Fig. 22b. Determine: 
(a) the work done on the jet by the gases expelled by its 
engines during launch of the jet; and (b) the work done on 
the jet by the catapult during launch of the jet. 


FIGURE 22 Problem 13. 


. (II) A 2200-N crate rests on the floor. How much work is 


required to move it at constant speed (a) 4.0m along the 
floor against a drag force of 230 N, and (b) 4.0 m vertically? 
(II) A grocery cart with mass of 16kg is being pushed at 
constant speed up a flat 12° ramp by a force Fpwhich acts 
at an angle of 17° below the horizontal. Find the work done 
by each of the forces (më, Fy, Fp) on the cart if the ramp is 
15 m long. 


2 Scalar Product 


16. 


17. 


18. 


(I) What is the dot product of A = 2.0x°Î — 4.0xj + 5.0k 
and B = 11.0i + 2.5xj? 


(I) For any vector V = Vxi+ Vyj + Vzk show that 

Vy =i-V, Vy =j-V, V,=k-V. 
(I) Calculate the angle between the vectors: 
A = 681-34) — 6.2k and B = 8.2î + 2.3j — 7.0k. 


19. 
20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


(I) Show that A -(—B) = —-A- B. 

(I) Vector V, points along the z axis and has magnitude 
V, =75. Vector V, lies in the xz plane, has magnitude 
V2 = 58, and makes a —48° angle with the x axis (points 
below x axis). What is the scalar product VV? 

(II) Given the vector A = 3.0î + 1.5, find a vector B that 
is perpendicular to A. 
(II) A constant force F = (2.01 + 4.0}) N acts on an object 
as it moves along a straight-line path. If the object’s displace- 
ment is d = (1.0i + 5.0j) m, calculate the work done by 
F using these alternate ways of writing the dot product: 
(a) W = Fdcos6; (b) W = Fydy + Fydy. 

Œ) If A =9.0i — 8.5j, B= —8.0î + 7.1j + 4.2k, and 
CG = 6.81 — 9.2], determine (a) A - (B + Č); (b) (A + ©) - B; 
(© (B+ A)-¢. 
(I) Prove that A-B = A,B, + AyBy + AzBz, 
starting from Eq. 2 and using the distributive property 
(A+B = ABcos 6, proved in Problem 33). 

(II) Given vectors A = —4.8i + 6.8j and B = 9.6i + 6.7j, 
determine the vector Č that lies in the xy plane, is perpendic- 
ular to B, and whose dot product with A is 20.0. 

(II) Show that if two nonparallel vectors have the same 
magnitude, their sum must be perpendicular to their difference. 
(II) Let W = 20.0i + 22.0j — 14.0k. What angles does this 
vector make with the x, y, and z axes? 

(ID) Use the scalar product to prove the law of cosines for a 
triangle: 


C=a e+e 2ab cos 0, 


where a, b, and c are the lengths of the sides of a triangle 
and @ is the angle opposite side c. 


(II) Vectors A and B are in the xy plane and their scalar 
product is 20.0 units. If A makes a 27.4° angle with the x axis 
and has magnitude A = 12.0 units, and B has magnitude 
B = 24.0 units, what can you say about the direction of B? 
(ID) A and B are two vectors in the xy plane that make 
angles a and £ with the x axis respectively. Evaluate the scalar 
product of A and B and deduce the following trigonometric 
identity: cos(a — B) = cos acos ß + sin a sin £. 

(I) _ Suppose A = 1.0î + 1.0ĵ - 2.0k and B= 
—1.0i + 1.0j + 2.0k, (a) what is the angle between these 
two vectors? (b) Explain the significance of the sign in part (a). 
(II) Find a vector of unit length in the xy plane that is 
perpendicular to 3.0i + 4.0]. 

(IIT) Show that the scalar product of two vectors is distributive: 
A-(B+C)=A-B+ A - Ġ. [Hint: Use a diagram showing 
all three vectors in a plane and indicate dot products on the 
diagram.] 


3 Work, Varying Force 


34. 


35. 


(1) In pedaling a bicycle uphill, a cyclist exerts a downward 
force of 450N during each stroke. If the diameter of the 
circle traced by each pedal is 36cm, calculate how much 
work is done in each stroke. 

(I) A spring has k = 65N/m. Draw a graph like that in 
Fig. 11 and use it to determine the work needed to stretch 
the spring from x = 3.0cm to x = 65cm, where x = 0 
refers to the spring’s unstretched length. 
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Paes FIGURE 11 Work done to 
vA stretch a spring a distance x 
| equals the triangular area 
ke under the curve F = kx. 
| The area of a triangle is 


ž 3 X base X altitude, 


so W = 3(x)(kx) = 3kx’. 


36. (II) If the hill in Example 2 of “Work and Energy” (Fig. 4) 


was not an even slope but rather an irregular curve as in 
Fig.23, show that the same result would be obtained as in 
Example 2: namely, that the work done by gravity depends 
only on the height of the hill and not on its shape or the 
path taken. 


FIGURE 4 
Example 2. (c) 


FIGURE 23 
Problem 36. 


37. 


38. 


39. 


(II) The net force exerted on a particle acts in the positive 
x direction. Its magnitude increases linearly from zero at 
x = 0, to 380N at x = 3.0m. It remains constant at 380 N 
from x = 3.0m to x = 7.0m, and then decreases linearly 
to zero at x = 12.0m. Determine the work done to move 
the particle from x=0 to x =12.0m graphically, by 
determining the area under the F versus x graph. 


(I) If it requires 5.0 J of work to stretch a particular spring 
by 2.0cm from its equilibrium length, how much more 
work will be required to stretch it an additional 4.0 cm? 

(II) In Fig. 9 assume the distance axis is the x axis and that 
a = 10.0m and b = 30.0m. Estimate the work done by 
this force in moving a 3.50-kg object from a to b. 


300 + 
= F; cos @ 
Z 200 + 
D l 
6 g d 
3) ye i eS 
& 100+ tog toa | 
Foo a e o E] 
P ie hol 
pe ey Be a 
ice at A eae ie See est 
0 AAG, AB Ab AL, Als Abs AL, > 
(a) Distance, £ 
FIGURE 9 300 + 
Work done by a 
force F is Z 200 
(a) approximately 5 T 
equal to the sum of 3 i 
the areas of the S 0+ | 
rectangles, { 
(b) exactly equal to l { 
the area under the 0 a b 
curve of F cos 0 vs. l. (b) Distance, £ 
40. (II) The force on a particle, acting along the x axis, varies as 


41. 


shown in Fig. 24. Determine the work done by this force to 
move the particle along the x axis: (a) from x = 0.0 to 
x = 10.0m; (b) from x = 0.0 to x = 15.0m. 


Z 
a 
FIGURE 24 
Problem 40. 
(ID) A child is pulling a wagon down the sidewalk. For 9.0m 


the wagon stays on the sidewalk and the child pulls with a 
horizontal force of 22 N. Then one wheel of the wagon goes 
off on the grass so the child has to pull with a force of 38 N 
at an angle of 12° to the side for the next 5.0 m. Finally the 
wagon gets back on the sidewalk so the child makes the rest 
of the trip, 13.0m, with a force of 22 N. How much total 
work did the child do on the wagon? 


. (II) The resistance of a packing material to a sharp object 


penetrating it is a force proportional to the fourth power of 
the penetration depth x; that is, F = —kx*i. Calculate the work 
done to force a sharp object a distance d into the material. 
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43. 


44. 


45. 


46. 


47. 


48. 


49. 
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(II) The force needed to hold a particular spring 
compressed an amount x from its normal length is given by 
F = kx + ax? + bx’. How much work must be done to 
compress it by an amount X, starting from x = 0? 

(II) At the top of a pole vault, an athlete actually can do 
work pushing on the pole before releasing it. Suppose the 
pushing force that the pole exerts back on the athlete is given by 
F(x) = (1.5 X 10?N/m)x — (1.9 x 10° N/m?) x? acting over 
a distance of 0.20 m. How much work is done on the athlete? 
(II) Consider a force F; = A/Vx which acts on an object 
during its journey along the x axis from x=0.0 to 
x = 1.0m, where A = 2.0N-m'2, Show that during this 
journey, even though F; is infinite at x = 0.0, the work 
done on the object by this force is finite. 

(II) Assume that a force acting on an object is given 
by F = axi + byj, where the constants a = 3.0N-m! 
and b=4.0N-m|!. Determine the work done on the 
object by this force as it moves in a straight line from the 
origin to F = (10.01 + 20.0f) m. 

(II) An object, moving along the circumference of a circle 
with radius R, is acted upon by a force of constant magni- 
tude F. The force is 
directed at all times at a à 
30° angle with respect to ES ee 

the tangent to the circle dt N 

as shown in Fig. 25. 4 X 
Determine the work done ,⁄ R \ 
by this force when the 
object moves along the 
half circle from A to B. \ l 


FIGURE 25 Sg Pa 
Problem 47. ee 


(III) A 2800-kg space vehicle, initially at rest, falls vertically 
from a height of 3300km above the Earth’s surface. 
Determine how much work is done by the force of 
gravity in bringing the vehicle to the Earth’s surface. 


(II) A 3.0-m-long steel chain is stretched out along the top 
level of a horizontal scaffold at a construction site, in such a 
way that 2.0m of the chain remains on the top level and 
1.0 m hangs vertically, Fig. 26. At this point, the force on the 
hanging segment is sufficient to pull the entire chain over 
the edge. Once the chain is moving, the kinetic friction is so 
small that it can be neglected. How much work is performed 
on the chain by the force of gravity as the chain falls from the 
point where 2.0m remains on the scaffold to the point where 
the entire chain has left the scaffold? (Assume that the chain 
has a linear weight 
density of 18 N/m.) 


FIGURE 26 
Problem 49. 


4 Kinetic Energy; Work-Energy Principle 
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51. 


(I) At room temperature, an oxygen molecule, with mass of 
5.31 X 10% kg, typically has a kinetic energy of about 
6.21 x 107°! J. How fast is it moving? 

(1) (a) If the kinetic energy of a particle is tripled, by what 
factor has its speed increased? (b) If the speed of a particle 
is halved, by what factor does its kinetic energy change? 
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FIGURE 27 
Problem 54. 
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60. 
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62. 


(I) How much work is required to stop an electron 
(m = 9.11 X 10°" kg) which is moving with a speed of 
1.40 X 10° m/s? 

(1) How much work must be done to stop a 1300-kg car 
traveling at 95 km/h? 

(II) Spiderman uses his spider webs to save a runaway 
train, Fig. 27. His web stretches a few city blocks before the 
10*-kg train comes to a stop. Assuming the web acts like a 
spring, estimate the spring constant. 


Columbia Pictures/Phototest 


(I) A baseball (m = 145g) traveling 32m/s moves a 
fielder’s glove backward 25 cm when the ball is caught. What 
was the average force exerted by the ball on the glove? 
(II) An 85-g arrow is fired from a bow whose string exerts 
an average force of 105N on the arrow over a distance of 
75 cm. What is the speed of the arrow as it leaves the bow? 
(II) A mass m is attached to a spring which is held stretched a 
distance x by a force F (Fig. 28), and then released. The spring 
compresses, pulling the mass. Assuming there is no fric- 
tion, determine the speed of the mass m when the 
spring returns: (a) to its normal length (x = 0); 
(b) to half its orig- 


i an \ ne inal extension (x/2). 
= aa ae | FIGURE 28 
rei) Problem 57. 


(II) If the speed of a car is increased by 50%, by what factor 
will its minimum braking distance be increased, assuming all 
else is the same? Ignore the driver’s reaction time. 

(II) A 1200-kg car rolling on a horizontal surface has speed 
v = 66km/h when it strikes a horizontal coiled spring and 
is brought to rest in a distance of 2.2 m. What is the spring 
constant of the spring? 

(ID) One car has twice the mass of a second car, but only 
half as much kinetic energy. When both cars increase their 
speed by 7.0m/s, they then have the same kinetic energy. 
What were the original speeds of the two cars? 

(ID) A 4.5-kg object moving in two dimensions initially has a 
velocity vı = (10.03 + 20.0j) m/s. A net force F then acts 
on the object for 2.0s, after which the object’s velocity 
is V2 = (15.0i + 30.0j) m/s. Determine the work done by 
F on the object. 

(ID) A 265-kg load is lifted 23.0 m vertically with an acceler- 
ation a=0.150g by a single cable. Determine (a) the 
tension in the cable; (b) the net work done on the load; 
(c) the work done by the cable on the load; (d) the work 
done by gravity on the load; (e) the final speed of the load 
assuming it started from rest. 
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66. 


67. 


Work and Energy: Problem Set 


(II) (a) How much work is done by the horizontal force 
Fp =150N on the 18-kg block of Fig. 29 when the 
force pushes the block 5.0m up along the 32° frictionless 
incline? (b) How much work is done by the gravitational 
force on the block during this displacement? (c) How 
much work is done by the normal force? (d) What 
is the speed of the block (assume that it is zero initially) 
after this displacement? [Hint: Work-energy involves net 
work done.] 


Fp= 
= 
150 N 


32? 


FIGURE 29 
Problems 63 and 64. 


(II) Repeat Problem 63 assuming a coefficient of friction 
ux = 0.10. 

(II) At an accident scene on a level road, investigators 
measure a car’s skid mark to be 98 m long. It was a rainy 
day and the coefficient of friction was estimated to be 0.38. 
Use these data to determine the speed of the car when the 
driver slammed on (and locked) the brakes. (Why does the 
car’s mass not matter?) 


(ID) A 46.0-kg crate, starting from rest, is pulled across a 
floor with a constant horizontal force of 225 N. For the first 
11.0 m the floor is frictionless, and for the next 10.0m the 
coefficient of friction is 0.20. What is the final speed of the 
crate after being pulled these 21.0 m? 

(II) A train is moving along a track with constant speed v; 
relative to the ground. A person on the train holds a ball of 
mass m and throws it toward the front of the train with a 
speed v relative to the train. Calculate the change in kinetic 
energy of the ball (a) in the Earth frame of reference, and 
(b) in the train frame of reference. (c) Relative to each 
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frame of reference, how much work was done on the ball? 
(d) Explain why the results in part (c) are not the same for 
the two frames—after all, it’s the same ball. 


(IID) We usually neglect the mass of a spring if it is small 
compared to the mass attached to it. But in some applications, 
the mass of the spring must be taken into account. Consider 
a spring of unstretched length 2 and mass Mg uniformly 
distributed along the length of the spring. A mass m is 
attached to the end of the spring. One end of the spring is 
fixed and the mass m is allowed to vibrate horizontally 
without friction (Fig. 30). Each point on the spring moves 
with a velocity proportional to the distance from that point 
to the fixed end. For example, if the mass on the end moves 
with speed vo, the midpoint of the spring moves with speed 
vo/2. Show that the kinetic energy of the mass plus spring 
when the mass is moving with velocity v is 


K = 3Mv 


where M = m + $M; is the “effective mass” of the system. 
[Hint: Let D be the total length of the stretched spring. 
Then the velocity of a mass dm of a spring of length dx 
located at x is v(x) = vp(x/D). Note also that 

dm = dx(Ms/D).] 


= : | FIGURE 30 
dx Problem 68. 


(OI) An elevator cable breaks when a 925-kg elevator 
is 225m above the top of a huge spring (k = 
8.00 x 10*N/m) at the bottom of the shaft. Calculate 
(a) the work done by gravity on the elevator before it hits the 
spring; (b) the speed of the elevator just before striking the 
spring; (c) the amount the spring compresses (note that here 
work is done by both the spring and gravity). 


l General Problems 
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(a) A 3.0-g locust reaches a speed of 3.0 m/s during its jump. 
What is its kinetic energy at this speed? (b) If the locust 
transforms energy with 35% efficiency, how much energy is 
required for the jump? 

In a certain library the first shelf is 12.0cm off the ground, 
and the remaining 4 shelves are each spaced 33.0 cm above 
the previous one. If the average book has a mass of 1.40 kg 
with a height of 22.0cm, and an average shelf holds 28 
books (standing vertically), how much work is required to 
fill all the shelves, assuming the books are all laying flat on 
the floor to start? 

A 75-kg meteorite buries itself 5.0m into soft mud. The 
force between the meteorite and the mud is given by 
F(x) = (640N/m?)x3, where x is the depth in the mud. 
What was the speed of the meteorite when it initially impacted 
the mud? 


A 6.10-kg block is pushed 9.25 m up a smooth 37.0° inclined 
plane by a horizontal force of 75.0N. If the initial speed of 
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the block is 3.25 m/s up the plane, calculate (a) the initial 
kinetic energy of the block; (b) the work done by the 
75.0-N force; (c) the work done by gravity; (d) the work 
done by the normal force; (e) the final kinetic energy of the 
block. 

The arrangement of atoms in zinc is an example of 
“hexagonal close-packed” structure. Three of the nearest 
neighbors are found at the following (x, y, z) coordinates, 
given in nanometers (10° m): atom 1 is at (0, 0, 0); atom 
2 is at (0.230, 0.133, 0); atom 3 is at (0.077, 0.133, 0.247). 
Find the angle between two vectors: one that connects 
atom 1 with atom 2 and another that connects atom 1 with 
atom 3. 

Two forces, F = (1.50i — 0.80j + 0.70k)N and F = 
(-0.70i + 1.204) N, are applied on a moving object of mass 
0.20kg. The displacement vector produced by the 
two forces is d = (8.01 + 6.0j + 5.0k) m. What is the work 
done by the two forces? 
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Work and Energy: Problem Set 


The barrels of the 16-in. guns (bore diameter = 16in. = 
41cm) on the World War II battleship U.S.S. Massachusetts 
were each 15m long. The shells each had a mass of 1250 kg 
and were fired with sufficient explosive force to provide them 
with a muzzle velocity of 750 m/s. Use the work-energy 
principle to determine the explosive force (assumed to be a 
constant) that was applied to the shell within the barrel of the 
gun. Express your answer in both newtons and in pounds. 

A varying force is given by F = Ae~**, where x is the position; 
A and k are constants that have units of N and m™!, respectively. 
What is the work done when x goes from 0.10 m to infinity? 


The force required to compress an imperfect horizontal 
spring an amount x is given by F = 150x + 12x, where x is 
in meters and F in newtons. If the spring is compressed 
2.0m, what speed will it give to a 3.0-kg ball held against it 
and then released? 


A force F= (10.0% F 9.0j F 12.0k) kN acts on a small 
object of mass 95g. If the displacement of the object is 
d = (5.0i + 4.0j) m, find the work done by the force. What 
is the angle between F and d? 


In the game of paintball, players use guns powered by 
pressurized gas to propel 33-g gel capsules filled with paint 
at the opposing team. Game rules dictate that a paintball 
cannot leave the barrel of a gun with a speed greater than 
85 m/s. Model the shot by assuming the pressurized gas 
applies a constant force F to a 33-g capsule over the length 
of the 32-cm barrel. Determine F (a) using the work-energy 
principle, and (b) using the kinematic equations and 
Newton’s second law. 


A softball having a mass of 0.25 kg is pitched horizontally at 
110km/h. By the time it reaches the plate, it may have 
slowed by 10%. Neglecting gravity, estimate the average 
force of air resistance during a pitch, if the distance between 
the plate and the pitcher is about 15 m. 


An airplane pilot fell 370m after jumping from an aircraft 
without his parachute opening. He landed in a snowbank, 
creating a crater 1.1m deep, but survived with only minor 
injuries. Assuming the pilots mass was 88kg and his 
terminal velocity was 45 m/s, estimate: (a) the work done by 
the snow in bringing him to rest; (b) the average force 
exerted on him by the snow to stop him; and (c) the work done 
on him by air resistance as he fell. Model him as a particle. 


Many cars have “5 mi/h (8 km/h) bumpers” that are designed 
to compress and rebound elastically without any physical 
damage at speeds below 8 km/h. If the material of the bumpers 
permanently deforms after a compression of 1.5 cm, but remains 
like an elastic spring up to that point, what must be the effective 
spring constant of the bumper material, assuming the car has a 
mass of 1050 kg and is tested by ramming into a solid wall? 


What should be the spring constant k of a spring designed to 
bring a 1300-kg car to rest from a speed of 90 km/h so that 
the occupants undergo a maximum acceleration of 5.0 g? 


Assume a cyclist of weight mg can exert a force on the 
pedals equal to 0.90 mg on the average. If the pedals rotate 
in a circle of radius 18 cm, the wheels have a radius of 34 cm, 
and the front and back sprockets on which the chain runs 
have 42 and 19 teeth respectively (Fig. 31), determine the 
maximum steepness of hill the cyclist can climb at constant 
speed. Assume the mass of the bike is 12 kg and that of the 
rider is 65 kg. Ignore friction. Assume the cyclist’s average 
force is always: (a) downward; (b) tangential to pedal motion. 
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FIGURE 31 Problem 85. 


A simple pendulum consists of a small object of mass m (the 
“bob”) suspended by a cord of length (Fig. 32) of negligible 
mass. A force F is applied in the horizontal direction 
(so F = F i), moving the bob very slowly so the acceleration is 
essentially zero. (Note that the magnitude of F will need to 
vary with the angle @ that the cord makes with the vertical at 
any moment.) (a) Determine the work done by this force, F, to 
move the pendulum 
from 6=0 to 
0 = 6. (b) Deter- 
mine the work done 
by the gravitational 
force on the bob, 
Fc = mg, and the 
work done by the 
force Fr that the 
cord exerts on the 
bob. 


Lcos 0< 


FIGURE 32 
Problem 86. 


A car passenger buckles himself in with a seat belt and 
holds his 18-kg toddler on his lap. Use the work-energy 
principle to answer the following questions. (a) While 
traveling 25 m/s, the driver has to make an emergency stop 
over a distance of 45m. Assuming constant deceleration, 
how much force will the arms of the parent need to exert on 
the child during this deceleration period? Is this force 
achievable by an average parent? (b) Now assume that the 
car (v = 25 m/s) is in an accident and is brought to stop 
over a distance of 12m. Assuming constant deceleration, 
how much force will the parent need to exert on the child? 
Is this force achievable by an average parent? 


As an object moves along the x axis from x = 0.0m 
to x=20.0m it is acted upon by a force given by 
F = (100 — (x — 10))N. Determine the work done by the 
force on the object: (a) by first sketching the F vs. x graph 
and estimating the area under this curve; (b) by evaluating 
the integral fo" r dx. 

A cyclist starts from rest and coasts down a 4.0° hill. 
The mass of the cyclist plus bicycle is 85 kg. After the cyclist 
has traveled 250m, (a) what was the net work 
done by gravity on the cyclist? (b) How fast is the 
cyclist going? Ignore air resistance. 
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Work and Energy: Problem Set 


Stretchable ropes are used to safely arrest the fall of 
rock climbers. Suppose one end of a rope with unstretched 
length £ is anchored to a cliff and a climber of mass m is 
attached to the other end. When the climber is a height £ 
above the anchor point, he slips and falls under the influence of 
gravity for a distance 20, after which the rope becomes taut 
and stretches a distance x as it stops the climber (see Fig. 33). 
Assume a stretchy rope behaves as a spring with spring 
constant k. (a) Applying the work-energy principle, show that 


ral io | 
k mg 


(b) Assuming m = 85kg, £= 8.0m and k = 850N/m, 
determine x/ (the 
fractional stretch of 
the rope) and kx/mg 
(the force that the i 
rope exerts on the f 
climber compared to 

his own weight) at 

the moment the m ‘ 
climber’s fall has a 
been stopped. ‘y| Ee 


—-=— Rope begins 
to stretch 


FIGURE 33 Ay —— Fall stops 


Problem 90. 


A small mass m hangs at rest from a vertical rope of 
length £ that is fixed to the ceiling. A force F then pushes on 
the mass, perpendicular to the taut rope at all times, until 
the rope is oriented at an angle 6 = 0) and the mass has 
been raised by a vertical distance h (Fig. 34). Assume the 
force’s magnitude F is adjusted so that the mass moves at 


constant speed along its curved trajectory. Show that the 
work done by F during this process equals mgh, which is 
equivalent to the amount of work it takes to slowly lift a 
mass m straight up by a height h. [Hint: When the angle is 
increased by dé (in radians), the mass moves along an arc 
length ds = £ d0.] 


FIGURE 34 
Problem 91. 


* Numerical/Computer 
*92. (II) The net force along the linear path of a particle of 


mass 480 g has been measured at 10.0-cm intervals, starting 
at x = 0.0, to be 26.0, 28.5, 28.8, 29.6, 32.8, 40.1, 46.6, 42.2, 
48.8, 52.6, 55.8, 60.2, 60.6, 58.2, 53.7, 50.3, 45.6, 45.2, 43.2, 
38.9, 35.1, 30.8, 27.2, 21.0, 22.2, and 18.6, all in newtons. 
Determine the total work done on the particle over this 
entire range. 


. (II) When different masses are suspended from a spring, 


the spring stretches by different amounts as shown in the 
Table below. Masses are + 1.0 gram. 


Mass (g) 0 50 100 150 200 250 300 350 400 
Stretch (cm) 0 5.0 9.8 14.8 19.4 24.5 29.6 34.1 39.2 


(a) Graph the applied force (in Newtons) versus the stretch (in 
meters) of the spring, and determine the best-fit straight line. 
(b) Determine the spring constant (N/m) of the spring from 
the slope of the best-fit line. (c) If the spring is stretched by 
20.0 cm, estimate the force acting on the spring using the 
best-fit line. 


| Answers to Odd-Numbered Problems 


1. 7.7 X 10°J. 15. —490 J, 0, 490 J. 

3. 1.47 X 10*J. 21. 1.51 — 3.0j. 

5. 6000 J. 23. (a) 7.1; 

7.4.5 x 10°J. (b) —250; 

9. 590 J. (c) 2.0 x 101. 

11. (a) 1700N; 25. —1.4i + 2.0j. 
(b) —6600 J; 27. 52.5°, 48.0°, 115°. 
(c) 6600 J; 29, 113.4° or 301.4°. 
(d) 0. 31. (a) 130°; 

13. (a) 1.1 x 10” J; 


(b) 5.0 X 107J. is obtuse. 


35. 0.11 J. 
F=kx 
Ky one d 
Force j 
| 
kx) -----= | 
l i 
l 
T T 
X Xy 


Stretch distance 


(b) negative sign says that the angle 
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3.0 X 10 J. 
400 


300 


200 


2800 J. 

670J. 

KX? + taxt + tpx?. 
4.0J. 
V30RF 
— 

72 J. 

(a) V3; 

(b) 3. i 
—4.5 x 10°J. 
3.0 X 10°N. 


Fx 
(a) 4| —; 
m 
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Work and Energy: Problem Set 


61. 1400 J. 

63. (a) 640 J; 
(b) —470J; 
(c) 0; 
(d) 4.3 m/s. 

65. 27 m/s. 


v 
67. (a) tra +2 a); 
v2 
(b) 3m3; 


v 
(c) ta 1 +2 a) relative to 
v 


Earth, 4 mvs relative to train; 


(d) the ball moves different 
distances during the throwing 
process in the two frames of 
reference. 


69. (a) 2.04 X 10°J; 
(b) 21.0 m/s; 
(c) 2.37 m. 
71. 1710J. 
73. (a) 32.2 J; 
(b) 554 J; 
(c) —333 J; 
(d) 0; 
(e) 253J. 
75123]. 
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93. 


A _ 
Ê g010k, 


k 

86 KJ, 42°. 

1.5N. 

2 X 10’ N/m. 

6.7°, 10°. 

(a) 130 N, yes (~29 lbs); 
(b) 470 N, perhaps not (~ 110 Ibs). 
(a) 1.5 x 10t J; 

(b) 18 m/s. 

(a) F = 10.0x; 

(b) 10.0 N/m; 

(c) 2.00N. 


0 0.1 0.2 0.3 0.4 
Stretch (m) 
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A polevaulter running toward the 
high bar has kinetic energy. When 
he plants the pole and puts his 
weight on it, his kinetic energy 
gets transformed: first into elastic 
potential energy of the bent pole and 
then into gravitational potential 
energy as his body rises. As he crosses 
the bar, the pole is straight and has 
given up all its elastic potential 
energy to the athlete’s gravitational 
potential energy. Nearly all his 
kinetic energy has disappeared, also 
becoming gravitational potential 
energy of his body at the great height 
of the bar (world record over 6m), 
which is exactly what he wants. In 
these, and all other energy 
transformations that continually take 
place in the world, the total energy 
is always conserved. Indeed, the 
conservation of energy is one of 
the greatest laws of physics, and 
finds applications in a wide range of 
other fields. 


Conservation of Energy 


CHAPTER-OPENING QUESTION — Guess now! 
[Don’t worry about getting the right answer now— the idea is to get your preconceived notions out on 
the table. | 


A skier starts at the top of a hill. On which run does her gravitational potential energy 


CONTENTS 


1 Conservative and 
Nonconservative Forces 


Potential Energy 


change the most: (a), (b), (c), or 
(d); or are they (e) all the same? 


Mechanical Energy and Its 
Conservation 


On which run would her speed at 4 Problem Solving Using 
the bottom be the fastest if the Conservation of 
runs are icy and we assume no Mechanical Energy 
friction? Recognizing that there 5 The Law of Conservation 
is always some friction, answer of Energy 
the above two questions again. 6 Energy Conservation with 
List vour four answers now Dissipative Forces: Solving 
y ` Problems 
7 Gravitational Potential 
Energy and Escape Velocity 
$a : 8 Power 
A ; Kay BH Intermediate *9 Potential Energy Diagrams; 
Ads M $ ¢ Difficult Stable and Unstable 
¢¢ Very difficult Equilibrium 


Note: Sections marked with an asterisk (*) may be considered optional by the instructor. 


From Chapter 8 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
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FIGURE 1 Object of mass m: 
(a) falls a height A vertically; 
(b) is raised along an arbitrary 
two-dimensional path. 


h 


Conservation of Energy 


his chapter delves into the concepts of work and energy and introduces 

types of energy, in particular potential energy. Now we will see why the 

concept of energy is so important. The reason, ultimately, is that energy is 

conserved—the total energy always remains constant in any process. That 
a quantity can be defined which remains constant, as far as our best experiments 
can tell, is a remarkable statement about nature. The law of conservation of energy 
is, in fact, one of the great unifying principles of science. 

The law of conservation of energy also gives us another tool, another 
approach, to solving problems. There are many situations for which an analysis 
based on Newton’s laws would be difficult or impossible—the forces may not be 
known or accessible to measurement. But often these situations can be dealt with 
using the law of conservation of energy. 

In this Chapter we will mainly treat objects as if they were particles or rigid 
objects that undergo only translational motion, with no internal or rotational 
motion. 


1 Conservative and Nonconservative 
Forces 


We will find it important to categorize forces into two types: conservative and 
nonconservative. By definition, we call any force a conservative force if 


the work done by the force on an object moving from one point to another 
depends only on the initial and final positions of the object, and is independent of the 
particular path taken. 


A conservative force can be a function only of position, and cannot depend on 
other variables like time or velocity. 

We can readily show that the force of gravity is a conservative force. The 
gravitational force on an object of mass m near the Earth’s surface is F = még, 
where g is a constant. The work done by this gravitational force on an object 
that falls a vertical distance h is Wg = Fd = mgh (see Fig. 1a). Now 
suppose that instead of moving vertically downward or upward, an object follows 
some arbitrary path in the xy plane, as shown in Fig. 1b. The object starts at a 
vertical height yı and reaches a height y,, where y, — yı = h. To calculate the 


work done by gravity, Wg, we use: 


4 
Wo = | Fo at 
1 


2 
= | mg cos @ de. 
1 
We now let ¢ = 180° — @ be the angle between dé and its vertical component dy, 
as shown in Fig. 1b. Then, since cos@ = —cos¢@ and dy = décos@, we have 
ya 
Wo = -| mg dy 
yi 
= -mg(y — yı). (1) 


Since (y, — y,)is the vertical height A, we see that the work done depends only on 
the vertical height and does not depend on the particular path taken! Hence, by 
definition, gravity is a conservative force. 

Note that in the case shown in Fig. 1b, y) > y, and therefore the work done by 
gravity is negative. If on the other hand y, < y,,so that the object is falling, then 
Wis positive. 


Conservation of Energy 


We can give the definition of a conservative force in another, completely 
equivalent way: 


a force is conservative if the net work done by the force on an object moving 
around any closed path is zero. 


To see why this is equivalent to our earlier definition, consider a small object that 
moves from point 1 to point 2 via either of two paths labeled A and B in Fig. 2a. If we 
assume a conservative force acts on the object, the work done by this force is the same 
whether the object takes path A or path B, by our first definition. This work to get from 
point 1 to point 2 we will call W. Now consider the round trip shown in Fig. 2b. The 
object moves from 1 to 2 via path A and our force does work W. Our object then 
returns to point 1 via path B. How much work is done during the return? In going from 
1 to 2 via path B the work done is W, which by definition equals f 4 F - dl. In doing the 
reverse, going from 2 to 1, the force F at each point is the same, but dé is directed in 
precisely the opposite direction. Consequently F - dé has the opposite sign at each 
point so the total work done in making the return trip from 2 to 1 must be —W. 
Hence the total work done in going from 1 to 2 and back to 1 is W + (—W) =0, 
which proves the equivalence of the two above definitions for a conservative force. 

The second definition of a conservative force illuminates an important aspect of 
such a force: the work done by a conservative force is recoverable in the sense that if 
positive work is done by an object (on something else) on one part of a closed path, 
an equivalent amount of negative work will be done by the object on its return. 

As we saw above, the force of gravity is conservative, and it is easy to show 


that the elastic force (F = —kx) is also conservative. 
= Fp Fi, 
‘fe. 
wa Á Ss 
í Fi, Fp 2 


FIGURE 3 A crate is pushed slowly at constant speed across a rough floor 
from position 1 to position 2 via two paths: one straight and one curved. 
The pushing force Fp is in the direction of motion at each point. (The friction 
force opposes the motion.) Hence for a constant magnitude pushing 
force, the work it does is W = Fpd, so if d is greater (as for the curved 
path), then W is greater. The work done does not depend only on 

points 1 and 2; it also depends on the path taken. 


Many forces, such as friction and a push or pull exerted by a person, are 
nonconservative forces since any work they do depends on the path. For example, 
if you push a crate across a floor from one point to another, the work you do 
depends on whether the path taken is straight, or is curved. As shown in Fig. 3, if a 
crate is pushed slowly from point 1 to point 2 along the longer semicircular path, you do 
more work against friction than if you push it along the straight path. This is 
because the distance is greater and, unlike the gravitational force, the pushing 
force Fp is in the direction of motion at each point. Thus the work done by the person in 
Fig. 3 does not depend only on points 1 and 2; it depends also on the path taken. 
The force of kinetic friction, also shown in Fig. 3, always opposes the motion; it too is a 
nonconservative force, and we discuss how to treat it later in this Chapter 
(Section 6). Table 1 lists a few conservative and nonconservative forces. 


1 1 
(a) (b) 


FIGURE 2 (a) A tiny object moves 
between points 1 and 2 via two 
different paths, A and B. (b) The 
object makes a round trip, via path A 
from point 1 to point 2 and via path B 
back to point 1. 


TABLE 1 Conservative and 
Nonconservative Forces 


Conservative Nonconservative 
Forces Forces 
Gravitational Friction 
Elastic Air resistance 
Electric Tension in cord 
Motor or rocket 
propulsion 
Push or pull by 
a person 
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F.., (exerted 
X by hand) 


FIGURE 4 A person exerts an 
upward force Fext = mg to lift a 
brick from yı to y2. 


Conservation of Energy 


2 Potential Energy 


The energy associated with a moving object is its kinetic energy K = 4mv*. Now 
we introduce potential energy, which is the energy associated with forces that 
depend on the position or configuration of objects relative to the surroundings. 
Various types of potential energy can be defined, and each type is associated with 
a particular conservative force. 

The wound-up spring of a toy is an example of potential energy. The spring 
acquired its potential energy because work was done on it by the person winding 
the toy. As the spring unwinds, it exerts a force and does work to make the toy move. 


Gravitational Potential Energy 


Perhaps the most common example of potential energy is gravitational potential 
energy. A heavy brick held above the ground has potential energy because of its 
position relative to the Earth. The raised brick has the ability to do work, for if it is 
released, it will fall to the ground due to the gravitational force, and can do work 
on a stake, driving it into the ground. Let us seek the form for the gravitational 
potential energy of an object near the surface of the Earth. For an object of 
mass 7m to be lifted vertically, an upward force at least equal to its weight, mg, must 
be exerted on it, say by a person’s hand. To lift it without acceleration a vertical 
displacement of height h, from position y; to yin Fig. 4 (upward direction chosen 
positive), a person must do work equal to the product of the “external” force she 
exerts, Fex = mg upward, times the vertical displacement A. That is, 


West = Fat d = mghcos0® = mgh = mg(yz yı) 
where both F.« and d point upward. Gravity is also acting on the object as it 
moves from y; to y2, and does work on the object equal to 


Wo = Fo:d = mghcos180° = -mgh = mg(y2 — yy), 
where @ = 180° because Fg and d point in opposite directions. Since Fg is 
downward and d is upward, Wis negative. If the object follows an arbitrary path, 
as in Fig. 1b, the work done by gravity still depends only on the change in vertical 
height (Eq. 1): Wg = —mg(y. — yı) = —mgh. 

Next, if we allow the object to start from rest and fall freely under the action of 
gravity, it acquires a velocity given by v* = 2gh after falling a height A. It then has 
kinetic energy mv? = 5m(2gh) = mgh, and if it strikes a stake it can do work on 
the stake equal to mgh. 

To summarize, raising an object of mass m to a height h requires an amount of 
work equal to mgh. And once at height h, the object has the ability to do an 
amount of work equal to mgh. Thus we can say that the work done in lifting the 
object has been stored as gravitational potential energy. 

Indeed, we can define the change in gravitational potential energy U, when an 
object moves from a height y; to a height y,, as equal to the work done by a net 
external force to accomplish this without acceleration: 


AU = U,- U, = Wex = mg(y2 = yı). 
Equivalently, we can define the change in gravitational potential energy as equal 
to the negative of the work done by gravity itself in the process: 

AU = U,- U, = -Wo = mg(y: — yı). (2) 

Equation 2 defines the change in gravitational potential energy when an 

object of mass m moves between two points near the surface of the Earth.’ 
The gravitational potential energy, U, at any point a vertical height y above some 
reference point (the origin of the coordinate system) can be defined as 

U grav = mgy. [gravity only] (3) 
Note that the potential energy is associated with the force of gravity between the 


Earth and the mass m. Hence U gray represents the gravitational potential energy, 
not simply of the mass m alone, but of the mass—Earth system. 


‘Section 7 deals with the 1/r? dependence of Newton’s law of universal gravitation. 
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Gravitational potential energy depends on the vertical height of the object above 
some reference level, U = mgy. Sometimes you may wonder from what point to 
measure y. The gravitational potential energy of a book held high above a table, for 
example, depends on whether we measure y from the top of the table, from the floor, 
or from some other reference point. What is physically important in any situation is 
the change in potential energy, AU, because that is what is related to the work 
done, and it is AU that can be measured. We can thus choose to measure y from 
any reference point that is convenient, but we must choose the reference point 
at the start and be consistent throughout any given calculation. The change 
in potential energy between any two points does not depend on this choice. 

Potential energy belongs to a system, and not to a single object alone. Potential 
energy is associated with a force, and a force on one object is always exerted by 
some other object. Thus potential energy is a property of the system as a whole. For 
an object raised to a height y above the Earth’s surface, the change in gravitational 
potential energy is mgy. The system here is the object plus the Earth, and properties 
of both are involved: object (m) and Earth (g). In general, a system is one or more 
objects that we choose to study. The choice of what makes up a system is always 
ours, and we often try to choose a simple system. Below, when we deal with the 
potential energy of an object in contact with a spring, our system will be the object 
and the spring. 


EXERCISE A Return to the Chapter-Opening Question and answer it again now. Try to 
explain why you may have answered differently the first time. 


Potential energy changes for a roller coaster. A 1000-kg 
roller-coaster car moves from point 1, Fig. 5, to point 2 and then to point 3. 
(a) What is the gravitational potential energy at points 2 and 3 relative to point 1? 
That is, take y =0 at point 1. (b) What is the change in potential energy when 
the car goes from point 2 to point 3? (c) Repeat parts (a) and (b), but take the 
reference point (y =0) to be at point 3. 


APPROACH We are interested in the potential energy of the car—Earth system. 
We take upward as the positive y direction, and use the definition of gravitational 
potential energy to calculate the potential energy. 


SOLUTION (a) We measure heights from point 1 (y, = 0), which means initially 
that the gravitational potential energy is zero. At point 2, where y, = 10m, 
U, = mgy, = (1000kg)(9.8m/s’)(10m) = 9.8 X 10*J. 
At point 3, y, = —15 m, since point 3 is below point 1. Therefore, 
U, = mgy; = (1000kg)(9.8 m/s’)(—15m) = —1.5 X 10°J. 
(b) In going from point 2 to point 3, the potential energy change (U final ~ U; initial iS 
U, — U, = (—1.5 X10°J) — (9.8 X 10*J) = —2.5 X10°J. 
The gravitational potential energy decreases by 2.5 X 10° J. 
(c) Now we set y, =0. Then yı = +15m at point 1, so the potential energy 
initially (at point 1) is 
U, = (1000kg)(9.8 m/s°)(15m) = 1.5 X10°J. 
At point 2, y) = 25m, so the potential energy is 
U, = 2.5 X10°J. 
At point 3, y, =0, so the potential energy is zero. The change in potential 
energy going from point 2 to point 3 is 
U,; —U, = 0-2. X10°J = —2.5 X10°J, 
which is the same as in part (b). 


NOTE Work done by gravity depends only on the vertical height, so changes 
in gravitational potential energy do not depend on the path taken. 


EXERCISE B By how much does the potential energy change when a 1200-kg car climbs to 
the top of a 300-m-tall hill? (a) 3.6 X 105 J; (b) 3.5 X 10°J;(c) 4 J; (d) 40 J; (e) 39.2 J. 


A CAUTION 


Change in potential energy is 
what is physically meaningful 


Ay CAUTION 


Potential energy belongs to a system, 


not to a single object 


FIGURE 5 


Example 1. 
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A CAUTION 


Potential energy can be defined 
only for conservative forces 


FIGURE 6 A spring (a) can 

store energy (elastic potential 
energy) when compressed (b), which 
can be used to do work when 
released (c) and (d). 


(d) 
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Potential Energy in General 


We have defined the change in gravitational potential energy (Eq. 2) to be 
equal to the negative of the work done by gravity when the object moves from 
height yı to y2, which we now write as 

2 

AU = -Wo = aj F,- db. 
1 
There are other types of potential energy besides gravitational. In general, we 

define the change in potential energy associated with a particular conservative 
force F as the negative of the work done by that force: 


2 
AU = U,—U, = -| F- d = ~w. (4) 
1 


However, we cannot use this definition to define a potential energy for all possible 
forces. It makes sense only for conservative forces such as gravity, for which the 
integral depends only on the end points and not on the path taken. It does not 
apply to nonconservative forces like friction, because the integral in Eq. 4 would 
not have a unique value depending on the end points 1 and 2. Thus the concept of 
potential energy cannot be defined and is meaningless for a nonconservative force. 


Elastic Potential Energy 


We consider now potential energy associated with elastic materials, which includes a 
great variety of practical applications. 

Consider a simple coil spring as shown in Fig. 6, whose mass is so small that 
we can ignore it. When the spring is compressed and then released, it can do 
work on a ball (mass m). Thus the spring—ball system has potential energy when 
compressed (or stretched). Like other elastic materials, a spring is described by 
Hooke’s law as long as the displacement x is not too great. Let us take our coor- 
dinate system so the end of the uncompressed spring is at x =0 (Fig. 6a) and x 
is positive to the right. To hold the spring compressed (or stretched) a distance x 
from its natural (unstretched) length requires the person’s hand to exert a force 
Fp = kx on the spring (Fig. 6b), where k is the spring stiffness constant. The 
spring pushes back with a force (Newton’s third law), 


Fy = —kx, 


Fig. 6c. The negative sign appears because the force F; is in the direction opposite 
to the displacement x. From Eq. 4, the change in potential energy when the spring 
is compressed or stretched from x, =0 (its uncompressed position) to 
X, =x (where x can be + or —) is 


AU = U(x) —U(0) = [Bat K kx) dx = Łk. 


Here, U(x) means the potential energy at x, and U(0) means U at x = 0. It is 
usually convenient to choose the potential energy at x =0 to be zero: U(0) =0, 
so the potential energy of a spring compressed or stretched an amount x from 
equilibrium is 


Ualx) = kx. [elastic spring] (5) 


Potential Energy Related to Force (1-D) 


In the one-dimensional case, where a conservative force can be written as a function 
of x, say, the potential energy can be written as an indefinite integral 


U(x) = -|F dx +C, (6) 


where the constant C represents the value of U at x =0; we can sometimes 
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choose C =0. Equation 6 tells us how to obtain U(x) when given F(x). If, 
instead, we are given U(x), we can obtain F(x) by inverting the above equation: 
that is, we take the derivative of both sides, remembering that integration and 
differentiation are inverse operations: 


d 
Px [Fo dx = F(x). 


Thus 


dU(x 
F(x) = = i, (7) 


Determine F from U. Suppose U(x) = —ax/(b? + x’), where a 
and b are constants. What is F as a function of x? 


APPROACH Since U(x) depends only on x, this is a one-dimensional problem. 
SOLUTION Equation 7 gives 


dU d ax a ax 5 a(b? — x’) 
= = 
dx d| P+] P+? (+x) (P+) 


* Potential Energy in Three Dimensions 
In three dimensions, we can write the relation between F(x, y, z) and U as: 


ð ð 0 
Fy, = 3U, Fy = — ae F= = “i 
ðy ðz 


or 
= 0U 8U ~ oU 
i j k . 
Ox oy Oz 


Here, d/dx, 0/dy and ð/ðz are called partial derivatives; d/dx, for example, means 
that although U may be a function of x, y, and z, written U(x, y,z), we take the 
derivative only with respect to x with the other variables held constant. 


3 Mechanical Energy and Its Conservation 


Let us consider a conservative system (meaning only conservative forces do work) 
in which energy is transformed from kinetic to potential or vice versa. Again, we 
must consider a system because potential energy does not exist for an isolated 
object. Our system might be a mass m oscillating on the end of a spring or moving 
in the Earth’s gravitational field. 

According to the work-energy principle, the net work Wnet done on an object 
is equal to its change in kinetic energy: 


Wnet = AK. 


(If more than one object of our system has work done on it, then W,.,and AK can 
represent the sum for all of them.) Since we assume a conservative system, we can 
write the net work done on an object or objects in terms of the change in total potential 
energy (see Eq. 4) between points 1 and 2: 


AU otal = =| Fret -d = —Wret- (8) 
1 


We combine the previous two equations, letting U be the total potential energy: 


AK + AU = 0 [conservative forces only] (9a) 
or 


(K, K,) t (U; U;) = 0. [conservative forces only] (9b) 
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CONSERVATION OF 
MECHANICAL ENERGY 


FIGURE 7 The rock’s potential 


energy changes to kinetic energy as 
it falls. Note bar graphs representing 


potential energy U and kinetic 
energy K for the three different 


positions. 


all potential 
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We now define a quantity £, called the total mechanical energy of our system, as 
the sum of the kinetic energy plus the potential energy of the system at any moment 


E = kK +U. 
We can rewrite Eq. 9b as 

K,+U, = Kk, +U, [conservative forces only] (10a) 
or 

E, = E, = constant. [conservative forces only] (10b) 


Equations 10 express a useful and profound principle regarding the total mechan- 
ical energy — it is a conserved quantity, as long as no nonconservative forces do 
work; that is, the quantity E =K +U at some initial time 1 is equal 
to K + U at any later time 2. 

To say it another way, consider Eq. 9a which tells us AU = —AK; that is, if 
the kinetic energy K increases, then the potential energy U must decrease by an 
equivalent amount to compensate. Thus the total, K + U, remains constant. This is 
called the principle of conservation of mechanical energy for conservative forces: 


If only conservative forces are doing work, the total mechanical energy of a system 
neither increases nor decreases in any process. It stays constant — it is conserved. 


We now see the reason for the term “conservative force” — because for such forces, 
mechanical energy is conserved. 
If only one object of a system’ has significant kinetic energy, then Eqs. 10 become 


E = įm? +U = constant. [conservative forces only] (11a) 


If we let v, and U; represent the velocity and potential energy at one instant, and 
v, and U represent them at a second instant, then we can rewrite this as 


1 1 
jm +U, = 5mv3 +U. 


From this equation we can see again that it doesn’t make any difference where we 
choose the potential energy to be zero: adding a constant to U merely adds a 
constant to both sides of Eq. 11b, and these cancel. A constant also doesn’t affect 
the force obtained using Eq. 7, F = —dU/dx, since the derivative of a constant is 
zero. Only changes in the potential energy matter. 


[conservative system] (41b) 


4 Problem Solving Using 
Conservation of Mechanical Energy 


A simple example of the conservation of mechanical energy (neglecting air resistance) 
is a rock allowed to fall due to Earth’s gravity from a height h above the ground, as 
shown in Fig. 7. If the rock starts from rest, all of the initial energy is potential energy. 
As the rock falls, the potential energy mgy decreases (because y decreases), but the 
rock’s kinetic energy increases to compensate, so that the sum of the two remains 
constant. At any point along the path, the total mechanical energy is given by 


E = K +U = $m? + mgy 


where y is the rock’s height above the ground at a given instant and v is its speed 
at that point. If we let the subscript 1 represent the rock at one point along its path 
(for example, the initial point), and the subscript 2 represent it at some other 
point, then we can write 


total mechanical energy at point 1 = total mechanical energy at point 2 
or (see also Eq. 11b) 


1 2 4 1 2 4 
gmvy T M§y, = Mv T MgY2. 


[gravity only] (12) 


Just before the rock hits the ground, where we chose y = 0, all of the initial 
potential energy will have been transformed into kinetic energy. 


‘For an object moving under the influence of Earth’s gravity, the kinetic energy of the Earth can usually 
be ignored. For a mass oscillating at the end of a spring, the mass of the spring, and hence its kinetic 
energy, can often be ignored. 
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Falling rock. If the original height of the rock in Fig. 7 is yı = 
h = 3.0m, calculate the rock’s speed when it has fallen to 1.0m above the ground. 
APPROACH We apply the principle of conservation of mechanical energy, Eq. 12, 
with only gravity acting on the rock. We choose the ground as our reference level 
(y = 0). 
SOLUTION At the moment of release (point 1) the rock’s position is y; = 3.0m 
and it is at rest: v; =0. We want to find v, when the rock is at position 
yı = 1.0m. Equation 12 gives 


2 F 
im? + mgy, = 4m} + mgy. 


The m’s cancel out; setting v, = 0 and solving for v, we find 


v = V2glyıi — y) = V/2(9.8m/s?)[(3.0m) — (1.0m)] = 6.3 m/s. 
The rock’s speed 1.0m above the ground is 6.3 m/s downward. 
NOTE The velocity of the rock is independent of the rock’s mass. 


EXERCISE C In Example 3, what is the rock’s speed just before it hits the ground? 
(a) 6.5 m/s; (b) 7.0 m/s; (c) 7.7 m/s; (d) 8.3 m/s; (e) 9.8 m/s. 


Equation 12 can be applied to any object moving without friction under the 
action of gravity. For example, Fig. 8 shows a roller-coaster car starting from rest at 
the top of a hill, and coasting without friction to the bottom and up the hill on the 
other side. True, there is another force besides gravity acting on the car, the normal 
force exerted by the tracks. But this “constraint” force acts perpendicular to the 
direction of motion at each point and so does zero work. We ignore rotational 
motion of the car’s wheels and treat the car as a particle undergoing simple translation. 
Initially, the car has only potential energy. As it coasts down the hill, it loses potential FIGURE 8 A roller-coaster car 
energy and gains in kinetic energy, but the sum of the two remains constant. At the | ™0Ving without friction illustrates 
bottom of the hill it has its maximum kinetic energy, and as it climbs up the other the conservation:of mechanical 
side the kinetic energy changes back to potential energy. When the car comes to rest FRETES: 
again at the same height from which it started, all of its energy will be potential 
energy. Given that the gravitational potential energy is proportional to the vertical 
height, energy conservation tells us that (in the absence of friction) the car comes to 
rest at a height equal to its original height. If the two hills are the same height, the 
car will just barely reach the top of the second hill when it stops. If the second hill 
is lower than the first, not all of the car’s kinetic energy will be transformed to 
potential energy and the car can continue over the top and down the other side. If 
the second hill is higher, the car will only reach a height on it equal to its original 
height on the first hill. This is true (in the absence of friction) no matter how steep 
the hill is, since potential energy depends only on the vertical height. 


Roller-coaster car speed using energy conservation. Assuming 
the height of the hill in Fig. 8 is 40 m, and the roller-coaster car starts from rest at the 
top, calculate (a) the speed of the roller-coaster car at the bottom of the hill, and (b) 
at what height it will have half this speed. Take y = 0 at the bottom of the hill. 
APPROACH We choose point 1 to be where the car starts from rest (v; = 0) at 
the top of the hill (y; = 40m). Point 2 is the bottom of the hill, which we choose 
as our reference level, so y, = 0. We use conservation of mechanical energy. 
SOLUTION (a) We use Eq. 12 with v, =0 and y, =0, which gives 


ee ere) 
mgyı = jmv; 


v = V2gy, = V2(9.8m/°)(40m) = 28 m/s. 


(b) We again use conservation of energy, 


or 


zm + mgyı = 3m} + mgyr, 


but now v, =}(28 m/s) = 14m/s, v, = 0, and yzis the unknown. Thus 
== = 30m. 


That is, the car has a speed of 14 m/s when it is 30 vertical meters above the lowest 
point, both when descending the left-hand hill and when ascending the right-hand hill. 
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FIGURE 9 Example 5. 


PROBLEM SOLVING 
Use energy, or Newton’s laws? 


®ruysics APPLIED 
Sports 


FIGURE 10 Transformation of 
energy during a pole vault. 


© Harold & Esther Edgerton Foundation, 
2007, courtesy of Palm Press, Inc. 
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The mathematics of the roller-coaster Example 4 is almost the same as in 
Example 3. But there is an important difference between them. In Example 3 the 
motion is all vertical and could have been solved using force, acceleration, and the 
kinematic equations. But for the roller coaster, where the motion is not vertical, 
we could not have used a kinematic equation because a is not constant on the 
curved track; but energy conservation readily gives us the answer. 


Speeds on two water slides. Two water slides at a 
pool are shaped differently, but start at the same height h (Fig. 9). Two riders, Paul 
and Kathleen, start from rest at the same time on different slides. (a) Which rider, 
Paul or Kathleen, is traveling faster at the bottom? (b) Which rider makes it to the 
bottom first? Ignore friction and assume both slides have the same path length. 


RESPONSE (a) Each rider’s initial potential energy mgh gets transformed to kinetic 
energy, so the speed v at the bottom is obtained from mv? = mgh. The mass 
cancels and so the speed will be the same, regardless of the mass of the rider. Since 
they descend the same vertical height, they will finish with the same speed. (b) Note 
that Kathleen is consistently at a lower elevation than Paul at any instant, until the 
end. This means she has converted her potential energy to kinetic energy earlier. 
Consequently, she is traveling faster than Paul for the whole trip, and because the 


distance is the same, Kathleen gets to the bottom first. 


EXERCISE D Two balls are released from the same height above the floor. Ball A falls 
freely through the air, whereas ball B slides on a curved frictionless track to the floor. How 
do the speeds of the balls compare when they reach the floor? 


You may wonder sometimes whether to approach a problem using work and 
energy, or instead to use Newton’s laws. As a rough guideline, if the force(s) 
involved are constant, either approach may succeed. If the forces are not constant, 
and/or the path is not simple, energy is probably the better approach. 

There are many interesting examples of the conservation of energy in sports, 
such as the pole vault illustrated in Fig. 10. We often have to make approximations, 
but the sequence of events in broad outline for the pole vault is as follows. The 
initial kinetic energy of the running athlete is transformed into elastic potential 
energy of the bending pole and, as the athlete leaves the ground, into gravitational 
potential energy. When the vaulter reaches the top and the pole has straightened 
out again, the energy has all been transformed into gravitational potential energy 
(if we ignore the vaulter’s low horizontal speed over the bar). The pole does not 
supply any energy, but it acts as a device to store energy and thus aid in the 
transformation of kinetic energy into gravitational potential energy, which is the net 
result. The energy required to pass over the bar depends on how high the center of 
mass (CM) of the vaulter must be raised. By bending their bodies, pole vaulters 
keep their cM so low that it can actually pass slightly beneath the bar (Fig. 11), 
thus enabling them to cross over a higher bar than would otherwise be possible. 


FIGURE 11 By bending their bodies, pole 
vaulters can keep their center of mass so low 
that it may even pass below the bar. By 
changing their kinetic energy (of running) 
into gravitational potential energy (= mgy) 
in this way, vaulters can cross over a higher 
bar than if the change in potential energy 
were accomplished without carefully bending 
the body. 


© 2004 David Madison Sports Images, Inc. 
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EXAMPLE 6 Pole vault. Estimate the kinetic energy and the 
speed required for a 70-kg pole vaulter to just pass over a bar 5.0 m high. Assume 
the vaulter’s center of mass is initially 0.90m off the ground and reaches its 
maximum height at the level of the bar itself. 


APPROACH We equate the total energy just before the vaulter places the end of 
the pole onto the ground (and the pole begins to bend and store potential 
energy) with the vaulter’s total energy when passing over the bar (we ignore the 
small amount of kinetic energy at this point). We choose the initial position of the 
vaulter’s center of mass to be y; = 0. The vaulter’s body must then be raised to 
a height y, = 5.0m — 0.9m = 4.1 m. 
SOLUTION We use Eq. 12, 

im? +0 = 0 + mgy 
so 


K, = įm = mgy, = (70kg)(9.8m/s’)(4.1m) = 2.8 X10 J. 

The speed is 
2(2800 

v = i= = r ies = 89m/s © 9m/s. 
NOTE This is an approximation because we have ignored such things as the 
vaulter’s speed while crossing over the bar, mechanical energy transformed when 
the pole is planted in the ground, and work done by the vaulter on the pole. All 
would increase the needed initial kinetic energy. 


As another example of the conservation of mechanical energy, let us consider 
an object of mass m connected to a horizontal spring (Fig. 6) whose 
own mass can be neglected and whose spring stiffness constant is k. The mass m has 
speed v at any moment. The potential energy of the system (object plus spring) 
is kx’, where x is the displacement of the spring from its unstretched length. If 
neither friction nor any other force is acting, conservation of mechanical energy 
tells us that 


im? + 3kxt = imh + 5kx5, [elastic PE only] (13) 
where the subscripts 1 and 2 refer to the velocity and displacement at two different 
moments. 


Toy dart gun. A dart of mass 0.100kg is pressed against the 
spring of a toy dart gun as shown in Fig. 12a. The spring (with spring stiffness 
constant k = 250N/m and ignorable mass) is compressed 6.0 cm and released. If 
the dart detaches from the spring when the spring reaches its natural length (x = 0), 
what speed does the dart acquire? 

APPROACH The dart is initially at rest (point 1),so K, = 0. We ignore friction 
and use conservation of mechanical energy; the only potential energy is elastic. 
SOLUTION We use Eq. 13 with point 1 being at the maximum compression of 
the spring, so v, =0 (dart not yet released) and x, = —0.060m. Point 2 we 
choose to be the instant the dart flies off the end of the spring (Fig. 12b), so 
xı =0 and we want to find v,. Thus Eq. 13 can be written 


0 +4kx? = km} +0. 
Then r 
> _ kx 
v = — 
m 
and 


v = CON MO aise: 


(0.100 kg) 
NOTE In the horizontal direction, the only force on the dart (neglecting friction) 
was the force exerted by the spring. Vertically, gravity was counterbalanced by 
the normal force exerted on the dart by the gun barrel. After it leaves the barrel, 
the dart will follow a projectile’s path under gravity. 


FIGURE 12 Example 7. 

(a) A dart is pushed against a spring, 
compressing it 6.0 cm. The dart is 
then released, and in (b) it leaves the 
spring at velocity v,. 


U K 
v=0 
(oe) 

(a) E=5 kx? 
6.0, 
z cm 

ad 2 

(b) E=} mv 
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(a) (b) (c) 
FIGURE 13 Example 8. 


PROBLEM SOLVING 


Alternate Solution 


Conservation of Energy 


GW EER Two kinds of potential energy. A ball of mass m = 2.60 kg, 
starting from rest, falls a vertical distance A = 55.0 cm before striking a vertical 
coiled spring, which it compresses an amount Y = 15.0 cm (Fig. 13). Determine 
the spring stiffness constant of the spring. Assume the spring has negligible mass, 
and ignore air resistance. Measure all distances from the point where the ball first 
touches the uncompressed spring (y = 0 at this point). 


APPROACH The forces acting on the ball are the gravitational pull of the Earth and 
the elastic force exerted by the spring. Both forces are conservative, so we can use 
conservation of mechanical energy, including both types of potential energy. We must 
be careful, however: gravity acts throughout the fall (Fig. 13), whereas the elastic 
force does not act until the ball touches the spring (Fig. 13b). We choose y positive 
upward, and y = 0 at the end of the spring in its natural (uncompressed) state. 
SOLUTION We divide this solution into two parts. (An alternate solution follows.) 
Part 1: Let us first consider the energy changes as the ball falls from a height 
yı =h =0.55m, Fig. 13a, to y, =0, just as it touches the spring, Fig. 13b. Our 
system is the ball acted on by gravity plus the spring (which up to this point 
doesn’t do anything). Thus 


mv? + mgy, = 


0 +mgh = 


We solve for v, = V2gh = \/2(9.80 m/s?)(0.550 m) = 3.283 m/s © 3.28 m/s. 
This is the speed of the ball just as it touches the top of the spring, Fig. 13b. 
Part 2: As the ball compresses the spring, Figs. 13b to c, there are two conservative 
forces on the ball — gravity and the spring force. So our conservation of energy 
equation is 


2 mg y2 
m + 0. 


E, (ball touches spring) = E; (spring compressed) 
įm + mgy, + iky} = im} + mgy; + }ky}. 


Substituting yz = 0, v = 3.283 m/s, v3 = 0 (the ball comes to rest for an instant), 
and y, = —Y = —0.150 m, we have 


bm% +0 +0 = 0 — mgY + 5k(-Y). 


We know m, v, and Y, so we can solve for k: 
2 Mir 
k= ya Limes + mgY] = yi lt + 2gY ] 


_ (260kg) ; f 7 
= omy VaM + 2(9.80 m/s?)(0.150m)] = 1590 N/m. 


Alternate Solution Instead of dividing the solution into two parts, we can do it 
all at once. After all, we get to choose what two points are used on the left and 
right of the energy equation. Let us write the energy equation for points 1 and 3 
in Fig. 13. Point 1 is the initial point just before the ball starts to fall (Fig. 13a), so 
v, = 0, and y; = h = 0.550 m. Point 3 is when the spring is fully compressed 
(Fig. 13c), so v3 =0, y, = —Y = —0.150m. The forces on the ball in this 
process are gravity and (at least part of the time) the spring. So conservation of 
energy tells us 


amo? + mgy, + 5k(0)? = im% + mgy; + 3ky5 


0 +mgh+ 0 = 0 mgY +5kY? 


where we have set y = 0 for the spring at point 1 because it is not acting and is 
not compressed or stretched. We solve for k: 


2mg(h + 2(2.60 kg)(9.80 m/s?)(0.550m + 0.150 m 
p = relh +y) _ 22.60be)(980m/e (055 EE 
Y (0.150 m) 


just as in our first method of solution. 


Conservation of Energy 


A swinging pendulum. The simple pendulum shown in 
Fig. 14 consists of a small bob of mass m suspended by a massless cord of 
length £. The bob is released (without a push) at t£ =0, where the cord makes 
an angle @ =, to the vertical. (a) Describe the motion of the bob in terms of 
kinetic energy and potential energy. Then determine the speed of the bob (b) as 
a function of position @ as it swings back and forth, and (c) at the lowest point of 
the swing. (d) Find the tension in the cord, Fy. Ignore friction and air resistance. 


APPROACH We use the law of conservation of mechanical energy (only the conser- 
vative force of gravity does work), except in (d) where we use Newton’s second law. 
SOLUTION (a) At the moment of release, the bob is at rest, so its kinetic energy 
K =0. As the bob moves down, it loses potential energy and gains kinetic energy. 
At the lowest point its kinetic energy is a maximum and the potential energy 
is a minimum. The bob continues its swing until it reaches an equal height and 
angle (0%) on the opposite side, at which point the potential energy is a maximum 
and K = 0. It continues the swinging motion as U —> K — U and so on, but it 
can never go higher than 0 = + @) (conservation of mechanical energy). 

(b) The cord is assumed to be massless, so we need to consider only the bob’s 
kinetic energy, and the gravitational potential energy. The bob has two forces 
acting on it at any moment: gravity, mg, and the force the cord exerts on it, Fy. 
The latter (a constraint force) always acts perpendicular to the motion, so it does 
no work. We need be concerned only with gravity, for which we can write the 
potential energy. The mechanical energy of the system is 


E = 4m? + mgy, 
where y is the vertical height of the bob at any moment. We take y = 0 at the 
lowest point of the bob’s swing. Hence at t = 0, 
y = yo = £— Leos = L(1 — cos 0o) 
as can be seen from the diagram. At the moment of release 
E = mgyo, 
since v = v = 0. At any other point along the swing 


E = 4m? + mgy = mgyo. 


We solve this for v: 


v = V2gly — y). 


In terms of the angle 0 of the cord, we can write 
(yo — y) = (L — Lcos 0) — (£ — coso) = L(cos@ — cos 0o) 


v = V2gl(cos 0—cos 0). 


(c) At the lowest point, y = 0, so 


v = V 28yo 
\/2gl(1 — cos 0o). 


(d) The tension in the cord is the force F; that the cord exerts on the bob. As 
we’ve seen, there is no work done by this force, but we can calculate the force 
simply by using Newton’s second law =F = mä and by noting that at any point 
the acceleration of the bob in the inward radial direction is v7/£, since the bob is 
constrained to move in an arc of a circle of radius £. In the radial direction, Fy acts 
inward, and a component of gravity equal to mg cos 0 acts outward. Hence 

v 


ma = Fy — mg cos 0. 


We solve for Frand use the result of part (b) for v”: 


so 


or 


v 


2 
Fy = n( = =F gcosa] = 2mg(cos@ — cos 6) + mg cos 0 


= (3cos@ — 2cos %)mg. 
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FIGURE 14 Example 9: a simple 


pendulum; y is measured positive 
upward. 
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FIGURE 15 The burning of fuel 

(a chemical reaction) releases 
energy to boil water in this steam 
engine. The steam produced expands 
against a piston to do work in 
turning the wheels. 
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Conservation of Energy 


5 The Law of Conservation of Energy 


We now take into account nonconservative forces such as friction, since they are 
important in real situations. For example, consider again the roller-coaster car in 
Fig. 8, but this time let us include friction. The car will not in this case reach the 
same height on the second hill as it had on the first hill because of friction. 

In this, and in other natural processes, the mechanical energy (sum of the 
kinetic and potential energies) does not remain constant but decreases. Because 
frictional forces reduce the mechanical energy (but not the total energy), they 
are called dissipative forces. Historically, the presence of dissipative forces hindered 
the formulation of a comprehensive conservation of energy law until well into 
the nineteenth century. It was not until then that heat, which is always produced 
when there is friction (try rubbing your hands together), was interpreted in 
terms of energy. Quantitative studies in the nineteenth-century demonstrated that 
if heat is considered as a transfer of energy (sometimes called thermal energy), then 
the total energy is conserved in any process. A block sliding freely across a table, 
for example, comes to rest because of friction. Its initial kinetic energy is all trans- 
formed into thermal energy. The block and table are a little warmer as a result of 
this process. 

According to the atomic theory, thermal energy represents kinetic energy of 
rapidly moving molecules. A rise in temperature corresponds to an increase in the 
average kinetic energy of the molecules. Because thermal energy represents the 
energy of atoms and molecules that make up an object, it is often called internal 
energy. Internal energy, from the atomic point of view, includes kinetic energy of 
molecules as well as potential energy (usually electrical in nature) due to the relative 
positions of atoms within molecules. For example the energy stored in food, or in a 
fuel such as gasoline, is regarded as electric potential energy (chemical bonds). The 
energy is released through chemical reactions (Fig. 15). This is analogous to a 
compressed spring which, when released, can do work. 

To establish the more general law of conservation of energy, nineteenth-century 
physicists had to recognize electrical, chemical, and other forms of energy in addition 
to heat, and to explore if in fact they could fit into a conservation law. For each type of 
force, conservative or nonconservative, it has always been possible to define a type 
of energy that corresponds to the work done by such a force. And it has been found 
experimentally that the total energy E always remains constant. That is, the change in 
total energy, kinetic plus potential plus all other forms of energy, equals zero: 


AK + AU + [change in all other forms of energy] = 0. (14) 


This is one of the most important principles in physics. It is called the law of 
conservation of energy and can be stated as follows: 


The total energy is neither increased nor decreased in any process. Energy can 
be transformed from one form to another, and transferred from one object to 
another, but the total amount remains constant. 


For conservative mechanical systems, this law can be derived from Newton’s laws 
(Section 3) and thus is equivalent to them. But in its full generality, the validity of 
the law of conservation of energy rests on experimental observation. 

Even though Newton’s laws have been found to fail in the submicroscopic 
world of the atom, the law of conservation of energy has been found to hold there 
and in every experimental situation so far tested. 


6 Energy Conservation with 
Dissipative Forces: Solving Problems 


In Section 4 we discussed several Examples of the law of conservation of energy 
for conservative systems. Now let us consider in detail some examples that involve 
nonconservative forces. 


Conservation of Energy 


Suppose, for example, that the roller-coaster car rolling on the hills of Fig. 8 is 
subject to frictional forces. In going from some point 1 to a second point 2, the 
energy dissipated by the friction force F; acting on the car (treating it as a particle) is 
ft F; - dé. If F; is constant in magnitude, W;, = —F;,£, where £ is the actual distance 
along the path traveled by the car from point 1 to point 2. (The minus sign appears 
because F;, and dé are in opposite directions.) From the work-energy principle, the net 
work W netdone on an object is equal to the change in its kinetic energy: 


AK = Wiet- 
We can separate W petinto two parts: 
W net = We + Wxce> 


where Wc is the work done by conservative forces (gravity for our car) and Wycis 
the work done by nonconservative forces (friction for our car). We saw in Eq. 4 that 
the work done by a conservative force can be written in terms of potential energy: 


2 
Wo = [P a = —AU. 
1 


Thus AK = We means AK = We + Wyo = —AU + Wyc. Hence 
AK + AU = Wyc. (15a) 


This equation represents the general form of the work-energy principle. It also 
represents the conservation of energy. For our car, Wyc is the work done by the 
friction force and represents production of thermal energy. Equation 15a is 
valid in general. Based on our derivation from the work-energy principle, Wxc on 
the right side of Eq. 15a must be the total work done by all forces that are not 
included in the potential energy term, AU, on the left side. 

Let us rewrite Eq. 15a for our roller-coaster car example of Fig. 8, setting 
Wwe = —F;,£ as we discussed above: 


Wye = Fel = AK + AU = (mi — ima) + (mgy, — mgy,) 
or 
i 24 ravity and 
im + mgy, = im} + mgy, + Fal. aos | (15b) 


On the left we have the mechanical energy of the system initially. It equals the 
mechanical energy at any subsequent point along the path plus the amount of 
thermal (or internal) energy produced in the process. Total energy is conserved. 

Other nonconservative forces can be treated similarly. If you are not sure 
about the sign of the extra term (fF - df), use your intuition: is the mechanical 
energy increased or decreased in the process. 


Work-Energy versus Energy Conservation 


The law of conservation of energy is more general and more powerful than the work- 
energy principle. Indeed, the work-energy principle should not be viewed as a statement 
of conservation of energy. It is nonetheless useful for some mechanical problems; and 
whether you use it, or use the more powerful conservation of energy, can depend on your 
choice of the system under study. If you choose as your system a particle or rigid object 
on which external forces do work, then you can use the work-energy principle: the work 
done by the external forces on your object equals the change in its kinetic energy. 

On the other hand, if you choose a system on which no external forces do 
work, then you need to apply conservation of energy to that system directly. 

Consider, for example, a spring connected to a block on a frictionless table 
(Fig. 16). If you choose the block as your system, then the work done on the block by 
the spring equals the change in kinetic energy of the block: the work-energy prin- 
ciple. (Energy conservation does not apply to this system—the block’s energy 
changes.) If instead you choose the block plus the spring as your system, no 
external forces do work (since the spring is part of the chosen system). To this 
system you need to apply conservation of energy: if you compress the spring and then 
release it, the spring still exerts a force on the block, but the subsequent motion 
can be discussed in terms of kinetic energy (G mv’) plus potential energy G kx’), 
whose total remains constant. 


FIGURE 16 A spring connected to 
a block on a frictionless table. If you 
choose your system to be the block 
plus spring, then 

E= tm? + tx? 


is conserved. 
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Conservation of Energy 


Problem solving is not a process that can be done by simply following a set 
of rules. The following Problem Solving Strategy, like all others, is thus not a 
prescription, but is a summary to help you get started solving problems 


involving energy. 


Conservation of Energy 


1. Draw a picture of the physical situation. 

2. Determine the system for which you will apply 
energy conservation: the object or objects and the 
forces acting. 

3. Ask yourself what quantity you are looking for, and 
choose initial (point 1) and final (point 2) positions. 

4. If the object under investigation changes its height 
during the problem, then choose a reference frame 
with a convenient y =O level for gravitational 
potential energy; the lowest point in the problem is 


5. Is mechanical energy conserved? If no friction or 


. Apply conservation of energy. If friction (or other 


other nonconservative forces act, then conservation 
of mechanical energy holds: 


K, +U = K, +U. 


nonconservative forces) are present, then an additional 
term of the form f F - dé will be needed. For a constant 
friction force acting over a distance £ 


K, +U, = K, +U, + Fal. 


For other nonconservative forces use your intuition 
for the sign of f F - dé: is the total mechanical energy 


often a good choice. 


FIGURE 17 Example 10. 

Because of friction, a roller-coaster 
car does not reach the original 
height on the second hill. (Not to scale) 


If springs are involved, choose the unstretched 7. Use the equation(s) you develop to solve for the 
spring position to be x (or y) = 0. 


increased or decreased in the process? 


unknown quantity. 


EXAMPLE 10 Friction on the roller-coaster car. The roller- 
coaster car in Example 4 reaches a vertical height of only 25m on the second hill 
before coming to a momentary stop (Fig. 17). It traveled a total distance of 
400 m. Determine the thermal energy produced and estimate the average friction 
force (assume it is roughly constant) on the car, whose mass is 1000 kg. 


APPROACH We explicitly follow the Problem Solving Strategy above. 

SOLUTION 

1. Draw a picture. See Fig. 17. 

2. The system. The system is the roller-coaster car and the Earth (which exerts 
the gravitational force). The forces acting on the car are gravity and friction. 
(The normal force also acts on the car, but does no work, so it does not affect 
the energy.) 

3. Choose initial and final positions. We take point 1 to be the instant when the 
car started coasting (at the top of the first hill), and point 2 to be the instant it 
stopped 25 m up the second hill. 

4. Choose a reference frame. We choose the lowest point in the motion to be 
y =0 for the gravitational potential energy. 

5. Is mechanical energy conserved? No. Friction is present. 

6. Apply conservation of energy. There is friction acting on the car, so we use 


conservation of energy in the form of Eq. 15, with ~v, =0, yı =40m, 
v =0, yı =25m, and £ = 400m. Thus 


0 + (1000kg)(9.8 m/s’)(40m) = 0 + (1000kg)(9.8 m/s?)(25m) + Fat. 


7. Solve. We solve the above equation for F;,£, the energy dissipated to thermal 
energy: Føl =(1000kg)(9.8 m/s”)(40 m — 25m) = 147,000J. The average 
force of friction was Ff = (1.47 X 10° J)/400 m = 370N. [This result is only 
a rough average: the friction force at various points depends on the normal 
force, which varies with slope.] 


Conservation of Energy 


Friction with a spring. A block of mass m sliding along a 
rough horizontal surface is traveling at a speed vo when it strikes a massless 
spring head-on (see Fig. 18) and compresses the spring a maximum distance X. If 
the spring has stiffness constant k, determine the coefficient of kinetic friction 
between block and surface. 


APPROACH At the moment of collision, the block has K =5mv, and the 
spring is presumably uncompressed, so U = 0. Initially the mechanical energy of 
the system is mvj. By the time the spring reaches maximum compression, 
K =0 and U =Ł}kX?. In the meantime, the friction force (= Hk FN = Hk mg) 
has transformed energy F;,X = u,mgX into thermal energy. 


SOLUTION Conservation of energy allows us to write 
energy (initial) = energy (final) 


5kX? + u,mgX. 


1 
2 mvp 


We solve for ug and find 


Mk = 


7 Gravitational Potential Energy and 
Escape Velocity 


We have been dealing with gravitational potential energy so far in this Chapter 
assuming the force of gravity is constant, F = mg. This is an accurate assumption for 
ordinary objects near the surface of the Earth. But to deal with gravity more 
generally, for points not close to the Earth’s surface, we must consider that the 
gravitational force exerted by the Earth on a particle of mass m decreases inversely 
as the square of the distance r from the Earth’s center. The precise relationship is 
given by Newton’s law of universal gravitation: 
3 mMe . 


F = -G 
r? 


[r > rg] 


where M, is the mass of the Earth and f is a unit vector (at the position of m) 
directed radially away from the Earth’s center. The minus sign indicates that the 
force on m is directed toward the Earth’s center, in the direction opposite to f. This 
equation can also be used to describe the gravitational force on a mass m in the 
vicinity of other heavenly bodies, such as the Moon, a planet, or the Sun, in which case 
My, must be replaced by that body’s mass. 

Suppose an object of mass m moves from one position to another along an 
arbitrary path (Fig. 19) so that its distance from the Earth’s center changes 
from r; to r,. The work done by the gravitational force is 

2 20. JÊ 
W = | Feat = -GmM:| a 
1 1 9 
where dé represents an infinitesimal displacement. Since f- d= dr is the 
component of dé along f (see Fig. 19), then 


nd 1 1 
W = -GmM: | a= cmu,( - 1) 
aT r2 rı 
or 


Because the value of the integral depends only on the position of the end points 
(r; and r2) and not on the path taken, the gravitational force is a conservative force. 


Fi 
(b) 
FIGURE 18 Example 11. 


FIGURE 19 Arbitrary path of 
particle of mass m moving from 
point 1 to point 2. 
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FIGURE 20 Gravitational potential 
energy plotted as a function of r, the 
distance from Earth’s center. Valid 
only for points r > rg, the radius of 
the Earth. 


Conservation of Energy 


We can therefore use the concept of potential energy for the gravitational force. 
Since the change in potential energy is always defined (Section 2) as the negative 
of the work done by the force, we have 


GmM, | GmM 
A= Foo, a a. (16) 


r2 ri 


From Eq. 16 the potential energy at any distance r from the Earth’s center can be 
written: 


GmM 
U(r) = -2 +c, 


r 


where C is a constant. It is usual to choose C = 0, so that 


U(r) = 


_ GmM E, gravity | 
[esi] en 

With this choice for C, U =0 at r = œ. As an object approaches the Earth, its 
potential energy decreases and is always negative (Fig. 20). 

Equation 16 reduces to Eq. 2, AU = mg(y, — yı), for objects near the 
surface of the Earth. 

For a particle of mass m, which experiences only the force of the Earth’s 
gravity, the total energy is conserved because gravity is a conservative force. 
Therefore we can write 


ia ee mMer 
amú, —G = jmv — G = constant. 
ri r2 


gravity 
only 


| (18) 


Package dropped from high-speed rocket. A box of empty 
film canisters is allowed to fall from a rocket traveling outward from Earth at a 
speed of 1800 m/s when 1600 km above the Earth’s surface. The package eventu- 
ally falls to the Earth. Estimate its speed just before impact. Ignore air resistance. 


APPROACH We use conservation of energy. The package initially has a speed 
relative to Earth equal to the speed of the rocket from which it falls. 
SOLUTION Conservation of energy in this case is expressed by Eq. 18: 

mM, 


1 1 
jmv — G = įm} — G 
r ry 


where v, = 1.80 X 10°m/s, r4 = (1.60 X 10°m) +(6.38 X 10°m) = 7.98 X 10°m, 
and r, = 6.38 X 10°m (the radius of the Earth). We solve for v: 


v = a 26m, 4 1) 
fi r2 


(1.80 X 10° m/s}? — 2(6.67 X 10™ N -m?/kg?)(5.98 X 10” kg) 


i ( 
x 
7.98 X 10°m 6.38 X 10°m 
= 5320m/s. 


NOTE In reality, the speed will be considerably less than this because of air 
resistance. Note, incidentally, that the direction of the velocity never entered into 
this calculation, and this is one of the advantages of the energy method. The rocket 
could have been heading away from the Earth, or toward it, or at some other 
angle, and the result would be the same. 


Conservation of Energy 


Escape Velocity 


When an object is projected into the air from the Earth, it will return to Earth unless 
its speed is very high. But if the speed is high enough, it will continue out into space 
never to return to Earth (barring other forces or collisions). The minimum initial 
velocity needed to prevent an object from returning to the Earth is called the escape 
velocity from Earth, Vese. To determine v,,, from the Earth’s surface (ignoring air 
resistance), we use Eq. 18 with v; = Vese and r; = rg = 6.38 X 10°m, the radius of 
the Earth. Since we want the minimum speed for escape, we need the object to reach 
ry = co with merely zero speed, v, = 0. Applying Eq. 18 we have 

Emoe — G wus 

TE 


Vee = WV2GMy/rg = 1.12 X 10*m/s (19) 


or 11.2km/s. It is important to note that although a mass can escape from the 
Earth (or solar system) never to return, the force on it due to the Earth’s gravitational 
field is never actually zero for a finite value of r. 


=0+0 


or 


Escaping the Earth or the Moon. (a) Compare the escape 
velocities of a rocket from the Earth and from the Moon. (b) Compare the 
energies required to launch the rockets. For the Moon, My = 7.35 X 10? kg and 
ry = 1.74 X 10°m, and for Earth, Mg = 5.98 X 10% kg and rg = 6.38 X 10°m. 
APPROACH We use Eq. 19, replacing Mẹ and rg with My and ry for finding Vesce 
from the Moon. 


SOLUTION (a) Using Eq. 19, the ratio of the escape velocities is 


Vesc( Earth) Ms ry re 

Ves(Moon) VMyre 
To escape Earth requires a speed 4.7 times that required to escape the Moon. 
(b) The fuel that must be burned provides energy proportional to v? (K = mv’); 


so to launch a rocket to escape Earth requires (4.7)? = 22 times as much energy 
as to escape from the Moon. 


8 Power 


Power is defined as the rate at which work is done. The average power, P, equals 
the work W done divided by the time ź it takes to do it: 

= W 

P = ra (20a) 
Since the work done in a process involves the transformation of energy from 
one type (or object) to another, power can also be defined as the rate at which energy 
is transformed: 


P= W _ energy transformed 
t time 
The instantaneous power, P, is 
dW 
Poa SS 20b 
i (20b) 


The work done in a process is equal to the energy transferred from one 
object to another. For example, as the potential energy stored in the spring of 
Fig. 6c is transformed to kinetic energy of the ball, the spring is doing work on the 
ball. Similarly, when you throw a ball or push a grocery cart, whenever work is 
done, energy is being transferred from one body to another. Hence we can also say 
that power is the rate at which energy is transformed: 
dE 
dt 
The power of a horse refers to how much work it can do per unit of time. 


P = (20c) 
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FIGURE 21 Example 14. 


GQ) PHYSICS APPLIED 
Power needs of a car 


Conservation of Energy 


The power rating of an engine refers to how much chemical or electrical energy 
can be transformed into mechanical energy per unit of time. In SI units, power is 
measured in joules per second, and this unit is given a special name, the watt (W): 
1W =1J/s. We are most familiar with the watt for electrical devices: the rate at 
which an electric lightbulb or heater changes electric energy into light or thermal 
energy. But the watt is used for other types of energy transformation as well. In the 
British system, the unit of power is the foot-pound per second (ft-Ib/s). For practical 
purposes a larger unit is often used, the horsepower. One horsepower’ (hp) is 
defined as 550 ft-Ib/s, which equals 746 watts. An engine’s power is usually 
specified in hp or in kW (1kW ~ 13hp). 

To see the distinction between energy and power, consider the following 
example. A person is limited in the work he or she can do, not only by the 
total energy required, but also by how fast this energy is transformed: that is, by 
power. For example, a person may be able to walk a long distance or climb many 
flights of stairs before having to stop because so much energy has been expended. 
On the other hand, a person who runs very quickly up stairs may feel exhausted 
after only a flight or two. He or she is limited in this case by power, the rate at 
which his or her body can transform chemical energy into mechanical energy. 


Stair-climbing power. A 60-kg jogger runs up a long flight of 
stairs in 4.0s (Fig. 21). The vertical height of the stairs is 4.5m. (a) Estimate the 
jogger’s power output in watts and horsepower. (b) How much energy did this 
require? 

APPROACH The work done by the jogger is against gravity, and equals 
W = mgy. To find her average output, we divide W by the time it took. 
SOLUTION (a) The average power output was 

— W mgy (60 kg)(9.8 m/s?)(4.5 m) 


ns to to 4.05s = BE: 


Since there are 746 W in 1 hp, the jogger is doing work at a rate of just under 1 hp. 
A human cannot do work at this rate for very long. 

(b) The energy required is E = Pt = (660 J/s)(4.0s) =2600J. This result 
equals W = mgy. 

NOTE The person had to transform more energy than this 2600 J. The total energy 
transformed by a person or an engine always includes some thermal energy (recall 
how hot you get running up stairs). 


Automobiles do work to overcome the force of friction (and air resistance), to 
climb hills, and to accelerate. A car is limited by the rate it can do work, which is 
why automobile engines are rated in horsepower. A car needs power most when it 
is climbing hills and when accelerating. In the next Example, we will calculate how 
much power is needed in these situations for a car of reasonable size. Even when a 
car travels on a level road at constant speed, it needs some power just to do work 
to overcome the retarding forces of internal friction and air resistance. These 
forces depend on the conditions and speed of the car, but are typically in the range 
400 N to 1000 N. 

It is often convenient to write the power in terms of the net force F 
applied to an object and its velocity ¥. Since P =dW/dt and dW =F - dé, 
then 


P= = F-— = F.v. (21) 


The unit was chosen by James Watt (1736-1819), who needed a way to specify the power of his newly 
developed steam engines. He found by experiment that a good horse can work all day at an average 
rate of about 360 ft-Ib/s. So as not to be accused of exaggeration in the sale of his steam engines, he 
multiplied this by roughly 13 when he defined the hp. 


Conservation of Energy 


Power needs of a car. Calculate the power required of a 1400-kg 
car under the following circumstances: (a) the car climbs a 10° hill (a fairly steep 
hill) at a steady 80 km/h; and (b) the car accelerates along a level road from 90 to 
110 km/h in 6.0s to pass another car. Assume that the average retarding force on 
the car is Fp = 700N throughout. See Fig. 22. 


APPROACH First we must be careful not to confuse Fr, which is due to air resis- 
tance and friction that retards the motion, with the force F needed to accelerate 
the car, which is the frictional force exerted by the road on the tires — the reaction 
to the motor-driven tires pushing against the road. We must determine the latter 
force F before calculating the power. 


SOLUTION (a) To move at a steady speed up the hill, the car must, by Newton’s 
second law, exert a force F equal to the sum of the retarding force, 700 N, and the 
component of gravity parallel to the hill, mg sin 10°. Thus 
F = 700N + mg sin 10° 
= 700N + (1400 kg)(9.80 m/s’)(0.174) = 3100N. 
Since v = 80km/h = 22 m/s and is parallel to F, then (Eq. 21) the power is 
P = Fū = (3100N)(22m/s) = 6.80 X10'W = 68.0kW = 91hp. 


(b) The car accelerates from 25.0 m/s to 30.6 m/s (90 to 110 km/h). Thus the car 
must exert a force that overcomes the 700-N retarding force plus that required to 
give it the acceleration 


i, = (30.6 mse m/s) ogee 
We apply Newton’s second law with x being the direction of motion: 
ma, = XF, = F — Fp. 
We solve for the force required, F: 
F = ma, + Fe 
= (1400kg)(0.93 m/s?) + 700N = 1300N + 700N = 2000N. 


Since P =F - y, the required power increases with speed and the motor must 
be able to provide a maximum power output of 


P = (2000N)(30.6m/s) = 6.12 X10'W = 612kW = 82hp. 


NOTE Even taking into account the fact that only 60 to 80% of the engine’s 
power output reaches the wheels, it is clear from these calculations that an engine 
of 75 to 100 kW (100 to 130 hp) is adequate from a practical point of view. 


We mentioned in the Example above that only part of the energy output of a 
car engine reaches the wheels. Not only is some energy wasted in getting from the 
engine to the wheels, in the engine itself much of the input energy (from the 
gasoline) does not end up doing useful work. An important characteristic of all 
engines is their overall efficiency e, defined as the ratio of the useful power output 
of the engine, Pout, to the power input, Pin: 

Pout 

Pin 

The efficiency is always less than 1.0 because no engine can create energy, and in 
fact, cannot even transform energy from one form to another without some going 
to friction, thermal energy, and other nonuseful forms of energy. For example, an 
automobile engine converts chemical energy released in the burning of gasoline 
into mechanical energy that moves the pistons and eventually the wheels. But 
nearly 85% of the input energy is “wasted” as thermal energy that goes into the cooling 
system or out the exhaust pipe, plus friction in the moving parts. Thus car engines are 
roughly only about 15% efficient. 


eS 


FIGURE 22 Example 15: 
Calculation of power needed for a 
car to climb a hill. 
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FIGURE 23 A potential energy 
diagram. 
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*0 Potential Energy Diagrams; 
Stable and Unstable Equilibrium 


If only conservative forces do work on an object, we can learn a great deal 
about its motion simply by examining a potential energy diagram — the graph of 
U(x) versus x. An example of a potential energy diagram is shown in Fig. 23. The 
rather complex curve represents some complicated potential energy U(x). The 
total energy E = K +U is constant and can be represented as a horizontal line 
on this graph. Four different possible values for E are shown, labeled Eo, E1, E>, 
and E}. What the actual value of F will be for a given system depends on the 
initial conditions. (For example, the total energy E of a mass oscillating on the end 
of a spring depends on the amount the spring is initially compressed or stretched.) 
Kinetic energy K =4mv* cannot be less than zero (v would be imaginary), and 
because E =U + K = constant, then U(x) must be less than or equal to E for all 
situations: U(x) < E. Thus the minimum value which the total energy can take 
for the potential energy shown in Fig. 23 is that labeled Ey. For this value of E, the 
mass can only be at rest at x = x). The system has potential energy but no kinetic 
energy at this position. 

If the system’s total energy E is greater than Ep, say it is E, on our plot, the 
system can have both kinetic and potential energy. Because energy is conserved, 


K = E — U(x). 


Since the curve represents U(x) at each x, the kinetic energy at any value of x is 
represented by the distance between the E line and the curve U(x) at that value 
of x. In the diagram, the kinetic energy for an object at xı, when its total energy 
is Æ}, is indicated by the notation K,. 

An object with energy E; can oscillate only between the points x, and x3. This 
is because if x > x, or x < x3, the potential energy would be greater than Æ, 
meaning K =}mv? < 0 and v would be imaginary, and so impossible. At x, and 
x3 the velocity is zero, since E =U at these points. Hence x, and x; are called the 
turning points of the motion. If the object is at xy, say, moving to the right, its 
kinetic energy (and speed) decreases until it reaches zero at x = x,. The object 
then reverses direction, proceeding to the left and increasing in speed until it 
passes xX, again. It continues to move, decreasing in speed until it reaches x = x3, 
where again v = 0, and the object again reverses direction. 

If the object has energy E = E, in Fig. 23, there are four turning points. The 
object can move in only one of the two potential energy “valleys,” depending on 
where it is initially. It cannot get from one valley to the other because of the barrier 
between them — for example at a point such as x,,U > E,, which means v would 
be imaginary.’ For energy E;, there is only one turning point since U(x) < E, for 
all x > xs. Thus our object, if moving initially to the left, varies in speed as it passes 
the potential valleys but eventually stops and turns around at x = x;. It then 
proceeds to the right indefinitely, never to return. 

How do we know the object reverses direction at the turning points? Because 
of the force exerted on it. The force F is related to the potential energy U by 
Eq. 7, F = —dU/dx. The force F is equal to the negative of the slope of the 
U-versus-x curve at any point x. At x = x,, for example, the slope is positive so the 
force is negative, which means it acts to the left (toward decreasing values of x). 

At x =x, the slope is zero,so F = 0. At such a point the particle is said to 
be in equilibrium. This term means simply that the net force on the object is zero. 
Hence, its acceleration is zero, and so if it is initially at rest, it remains at rest. If the 
object at rest at x = xọ were moved slightly to the left or right, a nonzero force 
would act on it in the direction to move it back toward x). An object that returns 


‘Although this is true according to Newtonian physics, modern quantum mechanics predicts that 
objects can “tunnel” through such a barrier, and such processes have been observed at the atomic and 
subatomic level. 
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toward its equilibrium point when displaced slightly is said to be at a point of 
stable equilibrium. Any minimum in the potential energy curve represents a point 
of stable equilibrium. 

An object at x =x, would also be in equilibrium, since F = —dU/dx = 0. 
If the object were displaced a bit to either side of x,, a force would act to pull the 
object away from the equilibrium point. Points like x4, where the potential energy 
curve has a maximum, are points of unstable equilibrium. The object will not 
return to equilibrium if displaced slightly, but instead will move farther away. 

When an object is in a region over which U is constant, such as near x = xę in 
Fig. 23, the force is zero over some distance. The object is in equilibrium and if 
displaced slightly to one side the force is still zero. The object is said to be in 


neutral equilibrium in this region. 


| Summary 


A conservative force is one for which the work done by the 
force in moving an object from one position to another depends 
only on the two positions and not on the path taken. The work 
done by a conservative force is recoverable, which is not true for 
nonconservative forces, such as friction. 

Potential energy, U, is energy associated with conservative 
forces that depend on the position or configuration of objects. 
Gravitational potential energy is 


U grav = mMgy, (3) 


where the mass m is near the Earth’s surface, a height y above 
some reference point. Elastic potential energy is given by 


Ua = ik? (5) 


for a spring with stiffness constant k stretched or compressed a 
displacement x from equilibrium. Other potential energies include 
chemical, electrical, and nuclear energy. 

Potential energy is always associated with a conservative 
force, and the change in potential energy, AU, between two 
points under the action of a conservative force F is defined as 
the negative of the work done by the force: 


AU = UV, -U = -|F (4) 
1 
Inversely, we can write, for the one-dimensional case, 
dU(x) 
F = — . (7) 
dx 


Only changes in potential energy are physically meaningful, so 
the position where U = 0 can be chosen for convenience. 


Potential energy is not a property of an object but is associated 
with the interaction of two or more objects. 

When only conservative forces act, the total mechanical 
energy, E, defined as the sum of kinetic and potential energies, 
is conserved: 


E = K + U = constant. (10) 


If nonconservative forces also act, additional types of energy are 
involved, such as thermal energy. It has been found experimen- 
tally that, when all forms of energy are included, the total 
energy is conserved. This is the law of conservation of energy: 


AK + AU + A(other energy types) = 0. (14) 


The gravitational force as described by Newton’s law of 
universal gravitation is a conservative force. The potential 
energy of an object of mass m due to the gravitational force 
exerted on it by the Earth is given by 


GmM_ 


U(r) = 7 


(17) 
where Mg is the mass of the Earth and r is the distance of the 
object from the Earth’s center (r = radius of Earth). 

Power is defined as the rate at which work is done or the 
rate at which energy is transformed from one form to another: 


dW dE 
P=—e= , 20 
dt dt (20) 
or = 
P=F-¥. (21) 


J Answers to Exercises 


A: (e), (e); (e), (c). 
B: (b). 


C: (c). 
D: Equal speeds. 
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| Questions 


M. C. Escher’s “Waterfall,” Copyright © 2005 


The M. C. Escher Company—Holland 


1. 


9. In Fig. 25, water balloons are 


List some everyday forces that are not conservative, and 
explain why they aren’t. 


. You lift a heavy book from a table to a high shelf. List the 


forces on the book during this process, and state whether 
each is conservative or nonconservative. 


. The net force acting on a particle is conservative and increases 


the kinetic energy by 300J. What is the change in (a) the 
potential energy, and (b) the total energy, of the particle? 


. When a “superball” is dropped, can it rebound to a greater 


height than its original height? 


. A hill has a height A. A child on a sled (total mass 7n) slides 


down starting from rest at the top. Does the velocity at the 
bottom depend on the angle of the hill if (a) it is icy and there 
is no friction, and (b) there is friction (deep snow)? 


. Why is it tiring to push hard against a solid wall even 


though no work is done? 


. Analyze the motion of a simple swinging pendulum in terms 


of energy, (a) ignoring friction, and (b) taking friction into 
account. Explain why a grandfather clock has to be wound up. 


. Describe precisely what is “wrong” physically in the famous 


Escher drawing shown in Fig. 24. 


This image is intentionally 
omitted from this text. 
It may be accessed at 

www.mcescher.com. 


FIGURE 24 


Question 8. 


5N: 
tossed from the roof of a building, A À 
all with the same speed but with 
different launch angles. Which one 
has the highest speed when it hits 
the ground? Ignore air resistance. 


FIGURE 25 
Question 9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


. A coil spring of mass m rests upright on a table. If you 
compress the spring by pressing down with your hand and 
then release it, can the spring leave the table? Explain using 
the law of conservation of energy. 

What happens to the gravitational potential energy when 
water at the top of a waterfall falls to the pool below? 
Experienced hikers prefer to step over a fallen log in their 
path rather than stepping on top and jumping down on the 
other side. Explain. 

(a) Where does the kinetic energy come from when a car 
accelerates uniformly starting from rest? (b) How is the 
increase in kinetic energy related to the friction force the 
road exerts on the tires? 

The Earth is closest to the Sun in winter (Northern Hemi- 
sphere). When is the gravitational potential energy the greatest? 
Can the total mechanical energy E = K +U ever be 
negative? Explain. 

Suppose that you wish to launch a rocket from the surface 
of the Earth so that it escapes the Earth’s gravitational field. 
You wish to use minimum fuel in doing this. From what 
point on the surface of the Earth should you make the 
launch and in what direction? Do the launch location and 
direction matter? Explain. 

Recall that you can use a pulley and ropes to 
decrease the force needed to raise a heavy 
load (see Fig. 26). But for every meter 
the load is raised, how much rope must 

be pulled up? Account for this, using 
energy concepts. 


FIGURE 26 
Question 17. 


Two identical arrows, one with twice the speed of the other, 
are fired into a bale of hay. Assuming the hay exerts a 
constant “frictional” force on the arrows, the faster arrow 
will penetrate how much farther than the slower arrow? 
Explain. 

A bowling ball is hung from the ceiling by a steel 
wire (Fig. 27). The 
instructor pulls the ball 
back and stands against 
the wall with the ball 
against his nose. To avoid 
injury the instructor is 
supposed to release the 
ball without pushing it. 
Why? 


FIGURE 27 
Question 19. 


From Chapter 8 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 


241 


242 


20. 


21. 


22. 


23. 


24. 


25. 
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A pendulum is launched from a point that is a height A above 
its lowest point in two different ways (Fig. 28). During both 
launches, the pendulum is given an initial speed of 3.0 m/s. 
On the first launch, the initial velocity of the pendulum is 
directed upward along the trajectory, 
and on the second launch it is 

\ directed downward along the 
DN trajectory. Which launch will 
\ cause the highest speed 

` when the pendulum bob 

\e passes the lowest 

À point of its 
swing? Explain. 


< 


| N (First launch) 


FIGURE 28 


(Second launch) : 
Question 20. 


Describe the energy transformations when a child hops 
around on a pogo stick. 

Describe the energy transformations that take place when a 
skier starts skiing down a hill, but after a time is brought to 
rest by striking a snowdrift. 

Suppose you lift a suitcase from the floor to a table. The 
work you do on the suitcase depends on which of the 
following: (a) whether you lift it straight up or along a more 
complicated path, (b) the time the lifting takes, (c) the 
height of the table, and (d) the weight of the suitcase? 
Repeat Question 23 for the power needed instead of the 
work. 


Why is it easier to climb a mountain via a zigzag trail rather 
than to climb straight up? 


* 26. 


*27. 


*28. 


Figure 29 shows a potential energy curve, U(x). (a) At 
which point does the force have greatest magnitude? (b) For 
each labeled point, state whether the force acts to the left or 
to the right, or is 

zero. (c) Where is Oe) 
there equilibrium 
and of what type is 
it? 


FIGURE 29 
Question 26. 


(a) Describe in detail the velocity changes of a particle that has 
energy E} in Fig. 23 Uw 

as it moves from x6 
to x5 and back to xę. 
(b) Where is its 
kinetic energy the 
greatest and the 


Ey 


E 
least? 2 
Ey 
FIGURE 23 Eo 
A potential energy 


diagram. 


Name the type of equilibrium for each position of the balls 
in Fig. 30. 


A 


FIGURE 30 
Question 28. 


l Problems 


[The Problems in this Section are ranked I, II, or III according to 
estimated difficulty, with (I) Problems being easiest. Level (II) 
Problems are meant mainly as a challenge for the best students, for 
“extra credit.” The Problems are arranged by Sections, meaning that 
the reader should have read up to and including that Section, but 
this Chapter also has a group of General Problems that are not 
arranged by Section and not ranked.] 


1 and 2 Conservative Forces and Potential Energy 


A 


(1) A spring has a spring constant k of 82.0 N/m. How much 
must this spring be compressed to store 35.0 J of potential 
energy? 


. (I) A 6.0-kg monkey swings from one branch to another 1.3m 


higher. What is the change in gravitational potential energy? 


. (II) A spring with k = 63N/m hangs vertically next to a 


ruler. The end of the spring is next to the 15-cm mark on the 
ruler. If a 2.5-kg mass is now attached to the end of the spring, 
where will the end of the spring line up with the ruler marks? 


. (II) A 56.5-kg hiker starts at an elevation of 1270m and 


climbs to the top of a 2660-m peak. (a) What is the hiker’s 
change in potential energy? (b) What is the minimum work 
required of the hiker? (c) Can the actual work done be 
greater than this? Explain. 


5. 


. (I) A particular spring obeys the force 


(II) A 1.60-m tall person lifts a 1.95-kg book off the ground 
so it is 2.20m above the ground. What is the potential 
energy of the book relative to (a) the ground, and (b) the 
top of the person’s head? (c) How is the work done by the 
person related to the answers in parts (a) and (b)? 


. (II) A 1200-kg car rolling on a horizontal surface has speed 


v = 75km/h when it strikes a horizontal coiled spring and 
is brought to rest in a distance of 2.2 m. What is the spring 
stiffness constant of the spring? 

law F= 
(—kx + ax? + bx*)i. (a) Is this force conservative? 
Explain why or why not. (b) If it is conservative, determine 
the form of the potential energy function. 


. (IL) If U = 3x? + 2xy + 4y°z, what is the force, F? 
. (II) A particle is constrained to move in one dimension 


along the x axis and is acted upon by a force given by 


= Kx 
F(x) = = i 
x 


where k is a constant with units appropriate to the SI system. 
Find the potential energy function U(x), if U is arbitrarily 
defined to be zero at x = 2.0m, so that U(2.0m) = 0. 


10. 
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(II) A particle constrained to move in one dimension is 
subject to a force F(x) that varies with position x as 


F(x) = Asin(kx)i 


where A and k are constants. What is the potential energy 
function U(x), if we take U = 0 at the point x = 0? 


3 and 4 Conservation of Mechanical Energy 


11. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


(1) A novice skier, starting from rest, slides down a friction- 
less 13.0° incline whose vertical height is 125 m. How fast is 
she going when she reaches the bottom? 


. (I) Jane, looking for Tarzan, is running at top speed 


(5.0 m/s) and grabs a vine hanging vertically from a tall tree 
in the jungle. How high can she swing upward? Does the 
length of the vine affect your answer? 

(II) In the high jump, the kinetic energy of an athlete is 
transformed into gravitational potential energy without the 
aid of a pole. With what minimum speed must the athlete 
leave the ground in order to lift his center of mass 2.10 m 
and cross the bar with a speed of 0.70 m/s? 

(IT) A sled is initially given a shove up a frictionless 23.0° 
incline. It reaches a maximum vertical height 1.12 m higher 
than where it started. What was its initial speed? 

(ID) A 55-kg bungee jumper leaps from a bridge. She is tied 
to a bungee cord that is 12m long when unstretched, and 
falls a total of 31 m. (a) Calculate the spring constant k of 
the bungee cord assuming Hooke’s law applies. (b) Calcu- 
late the maximum acceleration she experiences. 

(11) A 72-kg trampoline artist jumps vertically upward from 


the top of a platform with a t 


speed of 4.5m/s. (a) How 
fast is he going as he lands on 
the trampoline, 2.0m below 
(Fig. 31)? (b) If the trampoline 
behaves like a spring of spring 
constant 5.8 X 10*N/m, how 
(II) The total energy E of an object of mass m that moves in 
one dimension under the influence of only conservative 
forces can be written as 
E= sm? + U. 


far does he depress it? 


FIGURE 31 
Problem 16. 


Use conservation of energy, dE/dt = 0, to predict Newton’s 
second law. 

(ID) A 0.40-kg ball is thrown with a speed of 8.5 m/s at an 
upward angle of 36°. (a) What is its speed at its highest point, 
and (b) how high does it go? (Use conservation of energy.) 
(qI) A vertical spring (ignore its mass), whose spring 
constant is 875N/m, is attached to a table and is 
compressed down by 0.160 m. (a) What upward speed can 
it give to a 0.380-kg ball when released? (b) How high 
above its original position (spring compressed) will the 
ball fly? 

(ID) A roller-coaster car shown in Fig. 32 is pulled up to 
point 1 where it is released from rest. Assuming no friction, 
calculate the speed at points 2, 3, and 4. 


32 mf Be oop 6" 
FIGURE 32 Í T ELDE 14 
ELEITA bp lam 
Problems 20 L 7 
and 34. 
21. (II) When a mass m sits at rest on a spring, the spring is 


22. 


23. 


compressed by a distance d from its undeformed length 
(Fig. 33a). Suppose instead that the mass is released 
from rest when it barely touches the undeformed 
spring (Fig. 33b). Find the distance D that the spring is 
compressed before it 
is able to stop the 


Se ag RE eee — 
mass. Does D = d? ~> 
If not, why not? d > 
Atrest «> Uncompressed 
„>> spring 


A 
T 
FIGURE 33 
Problem 21. (a) (b) 


(I) Two masses are connected by a string as shown in 
Fig. 34. Mass ma = 4.0kg rests on a frictionless inclined 
plane, while mg = 5.0kg is initially held at a height of 
h = 0.75m above the floor. (a) If mg is allowed to fall, what 
will be the resulting acceleration of the masses? (b) If the 
masses were initially at rest, use the kinematic equations 
to find their velocity just before mg hits the floor. (c) Use 
conservation of energy to find the velocity of the masses just 
before mg hits the floor. You should get the same answer as 
in part (b). 


FIGURE 34 
Problem 22. 


(ID) A block of mass 7n is attached to the end of a spring (spring 
stiffness constant k), Fig. 35. The mass is given an initial 
displacement xo from equilibrium, and an initial speed vo. 
Ignoring friction and the mass of the spring, use energy 
methods to find (a) its maximum speed, and (b) its maximum 
stretch from equilibrium, in terms of the given quantities. 


FIGURE 35 Problems 23, 37, and 38. 


243 


244 
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25. 


26. 


27. 


28. 


Conservation of Energy: Problem Set 


(II) A cyclist intends to cycle up a 9.50° hill whose vertical 
height is 125m. The pedals turn in a circle of diameter 
36.0 cm. Assuming the mass of bicycle plus person is 75.0 kg, 
(a) calculate how much work must be done against gravity. 
(b) If each complete revolution of the pedals moves the 
bike 5.10m along its path, calculate the average force that 
must be exerted on the pedals tangent to their circular path. 
Neglect work done by friction and other losses. 

(II) A pendulum 2.00 m long is released (from rest) at an 
angle 69 = 30.0° (Fig. 14). Determine the speed of the 
70.0-g bob: (a) at the lowest point (@=0); (b) at 
0 = 15.0°, (c) at 0 = —15.0° (i.e., on the opposite side). 
(d) Determine the tension in the cord at each of these 
three points. (e) If the bob is given an initial speed 
v = 1.20m/s when released at 0 = 30.0°, recalculate the 
speeds for parts (a), (b), and (c). 

(II) What should be the spring constant k of a spring designed 
to bring a 1200-kg car to rest from a speed of 95 km/h so 
that the occupants undergo a maximum acceleration of 5.0 g? 
(II) An engineer is designing a spring to be placed at the 
bottom of an elevator shaft. If the elevator cable breaks 
when the elevator is at a height h above the top of the 
spring, calculate the value that the spring constant k should 
have so that passengers undergo an acceleration of no more 
than 5.0 g when brought to rest. Let M be the total mass of 
the elevator and passengers. 

(IIT) A skier of mass m starts from rest at the top of a solid 
sphere of radius r and slides down its frictionless surface. 
(a) At what angle 0 (Fig. 36) will the 
skier leave the sphere? (b) If friction 
were present, would the skier fly off 
at a greater or lesser angle? 


FIGURE 36 
Problem 28. 


5 and 6 Law of Conservation of Energy 


29. 


30. 


31. 


32. 


33. 


34. 


(I) Two railroad cars, each of mass 56,000 kg, are traveling 
95 km/h toward each other. They collide head-on and come 
to rest. How much thermal energy is produced in this collision? 
(I) A 16.0-kg child descends a slide 2.20 m high and reaches 
the bottom with a speed of 1.25 m/s. How much thermal 
energy due to friction was generated in this process? 

(II) A ski starts from rest and slides down a 28° incline 85m 
long. (a) If the coefficient of friction is 0.090, what is the ski’s 
speed at the base of the incline? (b) If the snow is level at the 
foot of the incline and has the same coefficient of friction, how 
far will the ski travel along the level? Use energy methods. 
(II) A 145-g baseball is dropped from a tree 14.0m above 
the ground. (a) With what speed would it hit the ground if 
air resistance could be ignored? (b) If it actually hits the 
ground with a speed of 8.00 m/s, what is the average force 
of air resistance exerted on it? 

(II) A 96-kg crate, starting from rest, is pulled across a floor 
with a constant horizontal force of 350 N. For the first 15 m 
the floor is frictionless, and for the next 15 m the coefficient 
of friction is 0.25. What is the final speed of the crate? 

(II) Suppose the roller-coaster car in Fig. 32 passes point 1 
with a speed of 1.70 m/s. If the average force of friction is 
equal to 0.23 of its weight, with what speed will it reach 
point 2? The distance traveled is 45.0 m. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


(II) A skier traveling 9.0 m/s reaches the foot of a steady 
upward 19° incline and glides 12 m up along this slope before 
coming to rest. What was the average coefficient of friction? 


(II) Consider the track shown in Fig. 37. The section AB is 
one quadrant of a circle of radius 2.0m and is frictionless. 
B to C is a horizontal span 3.0m long with a coefficient of 
kinetic friction węg = 0.25. The section CD under the spring 
is frictionless. A block of mass 1.0 kg is released from rest at 
A. After sliding on the track, it compresses the spring by 
0.20 m. Determine: (a) the velocity of the block at point B; 
(b) the thermal energy produced as the block slides from B 
to C; (c) the velocity of the block at point C; (d) the stiffness 
constant k for the spring. 


m= 1.0 kg 


p FIGURE 37 
Problem 36. 


(II) A 0.620-kg wood block is firmly attached to a very light 
horizontal spring (k = 180 N/m) as shown in Fig. 35. This 
block-spring system, when compressed 5.0 cm and released, 
stretches out 2.3 cm beyond the equilibrium position before 
stopping and turning back. What is the coefficient of kinetic 
friction between the block and the table? 

(II) A 180-g wood block is firmly attached to a very light 
horizontal spring, Fig. 35. The block can slide along a table 
where the coefficient of friction is 0.30. A force of 25N 
compresses the spring 18 cm. If the spring is released from 
this position, how far beyond its equilibrium position will it 
stretch on its first cycle? 

(I) You drop a ball from a height of 2.0 m, and it bounces back 
to a height of 1.5 m. (a) What fraction of its initial energy is lost 
during the bounce? (b) What is the ball’s speed just before 
and just after the bounce? (c) Where did the energy go? 

(II) A 56-kg skier starts from rest at the top of a 1200-m- 
long trail which drops a total of 230m from top to bottom. 
At the bottom, the skier is moving 11.0m/s. How much 
energy was dissipated by friction? 

(II) How much does your gravitational energy change when 
you jump as high as you can (say, 1.0m)? 

(III) A spring (k = 75 N/m) has an equilibrium length of 
1.00 m. The spring is compressed to a length of 0.50 m and a 
mass of 2.0 kg is placed at its free end on a frictionless slope 
which makes an angle of 41° with respect to the horizontal 
(Fig. 38). The spring is then released. (a) If the mass is not 
attached to the spring, how far up the slope will the mass 
move before coming to rest? (b) If the mass is attached to 
the spring, how far up the slope will the mass move before 
coming to rest? (c) Now the incline has a coefficient of 
kinetic friction ug. If the block, attached to the spring, is 
observed to stop just as it reaches the spring’s equilibrium 
position, what is the coefficient of friction ug? 


FIGURE 38 
Problem 42. 
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44. 


Conservation of Energy: Problem Set 


(II) A 2.0-kg block slides along a horizontal surface with a 
coefficient of kinetic friction ux = 0.30. The block has a 
speed v = 1.3m/s when it strikes a massless spring head-on. 
(a) If the spring has force constant k = 120N/m, how far 
is the spring compressed? (b) What minimum value of the 
coefficient of static friction, wg, will assure that the spring 
remains compressed at the maximum compressed position? 
(c) If us is less than this, what is the speed of the block when 
it detaches from the decompressing spring? [Hint: Detach- 
ment occurs when the spring reaches its natural length 
(x = 0); explain why.] 

(II) Early test flights for the space shuttle used a “glider” 
(mass of 980 kg including pilot). After a horizontal launch at 
480 km/h at a height of 3500 m, the glider eventually landed 
at a speed of 210 km/h. (a) What would its landing speed 
have been in the absence of air resistance? (b) What was the 
average force of air resistance exerted on it if it came in at a 
constant glide angle of 12° to the Earth’s surface? 


7 Gravitational Potential Energy 
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49. 


50. 


51. 


52. 


(I) For a satellite of mass mg in a circular orbit of radius rg 
around the Earth, determine (a) its kinetic energy K, (b) its 
potential energy U (U = 0 at infinity), and (c) the ratio K/U. 


(1) Jill and her friends have built a small rocket that soon 
after lift-off reaches a speed of 850 m/s. How high above 
the Earth can it rise? Ignore air friction. 


(1) The escape velocity from planet A is double that for 
planet B. The two planets have the same mass. What is the 
ratio of their radii, r,/rp? 


(II) Show that Eq. 16 for gravitational potential energy 
reduces to Eq. 2, AU = mg(yo = yı) for objects near the 
surface of the Earth. 

GmM GmM 
AU = U, - U; E4 E (16) 


ry rı 


We = mgl- y) ®© 


AU = U, - U; 


(II) Determine the escape velocity from the Sun for an 
object (a) at the Sun’s surface (r = 7.0 X 10° km, 
M = 2.0 x 10°° kg), and (b) at the average distance of the 
Earth (1.50 x 108 km). Compare to the speed of the Earth 
in its orbit. 


(II) Two Earth satellites, A and B, each of mass m = 950 kg, 
are launched into circular orbits around the Earth’s center. 
Satellite A orbits at an altitude of 4200 km, and satellite B 
orbits at an altitude of 12,600 km. (a) What are the potential 
energies of the two satellites? (b) What are the kinetic ener- 
gies of the two satellites? (c) How much work would it require 
to change the orbit of satellite A to match that of satellite B? 


(II) Show that the escape velocity for any satellite in a 
circular orbit is V2 times its velocity. 


(1D) (a) Show that the total mechanical energy of a satellite 
(mass m) orbiting at a distance r from the center of the 
Earth (mass Mg) is 


1 GmMg 


E= 
2 r 


if U = 0 at r = œ. (b) Show that although friction causes 
the value of E to decrease slowly, kinetic energy must actu- 
ally increase if the orbit remains a circle. 
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58. 


59. 


(II) Take into account the Earth’s rotational speed (1 rev/day) 
and determine the necessary speed, with respect to Earth, for a 
rocket to escape if fired from the Earth at the equator in a 
direction (a) eastward; (b) westward; (c) vertically upward. 

(II) (a) Determine a formula for the maximum height / that a 
rocket will reach if launched vertically from the Earth’s 
surface with speed vo (< Vese)- Express in terms of vo, rg, Mg, 
and G. (b) How high does a rocket go if v9 = 8.35 km/s? 
Ignore air resistance and the Earth’s rotation. 

(ID) (a) Determine the rate at which the escape velocity from 
the Earth changes with distance from the center of the Earth, 
dvesc/dr. (b) Use the approximation Av ~ (dv/dr) Ar to 
determine the escape velocity for a spacecraft orbiting the 
Earth at a height of 320 km. 

(II) A meteorite has a speed of 90.0 m/s when 850 km above 
the Earth. It is falling vertically (ignore air resistance) and 
strikes a bed of sand in which it is brought to rest in 3.25 m. 
(a) What is its speed just before striking the sand? (b) How much 
work does the sand do to stop the meteorite (mass = 575 kg)? 
(c) What is the average force exerted by the sand on the 
meteorite? (d) How much thermal energy is produced? 

(II) How much work would be required to move a satellite 
of mass m from a circular orbit of radius rų = 2rg about 
the Earth to another circular orbit of radius r) = 3rg? 
(rg is the radius of the Earth.) 

(II) (a) Suppose we have three masses, m,, m2, and m3, that 
initially are infinitely far apart from each other. Show that the 
work needed to bring them to the positions shown in Fig. 39 is 


my, M? mı M3 m M3 
W a + + . 
r12 113 123 


(b) Can we say that this formula also gives the potential energy 
of the system, or the potential energy of one or two of the 
objects? (c) Is W equal to 
the binding energy of the 
system—that is, equal to 
the energy required to sepa- 
rate the components by an 
infinite distance? Explain. 


my 
an. 


FIGURE 39 
Problem 58. m3 


(IT) A NASA satellite has just observed an asteroid that is 
on a collision course with the Earth. The asteroid has an 
estimated mass, based on its size, of 5 X 10° kg. It is 
approaching the Earth on a head-on course with a velocity 
of 660 m/s relative to the Earth and is now 5.0 X 10°km 
away. With what speed will it hit the Earth’s surface, 
neglecting friction with the atmosphere? 


. (II) A sphere of radius rı has a concentric spherical cavity of 


radius r2 (Fig. 40). Assume this spherical shell of thickness 
rı — r2is uniform and has a total mass M. Show that the gravi- 
tational potential . 
energy of a mass m at 
a distance r from the 
center of the shell 
(r > rı) is given by 
GmM 
r 


U = - 


FIGURE 40 
Problem 60. 
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61. 


Conservation of Energy: Problem Set 


(II) To escape the solar system, an interstellar spacecraft 
must overcome the gravitational attraction of both the 
Earth and Sun. Ignore the effects of other bodies in the 
solar system. (a) Show that the escape velocity is 


v vE 4 (vs vo)” = 16.7km/s, 


where: vg is the escape velocity from the Earth (Eq. 19); 
vs = V2GMs/rsp is the escape velocity from the gravita- 
tional field of the Sun at the orbit of the Earth but far from 
the Earth’s influence (rsg is the Sun—Earth distance); and vg is 
the Earth’s orbital velocity about the Sun. (b) Show that the 
energy required is 1.40 x 108J per kilogram of spacecraft 
mass. [Hint: Write the energy equation for escape from Earth 
with v’ as the velocity, relative to Earth, but far from Earth; 
then let v’ + vo be the escape velocity from the Sun.] 


Vee = W/2GMyz/rg = 1.12 X 104m/s (19) 


8 Power 
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(1) How long will it take a 1750-W motor to lift a 335-kg 
piano to a sixth-story window 16.0 m above? 


(I) If a car generates 18hp when traveling at a steady 
95 km/h, what must be the average force exerted on the car 
due to friction and air resistance? 


(I) An 85-kg football player traveling 5.0 m/s is stopped in 
1.0s by a tackler. (a) What is the original kinetic energy of 
the player? (b) What average power is required to stop him? 


(II) A driver notices that her 1080-kg car slows down from 
95 km/h to 65 km/h in about 7.0s on the level when it is in 
neutral. Approximately what power (watts and hp) is 
needed to keep the car traveling at a constant 80 km/h? 


(11) How much work can a 3.0-hp motor do in 1.0 h? 


(II) An outboard motor for a boat is rated at 55 hp. If it can 
move a particular boat at a steady speed of 35 km/h, what is 
the total force resisting the motion of the boat? 


(II) A 1400-kg sports car accelerates from rest to 95 km/h in 
7.4s. What is the average power delivered by the engine? 


(II) During a workout, football players ran up the stadium 
stairs in 75s. The stairs are 78 m long and inclined at an angle 
of 33°. If a player has a mass of 92 kg, estimate his average 
power output on the way up. Ignore friction and air resistance. 


(II) A pump lifts 21.0kg of water per minute through a 
height of 3.50m. What minimum output rating (watts) must 
the pump motor have? 


(II) A ski area claims that its lifts can move 47,000 people 
per hour. If the average lift carries people about 200m 
(vertically) higher, estimate the maximum total power 
needed. 


72. 


vos 


74. 


(11) A 75-kg skier grips a moving rope that is powered by an 
engine and is pulled at constant speed to the top of a 23° 
hill. The skier is pulled a distance x = 220m along the 
incline and it takes 2.0 min to reach the top of the hill. If the 
coefficient of kinetic friction between the snow and skis is 
Lx = 0.10, what horsepower engine is required if 30 such 
skiers (max) are on the rope at one time? 

(III) The position of a 280-g object is given (in meters) by 
x = 5.007 — 8.002 — 44t, where t is in seconds. Determine 
the net rate of work done on this object (a) at t = 2.0s and 
(b) at t = 4.0s. (c) What is the average net power input 
during the interval from ¢ = 0s to t= 2.0s, and in the 
interval from t = 2.0s to 4.0s? 

(III) A bicyclist coasts down a 6.0° hill at a steady speed of 
4.0 m/s. Assuming a total mass of 75 kg (bicycle plus rider), 
what must be the cyclist’s power output to climb the same 
hill at the same speed? 


+9 Potential Energy Diagrams 


* 75. 


«76. 


sa a 


*78. 


(I) Draw a potential energy diagram, U vs. x, and analyze 
the motion of a mass m resting on a frictionless horizontal 
table and connected to a horizontal spring with stiffness 
constant k. The mass is pulled a distance to the right so that 
the spring is stretched a distance xg initially, and then the 
mass is released from rest. 


(II) The spring of Problem 75 has a stiffness constant 
k = 160N/m. The mass m = 5.0kg is released from rest 
when the spring is stretched xg = 1.0m from equilibrium. 
Determine (a) the total energy of the system; (b) the kinetic 
energy when x =}3x 9; (c) the maximum kinetic energy; 
(d) the maximum speed and at what positions it occurs; 
(e) the maximum acceleration and where it occurs. 


(HI) The potential energy of the two atoms in a diatomic 
(two-atom) molecule can be written 
a b 

U(r) = - 6 + 7r 
where r is the distance between the two atoms and a and b 
are positive constants. (a) At what values of r is U(r) a 
minimum? A maximum? (b) At what values of r is 
U(r) = 0? (c) Plot U(r) as a function of r from r = 0 tor 
at a value large enough for all the features in (a) and (b) to 
show. (d) Describe the motion of one atom with respect to 
the second atom when E < 0, and when E > 0. (e) Let F 
be the force one atom exerts on the other. For what values 
ofris F>0,F <0,F =0? (f) Determine F as a func- 
tion of r. 
(II) The binding energy of a two-particle system is defined 
as the energy required to separate the two particles 
from their state of lowest energy to r = oo. Determine 
the binding energy for the molecule discussed in 
Problem 77. 


l General Problems 
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What is the average power output of an elevator that lifts 
885 kg a vertical height of 32.0 m in 11.0 s? 

A projectile is fired at an upward angle of 48.0° from the 
top of a 135-m-high cliff with a speed of 165 m/s. What will be its 
speed when it strikes the ground below? (Use conservation 
of energy.) 


81. Water flows over a dam at the rate of 580 kg/s and falls 


vertically 88 m before striking the turbine blades. Calculate 
(a) the speed of the water just before striking the turbine 
blades (neglect air resistance), and (b) the rate at which 
mechanical energy is transferred to the turbine blades, 
assuming 55% efficiency. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


Conservation of Energy: Problem Set 


A bicyclist of mass 75kg (including the bicycle) can coast 
down a 4.0° hill at a steady speed of 12 km/h. Pumping hard, 
the cyclist can descend the hill at a speed of 32 km/h. Using 
the same power, at what speed can the cyclist climb the same 
hill? Assume the force of friction is proportional to the square 
of the speed v; that is, Ffr = bv’, where b is a constant. 


A 62-kg skier starts from rest at the top of a ski jump, point A 
in Fig. 41, and travels down the ramp. If friction and air 
resistance can be neglected, (a) determine her speed vg when 
she reaches the horizontal end of the ramp 

at B. (b) Determine the distance s to 

where she strikes the ground 


FIGURE 41 Problems 83 and 84. 


Repeat Problem 83, but now assume the ski jump turns 
upward at point B and gives her a vertical component of 
velocity (at B) of 3.0 m/s. 

A ball is attached to a horizontal cord of length £ whose 
other end is fixed, Fig. 42. (a) If the ball is released, what 
will be its speed at the lowest point of its path? (b) A peg is 
located a distance h directly }*———2£ 

below the point of attach- —— 
ment of the cord. If \ 
h = 0.802, what will be the \ 
speed of the ball when it \ 
reaches the top of its circular \ 
path about the peg? \ 


FIGURE 42 pS 
Problems 85 and 86. 


Show that h must be greater than 0.60£ if the ball in Fig. 42 is 
to make a complete circle about the peg. 

Show that on a roller coaster with a circular vertical loop 
(Fig. 43), the difference in your apparent weight at the top of 
the loop and the bottom of the loop is 6 g’s—that is, six times 
your weight. Ignore friction. Show also that as long as your 


speed is above the - 
h 
R 


minimum needed, 
this answer doesn’t 
depend on the size 
If you stand on a bathroom scale, the spring inside the 
scale compresses 0.50 mm, and it tells you your weight is 
760 N. Now if you jump on the scale from a height of 1.0 m, 


of the loop or 
how fast you go 
what does the scale read at its peak? 


through it. 
FIGURE 43 
Problem 87. 
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94. 


A 65-kg hiker climbs to the top of a 4200-m-high moun- 
tain. The climb is made in 5.0h starting at an elevation of 
2800 m. Calculate (a) the work done by the hiker against 
gravity, (b) the average power output in watts and in 
horsepower, and (c) assuming the body is 15% efficient, 
what rate of energy input was required. 

The small mass m sliding without friction along the looped 
track shown in Fig. 44 is to remain on the track at all times, 
even at the very top of the loop of radius r. (a) In terms of the 
given quantities, determine the minimum release height h. 
Next, if the actual release height is 2h, calculate the normal 
force exerted (b) by the track at the bottom of the loop, 
(c) by the track at the top of the loop, and (d) by the track 
after the block exits the loop onto the flat section. 


FIGURE 44 
Problem 90. 


A 56-kg student runs at 5.0m/s, grabs a hanging rope, 
and swings out over a lake (Fig. 45). He releases the 
rope when his velocity 
is zero. (a) What is 
the angle 0 when he 
releases the rope? 
(b) What is the tension 
in the rope just before 
he releases it? (c) What 
is the maximum tension 
in the rope? 


FIGURE 45 
Problem 91. 


The nuclear force between two neutrons in a nucleus is 
described roughly by the Yukawa potential 


r 
U(r) = -Uo e, 


where r is the distance between the neutrons and Up and 
ro (= 10° m) are constants. (a) Determine the force F(r). 
(b) What is the ratio F(3ro)/F(ro)? (c) Calculate this same 
ratio for the force between two electrically charged parti- 
cles where U(r) = —C/r, with C a constant. Why is the 
Yukawa force referred to as a “short-range” force? 

A fire hose for use in urban areas must be able to shoot a 
stream of water to a maximum height of 33m. The water 
leaves the hose at ground level in a circular stream 3.0 cm 
in diameter. What minimum power is required to create 
such a stream of water? Every cubic meter of water has a 
mass of 1.00 x 10° kg. 

A 16-kg sled starts up a 28° incline with a speed of 2.4 m/s. 
The coefficient of kinetic friction is uy = 0.25. (a) How 
far up the incline does the sled travel? (b) What condition 
must you put on the coefficient of static friction if the sled 
is not to get stuck at the point determined in part (a)? 
(c) If the sled slides back down, what is its speed when it 
returns to its starting point? 
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95. 


Conservation of Energy: Problem Set 


The Lunar Module could make a safe landing if its vertical 
velocity at impact is 3.0 m/s or less. Suppose that you want 
to determine the greatest height h at which the pilot could 
shut off the engine if the velocity of the lander relative to 
the surface is (a) zero; (b) 2.0m/s downward; (c) 2.0 m/s 
upward. Use conservation of energy to determine h in 
each case. The acceleration due to gravity at the surface of 
the Moon is 1.62 m/s’. 


96. Proper design of automobile braking systems must account 


97. 


98. 


99. 


for heat buildup under heavy braking. Calculate the 
thermal energy dissipated from brakes in a 1500-kg car 
that descends a 17° hill. The car begins braking when its 
speed is 95km/h and slows to a speed of 35km/h in a 
distance of 0.30 km measured along the road. 


Some electric power companies use water to store energy. 
Water is pumped by reversible turbine pumps from a low 
reservoir to a high reservoir. To store the energy produced in 
1.0 hour by a 180-MW electric power plant, how many cubic 
meters of water will have to be pumped from the lower to 
the upper reservoir? Assume the upper reservoir is 380m 
above the lower one, and we can neglect the small change in 
depths of each. Water has a mass of 1.00 x 10° kg for every 
1.0 m°. 


Estimate the energy required from fuel to launch a 1465-kg 
satellite into orbit 1375km above the Earth’s surface. 
Consider two cases: (a) the satellite is launched into an 
equatorial orbit from a point on the Earth’s equator, and 
(b) it is launched from the North Pole into a polar orbit. 
A satellite is in an elliptic orbit around the Earth (Fig. 46). 
Its speed at the perigee A is 8650 m/s. (a) Use conservation 
of energy to determine its speed at B. The radius of the Earth 
is 6380 km. (b) Use conservation of energy to determine the 
speed at the apogee C. 


13,900 km 


A 


FIGURE 46 16,460 km — 
Problem 99. 8230 km 8230 km 
100. Suppose the gravitational potential energy of an object of 


101. 


mass m at a distance r from the center of the Earth is given by 


GMm 
r 


=r 


U(r) = - e 
where a is a positive constant and e is the exponential function. 
(Newton’s law of universal gravitation has a = 0 ). (a) What 
would be the force on the object as a function of r? (b) What 
would be the object’s escape velocity in terms of the Earth’s 
radius Rp? 

(a) If the human body could convert a candy bar directly 
into work, how high could a 76-kg man climb a ladder if 


he were fueled by one bar (= 1100kJ)? (b) If the man 
then jumped off the ladder, what will be his speed when he 
reaches the bottom? 


102. Electric energy units are often expressed in the form of “kilo- 


watt-hours.” (a) Show that one kilowatt-hour (kWh) is equal 
to 3.6 X 10°J. (b) If a typical family of four uses electric 
energy at an average rate of 580 W, how many kWh would 
their electric bill show for one month, and (c) how many 
joules would this be? (d) At a cost of $0.12 per kWh, what 
would their monthly bill be in dollars? Does the monthly bill 
depend on the rate at which they use the electric energy? 


103. Chris jumps off a bridge with a bungee cord (a heavy 


stretchable cord) tied around his ankle, Fig. 47. He falls for 
15 m before the bungee cord begins to stretch. Chris’s mass 
is 75kg and we assume the cord obeys Hooke’s law, 
F = —kx, with k = 50N/m. If we neglect air resistance, 
estimate how far below the bridge Chris’s foot will be before 
coming to a stop. Ignore the mass of the cord (not realistic, 
however) and treat Chris as a particle. 


kk 


ý 


FIGURE 47 Problem 103. (a) Bungee jumper 
about to jump. (b) Bungee cord at its unstretched 
length. (c) Maximum stretch of cord. 


104. In a common test for cardiac function (the “stress test”), 


the patient walks on an inclined treadmill (Fig. 48). 
Estimate the power required from a 75-kg patient when 
the treadmill is sloping at an angle of 12° and the velocity 
is 3.3 km/h. (How does this power compare to the power 
rating of a lightbulb?) 


FIGURE 48 
Problem 104. 


R. Maisonneuve/Publiphoto/Photo Researchers, Inc. 


105. 


106. 


107. 


108. 


l Answers to Odd-Numbered Problems 


Conservation of Energy: 


(a) If a volcano spews a 450-kg rock vertically upward 
a distance of 320m, what was its velocity when it left 
the volcano? (b) If the volcano spews 1000 rocks of this size 
every minute, estimate its power output. 

A film of Jesse Owens’s famous long jump (Fig. 49) in the 
1936 Olympics shows that his 
center of mass rose 1.1 m from 
launch point to the top of the 
arc. What minimum speed did 
he need at launch if he was 
traveling at 6.5 m/s at the top 
of the arc? 


FIGURE 49 
Problem 106. 


Bettmann/Corbis 


An elevator cable breaks when a 920-kg elevator is 24m 
above a huge spring (k =22 x 10° N/m) at the bottom 
of the shaft. Calculate (a) the work done by gravity on the 
elevator before it hits the spring, (b) the speed of the 
elevator just before striking the spring, and (c) the amount 
the spring compresses (note that work is done by both the 
spring and gravity in this part). 

A particle moves where its potential energy is given by 
U(r) = Uo [(2/r°) — (1/r)]. (a) Plot U(r) versus r. Where 


Problem Set 


does the curve cross the U(r) = 0 axis? At what value 
of r does the minimum value of U(r) occur? (b) Suppose 
that the particle has an energy of E = —0.050Up. Sketch in 
the approximate turning points of the motion of the particle 
on your diagram. What is the maximum kinetic energy of the 
particle, and for what value of r does this occur? 


109. A particle of mass m moves under the influence of a 
potential energy 
a 
U(x) = — + bx 
% 
where a and b are positive constants and the particle is 
restricted to the region x > 0. Find a point of equilibrium 
for the particle and demonstrate that it is stable. 
*Numerical/Computer 


*110. (III) The two atoms in a diatomic molecule exert an 


attractive force on each other at large distances and a 
repulsive force at short distances. The magnitude of the 
force between two atoms in a diatomic molecule can 
be approximated by the Lennard-Jones force, or 
F(r) = Fy[2(@/r)8 — (@/r)’], where r is the separation 
between the two atoms, and ø and Fo are constant. For an 
oxygen molecule (which is diatomic) Fy = 9.60 x 107"! N 
and ø = 3.50 X 10" m. (a) Integrate the equation for 
F(r) to determine the potential energy U(r) of the oxygen 
molecule. (b) Find the equilibrium distance rọ between the 
two atoms. (c) Graph F (r) and U(r) between 0.9 rg and 2.5 ro. 


1. 0.924 m. 25. (a) 2.29 m/s; (b) — GMpm, | 
3. 54cm. (b) 1.98 m/s; i 
5. (a) 42.05; (c) 1.98 m/s; (c) =z. 
(b) 11); (d) 0.870 N, 0.800 N, 0.800 N; 47.4. 
(c) same as part (a), unrelated to (e) 2.59 m/s, 2.31 m/s, 2.31 m/s. 49. (a) 6.2 X 10° m/s; 
part (b). 12Mg (b) 4.2 X 10* m/s, 
7. (a) Yes, the expression for the work Bede hs Vese at Earth orbit = V20¢arth orbit - 
depends only on the endpoints; 29, 3.9 x 107J. 53. (a) 1.07 X 10*m/s; 
(b) U(x) = 31. (a) 25 m/s; (b) 1.16 X 10* m/s; 
pkx? — jax — 5bx + C. (b) 370 m. (c) 1.12 X 10*m/s. 
9. U(x) = — = + L 33. 12 m/s. 55. (a) — [SME 
24 Bm 35. 0.020. 2r? 
11. 49 m/s. 37. 0.40. (b) 1.09 x 10* m/s. 
13. 6.5 m/s. 39. (a) 25%: s7 GMm 
15. (a) 93 N/m; (b) 6.3 m/s, 5.4 m/s; 12rg ` 
(b) 22 m/s. (c) primarily into heat energy. 59. 1.12 x 10*m/s. 
19. (a) 7.47 m/s; 63. 510 N. 


(b) 3.01 m. change is 740 J. 
21. No, D = 2d. 43. (a) 0.13 m; 
k . 
23. (a) 4| v + — xb; el 
m (c) 0.5 m/s. 
m Mem. 
(b) jx + = 0. a5. (a) ZES, 
k . (a) w, 


41. For a mass of 75 kg, the energy 


65. 2.9 X 10* W or 38 hp. 
67. 4.2 X 10° N, opposing the velocity. 
69. 510 W. 
71. 2 x 10° W. 
73. (a) —2.0 x 10? W; 
(b) 3800 W; 
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(c) —120 W; 
(d) 1200 W. 
75. The mass oscillates between +xọo 


and — xo, with a maximum speed 
at x = 0. 


U(x) 


Conservation of Energy: Problem Set 


79. 
81. 


83. 


85. 


89. 


91. 


(d) E < 0: bound oscillatory 
motion between two turning 
points, E > 0: unbounded; 


2b\t 
(e) reso < (2). 


2.52 X 104W. 

(a) 42 m/s; 

(b) 2.6 X 10° W. 
(a) 28.2 m/s; 

(b) 116 m. 

(a) V288; 

(b) V1.2g8. 

(a) 8.9 X 10°J; 
(b) 5.0 x 10! W, 6.6 X 107°? hp; 
(c) 330 W, 0.44 hp. 
(a) 29°; 

(b) 480 N; 

(c) 690 N. 


93. 
95. 


109. 


5800 W or 7.8 hp. 
(a) 2.8 m; 
(b) 1.5 m; 
(c) 1.5m. 


. 1.7 X 10° m°. 
. (a) 5220 m/s; 


(b) 3190 m/s. 


. (a) 1500 m; 


(b) 170 m/s. 


. 60m. 
. (a) 79 m/s; 


(b) 2.4 x 10’ W. 


. (a) 2.2 X 10 J; 


(b) 22 m/s; 
(c) —1.4m. 
a 


5 


x= 
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From Chapter 9 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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Conservation of linear momentum is a great conservation law of physics. 
Collisions, such as between billiard or pool balls, illustrate this vector law 
very nicely: the total vector momentum just before the collision equals 
the total vector momentum just after the collision. In this photo, the 
moving cue ball strikes the 11 ball at rest. Both balls move after the 
collision, at angles, but the sum of their vector momenta equals the initial 
vector momentum of the incoming cue ball. 

We will consider both elastic collisions (where kinetic energy is also 
conserved) and inelastic collisions. We also examine the concept of center 
of mass, and how it helps us in the study of complex motion. 


CONTENTS 

1 Momentum and Its 
Relation to Force 

2 Conservation of 
Momentum 

3 Collisions and Impulse 

4 Conservation of Energy 
and Momentum in 
Collisions 

5 Elastic Collisions in One 
Dimension 

6 Inelastic Collisions 

z Collisions in Two or Three 
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8 Center of Mass (cM) 

9 Center of Mass and 
Translational Motion 

*10 Systems of Variable Mass; 
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Rocket Propulsion 
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Linear Momentum 


CHAPTER-OPENING QUESTIONS—Guess now! 
[Don’t worry about getting the right answer now—the idea is to get your preconceived 
notions out on the table.| 
1. A railroad car loaded with rocks coasts on a level track without friction. A worker 
on board starts throwing the rocks horizontally backward from the car. Then what 
happens? 
(a) The car slows down. 
(b) The car speeds up. 
(c) First the car speeds up and then it slows down. 
(d) The car’s speed remains constant. 
(e) None of these. 
2. Which answer would you choose if the rocks fall out through a hole in the floor of 
the car, one at a time? 


he law of conservation of energy is one of several great conservation laws 

in physics. Among the other quantities found to be conserved are linear 

momentum, angular momentum, and electric charge. All of the 

conservation laws are among the most important ideas in science. In this 
Chapter, we discuss linear momentum, and its conservation. The law of 
conservation of momentum is essentially a reworking of Newton’s laws that gives 
us tremendous physical insight and problem-solving power. 


Richard Megna, Fundamental Photographs, NYC 
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We make use of the laws of conservation of linear momentum and of energy 
to analyze collisions. Indeed, the law of conservation of momentum is particularly 
useful when dealing with a system of two or more objects that interact with each 
other, such as in collisions of ordinary objects or nuclear particles. 

Our focus up to now has been mainly on the motion of a single object, often 
thought of as a “particle” in the sense that we have ignored any rotation or 
internal motion. In this Chapter we will deal with systems of two or more objects, 
and toward the end of the Chapter, the concept of center of mass. 


1 Momentum and Its Relation to Force 


The linear momentum (or “momentum” for short) of an object is defined as the 
product of its mass and its velocity. Momentum (plural is momenta) is represented 
by the symbol p. If we let m represent the mass of an object and Ÿ¥ represent its 
velocity, then its momentum p is defined as 


P = mv. (1) 


Velocity is a vector, so momentum too is a vector. The direction of the momentum 
is the direction of the velocity, and the magnitude of the momentum is p = mv. 
Because velocity depends on the reference frame, so does momentum; thus 
the reference frame must be specified. The unit of momentum is that of 
mass X velocity, which in SI units is kg-m/s. There is no special name for this unit. 

Everyday usage of the term momentum is in accord with the definition above. 
According to Eq. 1, a fast-moving car has more momentum than a slow-moving 
car of the same mass; a heavy truck has more momentum than a small car moving 
with the same speed. The more momentum an object has, the harder it is to stop it, 
and the greater effect it will have on another object if it is brought to rest by 
striking that object. A football player is more likely to be stunned if tackled by a 
heavy opponent running at top speed than by a lighter or slower-moving tackler. A 
heavy, fast-moving truck can do more damage than a slow-moving motorcycle. 

A force is required to change the momentum of an object, whether it is to 
increase the momentum, to decrease it, or to change its direction. Newton origi- 
nally stated his second law in terms of momentum (although he called the product 
mv the “quantity of motion”). Newton’s statement of the second law of motion, 
translated into modern language, is as follows: 


The rate of change of momentum of an object is equal to the net force applied to it. 


We can write this as an equation, 


dp 


SF = —, 
dt 


(2) 


where XF is the net force applied to the object (the vector sum of all forces acting 
on it). We can readily derive the familiar form of the second law, SF = ma, from 
Eq. 2 for the case of constant mass. If v is the velocity of an object at any moment, 
then Eq. 2 gives 
e dp d(mv) d¥ 
=m 


ae ar? 


ma [constant mass] 


because, by definition, a = dv/dt and we assume m = constant. Newton’s state- 
ment, Eq. 2, is actually more general than the more familiar one because it 
includes the situation in which the mass may change. This is important in certain 
circumstances, such as for rockets which lose mass as they burn fuel (Section 10) 
and in relativity theory. 


EXERCISE A Light carries momentum, so if a light beam strikes a surface, it will exert a 
force on that surface. If the light is reflected rather than absorbed, the force will be (a) the 
same, (b) less, (c) greater, (d) impossible to tell, (e) none of these. 


NEWTON’S SECOND LAW 


Ay CAUTION 


The change in the momentum vector 
is in the direction of the net force 
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Kevin Lamarque/Reuters/Landov LLC 


FIGURE 1 Example 1. 


FIGURE 2 Example 2. 
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Force of a tennis serve. For a top player, a tennis 
ball may leave the racket on the serve with a speed of 55 m/s (about 120 mi/h), 
Fig. 1. If the ball has a mass of 0.060 kg and is in contact with the racket for about 
4ms (4 X 10s), estimate the average force on the ball. Would this force be 
large enough to lift a 60-kg person? 


APPROACH We write Newton’s second law, Eq. 2, for the average force as 


Ap Mv, — MV, 
Fave = Ap = At 


where mv, and mv, are the initial and final momenta. The tennis ball is hit when 
its initial velocity v; is very nearly zero at the top of the throw, so we set vı = 0, 
whereas v, = 55 m/s is in the horizontal direction. We ignore all other forces on the 
ball, such as gravity, in comparison to the force exerted by the tennis racket. 
SOLUTION The force exerted on the ball by the racket is 

Ap mv, — mv, (0.060 kg)(55 m/s) — 0 


Fag = At At E 0.004 s 


= 800N. 


This is a large force, larger than the weight of a 60-kg person, which would 
require a force mg = (60kg)(9.8 m/s’) ~ 600N to lift. 

NOTE The force of gravity acting on the tennis ball is mg = (0.060 kg)(9.8 m/s’) = 
0.59 N, which justifies our ignoring it compared to 

the enormous force the racket exerts. 


NOTE High-speed photography and radar can give us an estimate of the contact 
time and the velocity of the ball leaving the racket. But a direct measurement of 
the force is not practical. Our calculation shows a handy technique for deter- 
mining an unknown force in the real world. 


Washing a car: momentum change and force. Water leaves a 
hose at a rate of 1.5 kg/s with a speed of 20 m/s and is aimed at the side of a car, 
which stops it, Fig. 2. (That is, we ignore any splashing back.) What is the force 
exerted by the water on the car? 


APPROACH The water leaving the hose has mass and velocity, so it has a 
momentum Pinitial in the horizontal (x) direction, and we assume gravity doesn’t 
pull the water down significantly. When the water hits the car, the water loses this 
momentum ( Ptinal = 0). We use Newton’s second law in the momentum form to 
find the force that the car exerts on the water to stop it. By Newton’s third law, 
the force exerted by the water on the car is equal and opposite. We have a 
continuing process: 1.5 kg of water leaves the hose in each 1.0-s time interval. So 
let us write F = Ap/At where At = 1.08, and mvinitig) = (1.5 kg)(20 m/s). 
SOLUTION The force (assumed constant) that the car must exert to change the 
momentum of the water is 
Ap _ Ptinat T Pinitiaa _ 0 — 30kg-m/s 


in. At At E 1.0s = =e 


The minus sign indicates that the force exerted by the car on the water is oppo- 
site to the water’s original velocity. The car exerts a force of 30N to the left to 
stop the water, so by Newton’s third law, the water exerts a force of 30 N to the 
right on the car. 


NOTE Keep track of signs, although common sense helps too. The water is moving 
to the right, so common sense tells us the force on the car must be to the right. 


EXERCISE B If the water splashes back from the car in Example 2, would the force on the 
car be larger or smaller? 
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2 Conservation of Momentum 


The concept of momentum is particularly important because, if no net external 
force acts on a system, the total momentum of the system is a conserved quantity. 
Consider, for example, the head-on collision of two billiard balls, as shown in 
Fig. 3. We assume the net external force on this system of two balls is zero — that is, 
the only significant forces during the collision are the forces that each ball exerts on 
the other. Although the momentum of each of the two balls changes as a result of 
the collision, the sum of their momenta is found to be the same before as after the 
collision. If maY, is the momentum of ball A and mgv¥g the momentum of 
ball B, both measured just before the collision, then the total momentum of the two 
balls before the collision is the vector sum ma, V, + mgVg. Immediately after the 
collision, the balls each have a different velocity and momentum, which we desig- 
nate by a “prime” on the velocity: m, Va and mp Vz. The total momentum after the 
collision is the vector sum m, VW, + mg¥p. No matter what the velocities and 
masses are, experiments show that the total momentum before the collision is the 
same as afterward, whether the collision is head-on or not, as long as no net 
external force acts: 


momentum before = momentum after 


MV, + mps = mava + mpRVp. [ZE =0] (3) 
That is, the total vector momentum of the system of two colliding balls is 
conserved: it stays constant. 

Although the law of conservation of momentum was discovered experimen- 
tally, it can be derived from Newton’s laws of motion, which we now show. 

Let us consider two objects of mass m, and mg that have momenta p, and Pg 
before they collide and pa and Pp after they collide, as in Fig. 4. During the 
collision, suppose that the force exerted by object A on object B at any instant is F. 
Then, by Newton’s third law, the force exerted by object B on object A is —F. 
During the brief collision time, we assume no other (external) forces are acting 
(or that F is much greater than any other external forces acting). Thus we have 


= dpp 
F = — 
dt 
and 
= dpa 
-F = —4. 
dt 


We add these two equations together and find 


_ dpa + Bs) 
dt 
which tells us that 
Pa + pp = constant. 


The total momentum thus is conserved. 

We have put this derivation in the context of a collision. As long as no 
external forces act, it is valid over any time interval, and conservation of 
momentum is always valid as long as no external forces act. In the real world, 
external forces do act: friction on billiard balls, gravity acting on a tennis ball, and 
so on. So it may seem that conservation of momentum cannot be applied. Or can 
it? In a collision, the force each object exerts on the other acts only over a very 
brief time interval, and is very strong relative to the other forces. If we measure the 
momenta immediately before and after the collision, momentum will be very 
nearly conserved. We cannot wait for the external forces to produce their effect 
before measuring ph and pp. 


mA _ mpVR 
—_—_—— 
x 
FIGURE 3 Momentum is 
conserved in a collision of two balls, 
labeled A and B. 


CONSERVATION OF MOMENTUM 
(two objects colliding) 


FIGURE 4 Collision of two objects. 
Their momenta before collision are 
Pa and pp, and after collision are p/, 
and pg. At any moment during the 
collision each exerts a force on the 
other of equal magnitude but 
opposite direction. 
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NEWTON’S SECOND LAW 
(for a system of objects) 


LAW OF 
CONSERVATION 
OF LINEAR 
MOMENTUM 
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For example, when a racket hits a tennis ball or a bat hits a baseball, both 
before and after the “collision” the ball moves as a projectile under the action of 
gravity and air resistance. However, when the bat or racket hits the ball, during this 
brief time of the collision those external forces are insignificant compared to the 
collision force the bat or racket exerts on the ball. Momentum is conserved (or 
very nearly so) as long as we measure Pa and pg just before the collision and P^ 
and pz immediately after the collision (Eq. 3). 

Our derivation of the conservation of momentum can be extended to include 
any number of interacting objects. Let P represent the total momentum of a 
system of n interacting objects which we number from 1 to n: 


P = mv +m + +m, Y, = ZB. 
We differentiate with respect to time: 

dP dp; a 

— = >— = SF; 4 

dt dt : 4 
where F; represents the net force on the i" object. The forces can be of two types: 
(1) external forces on objects of the system, exerted by objects outside the system, 
and (2) internal forces that objects within the system exert on other objects in the 
system. By Newton’s third law, the internal forces occur in pairs: if one object 
exerts a force on a second object, the second exerts an equal and opposite force on 
the first object. Thus, in the sum over all the forces in Eq. 4, all the internal forces 
cancel each other in pairs. Thus we have 


dP a 
ae = DES (5) 


where >F,,; is the sum of all external forces acting on our system. If the net external 
force is zero, then dP/dt =0, so AP =0 or P = constant. Thus we see that 


when the net external force on a system of objects is zero, the total momentum 
of the system remains constant. 


This is the law of conservation of momentum. It can also be stated as 
the total momentum of an isolated system of objects remains constant. 


By an isolated system, we mean one on which no external forces act—the only 
forces acting are those between objects of the system. 

If a net external force acts on a system, then the law of conservation of 
momentum will not apply. However, if the “system” can be redefined so as to 
include the other objects exerting these forces, then the conservation of 
momentum principle can apply. For example, if we take as our system a falling 
rock, it does not conserve momentum since an external force, the force of gravity 
exerted by the Earth, is acting on it and its momentum changes. However, if we 
include the Earth in the system, the total momentum of rock plus Earth is 
conserved. (This means that the Earth comes up to meet the rock. Since the 
Earth’s mass is so great, its upward velocity is very tiny.) 

Although the law of conservation of momentum follows from Newton’s 
second law, as we have seen, it is in fact more general than Newton’s laws. In the 
tiny world of the atom, Newton’s laws fail, but the great conservation laws — those 
of energy, momentum, angular momentum, and electric charge — have been found 
to hold in every experimental situation tested. It is for this reason that the 
conservation laws are considered more basic than Newton’s laws. 


Railroad cars collide: momentum conserved. A 10,000-kg 
railroad car, A, traveling at a speed of 24.0 m/s strikes an identical car, B, at rest. 
If the cars lock together as a result of the collision, what is their common speed 
immediately after the collision? See Fig. 5. 


APPROACH We choose our system to be the two railroad cars. We consider a very 
brief time interval, from just before the collision until just after, so that external 
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24.0 m/s E v= 0 
| | | (at rest) e; 


(b) After collision 


forces such as friction can be ignored. Then we apply conservation of momentum: 


Pinitia = Pina 
SOLUTION The initial total momentum is 
Pinti = Mava + Mpg = MAVA 


because car B is at rest initially (vg = 0). The direction is to the right in the +x 
direction. After the collision, the two cars become attached, so they will have the 
same speed, call it v’. Then the total momentum after the collision is 


= , 
Päin = (ma + mp)w'. 
We have assumed there are no external forces, so momentum is conserved: 
Pinitiaa = Piina 
MAVA = (ma + mpv’. 


Solving for v', we obtain 
ma 10,000 kg 7 
"O= ig A (ooe T 10.000kg / 240/9) = 12.0m/s, 


to the right. Their mutual speed after collision is half the initial speed of car A 
because their masses are equal. 

NOTE We kept symbols until the very end, so we have an equation we can use in 
other (related) situations. 

NOTE We haven’t mentioned friction here. Why? Because we are examining 
speeds just before and just after the very brief time interval of the collision, and 
during that brief time friction can’t do much—it is ignorable (but not for long: 
the cars will slow down because of friction). 


EXERCISE C A 50-kg child runs off a dock at 2.0 m/s (horizontally) and lands in a waiting 
rowboat of mass 150 kg. At what speed does the rowboat move away from the dock? 


EXERCISE D In Example 3, what result would you get if (a) mg = 3m4, (b) mg is much 
larger than ma (mp > ma), and (c) mg < ma? 


The law of conservation of momentum is particularly useful when we are dealing 
with fairly simple systems such as colliding objects and certain types of “explosions.” 
For example, rocket propulsion can be understood on the basis of action and reaction, 
and can also be explained on the basis of the conservation of momentum. We can 
consider the rocket and fuel as an isolated system if it is far out in space (no external 
forces). In the reference frame of the rocket before any fuel is ejected, the total 
momentum of rocket plus fuel is zero. When the fuel burns, the total momentum 
remains unchanged: the backward momentum of the expelled gases is just balanced by 
the forward momentum gained by the rocket itself (see Fig. 6). Thus, a rocket can 
accelerate in empty space. There is no need for the expelled gases to push against the 
Earth or the air (as is sometimes erroneously thought). Similar examples of (nearly) 
isolated systems where momentum is conserved are the recoil of a gun when a bullet 
is fired, and the movement of a rowboat just after a package is thrown from it. 


FIGURE 5 Example 3. 


FIGURE 6 (a) A rocket, containing 
fuel, at rest in some reference frame. 
(b) In the same reference frame, the 
rocket fires, and gases are expelled at 
high speed out the rear. The total 
vector momentum, 

P= Peas + Procket , remains zero. 


Peas Procket 


Q@ puysics APPLIED 


Rocket propulsion 


Ay CAUTION 

A rocket pushes on the gases 
released by the fuel, not on the 
Earth or other objects 
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—x Rifle recoil. Calculate the recoil velocity of a 5.0-kg rifle that 
shoots a 0.020-kg bullet at a speed of 620 m/s, Fig. 7. 


APPROACH Our system is the rifle and the bullet, both at rest initially, just 
before the trigger is pulled. The trigger is pulled, an explosion occurs, and we look 
at the rifle and bullet just as the bullet leaves the barrel. The bullet moves to the 
right (+x), and the gun recoils to the left. During the very short time interval of 
the explosion, we can assume the external forces are small compared to the 
forces exerted by the exploding gunpowder. Thus we can apply conservation of 
momentum, at least approximately. 

SOLUTION Let subscript B represent the bullet and R the rifle; the final velocities 
are indicated by primes. Then momentum conservation in the x direction gives 


(a) Before shooting (at rest) 


—— Bie P, 
(b) After shooting 


FIGURE 7 Example 4. 


momentum before = momentum after 
Mglg + Mpp = mMgVg + MRUR 
0 + 0 = Mpvp + MgVR 
so 
, mpg Vh (0.020 kg)(620 m/s) 
vk = m (5.0kg) = —2.5m/s. 


Since the rifle has a much larger mass, its (recoil) velocity is much less than that 
of the bullet. The minus sign indicates that the velocity (and momentum) of the 
rifle is in the negative x direction, opposite to that of the bullet. 


Falling on or off a sled. (a) An empty sled is sliding 

on frictionless ice when Susan drops vertically from a tree above onto the sled. When 
she lands, does the sled speed up, slow down, or keep the same speed? (b) Later: 
Susan falls sideways off the sled. When she drops off, does the sled speed up, slow 
down, or keep the same speed? 
RESPONSE (a) Because Susan falls vertically onto the sled, she has no initial 
horizontal momentum. Thus the total horizontal momentum afterward equals the 
momentum of the sled initially. Since the mass of the system (sled + person) has 
increased, the speed must decrease. (b) At the instant Susan falls off, she is 
moving with the same horizontal speed as she was while on the sled. At the 
moment she leaves the sled, she has the same momentum she had an instant 
before. Because momentum is conserved, the sled keeps the same speed. 


EXERCISE E Return to the Chapter-Opening Questions, and answer them again now. Try 
to explain why you may have answered differently the first time. 


Loren M. Winters/Visuals Unlimited 


3 Collisions and Impulse 


FIGURE 8 Tennis racket striking a 


ball. Both the ball and the racket Conservation of momentum is a very useful tool for dealing with everyday collision 
strings are deformed due to the processes, such as a tennis racket or a baseball bat striking a ball, two billiard balls 
large force each exerts on the other. colliding, a hammer hitting a nail. At the subatomic level, scientists learn about the 
FIGURE 9 Force as a function of structure of nuclei and their constituents, and about the nature of the forces 
time during a typical collision: F can involved, by careful study of collisions between nuclei and/or elementary particles. 
become very large; At is typically During a collision of two ordinary objects, both objects are deformed, often 
milliseconds for macroscopic considerably, because of the large forces involved (Fig. 8). When the collision occurs, 
collisions. the force each exerts on the other usually jumps from zero at the moment of contact 


to a very large value within a very short time, and then abruptly returns to zero again. 
A graph of the magnitude of the force one object exerts on the other during a 


Z collision, as a function of time, is something like the red curve in Fig. 9. The time 
S interval At is usually very distinct and usually very small. 
g From Newton’s second law, Eq. 2, the net force on an object is equal to the 
£ rate of change of its momentum: 
At F- dp. 
0 Time, t (ms) dt 


(We have written F instead of XF for the net force, which we assume is entirely 
due to the brief but large force that acts during the collision.) This equation applies 
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to each of the objects in a collision. During the infinitesimal time interval dt, the 
momentum changes by 
dp = Fat. 
If we integrate this over the duration of a collision, we have 
f ti 
[æ = i | Bar, 
i ti 
where p; and pr are the initial and final momenta of the object, just before and just 
after the collision. The integral of the net force over the time interval during which it 
acts is called the impulse, J: 


= an 
J = | F dt. 
ti 


Thus the change in momentum of an object, Ap = p; — Pi, is equal to the 
impulse acting on it: 


tt -a 
ap = hoho | Far = 5. © 
ti 


The units for impulse are the same as for momentum, kg:m/s (or N-s) in SI. Since 
J= f F dt, we can state that the impulse J of a force is equal to the area under the 
F versus t curve, as indicated by the shading in Fig. 9. 

Equation 6 is true only if F is the net force on the object. It is valid for any net 
force F where p; and Pr correspond precisely to the times t; and f;. But the impulse 
concept is really most useful for so-called impulsive forces — that is, for a force like 
that shown in Fig. 9, which has a very large magnitude over a very short time 
interval and is essentially zero outside this time interval. For most collision 
processes, the impulsive force is much larger than any other force acting, and the 
others can be neglected. For such an impulsive force, the time interval over which 
we take the integral in Eq. 6 is not critical as long as we start before t; and end 
after ts, since F is essentially zero outside this time interval. (Of course, if the 
chosen time interval is too large, the effect of the other forces does become signif- 
icant —such as the flight of a tennis ball which, after the impulsive force adminis- 
tered by the racket, begins to fall under gravity.) 

It is sometimes useful to speak of the average force, Fig , during a collision, defined 
as that constant force which, if acting over the same time interval At = tę — t; as the 
actual force, would produce the same impulse and change in momentum. Thus 


= tt 
Fag At = | F dt. FIGURE 10 The average force Fayg 
ti 


. f . . acting over a very brief time interval 
Figure 10 shows the magnitude of the average force, Fy, for the impulsive force of  Aț gives the same impulse (Favg At) 


Fig. 9. The rectangular area Fayg At equals the area under the impulsive force curve. as the actual force. 


2GA ESTIMATE | Karate blow. Estimate the impulse and the average 
force delivered by a karate blow (Fig. 11) that breaks a board a few cm thick. 
Assume the hand moves at roughly 10 m/s when it hits the board. 
APPROACH We use the momentum-impulse relation, Eq. 6. The hand’s FIGURE 11 Example 6. 
speed changes from 10 m/s to zero over a distance of perhaps one cm (roughly ‘ 
how much your hand and the board compress before your hand comes to a stop, 
or nearly so, and the board begins to give way). The hand’s mass should probably 
include part of the arm, and we take it to be roughly m ~ 1 kg. 
SOLUTION The impulse J equals the change in momentum 

J = Ap = (1kg)(10m/s — 0) = 10kg -m/s. 
We obtain the force from the definition of impulse Fag = J/At; but what is At? 
The hand is brought to rest over the distance of roughly a centimeter: Ax œ% 1 cm. 
The average speed during the impact is v = (10 m/s + 0)/2 =5m/s and equals 
Ax/At. Thus At = Ax/0 ~ (10?m)/(5m/s) =2 X 107s or about 2ms. The 
force is thus (Eq. 6) about 
J 10 kg:m/s 
At 2 X 10°s 
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(a) Approach 


Ni iL 


(b) Collision 


(c) If elastic 


(d) If inelastic 


FIGURE 12 Two equal-mass 
objects (a) approach each other with 
equal speeds, (b) collide, and then 
(c) bounce off with equal speeds in 
the opposite directions if the 
collision is elastic, or (d) bounce 
back much less or not at all if the 
collision is inelastic. 


FIGURE 13 Two small objects of 
masses ma and mp, (a) before the 
collision and (b) after the collision. 
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4 Conservation of Energy and 
Momentum in Collisions 


During most collisions, we usually don’t know how the collision force varies over 
time, and so analysis using Newton’s second law becomes difficult or impossible. But 
by making use of the conservation laws for momentum and energy, we can still deter- 
mine a lot about the motion after a collision, given the motion before the collision. 
We saw in Section 2 that in the collision of two objects such as billiard balls, the total 
momentum is conserved. If the two objects are very hard and no heat or other form 
of energy is produced in the collision, then the kinetic energy of 
the two objects is the same after the collision as before. For the brief moment during 
which the two objects are in contact, some (or all) of the energy is stored momen- 
tarily in the form of elastic potential energy. But if we compare the total kinetic 
energy just before the collision with the total kinetic energy just after the collision, 
and they are found to be the same, then we say that the total kinetic energy is 
conserved. Such a collision is called an elastic collision. If we use the subscripts A and 
B to represent the two objects, we can write the equation for conservation of total 
kinetic energy as 


total kinetic energy before = total kinetic energy after 


im vh + impu =}m v + impok. [elastic collision] (7) 
Primed quantities (') mean after the collision, and unprimed mean before the 
collision, just as in Eq. 3 for conservation of momentum. 

At the atomic level the collisions of atoms and molecules are often elastic. But 
in the “macroscopic” world of ordinary objects, an elastic collision is an ideal that 
is never quite reached, since at least a little thermal energy (and perhaps sound 
and other forms of energy) is always produced during a collision. The collision of 
two hard elastic balls, such as billiard balls, however, is very close to being perfectly 
elastic, and we often treat it as such. 

We do need to remember that even when the kinetic energy is not conserved, 
the total energy is always conserved. 

Collisions in which kinetic energy is not conserved are said to be inelastic 
collisions. The kinetic energy that is lost is changed into other forms of energy, 
often thermal energy, so that the total energy (as always) is conserved. In this case, 


Ky + Kg = Kh + Kp + thermal and other forms of energy. 


See Fig. 12, and the details in its caption. We discuss inelastic collisions in Section 6. 


5 Elastic Collisions in One Dimension 


We now apply the conservation laws for momentum and kinetic energy to an elastic 
collision between two small objects that collide head-on, so all the motion is along a 
line. Let us assume that the two objects are moving with velocities v, and vg along 
the x axis before the collision, Fig. 13a. After the collision, their velocities are v and 
Ug, Fig. 13b. For any v > 0, the object is moving to the right (increasing x), whereas 
for v < 0, the object is moving to the left (toward decreasing values of x). 

From conservation of momentum, we have 


Mav, + Mpvp = Mava + MpvUB- 
Because the collision is assumed to be elastic, kinetic energy is also conserved: 
im va + impu = imav + 4mo. 


We have two equations, so we can solve for two unknowns. If we know the masses 
and velocities before the collision, then we can solve these two equations for the 
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velocities after the collision, v4 and vg. We derive a helpful result by rewriting the 
momentum equation as 


ma(Va = va) = mp Up = ve), (i) 
and we rewrite the kinetic energy equation as 
malva — v?) = mvg — w). 
Noting that algebraically (a — b)(a + b) = a’ — b’, we write this last equation as 
malva vh )(va } V4) = mp( Vp Up)(Up + Up). (ii) 


We divide Eq. (ii) by Eq. (i), and (assuming v, # v, and vg # vg)’ obtain 
Va + Va = Vet vp. 


We can rewrite this equation as 


' 


Va — Vg = Vg — VA 
or 

Va — Vp = (va — vh). [head-on (1-D) elastic collision] (8) 
This is an interesting result: it tells us that for any elastic head-on collision, the 
relative speed of the two objects after the collision has the same magnitude (but 
opposite direction) as before the collision, no matter what the masses are. 

Equation 8 was derived from conservation of kinetic energy for elastic collisions, 

and can be used in place of it. Because the v’s are not squared in Eq. 8, it is simpler to 
use in calculations than the conservation of kinetic energy equation (Eq. 7) directly. 


Equal masses. Billiard ball A of mass m moving with speed v4 
collides head-on with ball B of equal mass. What are the speeds of the two balls 
after the collision, assuming it is elastic? Assume (a) both balls are moving 
initially (vq and vg), (b) ball B is initially at rest (vg = 0). 

APPROACH There are two unknowns, v, and vg, so we need two independent 
equations. We focus on the time interval from just before the collision until just 
after. No net external force acts on our system of two balls (mg and the normal 
force cancel), so momentum is conserved. Conservation of kinetic energy applies 
as well because we are told the collision is elastic. 
SOLUTION (a) The masses are equal (m, = mg = m) so conservation of 
momentum gives 

Va + Va = Va + vp. 
We need a second equation, because there are two unknowns. We could use the 
conservation of kinetic energy equation, or the simpler Eq. 8 derived from it: 

Va — Vg = Vp T Vy. 
We add these two equations and obtain 

vg = Va 
and then subtract the two equations to obtain 

Va = Vp. 
That is, the balls exchange velocities as a result of the collision: ball B acquires 
the velocity that ball A had before the collision, and vice versa. 
(b) If ball B is at rest initially, so that vg = 0, we have 

v = va and vy = 0. 
That is, ball A is brought to rest by the collision, whereas ball B acquires the 
original velocity of ball A. This result is often observed by billiard and pool 
players, and is valid only if the two balls have equal masses (and no spin is given 
to the balls). See Fig. 14. 


D. J. Johnson 


‘Note that Eqs. (i) and (ii), which are the conservation laws for momentum and kinetic energy, are 
both satisfied by the solution v4 = va and vg = vg. This is a valid solution, but not very interesting. 
It corresponds to no collision at all—when the two objects miss each other. 


Ay CAUTION 


Relative speeds (1-D only) 


FIGURE 14 In this multi-flash 
photo of a head-on collision 
between two balls of equal mass, the 
white cue ball is accelerated from 
rest by the cue stick and then strikes 
the red ball, initially at rest. The 
white ball stops in its tracks and the 
(equal mass) red ball moves off with 
the same speed as the white ball had 
before the collision. See Example 7. 
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GWE Unequal masses, target at rest. A very common practical 
situation is for a moving object (m4) to strike a second object (mpg, the “target”) 
at rest (vg = 0). Assume the objects have unequal masses, and that the collision 
is elastic and occurs along a line (head-on). (a) Derive equations for vg and v’, in 
terms of the initial velocity v, of mass m, and the masses m, and mp. (b) 
Determine the final velocities if the moving object is much more massive than 
the target (m,a >> mp). (c) Determine the final velocities if the moving object is 
much less massive than the target (ma < mp). 
APPROACH The momentum equation (with vg = 0) is 

mgg = malva = va). 
Kinetic energy is also conserved, and to use it we use Eq. 8 and rewrite it as 


Va = VB — Va. 


SOLUTION (a) We substitute the above v’, equation into the momentum equation 
and rearrange to find 


a 2m, 
v = Val ——— ]. 
Ma mp 


We substitute this value for vg back into the equation v, = vg — va to obtain 
m, — mg 
vx = Val ——— ]. 


Ma T Mpg 
To check these two equations we have derived, we let ma = mg, and we obtain 


v = va and vy = 0. 
This is the same case treated in Example 7, and we get the same result: for 
objects of equal mass, one of which is initially at rest, the velocity of the one 
moving initially is completely transferred to the object originally at rest. 
(b) We are given vg =0 and ma > mpg. A very heavy moving object strikes a 
light object at rest, and we have, using the relations for vg and v4, above, 

Va © Wa 

Va X va. 
Thus the velocity of the heavy incoming object is practically unchanged, whereas 
the light object, originally at rest, takes off with twice the velocity of the heavy 
one. The velocity of a heavy bowling ball, for example, is hardly affected by 
striking a much lighter bowling pin. 
(c) This time we have vg =0 and ma < mg. A moving light object strikes a 
very massive object at rest. In this case, using the equations in part (a) 


0 


v &~ 0 
Vy & 
The massive object remains essentially at rest and the very light incoming object 
rebounds with essentially its same speed but in the opposite direction. For 
example, a tennis ball colliding head-on with a stationary bowling ball will hardly 
affect the bowling ball, but will rebound with nearly the same speed it had 
initially, just as if it had struck a hard wall. 


va. 


It can readily be shown (it is given as Problem 40) for any elastic head-on 
collision that 


P 2m, mg — Ma 
UB OYN F Up 
m, + mg my + mg 
and 
fo Ma, —m\ , 2mp 
U's Va + Up : 
m, + mp my + mg 


These general equations, however, should not be memorized. They can always be derived 
quickly from the conservation laws. For many problems, it is simplest just to start from 
scratch, as we did in the special cases above and as shown in the next Example. 
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A nuclear collision. A proton (p) of mass 1.01 u (unified atomic 
mass units) traveling with a speed of 3.60 X 10*m/s has an elastic head-on colli- 
sion with a helium (He) nucleus (mye = 4.00u) initially at rest. What are the 
velocities of the proton and helium nucleus after the collision? (Recall that 
1u = 1.66 X 10” kg, but we won’t need this fact.) Assume the collision takes 
place in nearly empty space. 


APPROACH This is an elastic head-on collision. The only external force is Earth’s 
gravity, but it is insignificant compared to the strong force during the collision. So 
again we use the conservation laws of momentum and of kinetic energy, and 
apply them to our system of two particles. 

SOLUTION Let the proton (p) be particle A and the helium nucleus (He) be 
particle B. We have vg = vye =0 and va = Vp = 3.60 X 10*m/s. We want to 
find the velocities v, and vy. after the collision. From conservation of momentum, 


MyVp +0 = M Vp + Mye Vite - 
Because the collision is elastic, the kinetic energy of our system of two particles is 
conserved and we can use Eq. 8, which becomes 

Up —0 = Vie — Vp- 
Thus 


1 


Up = VHe — Vp, 

and substituting this into our momentum equation displayed above, we get 
Mp Vp = MpVHe — MpVp TF Mye Vee - 

Solving for vy., we obtain 

2Mp Up 2(1.01 u)(3.60 X 104 m/s) 


a = = 1.45 X 10* m/s. 
He ing + mute 501u m/s 


The other unknown is Up, which we can now obtain from 


Up = Vite — Vp = (1.45 X 10‘ m/s) — (3.60 X 10*m/s) = —2.15 X 10* m/s. 


1 


The minus sign for v, tells us that the proton reverses direction upon collision, 
and we see that its speed is less than its initial speed (see Fig. 15). 

NOTE This result makes sense: the lighter proton would be expected to “bounce 
back” from the more massive helium nucleus, but not with its full original velocity 
as from a rigid wall (which corresponds to extremely large, or infinite, mass). 


6 Inelastic Collisions 


Collisions in which kinetic energy is not conserved are called inelastic collisions. Some of 
the initial kinetic energy is transformed into other types of energy, such as thermal or 
potential energy, so the total kinetic energy after the collision is less than the total kinetic 
energy before the collision. The inverse can also happen when potential energy (such as 
chemical or nuclear) is released, in which case the total kinetic energy after the interaction 
can be greater than the initial kinetic energy. Explosions are examples of this type. 

Typical macroscopic collisions are inelastic, at least to some extent, and often to a 
large extent. If two objects stick together as a result of a collision, the collision is said to 
be completely inelastic. Two colliding balls of putty that stick together or two railroad 
cars that couple together when they collide are examples of completely inelastic 
collisions. The kinetic energy in some cases is all transformed to other forms of energy in 
an inelastic collision, but in other cases only part of it is. In Example 3, for instance, we 
saw that when a traveling railroad car collided with a stationary one, the coupled cars 
traveled off with some kinetic energy. In a completely inelastic collision, the maximum 
amount of kinetic energy is transformed to other forms consistent with conservation of 
momentum. Even though kinetic energy is not conserved in inelastic collisions, the total 
energy is always conserved, and the total vector momentum is also conserved. 


Vp 
(b) 


FIGURE 15 Example 9: 
(a) before collision, (b) after 
collision. 
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a EE ee 
M+m 
(b) 
FIGURE 16 Ballistic pendulum. 


Example 11. 
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Railroad cars again. For the completely inelastic collision of 
two railroad cars that we considered in Example 3, calculate how 
much of the initial kinetic energy is transformed to thermal or other forms 
of energy. 


APPROACH The railroad cars stick together after the collision, so this is a 
completely inelastic collision. By subtracting the total kinetic energy after the 
collision from the total initial kinetic energy, we can find how much energy is 
transformed to other types of energy. 

SOLUTION Before the collision, only car A is moving, so the total initial kinetic 
energy is 3m, v4 = $ (10,000kg)(24.0 m/s)? = 2.88 X 10°J. After the collision, 
both cars are moving with a speed of 12.0m/s, by conservation of momentum 
(Example 3). So the total kinetic energy afterward is 4 (20,000 kg)(12.0 m/s)? = 
1.44 X 10°J. Hence the energy transformed to other forms is 


(2.88 X 10°J) — (1.44 X 10°J) = 1.44 X 10°J, 


which is half the original kinetic energy. 


Ballistic pendulum. The ballistic pendulum is a device used to 
measure the speed of a projectile, such as a bullet. The projectile, of mass m, is 
fired into a large block (of wood or other material) of mass M, which is 
suspended like a pendulum. (Usually, M is somewhat greater than m.) As a result 
of the collision, the pendulum and projectile together swing up to a maximum 
height h, Fig. 16. Determine the relationship between the initial horizontal speed 
of the projectile, v, and the maximum height h. 


APPROACH We can analyze the process by dividing it into two parts or two time 
intervals: (1) the time interval from just before to just after the collision itself, 
and (2) the subsequent time interval in which the pendulum moves from the 
vertical hanging position to the maximum height h. 

In part (1), Fig. 16a, we assume the collision time is very short, so that the 
projectile comes to rest in the block before the block has moved significantly 
from its rest position directly below its support. Thus there is effectively no net 
external force, and we can apply conservation of momentum to this completely 
inelastic collision. In part (2), Fig. 16b, the pendulum begins to move, subject to a 
net external force (gravity, tending to pull it back to the vertical position); so for 
part (2), we cannot use conservation of momentum. But we can use conservation 
of mechanical energy because gravity is a conservative force. The kinetic energy 
immediately after the collision is changed entirely to gravitational potential 
energy when the pendulum reaches its maximum height, h. 

SOLUTION In part (1) momentum is conserved: 
total P before = total P after 
mv = (m+ M)v’, (i) 
where v’ is the speed of the block and embedded projectile just after the collision, 
before they have moved significantly. 

In part (2), mechanical energy is conserved. We choose y =0 when the 
pendulum hangs vertically, and then y =h when the pendulum—projectile 
system reaches its maximum height. Thus we write 

(K + U) just after collision = (K + U) at pendulum’s maximum height 
or 
3(m + Mw? +0 = 0+ (m + M)gh. (ii) 
ru: 


' 


We solve fo 
= V2gh. 
Inserting this result for v’ into Eq. (i) above, and solving for v, gives 


+M +M 
v= Z v=” V2gh, 
m m 


which is our final result. 
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NOTE The separation of the process into two parts was crucial. Such an analysis 
is a powerful problem-solving tool. But how do you decide how to make such a 
division? Think about the conservation laws. They are your fools. Start a problem 
by asking yourself whether the conservation laws apply in the given situation. 
Here, we determined that momentum is conserved only during the brief collision, 
which we called part (1). But in part (1), because the collision is inelastic, the 
conservation of mechanical energy is not valid. Then in part (2), conservation of 
mechanical energy is valid, but not conservation of momentum. 

Note, however, that if there had been significant motion of the pendulum 
during the deceleration of the projectile in the block, then there would have been 
an external force (gravity) during the collision, so conservation of momentum 
would not have been valid in part (1). 


7 Collisions in Two or Three Dimensions 


Conservation of momentum and energy can also be applied to collisions in 
two or three dimensions, where the vector nature of momentum is especially 
important. One common type of non-head-on collision is that in which a 
moving object (called the “projectile”) strikes a second object initially at rest 
(the “target”). This is the common situation in games such as billiards and 
pool, and for experiments in atomic and nuclear physics (the projectiles, from 
radioactive decay or a high-energy accelerator, strike a stationary target nucleus; 
Fig. 17). 

Figure 18 shows the incoming projectile, m, , heading along the x axis toward 
the target object, mg, which is initially at rest. If these are billiard balls, m, strikes 
mg not quite head-on and they go off at the angles 6, and 63, respectively, which 
are measured relative to m,’s initial direction (the x axis).' 

Let us apply the law of conservation of momentum to a collision like that of 
Fig. 18. We choose the xy plane to be the plane in which the initial and final 
momenta lie. Momentum is a vector, and because the total momentum is conserved, 
its components in the x and y directions also are conserved. The x component of 
momentum conservation gives 


Pax + Pax = Pax + Pex 
or, with Pgx = Mp VUpx = 0, 

Mava = Mava COSO', + Mp VB COS OR, (9a) 
where the primes (') refer to quantities after the collision. Because there is no 
motion in the y direction initially, the y component of the total momentum is 


zero before the collision. The y component equation of momentum conservation 
is then 


Pay + Pay = Pay + Pey 
or 
0 = mva sin 6’, + mp Vp Sin 0p- (9b) 


When we have two independent equations, we can solve for two unknowns, at most. 


y 
mN? 


‘The objects may begin to deflect even before they touch if electric, magnetic, or nuclear forces act 
between them. You might think, for example, of two magnets oriented so that they repel each other: 
when one moves toward the other, the second moves away before the first one touches it. 


\PROBLEM SOLVING 


Use the conservation laws to 
analyze a problem 


FIGURE 17 A recent color-enhanced 
version of a cloud-chamber 
photograph made in the early days 
(1920s) of nuclear physics. Green lines 
are paths of helium nuclei (He) 
coming from the left. One He, 
highlighted in yellow, strikes a proton 
of the hydrogen gas in the chamber, 
and both scatter at an angle; the 
scattered proton’s path is shown in red. 


Px conserved 


Py conserved 


FIGURE 18 Object A, the projectile, collides with 
object B, the target. After the collision, they move 
off with momenta p'4 and pg at angles 6’, and 6g. 
The objects are shown here as particles, as we would 
visualize them in atomic or nuclear physics. But they 
could also be macroscopic pool balls. 


Science Photo Library/Photo 


Researchers, Inc. 
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FIGURE 19 Example 12. 


A CAUTION 
Equation 8 applies only in 1-D 
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Billiard ball collision in 2-D. Billiard ball A moving with 
speed va =3.0m/s in the + x direction (Fig. 19) strikes an equal-mass 
ball B initially at rest. The two balls are observed to move off at 45° to the x axis, 
ball A above the x axis and ball B below. That is, 64 = 45° and 6, = —45° 
in Fig. 19. What are the speeds of the two balls after the collision? 


APPROACH There is no net external force on our system of two balls, assuming 
the table is level (the normal force balances gravity). Thus momentum conservation 
applies, and we apply it to both the x and y components using the xy coordinate 
system shown in Fig. 19. We get two equations, and we have two unknowns, v and 
vg. From symmetry we might guess that the two balls have the same speed. But let 
us not assume that now. Even though we are not told whether the collision is elastic 
or inelastic, we can still use conservation of momentum. 

SOLUTION We apply conservation of momentum for the x and y components, 
Eqs. 9a and b, and we solve for v's and vg. We are given m, = mg(= m), so 


(for x) mv, = mvh cos(45°) + mvg cos(—45°) 
and 

(for y) 0 = mva sin(45°) + mvgsin(—45°). 
The m’s cancel out in both equations (the masses are equal). The second 
equation yields [recall that sin(—@) = —sin 6]: 

, sin(45°) ,{ sin4s° j 

vg = vw =v 

» Â sin(—45°) A\ ~sin 45° 2 


So they do have equal speeds as we guessed at first. The x component equation 
gives [recall that cos(—0) = cos 0]: 


Va = vh cos(45°) + vgcos(45°) = 2v cos(45°), 
so 
VA 3.0 m/s 


= v = = = 21m/s. 
Pa T "BZ e0s(45°) — 2(0.707) ms 


If we know that a collision is elastic, we can also apply conservation of kinetic 
energy and obtain a third equation in addition to Eqs. 9a and b: 


K, + Kg = Ka+ Kp 
or, for the collision shown in Fig. 18 or 19, 
im vh = imav? + mgo. [elastic collision] (9c) 


If the collision is elastic, we have three independent equations and can solve for 
three unknowns. If we are given m,, mg, Va (and Uz, if it is not zero), we cannot, 
for example, predict the final variables, uv, , vg, 0^, and 0,3, because there are four 
of them. However, if we measure one of these variables, say 0'4, then the other 
three variables (v4, vg, and 63) are uniquely determined, and we can determine 
them using Eqs. 9a, b, and c. 

A note of caution: Eq. 8 does not apply for two-dimensional collisions. It 
works only when a collision occurs along a line. 


Proton-proton collision. A proton traveling with speed 8.2 x 
10° m/s collides elastically with a stationary proton in a hydrogen target as in 
Fig. 18. One of the protons is observed to be scattered at a 60° angle. At what 
angle will the second proton be observed, and what will be the velocities of the 
two protons after the collision? 


APPROACH We saw a two-dimensional collision in Example 12, where we 
needed to use only conservation of momentum. Now we are given less information: 
we have three unknowns instead of two. Because the collision is elastic, we can use 
the kinetic energy equation as well as the two momentum equations. 
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SOLUTION Since m, = mg, Eqs. 9a, b, and c become 


Va = Va cos Oa + VB COS OR (i) 
0 = va sind + vp sin bg (ii) 
vo, = ve + vg, (iii) 


where v, = 8.2 X 10°m/s and 6, = 60° are given. In the first and second equa- 
tions, we move the v terms to the left side and square both sides of the equations: 
vA — 2vav', cos 6, + v cos O's = VE cos? O% 
2in2 = eing 
via sin Oa = vg sin’ Og. 
We add these two equations and use sin?@ + cos?0 = 1 to get: 


vA — wava cosh, + VE = VE. 


Into this equation we substitute vg = v4 — v, from equation (iii) above, and get 


2v? = 2w, Vv cos On, 
or f 
va = vacosd', = (8.2 xX 10°m/s)(cos60°) = 4.1 X 10° m/s. 


To obtain vg, we use equation (iii) above (conservation of kinetic energy): 


vp = V — v = 7.1 X 10 m/s. 


Finally, from equation (ii), we have 


Lawrence Berkeley Laboratory/Science 
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f 4.1 x 10° 
sin 6 PA sin Oy ( aa *) (0.866 = —0.50, 
UB 7.1 X 10° m/s 
so 03 = —30°. (The minus sign means particle B moves at an angle below the SUURE 20: Photo of a nia 


Paar : : : Roel ae roton collision in a hydrogen bubble 
x axis if particle A is above the axis, as in Fig. 19.) An example of such a collision Aaa er (a device ae eae visible 


is shown in the bubble chamber photo of Fig. 20. Notice that the two trajectories the paths of elementary particles). 
are at right angles to each other after the collision. This can be shown to be true The many lines represent incoming 
in general for non-head-on elastic collisions of two particles of equal mass, one of protons which can strike the protons 
which was at rest initially (see Problem 61). of the hydrogen in the chamber. 


Momentum Conservation and Collisions 4 Choose a coordinate system and “+” and “—” direc- 
tions. (For a head-on collision, you will need only an 


1. Choose your system. If the situation is complex, x axis.) It is often convenient to choose the +x axis in 
think about how you might break it up into separate the direction of one object’s initial velocity. 
parts when one or more conservation laws apply. . Apply the momentum conservation equation(s): 

. If a significant net external force acts on your 
chosen system, be sure the time interval Af is so ; 
short that the effect on momentum is negligible. You have one equation for each component (x, y, z): 
That is, the forces that act between the interacting only one equation for a head-on collision. 
objects must be the only significant ones if 6. If the collision is elastic, you can also write down a 
momentum conservation is to be used. [Note: If this conservation of kinetic energy equation: 
is valid for a portion of the problem, you can use 
momentum conservation only for that portion.] 

. Draw a diagram of the initial situation, just before 
the interaction (collision, explosion) takes place, and 
represent the momentum of each object with an 7. Solve for the unknown(s). 
arrow and a label. Do the same for the final situa- 8. Check your work, check the units, and ask yourself 
tion, just after the interaction. whether the results are reasonable. 


total initial momentum = total final momentum. 


total initial kinetic energy = total final kinetic energy. 


[Alternately, you could use Eq. 8: va — Ug = 
Vg — Vh, if the collision is one dimensional (head-on).] 
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8 Center of Mass (cm) 


Momentum is a powerful concept not only for analyzing collisions but also for 
analyzing the translational motion of real extended objects. Until now, whenever 
we have dealt with the motion of an extended object (that is, an object that has 
size), we have assumed that it could be approximated as a point particle or that it 
undergoes only translational motion. Real extended objects, however, can undergo 
rotational and other types of motion as well. For example, the diver in Fig. 21a 
undergoes only translational motion (all parts of the object follow the same path), 
whereas the diver in Fig. 21b undergoes both translational and rotational motion. 
We will refer to motion that is not pure translation as general motion. 

Observations indicate that even if an object rotates, or several parts of a 
system of objects move relative to one another, there is one point that moves 
in the same path that a particle would move if subjected to the same net force. 
This point is called the center of mass (abbreviated cm). The general motion 
of an extended object (or system of objects) can be considered as the sum of the 
translational motion of the Cm, plus rotational, vibrational, or other types of motion 
about the cM. 

As an example, consider the motion of the center of mass of the diver in Fig. 21; 
the cm follows a parabolic path even when the diver rotates, as shown in Fig. 21b. 
This is the same parabolic path that a projected particle follows when acted on only 
by the force of gravity (projectile motion). Other points in the rotating diver’s body, 
such as her feet or head, follow more complicated paths. 

Figure 22 shows a wrench acted on by zero net force, translating and rotating 
along a horizontal surface. Note that its CM, marked by a red cross, moves in a 
straight line, as shown by the dashed white line. 


(b) 


FIGURE 21 The motion of the 
diver is pure translation in (a), but is 
translation plus rotation in (b). The 
black dot represents the diver’s CM 
at each moment. 


FIGURE 22 Translation plus rotation: a wrench moving over a horizontal surface. 
The cm, marked with a red cross, moves in a straight line. 


We will show in Section 9 that the important properties of the cm follow from 

Newton’s laws if the cm is defined in the following way. We can consider any 

extended object as being made up of many tiny particles. But first we consider a 

system made up of only two particles (or small objects), of masses m, and mg. We 

choose a coordinate system so that both particles lie on the x axis at positions x, 

FIGURE 23 The center of mass of a and xg, Fig. 23. The center of mass of this system is defined to be at the position 

two-particle system lies on the line Xcm, given by 
joining the two masses. Here 


d Ma Xa + MgX Maxa + Myx 

m, > mp, so the cM is closer to ma Xom AZA BAB = LASA BAB, 
than to mg. ma + mg M 

y where M = m, + mp is the total mass of the system. The center of mass lies on 

XB -| the line joining m, and mg. If the two masses are equal (m A = Mp = m), then 
x, . . . . . 
a p e X Xcm 1s midway between them, since in this case 
m m 
A B mx, + Xp) (x, F xp) 
[—— eM Xem = = $ 
2m 2 


If one mass is greater than the other, say, m, > mg, then the cM is closer 
to the larger mass. If all the mass is concentrated at xg, so ma = 0, then 
Xem = (Oxa + mg xpg)/(0 + mpg) = xg, as we would expect. 
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Now let us consider a system consisting of n particles, where n could be very 
large. This system could be an extended object which we consider as being made 
up of n tiny particles. If these n particles are all along a straight line (call it the 
x axis), we define the cm of the system to be located at 

n 
m;X; 
m, xX, + mixa +++ + my, Xp > = 


Aoii = m +m, +++ +m, E M ` a0) 


where m,m, ... M, are the masses of each particle and x4, x2,... X„ are their 
positions. The symbol €- is the summation sign meaning to sum over all the 
particles, where i takes on integer values from 1 to n. (Often we simply write 
=m;x;, leaving out the i =1 ton.) The total mass of the system is M = Èm. 


CM of three guys on a raft. Three people of roughly equal 
masses m on a lightweight (air-filled) banana boat sit along the x axis at positions 
xa = 1.0 m, xg =5.0m, and xc =6.0m, measured from the left-hand end as 
shown in Fig. 24. Find the position of the cm. Ignore the boat’s mass. 


APPROACH We are given the mass and location of the three people, so we 


use three terms in Eq. 10. We approximate each person as a point particle. Equiv- o 10m Sim Cüm k 
alently, the location of each person is the position of that person’s own CM. 
SOLUTION We use Eq. 10 with three terms: FIGURE 24 Example 14. 
_ mxa + mxg + mxc _m(xą + xg + xc) 
AN m+tm+tm 3m 
_ (1.0m +5.0m +6.0m)  12.0m 


3 3 = 4.0m. 


The co is 4.0m from the left-hand end of the boat. This makes sense — it should 
be closer to the two people in front than the one at the rear. 


Note that the coordinates of the cM depend on the reference frame or coordinate 
system chosen. But the physical location of the CM is independent of that choice. 


EXERCISE F Calculate the cm of the three people in Example 14 taking the origin at 
the driver (xc = 0) on the right. Is the physical location of the cm the same? 


If the particles are spread out in two or three dimensions, as for a typical 
extended object, then we define the coordinates of the CM as 
=m; xi =m; yi _ 2M; Zi 
Xem M” Yom = M Zom = TM 
where x;, y;, z; are the coordinates of the particle of mass m; and again M = Èm; 
is the total mass. 

Although from a practical point of view we usually calculate the components of the 
cM (Eq. 11), it is sometimes convenient (for example, for derivations) to write Eq. 11 in 
vector form. If F; = xii + yj + zik is the position vector of the i particle, and 
Fom = Xcyi + You + Zou k is the position vector of the center of mass, then 


aD 


3 2m;ř; (12) 
Y = ———, 
CM M 
Three particles in 2-D. Three particles, each of mass 2.50kg, FIGURE 25 Example 15. 
are located at the corners of a right triangle whose sides are 2.00 m and 1.50 m y 
long, as shown in Fig. 25. Locate the center of mass. me 
APPROACH We choose our coordinate system as shown (to simplify calculations) with 
mz, at the origin and mpg on the x axis. Then m, has coordinates x, = ya = 0; mp has 
coordinates xg = 2.0m, yg = 0; and mç has coordinates xc = 2.0m, yc = 1.5m. 1.50m 
SOLUTION From Egs. 11, ž CM 
(2.50 kg)(0) + (2.50 kg)(2.00 m) + (2.50 kg)(2.00 m) a ee 
= 3(2.50 kg) Tom omy B oy 
(2.50kg)(0) + (2.50kg)(0) + (2.50 kg)(1.50 m) i 2.00 m "l 


= 0.50m. 
Ie 7.50 kg = 


The cm and the position vector Foy are shown in Fig. 25, inside the “triangle” as 
we should expect. 
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FIGURE 26 An extended object, 
here shown in only two dimensions, 
can be considered to be made up of 
many tiny particles (n), each having 
amass Am;. One such particle is 
shown located at a point 

Fj, = xi + yiÎ + zk. We take the 
limit of n —> co so Am; becomes the 
infinitesimal dm. 


FIGURE 27 Example 16. 


dm=hdx 
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EXERCISE G A diver does a high dive involving a flip and a half-pike (legs and arms 
straight, but body bent in half). What can you say about the diver’s center of mass? (a) It 
accelerates with a magnitude of 9.8 m/s” (ignoring air friction). (b) It moves in a circular 
path because of the rotation of the diver. (c) It must always be roughly located inside the 
diver’s body, somewhere in the geometric center. (d) All of the above are true. 


It is often convenient to think of an extended object as made up of a continuous 
distribution of matter. In other words, we consider the object to be made up of 
n particles, each of mass Am; in a tiny volume around a point x;, y;, z;, and we take 
the limit of n approaching infinity (Fig. 26). Then Am; becomes the infinitesimal 
mass dm at points x, y, z. The summations in Eqs. 11 and 12 become integrals: 


1 1 1 
Xo = u [am Vou = m [>am Zem = m jean (13) 


where the sum over all the mass elements is f dm = M, the total mass of the 
object. In vector notation, this becomes 


1 
Pu = u [5am (14) 


A concept similar to center of mass is center of gravity (CG). The CG of an object 
is that point at which the force of gravity can be considered to act. The force of gravity 
actually acts on all the different parts or particles of an object, but for purposes of 
determining the translational motion of an object as a whole, we can assume that the 
entire weight of the object (which is the sum of the weights of all its parts) acts at 
the cG. There is a conceptual difference between the center of gravity and the center 
of mass, but for nearly all practical purposes, they are at the same point.’ 


CM of a thin rod. (a) Show that the cM of a uniform thin rod of 
length £ and mass M is at its center. (b) Determine the cm of the rod assuming its 
linear mass density A (its mass per unit length) varies linearly from A = Ay at the 
left end to double that value, A = 2Ay, at the right end. 

APPROACH We choose a coordinate system so that the rod lies on the x axis 
with the left end at x = 0, Fig. 27. Then yoy =0 and Zem = 0. 
SOLUTION (a) The rod is uniform, so its mass per unit length (linear mass density A) is 
constant and we write it as A = M/£. We now imagine the rod as divided into infini- 
tesimal elements of length dx, each of which has mass dm = A dx. We use Eq. 13: 
MO ites co Led Ax, aÊ 
en = yy adm = ap [axde = 5) = Sy = 3 
where we used A = M/£. This result, x.,, at the center, is what we expected. 
(b) Now we have A = Ay at x =0 and we are told that à increases linearly to 
A =2X) at x =£. So we write 
A = A(1 + ax) 
which satisfies A =A) at x =0, increases linearly, and gives A = 2A) at x =£ 
if (1 +a) =2. In other words, a =1/. Again we use Eq. 13, with 
A=Aj(1 + x/£): 


if 1 ( x) wfe AlE 5A, 
=— | Axdx =— À 1+—)xdx = t = K. 
a a | ave va ew \2 Ah 6M 
Now let us write M in terms of A, and £. We can write 
e £ £ Ps py 3 
M = dm = [ade = wf (1 +5) ar = adx = ùk 
K 0 "he t g 20) o JAN 
Then 24 5 
0 
= Iep = `? 
Xem 6M 9” 


which is more than halfway along the rod, as we would expect since there is more 
mass to the right. 


‘There would be a difference between the cm and CG only in the unusual case of an object so large that 
the acceleration due to gravity, g, was different at different parts of the object. 
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For symmetrically shaped objects of uniform composition, such as spheres, 
cylinders, and rectangular solids, the cM is located at the geometric center of the 
object. Consider a uniform circular cylinder, such as a solid circular disk. We expect 
the cM to be at the center of the circle. To show that it is, we first choose a coordi- 
nate system whose origin is at the center of the circle with the z axis perpendicular 
to the disk (Fig. 28). When we take the sum Èrm;x; in Eqs. 11, there is as much 
mass at any +x; as there is at —x;. So all terms cancel out in pairs and 
Xcm = 0. The same is true for yc. In the vertical (z) direction, the cm must lie 
halfway between the circular faces: if we choose our origin of coordinates at that 
point, there is as much mass at any +z; as at —z;, SO Zem = 0. For other uniform, 
symmetrically shaped objects, we can make similar arguments to show that the CM 
must lie on a line of symmetry. If a symmetric body is not uniform, then these 
arguments do not hold. For example, the cm of a wheel or disk weighted on one 
side is not at the geometric center but closer to the weighted side. 

To locate the center of mass of a group of extended objects, we can use 
Eqs. 11, where the m; are the masses of these objects and x;, y;, and z; are the 
coordinates of the cM of each of the objects. 


CM of L-shaped flat object. Determine the cm of the uniform 
thin L-shaped construction brace shown in Fig. 29. 


APPROACH We can consider the object as two rectangles: rectangle A, which is 
2.06 m X 0.20 m, and rectangle B, which is 1.48 m X 0.20 m. We choose the origin 
at 0 as shown. We assume a uniform thickness f. 


SOLUTION The co of rectangle A is at 
xa = 1.03m, ya = 0.10m. 
The cm of B is at 
Xg = 1.96m, yg = —0.74m. 
The mass of A, whose thickness is t, is 
M, = (2.06m)(0.20m)(t)(p) = (0.412 m’)(pr), 
where p is the density (mass per unit volume). The mass of B is 
Mg = (1.48m)(0.20m)(pt) = (0.296 m’)(pt), 
and the total mass is M = (0.708 m’)(pt). Thus 
_ Maxa +Mpxp _ (0.412 m’)(1.03m) + (0.296 m’)(1.96 m) 


x = 1.42m, 
œ M (0.708 m?) 
where pt was canceled out in numerator and denominator. Similarly, 
(0.412 m?°)(0.10 m) + (0.296 m?)(—0.74 m) 
Yo = = —0.25m, 


(0.708 m?) 


which puts the CM approximately at the point so labeled in Fig. 29. In thickness, 
Zcm = t/2, since the object is assumed to be uniform. 


Note in this last Example that the cm can actually lie outside the object. 
Another example is a doughnut whose cM is at the center of the hole. 

It is often easier to determine the CM or CG of an extended object experimentally 
rather than analytically. If an object is suspended from any point, it will swing 
(Fig. 30) due to the force of gravity on it, unless it is placed so its CG lies on a 
vertical line directly below the point from which it is suspended. If the object is 
two-dimensional, or has a plane of symmetry, it need only be hung from two 
different pivot points and the respective vertical (plumb) lines drawn. Then the cG 
will be at the intersection of the two lines, as in Fig. 31. If the object doesn’t have 
a plane of symmetry, the CG with respect to the third dimension is found by 
suspending the object from at least three points whose plumb lines do not lie in 
the same plane. For symmetrically shaped objects, the CM is located at the 
geometric center of the object. 


FIGURE 28 Cylindrical disk with 
origin of coordinates at geometric 
center. 


FIGURE 29 Example 17. This L- 
shaped object has thickness ¢ (not 
shown on diagram). 


y 


Pivot point 


FIGURE 30 Determining the cm of 
a flat uniform body. 


FIGURE 31 Finding the ca. 
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NEWTON’S SECOND LAW 
(for a system) 


TRANSLATIONAL 
MOTION OF CM 


272 


Linear Momentum 


© Center of Mass and Translational Motion 


As mentioned in Section 8, a major reason for the importance of the concept of 
center of mass is that the translational motion of the cm for a system of particles 
(or an extended object) is directly related to the net force acting on the system as 
a whole. We now show this, by examining the motion of a system of n particles of 
total mass M, and we assume all the masses remain constant. We begin by 
rewriting Eq. 12 as 


Miro = =m;F¥;. 


We differentiate this equation with respect to time: 


dim di, 
a mi 

or 
MŪcm = =M;Vj, (15) 


where V; = dř;/dt is the velocity of the i™ particle of mass m;, and Vey is the 
velocity of the cM. We take the derivative with respect to time again and obtain 


d¥cy 


M 
dt 


= =m;a;, 


where 4; = dy;/dt is the acceleration of the i particle. Now d¥q/dt is the 
acceleration of the CM, äcm. By Newton’s second law, m;a =F; where F; is 
the net force on the i particle. Therefore 


May = Á +É +: +É, = XÉ. (16) 


That is, the vector sum of all the forces acting on the system is equal to the total 
mass of the system times the acceleration of its center of mass. Note that our 
system of n particles could be the n particles that make up one or more extended 
objects. 

The forces F; exerted on the particles of the system can be divided into two 
types: (1) external forces exerted by objects outside the system and (2) internal 
forces that particles within the system exert on one another. By Newton’s third 
law, the internal forces occur in pairs: if one particle exerts a force on a second 
particle in our system, the second must exert an equal and opposite force on the 
first. Thus, in the sum over all the forces in Eq. 16, these internal forces cancel each 
other in pairs. We are left, then, with only the external forces on the right side of 
Eq. 16: 


Macy = SFext, [constant M] (17) 


where >F.x; is the sum of all the external forces acting on our system, which is the 
net force acting on the system. Thus 


the sum of all the forces acting on the system is equal to the total mass of the 
system times the acceleration of its center of mass. 


This is Newton’s second law for a system of particles. It also applies to an extended 
object (which can be thought of as a collection of particles), and to a system of 
objects. Thus we conclude that 


the center of mass of a system of particles (or objects) with total mass M 
moves like a single particle of mass M acted upon by the same net external 
force. 


That is, the system translates as if all its mass were concentrated at the cm and all the 
external forces acted at that point. We can thus treat the translational motion of 
any object or system of objects as the motion of a particle (see Figs. 21 and 22). 
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This result clearly simplifies our analysis of the motion of complex systems and 
extended objects. Although the motion of various parts of the system may be 
complicated, we may often be satisfied with knowing the motion of the center of 
mass. This result also allows us to solve certain types of problems very easily, as 
illustrated by the following Example. 


CONCEPTUAL EXAMPLE 18 | A two-stage rocket. A rocket is shot into the air 
as shown in Fig. 32. At the moment it reaches its highest point, a horizontal distance 
d from its starting point, a prearranged explosion separates it into two parts of equal 
mass. Part I is stopped in midair by the explosion and falls vertically to Earth. Where 
does part II land? Assume g = constant. 


va | mS ~ an, 
Za S Olay) 
CZ l N S2 
Sin Seg SK 
S's NS ~ 
Gi SO >q 
l N x 


RESPONSE After the rocket is fired, the path of the cm of the system continues 
to follow the parabolic trajectory of a projectile acted on only by a constant 
gravitational force. The cm will thus arrive at a point 2d from the starting point. 
Since the masses of I and II are equal, the CM must be midway between them. 
Therefore, part II lands a distance 3d from the starting point. 

NOTE If part I had been given a kick up or down, instead of merely falling, the 
solution would have been somewhat more complicated. 


EXERCISE H A woman stands up in a rowboat and walks from one end of the boat to the 
other. How does the boat move, as seen from the shore? 


We can write Eq. 17, Magy = XF., in terms of the total momentum P of a 
system of particles. P is defined, as we saw in Section 2 as 


P = mv, tm + +m, V, = IÐ. 


From Eq. 15 (Mem = Erm;¥;) we have 
P = Mv. (18) 


Thus, the total linear momentum of a system of particles is equal to the product of 
the total mass M and the velocity of the center of mass of the system. Or, the linear 
momentum of an extended object is the product of the objects mass and the velocity 
of its CM. 

If we differentiate Eq. 18 with respect to time, we obtain (assuming the total 
mass M is constant) 


dP dý F 
dt = M dt cM = Macu P 
From Eq. 17, we see that 
dP P 
P ZF; [same as Eq. 5] 


where SF,,; is the net external force on the system. This is just Eq. 5 obtained 
earlier: Newton’s second law for a system of objects. It is valid for any definite 
fixed system of particles or objects. If we know =F.x;, we can determine how the 
total momentum changes. 


FIGURE 32 Example 18. 


NEWTON’S SECOND LAW 


(for a system) 
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@® puysics APPLIED 
Distant planets discovered 


dM 


(a) 


v+dv 


(b) 
FIGURE 33 (a) At time t, a mass 
dM is about to be added to our 
system M. (b) At time t + dt, the 
mass dM has been added to our 
system. 
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An interesting application is the discovery of nearby stars that seem to 
“wobble.” What could cause such a wobble? It could be that a planet orbits the 
star, and each exerts a gravitational force on the other. The planets are too small 
and too far away to have been observed directly by existing telescopes. But the 
slight wobble in the motion of the star suggests that both the planet and the star 
(its sun) orbit about their mutual center of mass, and hence the star appears to 
have a wobble. Irregularities in the star’s motion can be obtained to high accu- 
racy, and from the data the size of the planets’ orbits can be obtained as well as 
their masses. 


*10 Systems of Variable Mass; Rocket 
Propulsion 


We now treat objects or systems whose mass varies. Such systems could be 
treated as a type of inelastic collision, but it is simpler to use Eq. 5, 
dP/dt = ZF., where P is the total momentum of the system and SÉ, is the 
net external force exerted on it. Great care must be taken to define the system, 
and to include all changes in momentum. An important application is to rockets, 
which propel themselves forward by the ejection of burned gases: the force 
exerted by the gases on the rocket accelerates the rocket. The mass M of the 
rocket decreases as it ejects gas, so for the rocket dM/dt <0. Another 
application is the dropping of material (gravel, packaged goods) onto a conveyor 
belt. In this situation, the mass M of the loaded conveyor belt increases and 
dM/dt > 0. 

To treat the general case of variable mass, let us consider the system 
shown in Fig. 33. At some time t, we have a system of mass M and momentum 
My. We also have a tiny (infinitesimal) mass dM traveling with velocity ti 
which is about to enter our system. An infinitesimal time dt later, the mass dM 
combines with the system. For simplicity we will refer to this as a “collision.” 
So our system has changed in mass from M to M+dM in the 
time dt. Note that dM can be less than zero, as for a rocket propelled by 
ejected gases whose mass M thus decreases. 

In order to apply Eq. 5, dP/dt = =F.,,, we must consider a definite 
fixed system of particles. That is, in considering the change in momentum, 
dP, we must consider the momentum of the same particles initially and 
finally. We will define our total system as including M plus dM. Then 
initially, at time t, the total momentum is My + idM (Fig. 33). At time 
t+ dt, after dM has combined with M, the velocity of the whole is now 
vy + dv and the total momentum is (M +dM)(¥ +dv). So the change in 
momentum dP is 


dP = (M + dM)(¥ + d¥) — (M¥ + tidM) 
= Md +¥dM + dM dy — ü dM. 


The term dM dy is the product of two differentials and is zero even after we 
“divide by dt,” which we do, and apply Eq. 5 to obtain 


dP Md +¥dM —idM 


Bex = dt 
Thus we get 
By dv . dM 
TF: = M dt (u — 7) d (19a) 


Note that the quantity (ti — ¥) is the relative velocity, ¥,.;, of dM with respect to M. 
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That is, 

Vel = U-V 
is the velocity of the entering mass dM as seen by an observer on M. We can 
rearrange Eq. 19a: 

dv m _ dM 
Vrel dt . 


(19b) 


We can interpret this equation as follows. Mdv/dt is the mass times the acceleration 
of M. The first term on the right, =F..;, refers to the external force on the 
mass M (for a rocket, it would include the force of gravity and air resistance). It 
does not include the force that dM exerts on M as a result of their collision. This 
is taken care of by the second term on the right, V,.\(dM/dt), which represents 
the rate at which momentum is being transferred into (or out of) the mass M 
because of the mass that is added to (or leaves) it. It can thus be interpreted as 
the force exerted on the mass M due to the addition (or ejection) of mass. For a 
rocket this term is called the thrust, since it represents the force exerted on the 
rocket by the expelled gases. For a rocket ejecting burned fuel, dM/dt < 0, but 
so iS Fe, (gases are forced out the back), so the second term in Eq. 19b acts 
to increase Y. 


Conveyor belt. You are designing a conveyor system for a ® PHYSICS APPLIED 
gravel yard. A hopper drops gravel at a rate of 75.0kg/s onto a conveyor belt Moving conveyor belt 
that moves at a constant speed v = 2.20 m/s (Fig. 34). (a) Determine the addi- 
tional force (over and above internal friction) needed to keep the conveyor belt FIGURE 34 Example 19. Gravel 
moving as gravel falls on it. (b) What power output would be needed from the dropped from hopper onto conveyor 
motor that drives the conveyor belt? belt. 


APPROACH We assume that the hopper is at rest so u = 0, and that the hopper 
has just begun dropping gravel so dM/dt = 75.0kg/s. 


SOLUTION (a) The belt needs to move at a constant speed (dv/dt =0), so 
Eq. 19 as written for one dimension, gives: 


F uv ( zi) dM 
ane a dt 
dM 
= 0-(0-v) a 
dM 
= i (2.20 m/s)(75.0kg/s) = 165N. 


(b) This force does work at the rate 


W pgo dM 
a ~ Y5 
= 363W, 


which is the power output required of the motor. 
NOTE This work does not all go into kinetic energy of the gravel, since 


dK 4 (Laz) = 1M 


dt dt\2 2dt ”” 


which is only half the work done by F.,;. The other half of the external work 
done goes into thermal energy produced by friction between the gravel and the 
belt (the same friction force that accelerates the gravel). 
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fr 


F 


thrust 


| v, 
gases 


FIGURE 35 Example 20; 

Viel = Voases — Vrocket: M is the mass 
of the rocket at any instant and is 
decreasing until burnout. 
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Rocket propulsion. A fully fueled rocket has a mass of 
21,000 kg, of which 15,000 kg is fuel. The burned fuel is spewed out the rear at a 
rate of 190 kg/s with a speed of 2800 m/s relative to the rocket. If the rocket is 
fired vertically upward (Fig. 35) calculate: (a) the thrust of the rocket; (b) the net 
force on the rocket at blastoff, and just before burnout (when all the fuel has 
been used up); (c) the rocket’s velocity as a function of time, and (d) its final 
velocity at burnout. Ignore air resistance and assume the acceleration due to 
gravity is constant at g = 9.80 m/s’. 


APPROACH To begin, the thrust is defined (see discussion after Eq. 19b) as the 
last term in Eq. 19b, v,.1(dM/dt). The net force [for (b)] is the vector sum of the 
thrust and gravity. The velocity is found from Eq. 19b. 


SOLUTION (a) The thrust is: 
dM 3 
Fihrust = Yel = (—2800 m/s)(—190 kg/s) = 5.3 X10°N, 


where we have taken upward as positive so v,e] is negative because it is down- 
ward, and dM/dt is negative because the rocket’s mass is diminishing. 

(b) Fext = Mg = (2.1 X 10*kg)(9.80 m/s?) = 2.1 X 10° N initially, and at burnout 
Fox =(6.0 X 10° kg)(9.80 m/s’) = 5.9 X 10* N. Hence, the net force on the rocket 
at blastoff is 


Fut = 5.3 X10°N — 2.1 X10°N = 3.2 X10°N, [blastoff] 
and just before burnout it is 
Fut = 5.3 X10°N — 5.9 X10*N = 4.7 X10°N. [burnout] 


After burnout, of course, the net force is that of gravity, —5.9 X 10*N. 
(c) From Eq. 19b we have 


F dM 
dv = wt E Veet r” 
where Fex = —Mg, and M is the mass of the rocket and is a function of time. 
Since v,e is constant, we can integrate this easily: 
v t MadM 
dv = | gdt +v | 
lk 0 4 Mo M 
or 
M 
v(t) = v — gt + veln M 
0 


where v(t) is the rocket’s velocity and M its mass at any time t. Note that v,e; is 
negative (—2800m/s in our case) because it is opposite to the motion, and 
that In (M/M,) is also negative because Mọ > M. Hence, the last term — which 
represents the thrust — is positive and acts to increase the velocity. 

(d) The time required to reach burnout is the time needed to use up all the fuel 
(15,000 kg) at a rate of 190 kg/s; so at burnout, 


1.50 X 10'kg 
190 kg/s 


= 79s. 


If we take vp = 0, then using the result of part (c): 


6000 kg 


= = 2 z 21.000 kg 
v = —(9.80 m/s?)(79s) + (—2800 m/s In 21,000 kg 


) = 2700 m/s. 
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| Summary 


The linear momentum, p, of an object is defined as the product 
of its mass times its velocity, 


p = mv. (1) 


In terms of momentum, Newton’s second law can be 
written as 
= dp 
=F = a (2) 
That is, the rate of change of momentum of an object equals the 
net force exerted on it. 

When the net external force on a system of objects is zero, 
the total momentum remains constant. This is the law of conser- 
vation of momentum. Stated another way, the total momentum 
of an isolated system of objects remains constant. 

The law of conservation of momentum is very useful in 
dealing with the class of events known as collisions. In a colli- 
sion, two (or more) objects interact with each other for a very 
short time, and the force each exerts on the other during this 
time interval is very large compared to any other forces acting. 
The impulse of such a force on an object is defined as 


j= [Par 


and is equal to the change in momentum of the object as long as 


F is the net force on the object: 
AB = Br - Bi = [7 dt = J. (6) 
Total momentum is conserved inate collision: 
Pa + Ps = Pa + Pp. 
The total energy is also conserved; but this may not be useful 


unless kinetic energy is conserved, in which case the collision is 
called an elastic collision: 


sma va, + imgvh = imav + imge. (7) 


If kinetic energy is not conserved, the collision is called inelastic. 


If two colliding objects stick together as the result of a collision, 
the collision is said to be completely inelastic. 

For a system of particles, or for an extended object that can 
be considered as having a continuous distribution of matter, the 
center of mass (CM) is defined as 


=m; Xx; _ miyi _ mizi 
Xem M ` Yom M ` Zom M 


a1) 


or 


1 1 1 
Xom = 79 E dm, You = M È dm; Zm= M f dm, 
(13) 


where M is the total mass of the system. 

The center of mass of a system is important because this point 
moves like a single particle of mass M acted on by the same net 
external force, SF: In equation form, this is just Newton’s 
second law for a system of particles (or extended objects): 


Macy = ZEext (17) 


where M is the total mass of the system, ay, is the acceleration 
of the cm of the system, and SF. is the total (net) external 
force acting on all parts of the system. 
For a system of particles of total linear momentum 
P = m;¥; = M¥,y,, Newton’s second law is 
dP 


Fa E ZFext- (5) 


[*If the mass M of an object is not constant, then 


dý > — dM 
Mu ZFext + Vrel dt (19b) 


where V is the velocity of the object at any instant and V¥,,) is the 
relative velocity at which mass enters (or leaves) the object.] 


l Answers to Exercises 


A: (c) because the momentum change is greater. 
B: Larger (Ap is greater). 

C: 0.50 m/s. 

D: (a) 6.0 m/s; (b) almost zero; (c) almost 24.0 m/s. 


E: (b); (d). 
F: xcq = —2.0 m; yes. 
G: (a). 


H: The boat moves in the opposite direction. 
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Problem Set 


| Questions 


1. 


10. 


11. 


12. 


13. 


14. 


15. 


We claim that momentum is conserved. Yet most moving 
objects eventually slow down and stop. Explain. 


. Two blocks of mass mı and m, rest on a frictionless table 


and are connected by a spring. The blocks are pulled apart, 
stretching the spring, and then released. Describe the subse- 
quent motion of the two blocks. 


. A light object and a heavy object have the same kinetic 


energy. Which has the greater momentum? Explain. 


. When a person jumps from a tree to the ground, what happens 


to the momentum of the person upon striking the ground? 


. Explain, on the basis of conservation of momentum, how a 


fish propels itself forward by swishing its tail back and forth. 


. Two children float motionlessly in a space station. The 20-kg 


girl pushes on the 40-kg boy and he sails away at 1.0 m/s. 
The girl (a) remains motionless; (b) moves in the same 
direction at 1.0 m/s; (c) moves in the opposite direction at 
1.0m/s; (d) moves in the opposite direction at 2.0 m/s; 
(e) none of these. 


. A truck going 15 km/h has a head-on collision with a small car 


going 30 km/h. Which statement best describes the situation? 
(a) The truck has the greater change of momentum because it 
has the greater mass. (b) The car has the greater change of 
momentum because it has the greater speed. (c) Neither the 
car nor the truck changes its momentum in the collision 
because momentum is conserved. (d) They both have the same 
change in magnitude of momentum because momentum is 
conserved. (e) None of the above is necessarily true. 


. If a falling ball were to make a perfectly elastic collision with 


the floor, would it rebound to its original height? Explain. 


. A boy stands on the back of a rowboat and dives into the water. 


What happens to the rowboat as the boy leaves it? Explain. 


It is said that in ancient times a rich man with a bag of gold 
coins was stranded on the surface of a frozen lake. Because 
the ice was frictionless, he could not push himself to shore 
and froze to death. What could he have done to save himself 
had he not been so miserly? 

The speed of a tennis ball on the return of a serve can be 
just as fast as the serve, even though the racket isn’t swung 
very fast. How can this be? 

Is it possible for an object to receive a larger impulse from a 
small force than from a large force? Explain. 

How could a force give zero impulse over a nonzero time 
interval even though the force is not zero for at least a part 
of that time interval? 

In a collision between two cars, which would you expect to 
be more damaging to the occupants: if the cars collide and 
remain together, or if the two cars collide and rebound 
backward? Explain. 

A superball is dropped from a height h onto a hard steel 
plate (fixed to the Earth), from which it rebounds at very 
nearly its original speed. (a) Is the momentum of the ball 
conserved during any part of this process? (b) If we consider 


16. 


17. 


18. 


19. 


20. 
21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


the ball and the Earth as our system, during what parts of 
the process is momentum conserved? (c) Answer part (b) for 
a piece of putty that falls and sticks to the steel plate. 

Cars used to be built as rigid as possible to withstand colli- 
sions. Today, though, cars are designed to have “crumple 
zones” that collapse upon impact. What is the advantage of 
this new design? 

At a hydroelectric power plant, water is directed at high 
speed against turbine blades on an axle that turns an elec- 
tric generator. For maximum power generation, should the 
turbine blades be designed so that the water is brought to a 
dead stop, or so that the water rebounds? 

A squash ball hits a wall at a 45° angle as 

shown in Fig. 36. What is the direction (a) of 

the change in momentum of the ball, (b) of 

the force on the wall? 


FIGURE 36 
Question 18. 


Why can a batter hit a pitched baseball farther than a ball 
he himself has tossed up in the air? 

Describe a collision in which all kinetic energy is lost. 
Inelastic and elastic collisions are similar in that (a) momentum 
and kinetic energy are conserved in both; (b) momentum is 
conserved in both; (c) momentum and potential energy are 
conserved in both; (d) kinetic energy is conserved in both. 

If a 20-passenger plane is not full, sometimes passengers are 
told they must sit in certain seats and may not move to 
empty seats. Why might this be? 

Why do you tend to lean backward when carrying a heavy 
load in your arms? 

Why is the cm of a 1-m length of pipe at its midpoint, 
whereas this is not true for your arm or leg? 

Show on a diagram how your cM shifts when you move 
from a lying position to a sitting position. 

Describe an analytic way of determining the cm of any thin, 
triangular-shaped, uniform plate. 

Place yourself facing the edge of an open door. Position 
your feet astride the door with your nose and abdomen 
touching the door’s edge. Try to rise on your tiptoes. Why 
can’t this be done? 

If only an external force can change the momentum of the 
center of mass of an object, how can the internal force of 
the engine accelerate a car? 

A rocket following a parabolic path through the air 
suddenly explodes into many pieces. What can you say 
about the motion of this system of pieces? 

How can a rocket change direction when it is far out in 
space and essentially in a vacuum? 

In observations of nuclear B-decay, the electron and recoil 
nucleus often do not separate along the same line. Use 


From Chapter 9 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
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conservation of momentum in two dimensions to explain 
why this implies the emission of at least one other particle 
in the disintegration. 

Bob and Jim decide to play tug-of-war on a frictionless (icy) 
surface. Jim is considerably stronger than Bob, but Bob weighs 
160 lbs while Jim weighs 145 Ibs. Who loses by crossing over 
the midline first? 


33. 


At a carnival game you try to knock over a heavy cylinder 
by throwing a small ball at it. You have a choice of throwing 
either a ball that will stick to the cylinder, or a second ball 
of equal mass and speed that will bounce backward off the 
cylinder. Which ball is more likely to make the cylinder 
move? 


l Problems 


[The Problems in this Section are ranked I, II, or III according to 
estimated difficulty, with (1) Problems being easiest. Level III are 
meant as challenges for the best students. The Problems are 
arranged by Section, meaning that the reader should have read up 
to and including that Section, but not only that Section—Problems 
often depend on earlier material. Finally, there is a set of unranked 
“General Problems” not arranged by Section number. ] 


. (I) The force on a particle of mass m is given by F = 261 — 12 rj 


Momentum 


. (I) Calculate the force exerted on a rocket when the 


propelling gases are being expelled at a rate of 1300kg/s 
with a speed of 4.5 xX 10* m/s. 


. (I) A constant friction force of 25 N acts on a 65-kg skier for 


15 s. What is the skier’s change in velocity? 


. (II) The momentum of a particle, in SI units, is given by p = 


48i -— 8.0j — 8.9 tk. What is the force as a function of time? 


where F is in N and f¢ in s. What will be the change in the 
particle’s momentum between t = 1.0s and t = 2.0s? 


. (II) A 145-g baseball, moving along the x axis with speed 


30.0 m/s, strikes a fence at a 45° angle and rebounds along 
the y axis with unchanged speed. Give its change in 
momentum using unit vector notation. 


. (II) A 0.145-kg baseball pitched horizontally at 32.0 m/s 


strikes a bat and is popped straight up to a height of 36.5 m. 
If the contact time between bat and ball is 2.5 ms, calculate 
the average force between the ball and bat during contact. 


. (II) A rocket of total mass 3180kg is traveling in outer 


space with a velocity of 115 m/s. To alter its course by 35.0°, 
its rockets can be fired briefly in a direction perpendicular 
to its original motion. If the rocket gases are expelled at a 
speed of 1750 m/s, how much mass must be expelled? 


. (III) Air in a 120-km/h wind strikes head-on the face of a 


building 45 m wide by 65 m high and is brought to rest. If air 
has a mass of 1.3 kg per cubic meter, determine the average 
force of the wind on the building. 


2 Conservation of Momentum 


9. 


10. 


11. 


(I) A 7700-kg boxcar traveling 18 m/s strikes a second car. 
The two stick together and move off with a speed of 
5.0 m/s. What is the mass of the second car? 

(I) A 9150-kg railroad car travels alone on a level frictionless 
track with a constant speed of 15.0m/s. A 4350-kg load, 
initially at rest, is dropped onto the car. What will be the 
car’s new speed? 

(I) An atomic nucleus at rest decays radioactively into an 
alpha particle and a smaller nucleus. What will be the speed 
of this recoiling nucleus if the speed of the alpha particle is 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


2.8 X 10°m/s? Assume the recoiling nucleus has a mass 
57 times greater than that of the alpha particle. 

(1) A 130-kg tackler moving at 2.5 m/s meets head-on (and 
tackles) an 82-kg halfback moving at 5.0 m/s. What will be 
their mutual speed immediately after the collision? 

(II) A child in a boat throws a 5.70-kg package out horizontally 
with a speed of 10.0 m/s, Fig. 37. Calculate the velocity of the 
boat immediately after, assuming it was initially at rest. The 
mass of the 
child is 24.0 kg 
and that of 
the boat is 
35.0 kg. 


\ ie 


v = 10.0 m/s 


FIGURE 37 
Problem 13. 


(II) An atomic nucleus initially moving at 420 m/s emits an 
alpha particle in the direction of its velocity, and the 
remaining nucleus slows to 350 m/s. If the alpha particle has 
a mass of 4.0 u and the original nucleus has a mass of 222 u, 
what speed does the alpha particle have when it is emitted? 
(II) An object at rest is suddenly broken apart into two frag- 
ments by an explosion. One fragment acquires twice the 
kinetic energy of the other. What is the ratio of their masses? 
(II) A 22-g bullet traveling 210m/s penetrates a 2.0-kg 
block of wood and emerges going 150 m/s. If the block is 
stationary on a frictionless surface when hit, how fast does it 
move after the bullet emerges? 

(II) A rocket of mass m traveling with speed vp along the 
x axis suddenly shoots out fuel equal to one-third its mass, 
perpendicular to the x axis (along the y axis) with speed 2vo. 
Express the final velocity of the rocket in i,j k notation. 
(II) The decay of a neutron into a proton, an electron, and a 
neutrino is an example of a three-particle decay process. 
Use the vector nature of momentum to show that if the 
neutron is initially at rest, the velocity vectors of the three 
must be coplanar (that is, all in the same plane). The result 
is not true for numbers greater than three. 

(I) A mass m, = 2.0kg, moving with velocity Va = 
(4.01 + 5.0j — 2.0k) m/s, collides with mass mp = 3.0kg, 
which is initially at rest. Immediately after the collision, mass m, 
is observed traveling at velocity V4 = (-2.0i + 3.0k) m/s. 
Find the velocity of mass mg after the collision. Assume no 
outside force acts on the two masses during the collision. 
(II) A 925-kg two-stage rocket is traveling at a speed of 
6.60 X 10° m/s away from Earth when a predesigned explo- 
sion separates the rocket into two sections of equal mass 
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that then move with a speed of 2.80 x 10° m/s relative to 
each other along the original line of motion. (a) What is the 
speed and direction of each section (relative to Earth) after 
the explosion? (b) How much energy was supplied by the 
explosion? [Hint: What is the change in kinetic energy as a 
result of the explosion?] 

21. (IIT) A 224-kg projectile, fired with a speed of 116 m/s at a 
60.0° angle, breaks into three pieces of equal mass at the 
highest point of its arc (where its velocity is horizontal). Two 
of the fragments move with the same speed right after 
the explosion as the entire projectile had just before the 
explosion; one of these moves vertically downward and the 
other horizontally. Determine (a) the velocity of the third 
fragment immediately after the explosion and (b) the 
energy released in the explosion. 


3 Collisions and Impulse 

22. (I) A 0.145-kg baseball pitched at 35.0 m/s is hit on a hori- 
zontal line drive straight back at the pitcher at 56.0 m/s. If 
the contact time between bat and ball is 5.00 X 1073s, calcu- 
late the force (assumed to be constant) between the ball 
and bat. 

23. (II) A golf ball of mass 0.045 kg is hit off the tee at a speed 
of 45m/s. The golf club was in contact with the ball for 
3.5 X 103s. Find (a) the impulse imparted to the golf ball, 
and (b) the average force exerted on the ball by the golf club. 

24. (II) A 12-kg hammer strikes a nail at a velocity of 8.5 m/s 
and comes to rest in a time interval of 8.0 ms. (a) What is the 
impulse given to the nail? (b) What is the average force 
acting on the nail? 

25. (II) A tennis ball of mass m = 0.060kg and speed 
v =25m/s strikes a wall at a 45° angle and rebounds _. 
with the same speed at 45° (Fig. 38). What 
is the impulse (magnitude and direction) 
given to the ball? 


FIGURE 38 
Problem 25. 


26. (II) A 130-kg astronaut (including space suit) acquires a 
speed of 2.50 m/s by pushing off with his legs from a 1700-kg 
space capsule. (a) What is the change in speed of the space 
capsule? (b) If the push lasts 0.500s, what is the average 
force exerted by each on the other? As the reference frame, 
use the position of the capsule before the push. (c) What is 
the kinetic energy of each after the push? 

27. (II) Rain is falling at the rate of 5.0 cm/h and accumulates 
in a pan. If the raindrops hit at 8.0 m/s, estimate the force on 
the bottom of a 1.0 m? pan due to the impacting rain which 
does not rebound. Water has a mass of 1.00 X 10° kg per m°. 

28. (II) Suppose the force acting on a tennis ball (mass 
0.060 kg) points in the +x direction and is given by the 
graph of Fig. 39 as a function of time. Use graphical 
methods to estimate (a) the total impulse given the ball, and 
(b) the velocity of the ball after being struck, assuming the 
ball is being served so it is nearly at rest initially. 


300 
Z 200 
Ry 
100 
0 
FIGURE 39 0 0.05 0.10 
Problem 28. t (s) 


29. (II) With what impulse does a 0.50-kg newspaper have to be 
thrown to give it a velocity of 3.0 m/s? 


30. (I) The force on a bullet is given by the formula 
F = [740 — (2.3 x 10%s7!){]N over the time interval 
t =0 to f = 3.0 x 10°s. (a) Plot a graph of F versus ¢ for 
t=0 to t= 3.0ms. (b) Use the graph to estimate the 
impulse given the bullet. (c) Determine the impulse by integra- 
tion. (d) If the bullet achieves a speed of 260 m/s as a result of 
this impulse, given to it in the barrel of a gun, what must the 
bullet’s mass be? (e) What is the recoil speed of the 4.5-kg gun? 


31. (II) (a) A molecule of mass m and speed v strikes a wall at 
right angles and rebounds back with the same speed. If the 
collision time is Af, what is the average force on the wall 
during the collision? (b) If molecules, all of this type, strike 
the wall at intervals a time f apart (on the average) what is 
the average force on the wall averaged over a long time? 


32. (III) (a) Calculate the impulse experienced when a 65-kg 
person lands on firm ground after jumping from a height of 
3.0m. (b) Estimate the average force exerted on the 
person’s feet by the ground if the landing is stiff-legged, and 
again (c) with bent legs. With stiff legs, assume the body 
moves 1.0cm during impact, and when the legs are bent, 
about 50cm. [Hint: The average net force on her which is 
related to impulse, is the vector sum of gravity and the 
force exerted by the ground.] 


33. (III) A scale is adjusted so that when a large, shallow pan is 
placed on it, it reads zero. A water faucet at height 
h = 2.5m above is turned on and water falls into the pan at 
arate R = 0.14kg/s. Determine (a) a formula for the scale 
reading as a function of time ¢ and (b) the reading for 
t = 9.0s. (c) Repeat (a) and (b), but replace the shallow pan 
with a tall, narrow cylindrical container of area A = 20 cm? 
(the level rises in this case). 


4 and 5 Elastic Collisions 

34. (II) A 0.060-kg tennis ball, moving with a speed of 4.50 m/s, 
has a head-on collision with a 0.090-kg ball initially moving 
in the same direction at a speed of 3.00 m/s. Assuming a 
perfectly elastic collision, determine the speed and direction 
of each ball after the collision. 


35. (II) A 0.450-kg hockey puck, moving east with a speed of 
4.80 m/s, has a head-on collision with a 0.900-kg puck 
initially at rest. Assuming a perfectly elastic collision, what 
will be the speed and direction of each object after the 
collision? 

36. (II) A 0.280-kg croquet ball makes an elastic head-on 


collision with a second ball initially at rest. The second ball 
moves off with half the original speed of the first ball. 
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40. 
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(a) What is the mass of the second ball? (b) What fraction 
of the original kinetic energy (AK/K) gets transferred to 
the second ball? 


(II) A ball of mass 0.220kg that is moving with a speed 
of 7.5 m/s collides head-on and elastically with another ball 
initially at rest. Immediately after the collision, the incoming 
ball bounces backward with a speed of 3.8m/s. Calculate 
(a) the velocity of the target ball after the collision, and 
(b) the mass of the target ball. 


(II) A ball of mass m makes a head-on elastic collision with a 
second ball (at rest) and rebounds with a speed equal to 0.350 
its original speed. What is the mass of the second ball? 

(II) Determine the fraction of kinetic energy lost by a neutron 
(m = 1.01 u) when it collides head-on and elastically with a 
target particle at rest which is (a) JH (m = 1.01 u); (b) îH 
(heavy hydrogen, m = 2.01 u); (c) 13C (m = 12.00 u); (d) 
208Pb (lead, m = 208 u). 

(II) Show that, in general, for any head-on one-dimensional 
elastic collision, the speeds after collision are 


ad 2m, i mg — MA 
VB VA + Up 
ma + Mp my + mg 


; ma — m \ | 2mg 
VA VA r UB h 
ma + mg ma + mg 


where va and vp are the initial speeds of the two objects of 
mass mą and mp. 

(II) A 3.0-kg block slides along a frictionless tabletop at 
8.0 m/s toward a second block (at rest) of mass 4.5 kg. A 
coil spring, which obeys Hooke’s law and has spring 
constant k = 850 N/m, is attached to the second block in 
such a way that it will be compressed when struck by the 
moving block, Fig. 40. (a) What will be the maximum 
compression of the spring? (b) What will be the final velocities 
of the blocks after the collision? (c) Is the collision elastic? 
Ignore the mass of the spring. 
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FIGURE 40 Problem 41. 


and 


6 Inelastic Collisions 
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(1) In a ballistic pendulum experiment, projectile 1 results in 
a maximum height h of the pendulum equal to 2.6 cm. A 
second projectile (of the same mass) causes the pendulum 
to swing twice as high, h) = 5.2cm. The second projectile 
was how many times faster than the first? 

(II) (a) Derive a formula for the fraction of kinetic energy 
lost, AK/K, in terms of m and M for the ballistic pendulum 
collision of Example 11 of “Linear Momentum”. (b) Eval- 
uate for m = 16.0g and M = 380 g. 

(ID) A 28-g rifle bullet traveling 210 m/s buries itself in a 3.6-kg 
pendulum hanging on a 2.8-m-long string, which makes the 
pendulum swing upward in an arc. Determine the vertical 
and horizontal components of the pendulum’s maximum 
displacement. 

(II) An internal explosion breaks an object, initially at rest, 
into two pieces, one of which has 1.5 times the mass of the 
other. If 7500J is released in the explosion, how much 
kinetic energy does each piece acquire? 
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(IT) A 920-kg sports car collides into the rear end of a 
2300-kg SUV stopped at a red light. The bumpers lock, the 
brakes are locked, and the two cars skid forward 2.8 m before 
stopping. The police officer, estimating the coefficient of 
kinetic friction between tires and road to be 0.80, calculates 
the speed of the sports car at impact. What was that speed? 
(lI) You drop a 12-g ball from a height of 1.5m and it only 
bounces back to a height of 0.75 m. What was the total impulse 
on the ball when it hit the floor? (Ignore air resistance). 

(II) Car A hits car B (initially at rest and of equal mass) 
from behind while going 35m/s. Immediately after the 
collision, car B moves forward at 25 m/s and car A is at rest. 
What fraction of the initial kinetic energy is lost in the collision? 


(II) A measure of inelasticity in a head-on collision of two 
objects is the coefficient of restitution, e, defined as 
va — UB 

e = —— > 
Up = VA 
where v'a — vp is the relative velocity of the two objects after 
the collision and vg — va is their relative velocity before it. 
(a) Show that e = 1 for a perfectly elastic collision, and 
e =0 for a completely inelastic collision. (b) A simple 
method for measuring the coefficient of restitution for an 
object colliding with a very hard surface like steel is to drop 
the object onto a heavy steel plate, as shown in Fig. 41. Deter- 
mine a formula for e in terms 
of the original height h and @ 
the maximum height h’ | 
reached after collision. 


= 


i 

FIGURE 41 Problem 49. i | te | 
Measurement of coefficient Nay AYA 

of restitution. á 

50. (II) A pendulum consists of a mass M hanging at the bottom 


51. 


52. 


end of a massless rod of length £, which has a frictionless 

pivot at its top end. A mass m, moving 

as shown in Fig. 42 with velocity v, TR 

impacts M and becomes embedded. N 

What is the smallest value of v suffi- 

cient to cause the pendulum (with \ 

embedded mass m) to swing clear \ 

over the top of its arc? 

i 

/ 
/ 


£ / 


7 

7 
FIGURE 42 =@ y | Pea 
Problem 50. — 
(II) A bullet of mass m = 0.0010kg embeds itself in a 
wooden block with mass M =0.999kg, which then 
compresses a spring (k =120N/m) by a distance 
x = 0.050m before coming to rest. The coefficient of 
kinetic friction between the block and table is mw = 0.50. 
(a) What is the initial speed of the bullet? (b) What fraction 
of the bullet’s initial kinetic energy is dissipated (in damage 
to the wooden block, rising temperature, etc.) in the collision 
between the bullet and the block? 


(I) A 144-g baseball moving 28.0 m/s strikes a stationary 
5.25-kg brick resting on small rollers so it moves without 
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significant friction. After hitting the brick, the baseball 
bounces straight back, and the brick moves forward at 
1.10 m/s. (a) What is the baseball’s speed after the collision? 
(b) Find the total kinetic energy before and after the 
collision. 

(II) A 6.0-kg object moving in the + x direction at 5.5 m/s 
collides head-on with an 8.0-kg object moving in the 
—x direction at 4.0 m/s. Find the final velocity of each mass if: 
(a) the objects stick together; (b) the collision is elastic; (c) the 
6.0-kg object is at rest after the collision; (d) the 8.0-kg 
object is at rest after the collision; (e) the 6.0-kg object has a 
velocity of 4.0m/s in the —x direction after the collision. 
Are the results in (c), (d), and (e) “reasonable”? Explain. 


7 Collisions in Two Dimensions 
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(II) Billiard ball A of mass m, = 0.120kg moving with 
speed va = 2.80 m/s strikes ball B, initially at rest, of mass 
mpg = 0.140 kg. As a result of the collision, ball A is 
deflected off at an angle of 30.0° with a speed v4 = 2.10 m/s. 
(a) Taking the x axis to be the original direction of motion of 
ball A, write down the equations expressing the conservation 
of momentum for the components in the x and y directions 
separately. (b) Solve these equations for the speed, vg, and 
angle, 0g , of ball B. Do not assume the collision is elastic. 


(II) A radioactive nucleus at rest decays into a second 
nucleus, an electron, and a neutrino. The electron and 
neutrino are emitted at right angles and have momenta of 
9.6 X 10 %kg-m/s and 6.2 X 10 %kg-m/s, respectively. 
Determine the magnitude and the direction of the 
momentum of the second (recoiling) nucleus. 


(II) Two billiard balls of equal mass move at right angles and 
meet at the origin of an xy coordinate system. Initially ball A 
is moving along the y axis at +2.0m/s, and ball B is 
moving to the right along the x axis with speed + 3.7 m/s. After 
the collision (assumed elastic), 
the second ball is moving along 
the positive y axis (Fig. 43). 
What is the final direction of 
ball A, and what are the 


speeds of the two 
B 


balls? 
vg = 3.7 m/s 


+y 


FIGURE 43 Problem 56. 
(Ball A after the collision is not shown.) 


(II) An atomic nucleus of mass m traveling with speed v 
collides elastically with a target particle of mass 2m 
(initially at rest) and is scattered at 90°. (a) At what angle 
does the target particle move after the collision? (b) What 
are the final speeds of the two particles? (c) What fraction 
of the initial kinetic energy is transferred to the target 
particle? 

(II) A neutron collides elastically with a helium nucleus (at 
rest initially) whose mass is four times that of the neutron. 
The helium nucleus is observed to move off at an angle 
Oye = 45°. Determine the angle of the neutron, 6,, and 
the speeds of the two particles, vy and ve, after the colli- 
sion. The neutron’s initial speed is 6.2 X 10° m/s. 
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(II) A neon atom (m = 20.0u) makes a perfectly elastic 
collision with another atom at rest. After the impact, the 
neon atom travels away at a 55.6° angle from its original 
direction and the unknown atom travels away at a 
—50.0° angle. What is the mass (in u) of the unknown atom? 
[Hint: You could use the law of sines.] 


(III) For an elastic collision between a projectile particle of 
mass mą and a target particle (at rest) of mass mg, show 
that the scattering angle, 6/4, , of the projectile (a) can take 
any value, 0 to 180°, for ma < mp, but (b) has a maximum 
angle @ given by co ¢ =1-— (mp/ma) for ma > mp. 
(III) Prove that in the elastic collision of two objects of 
identical mass, with one being a target initially at rest, the 
angle between their final velocity vectors is always 90°. 


8 Center of Mass (cm) 
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(I) The cm of an empty 1250-kg car is 2.50 m behind the front 
of the car. How far from the front of the car will the cm be 
when two people sit in the front seat 2.80 m from the front of 
the car, and three people sit in the back seat 3.90 m from the 
front? Assume that each person has a mass of 70.0 kg. 

(I) The distance between a carbon atom (m = 12u) and an 
oxygen atom (m=16u) in the CO molecule is 
1.13 X 107! m. How far from the carbon atom is the center 
of mass of the molecule? 

(II) Three cubes, of side 0), 20), and 3f), are placed next 
to one another (in contact) with their centers along a 
straight line as shown in Fig. 44. What is the position, along 
this line, of the cM of ,= 9 

this system? Assume 
the cubes are made 
of the same uniform 
material. 


= }---------X 


FIGURE 44 
Problem 64. 
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(II) A square uniform raft, 18 m by 18 m, of mass 6200 kg, is 
used as a ferryboat. If three cars, each of mass 1350 kg, 
occupy the NE, SE, and SW corners, determine the CM of 
the loaded ferryboat relative to the center of the raft. 

(II) A uniform circular plate of radius 2R has a circular 
hole of radius R cut out of 
it. The center C’ of the 
smaller circle is a distance 
0.80R from the center C of 
the larger circle, Fig. 45. 
What is the position of the 
center of mass of the plate? 
[Hint: Try subtraction.] 


FIGURE 45 
Problem 66. 


(II) A uniform thin wire is bent into a semicircle of radius r. 
Determine the coordinates of its center of mass with respect 
to an origin of coordinates at the center of the “full” circle. 

(II) Find the center of mass of the ammonia molecule. The 
chemical formula is NH3. The hydrogens are at the corners 
of an equilateral triangle (with sides 0.16nm) that forms the 
base of a pyramid, with nitrogen at the apex (0.037 nm verti- 
cally above the plane of the triangle). 

(II) Determine the cm of a machine part that is a uniform 
cone of height h and radius R, Fig. 46. [Hint: Divide the 
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cone into an infinite number 
of disks of thickness dz, one of 
which is shown.] 


z 


FIGURE 46 
Problem 69. 


0 
x 


(II) Determine the cm of a uniform pyramid that has four 
triangular faces and a square base with equal sides all of 
length s. [Hint: See Problem 69.] 

(III) Determine the cm of a thin, uniform, semicircular plate. 


9 CM and Translational Motion 
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(I) Mass Ma = 35kg and mass Mg = 25kg. They have 
velocities (in m/s) ¥q = 12î— 16j and ¥g = —20î + 14j. 
Determine the velocity of the center of mass of the system. 
(II) The masses of the Earth and Moon are 5.98 x 10°% kg 
and 7.35 X 10” kg, respectively, and their centers are sepa- 
rated by 3.84 X 108m. (a) Where is the cm of this system 
located? (b) What can you say about the motion of the 
Earth—Moon system about the Sun, and of the Earth and 
Moon separately about the Sun? 

(II) A mallet consists of a uniform cylindrical head of mass 
2.80kg and a diameter 0.0800m mounted on a uniform 
cylindrical handle of mass 0.500 kg and length 0.240 m, as 
shown in Fig. 47. If this mallet is tossed, spinning, into the 
air, how far above the bottom of the handle is 
the point that will 
follow a parabolic 


trajectory? 
FIGURE 47 X , 
Problem 74. 8.00 cm 


(ID) A 55-kg woman and a 72-kg man stand 10.0 m apart on 
frictionless ice. (a) How far from the woman is their CM? 
(b) If each holds one end of a rope, and the man pulls on 
the rope so that he moves 2.5m, how far from the woman 
will he be now? (c) How far will the man have moved when 
he collides with the woman? 
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(II) Suppose that in Example 18 of “Linear Momentum” 
(Fig. 32), my = 3m,. (a) Where then would my land? (b) 
What if my = 3m? 

(ID) Two people, one of mass 85kg and the other of mass 
55 kg, sit in a rowboat of mass 78 kg. With the boat initially 
at rest, the two people, who have been sitting at opposite 
ends of the boat, 3.0 m apart from each other, now exchange 
seats. How far and in what direction will the boat move? 


. (III) A 280-kg flatcar 25m long is moving with a speed of 


6.0m/s along horizontal frictionless rails. A 95-kg worker 
starts walking from one end of the car to the other in the 
direction of motion, with speed 2.0 m/s with respect to the 
car. In the time it takes for him to reach the other end, how 
far has the flatcar moved? 

(III) A huge balloon and its gondola, of mass M, are in the 
air and stationary with respect to the ground. A passenger, 
of mass m, then climbs out and slides down a rope with 
speed v, measured with respect to the balloon. With what 
speed and direction (relative to Earth) does the balloon 
then move? What happens if the passenger stops? 


Variable Mass 


(II) A 3500-kg rocket is to be accelerated at 3.0 g at take-off 
from the Earth. If the gases can be ejected at a rate of 
27 kg/s, what must be their exhaust speed? 

(II) Suppose the conveyor belt of Example 19 of “Linear 
Momentum” is retarded by a friction force of 150 N. Deter- 
mine the required output power (hp) of the motor as a func- 
tion of time from the moment gravel first starts falling (£ = 0) 
until 3.0s after the gravel begins to be dumped off the end of 
the 22-m-long conveyor belt. 

(II) The jet engine of an airplane takes in 120 kg of air per second, 
which is burned with 4.2 kg of fuel per second. The burned gases 
leave the plane at a speed of 550 m/s (relative to the plane). If 
the plane is traveling 270 m/s (600 mi/h), determine: (a) the 
thrust due to ejected fuel; (b) the thrust due to accelerated air 
passing through the engine; and (c) the power (hp) delivered. 


. (II) A rocket traveling 1850 m/s away from the Earth at an 


altitude of 6400km fires its rockets, which eject gas at a 
speed of 1300 m/s (relative to the rocket). If the mass of the 
rocket at this moment is 25,000 kg and an acceleration of 
1.5 m/s? is desired, at what rate must the gases be ejected? 

(II) A sled filled with sand slides without friction down a 
32° slope. Sand leaks out a hole in the sled at a rate of 2.0 kg/s. 
If the sled starts from rest with an initial total mass of 40.0 kg, 
how long does it take the sled to travel 120 m along the slope? 


| General Problems 
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A novice pool player is faced with the corner pocket shot 
shown in Fig. 48. Relative dimensions are also shown. Should 
the player worry that this 
might be a “scratch shot,” in 
which the cue ball will also 
fall into a pocket? Give 
details. Assume equal mass 
balls and an elastic collision. 


z 4.0 : 


FIGURE 48 
Problem 85. 


© Cue ball 
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During a Chicago storm, winds can whip horizontally at 
speeds of 120 km/h. If the air strikes a person at the rate of 
45kg/s per square meter and is brought to rest, calculate 
the force of the wind on a person. Assume the person is 
1.60m high and 0.50m wide. Compare to the typical 
maximum force of friction (w ~ 1.0) between the person 
and the ground, if the person has a mass of 75 kg. 

A ball is dropped from a height of 1.50 m and rebounds to 
a height of 1.20m. Approximately how many rebounds will 
the ball make before losing 90% of its energy? 
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In order to convert a tough split in bowling, it is necessary 
to strike the pin a glancing blow as shown in Fig. 49. Assume 
that the bowling ball, initially traveling at 13.0 m/s, has five 
times the mass of a pin and that the pin goes off at 75° from 
the original direction of the ball. Calculate the speed (a) of 
the pin and (b) of the ball just 
after collision, and (c) calcu- 
late the angle through which 
the ball was deflected. Assume 
the collision is elastic and 
ignore any spin of the ball. l 


FIGURE 49 
Problem 88. ] 


A gun fires a bullet vertically into a 1.40-kg block of wood at 
rest on a thin horizontal sheet, 


Fig. 50. If the bullet has a mass of 1.40 kg 
24.0 g and a speed of 310 m/s, how Za 
high will the block rise into the air 
after the bullet becomes embedded 
ae v=310 m/s 
in it? 
FIGURE 50 l 
Problem 89. 


A hockey puck of mass 4m has been rigged to explode, as 
part of a practical joke. Initially the puck is at rest on a 
frictionless ice rink. Then it bursts into three pieces. One 
chunk, of mass m, slides across the ice at velocity vi. 
Another chunk, of mass 2m, slides across the ice at velocity 
2vj. Determine the velocity of the third chunk. 


For the completely inelastic collision of two railroad cars 
that we considered in Example 3 of “Linear Momentum,” 
calculate how much of the initial kinetic energy is trans- 
formed to thermal or other forms of energy. 


A 4800-kg open railroad car coasts along with a constant 
speed of 8.60 m/s on a level track. Snow begins to fall verti- 
cally and fills the car at a rate of 3.80 kg/min. Ignoring friction 
with the tracks, what is the speed of the car after 60.0 min? 
(See Section 2 of “Linear Momentum.”) 


Consider the railroad car of Problem 92, which is slowly 
filling with snow. (a) Determine the speed of the car as a 
function of time using Eqs. 19. (b) What is the speed of the 
car after 60.0 min? Does this agree with the simpler calcula- 
tion (Problem 92)? 
dv = 

M at = XFext 4 
Two blocks of mass mą and mg, resting on a frictionless 
table, are connected by a stretched spring and then released 
(Fig. 51). (a) Is there a net external force on the system? (b) 
Determine the ratio of their speeds, va/vg. (c) What 
is the ratio of their kinetic energies? (d) Describe the 


_ dM 
Vrel dt 


motion of the cm of this system. (e) How would the pres- 
ence of friction alter the above results? 


vA vB 


FIGURE 51 Problem 94. 


95. You have been hired as an expert witness in a court case 


involving an automobile accident. The accident involved 
car A of mass 1500 kg which crashed into stationary car B 
of mass 1100kg. The driver of car A applied his brakes 
15m before he skidded and crashed into car B. After the 
collision, car A slid 18m while car B slid 30m. The coeffi- 
cient of kinetic friction between the locked wheels and the 
road was measured to be 0.60. Show that the driver of 
car A was exceeding the 55-mi/h (90 km/h) speed limit 
before applying the brakes. 


96. A meteor whose mass was about 2.0 X 10°kg struck the 


Earth (mg = 6.0 X 10**kg) with a speed of about 25 km/s 
and came to rest in the Earth. (a) What was the Earth’s 
recoil speed (relative to Earth at rest before the collision)? 
b) What fraction of the meteor’s kinetic energy was trans- 
formed to kinetic energy of the Earth? (c) By how much did 
the Earth’s kinetic energy change as a result of this collision? 


97. Two astronauts, one of mass 65 kg and the other 85 kg, are 


initially at rest in outer space. They then push each other 
apart. How far apart are they when the lighter astronaut 
has moved 12 m? 


98. A 22-g bullet strikes and becomes embedded in a 1.35-kg 


block of wood placed on a horizontal surface just in front 
of the gun. If the coefficient of kinetic friction between the 
block and the surface is 0.28, and the impact drives the 
block a distance of 8.5 m before it comes to rest, what was 
the muzzle speed of the bullet? 


99. Two balls, of masses ma = 45g and mpg = 65g, are 


suspended as shown in Fig. 52. The lighter ball is pulled 
away to a 66° angle with the vertical and released. 
(a) What is the velocity of the lighter ball before impact? 
(b) What is the velocity of each ball after the elastic collision? 
(c) What will be the maximum height of each ball after the 
elastic collision? 


66° 


30cm 


FIGURE 52 ~~~ 


Problem 99. 


7 
Ma MB 


100. A block of mass m = 2.20 kg slides down a 30.0° incline 


which is 3.60 m high. At the bottom, it strikes a block of mass 
M = 7.00kg which is at rest on a horizontal surface, 
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Fig. 53. (Assume a smooth transition at the bottom of the moves in the +x direction at 10.4 km/s. The gravitational 
incline.) If the collision is elastic, and friction can be ignored, attraction of Saturn (a conservative force) acting on the 
determine (a) the speeds of the two blocks after the collision, spacecraft causes it to swing around the planet (orbit 
and (b) how far back up the incline the smaller mass will go. shown as dashed line) and head off in the opposite direc- 
tion. Estimate the final speed of the spacecraft after it is 

Sawn far enough away to be considered free of Saturn’s gravita- 


tional pull. 
106. Two bumper cars in an amusement park ride collide elasti- 
3.60 m cally as one approaches the other directly from the rear (Fig. 
| M 56). Car A has a mass of 450kg and car B 490kg, owing to 
differences in passenger mass. If car A approaches at 


FIGURE 53 Problems 100 and 101. 4.50 m/s and car B is moving at 3.70 m/s, calculate (a) their 
velocities after the collision, and (b) the change in 
In Problem 100 (Fig. 53), what is the upper limit on mass m momentum of each. 


if it is to rebound from M, slide up the incline, stop, slide 
down the incline, and collide with M again? 


After a completely inelastic collision between two objects my = Mp = 

of equal mass, each having initial speed, v, the two move 450 kg 490 kg 

off together with speed v/3. What was the angle between pe p> 

their initial directions? v= Up= 

A 0.25-kg skeet (clay target) is fired at an angle of 28° to (a) 4.50 m/s 3.70 m/s 

the horizon with a speed of 25 m/s (Fig. 54). When it 

reaches the maximum height, A, it is hit from below by a 15-g Reon ae 
pellet traveling vertically upward at a speed of 230m/s. (b) vA vE 


The pellet is embedded in the skeet. (a) How much higher, 
h', did the skeet go up? (b) How much extra distance, Ax, 
does the skeet travel because of the collision? 


FIGURE 56 Problem 106: (a) before collision, 
(b) after collision. 
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Problem 103. 


A massless spring with spring constant k is placed between a 107. In a physics lab, a cube slides down a frictionless incline 
block of mass m and a block of mass 3 m. Initially the blocks as shown in Fig. 57 and elastically strikes another cube at 
are at rest on a frictionless surface and they are held the bottom that is only 
together so that the spring between them is compressed by one-half its mass. If the 
an amount D from its equilibrium length. The blocks are incline is 35cm high and 
then released and the spring pushes them off in opposite the table is 95cm off the 
directions. Find the speeds of the two blocks when they floor, where does each 
detach from the spring. cube land? [Hint: Both 


The gravitational slingshot effect. Figure 55 shows the leave the incline moving 


planet Saturn moving in the negative x direction at its horizontally. ] 
orbital speed (with respect to the Sun) of 9.6 km/s. The 
mass of Saturn is 5.69 X 10°°kg. A spacecraft with mass 
825kg approaches Saturn. When far from Saturn, it 


FIGURE 57 
Problem 107. 


108. The space shuttle launches an 850-kg satellite by ejecting it 
from the cargo bay. The ejection mechanism is activated and 
is in contact with the satellite for 4.0 s to give it a velocity of 

FIGURE 55 Problem 105. 0.30 m/s in the z-direction relative to the shuttle. The mass 
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of the shuttle is 92,000 kg. (a) Determine the component of 
velocity ve of the shuttle in the minus z-direction resulting 
from the ejection. (b) Find the average force that the shuttle 
exerts on the satellite during the ejection. 


You are the design engineer in charge of the crashworthi- 
ness of new automobile models. Cars are tested by smashing 
them into fixed, massive barriers at 45 km/h. A new model 
of mass 1500 kg takes 0.15 s from the time of impact until it 
is brought to rest. (a) Calculate the average force exerted 
on the car by the barrier. (b) Calculate the average decel- 
eration of the car. 

Astronomers estimate that a 2.0-km-wide asteroid collides 
with the Earth once every million years. The collision 
could pose a threat to life on Earth. (a) Assume a spherical 
asteroid has a mass of 3200kg for each cubic meter of 
volume and moves toward the Earth at 15 km/s. How 
much destructive energy could be released when it embeds 
itself in the Earth? (b) For comparison, a nuclear bomb 
could release about 4.0 x 10'°J. How many such bombs 
would have to explode simultaneously to release the 
destructive energy of the asteroid collision with the Earth? 
An astronaut of mass 210 kg including his suit and jet pack 
wants to acquire a velocity of 2.0 m/s to move back toward 
his space shuttle. Assuming the jet pack can eject gas with a 
velocity of 35 m/s, what mass of gas will need to be ejected? 
An extrasolar planet can be detected by observing the wobble it 
produces on the star around which it revolves. Suppose an extra- 
solar planet of mass mpg revolves around its star of mass ma. 
Tf no external force acts on this simple two-object system, then 
its CM is stationary. Assume m, and mg are in circular orbits 
with radii rą and rg about the system’s CM. (a) Show that 


LA. => Be 


(b) Now consider a Sun-like star and a single planet with the 
same characteristics as Jupiter. That is, mg = 1.0 x 103m, 
and the planet has an orbital radius of 8.0 X 10!! m. Deter- 
mine the radius rą of the star’s orbit about the system’s CM. 


113. 


(c) When viewed from Earth, the distant system appears 
to wobble over a distance of 2r,. If astronomers 
are able to detect angular displacements 0 of about 
1 milliarcsec (larcsec = yg of a degree), from what 
distance d (in light-years) can the star’s wobble be detected 
(lly = 9.46 x 10" m)? (d) The star nearest to our Sun is 
about 4ly away. Assuming stars are uniformly distributed 
throughout our region of the Milky Way Galaxy, about how 
many stars can this technique be applied to in the search for 
extrasolar planetary systems? 

Suppose two asteroids strike head on. Asteroid A 
(ma = 7.5 X 10! kg) has velocity 3.3km/s before the 
collision, and asteroid B (mg = 1.45 X 10” kg) has 
velocity 1.4 km/s before the collision in the opposite direction. 
If the asteroids stick together, what is the velocity (magni- 
tude and direction) of the new asteroid after the collision? 


* Numerical/Computer 
*114, (III) A particle of mass ma, traveling with speed va 


collides elastically head-on with a stationary particle of 
smaller mass mg. (a) Show that the speed of mg after the 
collision is 

20,4 
1 + mp/ma 


vB = 
(b) Consider now a third particle of mass mc at rest 
between ma and mg so that mz, first collides head on with 
mc and then mc collides head on with mg. Both collisions 
are elastic. Show that in this case, 

; 4 moma ; 

te A (mc F ma )(mg + mc) 
(c) From the result of part (b), show that for 
maximum vg, Mc = Vmampg. (d) Assume mp = 2.0kg, 
ma = 18.0kg and va = 2.0m/s. Use a spreadsheet to 
calculate and graph the values of vg from mc = 0.0kg to 
Mc = 50.0 kg in steps of 1.0 kg. For what value of mc is the 
value of vg maximum? Does your numerical result agree 
with your result in part (c)? 


| Answers to Odd-Numbered Problems 


1. 5.9 x 107N. 31. (a) 2mv | (b) —1.6 m/s, 6.4 m/s; 
3. (9.6t1 — 8.9k) N. At’ (c) yes. 
5. 4.35 kg-m/s (j — i). ga. 43. (a) ———:; 
7. 1.40 X 10? kg. t m+ M 
9 Sie ke 33. (a) 0.98N + (1.4.N/s)f; b) 0.96. : 
peer acs ()133N; 45. 3.0 X 10°J,4.5 X 10°J. 
13. —0.966 m/s. (c) [(0.62 N/m?) x 47. 0.11 kg-m/s, upward. 
15. 1:2. V2.5m — (0.070 m/s)t] a9. (bye =, |E. 
17. 3w = mj TUANA ER: 51. (a) 890 m/s 
19. (4.0i + 3.3j = 3.3k) m/s. ASe L60 my: (west), 3:20 T/s (east). (b) 0.999 of initial kinetic energy 
21. (a) (116î + 58.0) m/s; 37. (a) 3.7 m/s; lost. 
(b) 5.02 x 10°J. (b) 0.67 kg. 53. (a) 7.1 X 10°? m/s; 
23. (a) 2.0kg-m/s, forward; 39. (a) 1.00; (b) —5.4 m/s, 4.1 m/s; 
(b) 5.8 X 10° N, forward. (b) 0.890; (c) 0, 0.13 m/s, reasonable; 
25. 2.1 kg: m/s, to the left. (c) 0.286; (d) 0.17 m/s, 0, not reasonable; 
27. 0.11 N. (d) 0.0192. (e) in this case, —4.0 m/s, 3.1 m/s, 
29. 1.5 kg: m/s. 41. (a) 0.37 m; reasonable. 
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55. 


57. 


59. 
63. 
65. 


67. 
69. 
71. 
73. 


1.14 x 10° kg-m/s, 147° from the 
electron’s momentum, 123° from the 
neutrino’s momentum. 


(a) 30°; 


Vv 
(b) va = vb = es 
V3 


(c) 5. 

39.9 u. 

6.5 X 10m. 
(1.2m)i — (1.2 m)j. 
m Or ~ 

Oi + —j. 

1 m 

Oi + Oj + ŝhk. 
> 4R; 

Oi + ——j. 

! 3m? 


(a) 4.66 X 10° m from the center of 
the Earth. 


Linear Momentum: Problem Set 


75. 


77. 


79. 


81. 
83. 
85. 
87. 
89. 
91. 


93. 


(a) 5.7m; 
(b) 4.2 m; 
(c) 4.3m. 


0.41 m toward the initial position of 

the 85-kg person. 

v E upward, balloon also 
m+M 

stops. 

0.93 hp. 

—76 m/s. 


Good possibility of a “scratch” shot. 


11 bounces. 


1.4m 
50%. 
Mov _. 
“m gt 
oat 


95. 
97. 
99. 


101. 
103. 


105. 
107. 
109. 


111. 
113. 


(b) 8.2 m/s, yes. 

112 km/h or 70 mi/h. 
21m. 

(a) 1.9m/s; 

(b) —0.3 m/s, 1.5 m/s; 
(c) 0.6 cm, 12 cm. 

m < $M orm < 2.33kg. 
(a) 8.6 m; 

(b) 40 m. 

29.6 km/s. 

0.38 m, 1.5 m. 

(a) 1.3 X 10° N; 

(b) —83 m/s?. 

12 kg. 


0.2 km/s, in the original direction 
of ma. 


Rotational Motion 


From Chapter 10 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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You too can experience 
rapid rotation—if your 
stomach can take the high 
angular velocity and 
centripetal acceleration of 
some of the faster 
amusement park rides. If 
not, try the slower merry- 
go-round or Ferris wheel. 
Rotating carnival rides have 
rotational kinetic energy as 
well as angular momentum. 
Angular acceleration is 
produced by a net torque, 
and rotating objects have 
rotational kinetic energy. 


David R. Frazier/The Image Works 
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Rotational Motion 


CHAPTER-OPENING QUESTION— Guess Now! 
[Don’t worry about getting the right answer now—the idea is to get your preconceived 
notions out on the table.| 
A solid ball and a solid cylinder roll down a ramp. They both start from rest at the 
same time. Which gets to the bottom first? 


(a) They get there at the same time. 

(b) They get there at almost exactly the same time except for frictional differences. 
(c) The ball gets there first. 

(d) The cylinder gets there first. 

(e) Can’t tell without knowing the mass and radius of each. 


ntil now, you may have been concerned mainly with translational motion, 
such as the kinematics and dynamics of translational motion (the role of 
force), and the energy and momentum associated with it. In this Chapter 
we will deal with rotational motion. We will discuss the kinematics of 
rotational motion and then its dynamics (involving torque), as well as rotational 
kinetic energy and angular momentum (the rotational analog of linear momentum). 
Our understanding of the world around us will be increased significantly—from 
rotating bicycle wheels and compact discs to amusement park rides, a spinning 
skater, the rotating Earth, and a centrifuge—and there may be a few surprises. 


Note: Sections marked with an asterisk (*) may be considered optional by the instructor. 


Rotational Motion 


We will consider mainly the rotation of rigid objects. A rigid object is an object 
with a definite shape that doesn’t change, so that the particles composing it stay in 
fixed positions relative to one another. Any real object is capable of vibrating or 
deforming when a force is exerted on it. But these effects are often very small, so 
the concept of an ideal rigid object is very useful as a good approximation. 

Our development of rotational motion will parallel our discussion of translational 
motion: rotational position, angular velocity, angular acceleration, rotational inertia, 
and the rotational analog of force, “torque.” 


l Angular Quantities 


The motion of a rigid object can be analyzed as the translational motion of its center 
of mass plus rotational motion about its center of mass. We have already discussed 
translational motion in detail, so now we focus our attention on purely rotational 
motion. By purely rotational motion of an object about a fixed axis, we mean that all 
points in the object move in circles, such as the point P on the rotating wheel of Fig. 
1, and that the centers of these circles all lie on a line called the axis of rotation. In 
Fig. 1 the axis of rotation is perpendicular to the page and passes through point O. 
We assume the axis is fixed in an inertial reference frame, but we will not always 
insist that the axis pass through the center of mass. 

For a three-dimensional rigid object rotating about a fixed axis, we will use the 
symbol R to represent the perpendicular distance of a point or particle from the axis 
of rotation. We do this to distinguish R from r, which will continue to represent the 
position of a particle with reference to the origin (point) of some coordinate system. 
This distinction is illustrated in Fig. 2. This distinction may seem like a small point, 
but not being fully aware of it can cause huge errors when working with rotational 
motion. For a flat, very thin object, like a wheel, with the origin in the plane of the 
object (at the center of a wheel, for example), R and r will be nearly the same. 

Every point in an object rotating about a fixed axis moves in a circle (shown 
dashed in Fig. 1 for point P) whose center is on the axis of rotation and whose radius is 
R, the distance of that point from the axis of rotation. A straight line drawn from the 
axis to any point in the object sweeps out the same angle @ in the same time interval. 

To indicate the angular position of the object, or how far it has rotated, we 
specify the angle @ of some particular line in the object (red in Fig. 1) with respect to 
some reference line, such as the x axis in Fig. 1. A point in the object, such as P in Fig. 
1b, moves through an angle 0 when it travels the distance £ measured along the 
circumference of its circular path. Angles are commonly stated in degrees, but the 
mathematics of circular motion is much simpler if we use the radian for angular 
measure. One radian (abbreviated rad) is defined as the angle subtended by an arc 
whose length is equal to the radius. For example, in Fig. 1, point P is a distance R 
from the axis of rotation, and it has moved a distance £ along the arc of a circle. The 
arc length £ is said to “subtend” the angle 0. In general, any angle @ is given by 

0 = £, [0 in radians] (la) 
where R is the radius of the circle and £ is the arc length subtended by the angle 9, 
which is specified in radians. If £ = R, then 0 = 1 rad. 

The radian, being the ratio of two lengths, is dimensionless. We thus do not have 
to mention it in calculations, although it is usually best to include it to remind us the 
angle is in radians and not degrees. We can rewrite Eq. 1a in terms of arc length £: 

£ = RO. (1b) 
Radians can be related to degrees in the following way. In a complete circle there 
are 360°, which must correspond to an arc length equal to the circumference of the 
circle, l = 2m R. Thus 0 = £/R = 2m R/R = 2r rad in a complete circle, so 

360° = 2r rad. 
One radian is therefore 360°/27 ~ 360°/6.28 ~ 57.3°. An object that makes one 
complete revolution (rev) has rotated through 360°, or 27 radians: 

lrev = 360° = 2r rad. 


FIGURE 1 Looking at a wheel that 
is rotating counterclockwise about an 
axis through the wheel’s center at O 
(axis perpendicular to the page). 
Each point, such as point P, moves in 
a circular path; £ is the distance P 
travels as the wheel rotates through 
the angle 6. 


FIGURE 2 Showing the distinction 
between F (the position vector) and 
R (the distance from the rotation 
axis) for a point P on the edge of a 
cylinder rotating about the z axis. 


N 


A CAUTION 


Use radians in calculating, 
not degrees 
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Chord 


Arc length 


(a) (b) 


FIGURE3 (a) Example 1. (b) For 
small angles, arc length and the 
chord length (straight line) are 
nearly equal. For an angle as large as 
15°, the error in making this estimate 
is only 1%. For larger angles the 
error increases rapidly. 


FIGURE 4 A wheel rotates from 
(a) initial position 6, to 

(b) final position 6. The angular 
displacement is A0 = 6; — 6. 


Rotational Motion 


Birds of prey—in radians. A particular bird’s eye can just 
distinguish objects that subtend an angle no smaller than about 3 x 10“ rad. 
(a) How many degrees is this? (b) How small an object can the bird just distinguish 
when flying at a height of 100 m (Fig.3a)? 


APPROACH For (a) we use the relation 360° = 27 rad. For (b) we use Eq.1b, 
£ = RO, to find the arc length. 
SOLUTION (a) We convert 3 xX 10‘ rad to degrees: 


360° 
27 rad 


(3 x 10+ rad) = 0.017°, 


or about 0.02°. 


(b) We use Eq.1b, £ = R0. For small angles, the arc length £ and the chord length 
are approximately the same (Fig.3b). Since R = 100m and 0 = 3 X 10‘rad, 
we find 


£ = (100m)(3 x 10*rad) = 3 x 10?m = 3cm. 


A bird can distinguish a small mouse (about 3 cm long) from a height of 100 m. 
That is good eyesight. 

NOTE Had the angle been given in degrees, we would first have had to convert it 
to radians to make this calculation. Equation 1 is valid only if the angle is speci- 
fied in radians. Degrees (or revolutions) won’t work. 


To describe rotational motion, we make use of angular quantities, such as 
angular velocity and angular acceleration. These are defined in analogy to the 
corresponding quantities in linear motion, and are chosen to describe the rotating 
object as a whole, so they have the same value for each point in the rotating object. 
Each point in a rotating object also has translational velocity and acceleration, but 
they have different values for different points in the object. 

When an object, such as the bicycle wheel in Fig. 4, rotates from 
some initial position, specified by 6,;, to some final position, 0), its angular 
displacement is 


A0 = 6 — &. 


The angular velocity (denoted by w, the Greek lowercase letter omega) is 
defined in analogy with linear (translational) velocity. Instead of linear displace- 
ment, we use the angular displacement. Thus the average angular velocity of an 
object rotating about a fixed axis is defined as the time rate of change of angular 
position: 

A0 


= 2 
w Ar (2a) 


where A@ is the angle through which the object has rotated in the time interval At. 
The instantaneous angular velocity is the limit of this ratio as At approaches zero: 


A0 do 


lim — = — 2b 
ao At dt (2b) 


w = 
Angular velocity has units of radians per second (rad/s). Note that all points in a 
rigid object rotate with the same angular velocity, since every position in the object 
moves through the same angle in the same time interval. 

An object such as the wheel in Fig.4 can rotate about a fixed axis either 
clockwise or counterclockwise. The direction can be specified with a + or — sign 
for linear motion toward the +x or —x direction. The usual convention is to choose 
the angular displacement A0 and angular velocity w as positive when the wheel 
rotates counterclockwise. If the rotation is clockwise, then 0 would decrease, so A0 
and w would be negative. 


Rotational Motion 


Angular acceleration (denoted by a, the Greek lowercase letter alpha), in 
analogy to linear acceleration, is defined as the change in angular velocity divided by 
the time required to make this change. The average angular acceleration is defined as 

Ea w — W] Aw 
= = , 3a 
j At At (a) 
where œ; is the angular velocity initially, and w, is the angular velocity after a time 
interval At. Instantaneous angular acceleration is defined as the limit of this ratio 
as At approaches zero: 


Aw dw 


«= ANA de (3b) 
Since w is the same for all points of a rotating object, Eq. 3 tells us that a also will 
be the same for all points. Thus, w and a are properties of the rotating object as a 
whole. With w measured in radians per second and ź in seconds, a has units of 
radians per second squared (rad/s’). 

Each point or particle of a rotating rigid object has, at any instant, a linear 
velocity v and a linear acceleration a. We can relate the linear quantities at each 
point, v and a, to the angular quantities, w and a, of the rotating object. Consider a 
point P located a distance R from the axis of rotation, as in Fig.5. If the object 
rotates with angular velocity w, any point will have a linear velocity whose direction 
is tangent to its circular path. The magnitude of that point’s linear velocity is 
v = dt/dt. From Eq. 1b, a change in rotation angle dé (in radians) is related to the 


linear distance traveled by dł = R dé. Hence 


de dé 
Sa) re sy Pee 
dt dt 
or 
v = Ra, (4) 


where R is a fixed distance from the rotation axis and is given in rad/s. Thus, 
although w is the same for every point in the rotating object at any instant, the 
linear velocity v is greater for points farther from the axis (Fig. 6). Note that Eq. 4 
is valid both instantaneously and on the average. 


Is the lion faster than the horse? On a rotating 
carousel or merry-go-round, one child sits on a horse near the outer edge and 
another child sits on a lion halfway out from the center. (a) Which child has the 
greater linear velocity? (b) Which child has the greater angular velocity? 


RESPONSE (a) The linear velocity is the distance traveled divided by the time 
interval. In one rotation the child on the outer edge travels a longer distance than 
the child near the center, but the time interval is the same for both. Thus the child 
at the outer edge, on the horse, has the greater linear velocity. (b) The angular 
velocity is the angle of rotation divided by the time interval. In one rotation both 
children rotate through the same angle (360° = 27 rad). The two children have 
the same angular velocity. 


If the angular velocity of a rotating object changes, the object as a whole—and 
each point in it—has an angular acceleration. Each point also has a linear acceler- 
ation whose direction is tangent to that point’s circular path. We use Eq. 4 
(v = Rw) to show that the angular acceleration a is related to the tangential 
linear acceleration 4an of a point in the rotating object by 


dv dw 
Man = dt F dt 
or 
atan = Ra. (5) 


In this equation, R is the radius of the circle in which the particle is moving, and 
the subscript “tan” in atan stands for “tangential.” 


FIGURE 5 A point P on a rotating 
wheel has a linear velocity ¥ at any 
moment. 


FIGURE 6 A wheel rotating 
uniformly counterclockwise. Two 
points on the wheel, at distances R4 
and Rp from the center, have the 
same angular velocity w because 
they travel through the same angle 0 
in the same time interval. But the 
two points have different linear 
velocities because they travel 
different distances in the same time 
interval. Since Rg > Ra, then 

vg > va (because v = Ra). 
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Rotational Motion 


The total linear acceleration of a point at any instant is the vector sum of two 
components: 
@ = dan + äg, 
where the radial component, ag, is the radial or “centripetal” acceleration and its 
direction is toward the center of the point’s circular path; see Fig. 7. A particle 
moving in a circle of radius R with linear speed v has a radial acceleration 
ag = v’/R; we can write this in terms of w using Eq. 4: 


2 2 
mE E = fe) = oR. (6) 
FIGURE 7 Ona rotating wheel : , . . . : 
whose angular speed is increasing, a Equation 6 applies to any particle of a rotating object. Thus the centripetal acceler- 
point P has both tangential and radial ation is greater the farther you are from the axis of rotation: the children farthest out 
(centripetal) components of linear on a carousel experience the greatest acceleration. 
acceleration. Table 1 summarizes the relationships between the angular quantities 
describing the rotation of an object to the linear quantities for each point of 


the object. 

TABLE 1 
Linear and Rotational Quantities Angular and linear velocities and accelerations. A carousel is 
 —_.—_ J initially at rest. At t =0 it is given a constant angular acceleration a = 
0.060 rad/s”, which increases its angular velocity for 8.0s. At £ = 8.0s, determine 


the magnitude of the following quantities: (a) the angular velocity of the carousel; 


Rota- Relation 
Linear Type tional (0 in radians) 


x displacement 0 x= RO (b) the linear velocity of a child (Fig. 8a) located 2.5m from the center, point P in 
v velocity w v = Ro Fig. 8b; (c) the tangential (linear) acceleration of that child; (d) the centripetal accel- 
an acceleration a ayn = Ra eration of the child; and (e) the total linear acceleration of the child. 


APPROACH The angular acceleration a is constant, so we can use a = Aw/At to 
solve for w after a time t = 8.0 s. With this w and the given a, we determine the 
other quantities using the relations we just developed, Eqs. 4, 5, and 6. 
SOLUTION (a) In Eq. 3a, & = (w,—@,)/At, we put At=8.0s, œ = 0.060rad/s?, 
and w, = 0. Solving for w, we get 

w = wo, + aAt = 0 + (0.060 rad/s’)(8.0s) = 0.48 rad/s. 
During the 8.0-s interval, the carousel has accelerated from œw = 0 (rest) to 
w = 0.48 rad/s. 
(b) The linear velocity of the child, with R = 2.5m at time t = 8.0s, is found 
using Eq. 4: 

v = Ro = (2.5m)(0.48 rad/s) = 1.2m/s. 
Note that the “rad” has been dropped here because it is dimensionless (and only 
a reminder) —it is a ratio of two distances, Eq. 1a. 
(c) The child’s tangential acceleration is given by Eq. 5: 


Gian = Ra = (2.5m)(0.060 rad/s?) = 0.15 m/s’, 
and it is the same throughout the 8.0-s acceleration interval. 


FIGURE 8 Example 3. 
The total acceleration vector 
@ = A@tan + ap, at t = 8.0s. 


(d) The child’s centripetal acceleration at t = 8.0s is given by Eq. 6: 
v? (1.2 m/s} 
R (25m) 
(e) The two components of linear acceleration calculated in parts (c) and (d) are 
perpendicular to each other. Thus the total linear acceleration at t = 8.0s has 
magnitude 


a = Van + a = \/(0.15m/s’)? + (0.58m/s?? = 0.60m/s”. 


Its direction (Fig. 8b) is 


0.15 2 
0 = tan! senin ian L = 0.25 rad, 
ap 0.58 m/s 


Mary Teresa Giancoli 


ap = = 0.58 m/s’. 


atan 


so ~ 15°. 

NOTE The linear acceleration at this chosen instant is mostly centripetal, keeping 
the child moving in a circle with the carousel. The tangential component that 
speeds up the motion is smaller. 
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We can relate the angular velocity w to the frequency of rotation, f. The 
frequency is the number of complete revolutions (rev) per second. One revolution 
(of a wheel, say) corresponds to an angle of 2m radians, and thus 
lrev/s = 27 rad/s. Hence, in general, the frequency f is related to the angular 
velocity w by 


w 
f = o9 

or 
w = 2rf. (7) 


The unit for frequency, revolutions per second (rev/s), is given the special name 
the hertz (Hz). That is 


1Hz = 1rev/s. 


Note that “revolution” is not really a unit, so we can also write 1 Hz = 1 s™. 


The time required for one complete revolution is the period T, and it is 
related to the frequency by 


yat (8) 


If a particle rotates at a frequency of three revolutions per second, then the period 
of each revolution is $s. 


EXERCISE A In Example 3, we found that the carousel, after 8.0s, rotates at an angular 
velocity w = 0.48 rad/s, and continues to do so after f = 8.0s because the acceleration 
ceased. Determine the frequency and period of the carousel after it has reached a constant 
angular velocity. 


Hard drive. The platter of the hard drive of a computer rotates ® PHYSICS APPLIED 
at 7200 rpm (rpm = revolutions per minute = rev/min). (a) What is the angular Hard drive 
velocity (rad/s) of the platter? (b) If the reading head of the drive is located and bit speed 
3.00 cm from the rotation axis, what is the linear speed of the point on the platter 
just below it? (c) If a single bit requires 0.50 um of length along the direction of 
motion, how many bits per second can the writing head write when it is 3.00cm 
from the axis? 


APPROACH We use the given frequency f to find the angular velocity w of 
the platter and then the linear speed of a point on the platter (v = Rw). The 
bit rate is found by dividing the linear speed by the length of one bit 
(v = distance/time). 

SOLUTION (a) First we find the frequency in rev/s, given f = 7200 rev/min: 


(7200 rev/min) 
(60 s/min) 


= 120rev/s = 120Hz. 


Then the angular velocity is 
w = Inf = 754rad/s. 

(b) The linear speed of a point 3.00 cm out from the axis is given by Eq. 4: 
v = Rw = (3.00 x 10?m)(754rad/s) = 22.6 m/s. 


(c) Each bit requires 0.50 X 10° m, so at a speed of 22.6 m/s, the number of bits 

passing the head per second is 
22.6 m/s 

0.50 xX 10°° m/bit 


or 45 megabits/s (Mbps). 


= 45 X 10° bits per second, 
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FIGURE 9 (a) Rotating wheel. (b) 
Right-hand rule for obtaining 
direction of a. 


FIGURE 10 (a) Velocity is a true 
vector. The reflection of ¥ points in 
the same direction. (b) Angular 
velocity is a pseudovector since it does 
not follow this rule. As can be seen, 
the reflection of the wheel rotates in 
the opposite direction, so the direction 
of æ is opposite for the reflection. 


O= 
O = 


(a) (b) 
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Rotational Motion 


Given œ as function of time. A disk of radius R = 3.0m 
rotates at an angular velocity w = (1.6 + 1.2t) rad/s, where ¢ is in seconds. At 
the instant t = 2.0s, determine (a) the angular acceleration, and (b) the speed v 
and the components of the acceleration a of a point on the edge of the disk. 


APPROACH We use a = dw/dt, v = Ro, an = Ra, and ag = wR, which 
are Eqs. 3b, 4, 5 and 6. We can write w explicitly showing units of the constants (in 
case we want to check later): w = [1.6s! + (1.2s°)f] which will give us 
s_' (= rad/s) for each term. 
SOLUTION (a) The angular acceleration is 

dw 


d i -1 _ 2 
oS = (1.6 + 1.2t)s = 1.2 rad/s’. 


(b) The speed v of a point 3.0 m from the center of the rotating disk at t = 2.0 s 
is, using Eq. 4, 


v = Rw = (3.0m)(1.6 + 1.2t)s! = (3.0m)(4.0s') = 12.0 m/s. 
The components of the linear acceleration of this point at t = 2.0s are 
Qian = Ra = (3.0m)(1.2 rad/s’) = 3.6 m/s? 
wR = [(1.6 + 1.20s} (8.0m) = (4.0s')(3.0m) = 48m/s”. 
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2 Vector Nature of Angular Quantities 


Both @ and @ can be treated as vectors, and we define their directions in the 
following way. Consider the rotating wheel shown in Fig. 9a. The linear velocities of 
different particles of the wheel point in all different directions. The only unique 
direction in space associated with the rotation is along the axis of rotation, perpen- 
dicular to the actual motion. We therefore choose the axis of rotation to be the 
direction of the angular velocity vector, œ. Actually, there is still an ambiguity 
since @ could point in either direction along the axis of rotation (up or down 
in Fig. 9a). The convention we use, called the right-hand rule, is this: when 
the fingers of the right hand are curled around the rotation axis and point in the 
direction of the rotation, then the thumb points in the direction of @. This is shown 
in Fig. 9b. Note that œ points in the direction a right-handed screw would move 
when turned in the direction of rotation. Thus, if the rotation of the wheel in 
Fig. 9a is counterclockwise, the direction of & is upward as shown in Fig. 9b. If the 
wheel rotates clockwise, then & points in the opposite direction, downward.’ Note 
that no part of the rotating object moves in the direction of @. 

If the axis of rotation is fixed in direction, then @ can change only in magnitude. 
Thus & = d@/dt must also point along the axis of rotation. If the rotation is counter- 
clockwise as in Fig. 9a and the magnitude of w is increasing, then @ points upward; but 
if w is decreasing (the wheel is slowing down), & points downward. If the rotation is 
clockwise, @ points downward if w is increasing, and @ points upward if w is decreasing. 


‘Strictly speaking, © and @ are not quite vectors. The problem is that they do not behave like vectors 
under reflection. Suppose, as we are looking directly into a mirror, a particle moving with velocity ¥ to 
the right passes in front of and parallel to the mirror. In the reflection of the mirror, ¥ still points to the 
right, Fig. 10a. Thus a true vector, like velocity, when pointing parallel to the face of the mirror has the 
same direction in the reflection as in actuality. Now consider a wheel rotating in front of the mirror, so 
© points to the right. (We will be looking at the edge of the wheel.) As viewed in the mirror, 
Fig. 10b, the wheel will be rotating in the opposite direction. So @ will point in the opposite direction (to 
the left) in the mirror. Because æ is different under reflection than a true vector, @ is called a 
pseudovector or axial vector. The angular acceleration @ is also a pseudovector, as are all cross 
products of true vectors. The difference between true vectors and pseudovectors is important in 
elementary particle physics, but will not concern us in this text. 
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3 Constant Angular Acceleration 


The kinematic equations that relate acceleration, velocity, distance, and time for 
the special case of uniform linear acceleration are derived from the definitions of 
linear velocity and acceleration, assuming constant acceleration. The definitions of 
angular velocity and angular acceleration are the same as those for their linear 
counterparts, except that 0 has replaced the linear displacement x, œw has replaced 
v, and a has replaced a. Therefore, the angular equations for constant angular 
acceleration can be derived in exactly the same way. We summarize them here, 
opposite their linear equivalents (we have chosen xy = 0 and 64) =0 at the 
initial time t = 0): 


Angular Linear 
w = w + at v = wù + at [constant a, a] (9a) Kinematic equations 
0 = wt +5at? x = wt + Sat? [constant a, a] (9b) for constant 
w = w + 200 v = v + 2ax [constant a, a] (9c) angular acceleration 
o = oth v= LE [constant a, a] (9d) (x = 0, % = 0) 


Note that œ represents the angular velocity at t= 0, whereas 6 and w 
represent the angular position and velocity, respectively, at time t. Since the angular 
acceleration is constant, a = a. 


Centrifuge acceleration. A centrifuge rotor is accelerated from ® PHYSICS APPLIED 
rest to 20,000rpm in 30s. (a) What is its average angular acceleration? Centrifuge 
(b) Through how many revolutions has the centrifuge rotor turned during its 
acceleration period, assuming constant angular acceleration? 


APPROACH To determine œw = Aw/At, we need the initial and final angular 
velocities. For (b), we use Eqs. 9 (recall that one revolution corresponds to 
0 = 27 rad). 

SOLUTION (a) The initial angular velocity is œ = 0. The final angular velocity is 
(20,000 rev/min) 
(60 s/min) 

Then, since w = Aw/At and At = 30s, we have 


z= w =e z 2100 ae 0 = 70 rad/s. 
That is, every second the rotor’s angular velocity increases by 70 rad/s, or by 
(70/27) = 11 revolutions per second. 
(b) To find 0 we could use either Eq. 9b or 9c, or both to check our answer. The 
former gives 


@ = 0 + 3(70rad/s’)(30s)? = 3.15 X 10* rad, 


w = 2nf = (27 rad/rev) 


= 2100rad/s. 


where we have kept an extra digit because this is an intermediate result. To find 
the total number of revolutions, we divide by 27 rad/rev and obtain 


15. % 104 
SD tee 2 ese i eey, 
2m rad/rev 
NOTE Let us calculate 0 using Eq. 9c: 
2 — we 2100 rad/s} — 0 
Js igi B O _ 345 x 10*rad 
2a 2(70 rad/s”) 


which checks our answer using Eq. 9b perfectly. 
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4 Torque 


R We have so far discussed rotational kinematics—the description of rotational 
r — is motion in terms of angular position, angular velocity, and angular acceleration. 
B Now we discuss the dynamics, or causes, of rotational motion. Just as we found 


analogies between linear and rotational motion for the description of motion, so 
| | rotational equivalents for dynamics exist as well. 


To make an object start rotating about an axis clearly requires a force. But the 
direction of this force, and where it is applied, are also important. Take, for 


FIGURE 11 Top view of a door. example, an ordinary situation such as the overhead view of the door in Fig. 11. If 
Applying the same force with you apply a force F, to the door as shown, you will find that the greater the 
different lever arms, Ra and Rg. If magnitude, F,, the more quickly the door opens. But now if you apply the same 
Ra = 3Rg, then to create the same magnitude force at a point closer to the hinge — say, F, in Fig. 11—the door will 


effect (angular acceleration), Fj B needs not open so quickly. The effect of the force is less: where the force acts, as well as 
Hole Mines times Zia 8h Ma = ate its magnitude and direction, affects how quickly the door opens. Indeed, if only 
this one force acts, the angular acceleration of the door is proportional not only to 
the magnitude of the force, but is also directly proportional to the perpendicular 


FIGURE 12 (a) A tire iron too can distance from the axis of rotation to the line along which the force acts. This distance 
have a long lever arm. (b) A is called the lever arm, or moment arm, of the force, and is labeled R4 and Rp, for 
plumber can exert greater torque the two forces in Fig. 11. Thus, if R, in Fig. 11 is three times larger than Rg, then 
using a wrench with a long lever arm. the angular acceleration of the door will be three times as great, assuming that the 


magnitudes of the forces are the same. To say it another way, if 
R, = 3Rg, then Fp must be three times as large as F, to give the same angular 
acceleration. (Figure 12 shows two examples of tools whose long lever arms are 
very effective.) 

The angular acceleration, then, is proportional to the product of the force times 
the lever arm. This product is called the moment of the force about the axis, or, more 
commonly, it is called the torque, and is represented by 7 (Greek lowercase letter 
tau). Thus, the angular acceleration a of an object is directly proportional to the net 
applied torque 7: 


a XT, 


Photoquest, Inc. 


and we see that it is torque that gives rise to angular acceleration. This is the rotational 

analog of Newton’s second law for linear motion, a x F. 

(a) (b) We defined the lever arm as the perpendicular distance from the axis of rotation 
Richard Megna/Fundamental to the line of action of the force — that is, the distance which is perpendicular both to 
Pnotographs NYC the axis of rotation and to an imaginary line drawn along the direction of the force. 

We do this to take into account the effect of forces acting at an angle. It is clear that 


Axis of rotation Axis of rotation 


FIGURE 13 (a) Forces acting at a force applied at an angle, such as Fc in Fig. 13, will be less effective than the same 
different angles at the doorknob. magnitude force applied perpendicular to the door, such as F, (Fig. 13a). And if you 
(b) The lever arm is defined as the push on the end of the door so that the force is directed at the hinge (the axis of 


perpendicular distance from the axis rotation), as indicated by Fy, the door will not rotate at all. 
ofrotatión(the hinge) to the line of The lever arm for a force such as Fç is found by drawing a line along the direction 
ld of F, (this is the “line of action” of Fc). Then we draw another line, perpendicular to 
ol this line of action, that goes to the axis of rotation and is perpendicular also to it. 
j < wÉ The length of this second line is the lever arm for Fc and is labeled Re in Fig. 13b. 
(a) Ë j a The lever arm for F, is the full distance from the hinge to the door knob, Ra ; thus 
7 Rc is much smaller than R4. 

The magnitude of the torque associated with Fe is then Re Fo. This short lever 
arm Rc and the corresponding smaller torque associated with Fç is consistent with 
the observation that Fç is less effective in accelerating the door than is F,. When 
the lever arm is defined in this way, experiment shows that the relation a œ r is 
valid in general. Notice in Fig. 13 that the line of action of the force Fp passes 
through the hinge, and hence its lever arm is zero. Consequently, zero torque is 
associated with Fp and it gives rise to no angular acceleration, in accord with 
everyday experience. 
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In general, then, we can write the magnitude of the torque about a given axis as 

7 = RF, (10a) 

where R, is the lever arm, and the perpendicular symbol (L) reminds us that we 

must use the distance from the axis of rotation that is perpendicular to the line of 
action of the force (Fig. 14a). 

An equivalent way of determining the torque associated with a force is to 
resolve the force into components parallel and perpendicular to the line that 
connects the axis to the point of application of the force, as shown in Fig. 14b. The 
component Fj exerts no torque since it is directed at the rotation axis (its moment 
arm is zero). Hence the torque will be equal to F, times the distance R from the axis 
to the point of application of the force: 


7 = RF. (10b) 
This gives the same result as Eq. 10a because F, = Fsiné and R, = Rsiné. So 
t = RFsin@ (10c) 


in either case. [Note that 0 is the angle between the directions of F and R (radial 
line from the axis to the point where F acts)]. We can use any of Eqs. 10 to calcu- 
late the torque, whichever is easiest. 

Because torque is a distance times a force, it is measured in units of m-N in SI 
units," cm: dyne in the cgs system, and ft-lb in the English system. 

When more than one torque acts on an object, the angular acceleration a is 
found to be proportional to the net torque. If all the torques acting on an object 
tend to rotate it about a fixed axis of rotation in the same direction, the net torque 
is the sum of the torques. But if, say, one torque acts to rotate an object in one 
direction, and a second torque acts to rotate the object in the opposite direction 
(as in Fig. 15), the net torque is the difference of the two torques. We normally 
assign a positive sign to torques that act to rotate the object counterclockwise (just 
as 0 is usually positive counterclockwise), and a negative sign to torques that act to 
rotate the object clockwise, when the rotation axis is fixed. 


Torque on a compound wheel. Two thin disk-shaped wheels, of 
radii Ra = 30cm and Rg = 50cm, are attached to each other on an axle that 
passes through the center of each, as shown in Fig. 15. Calculate 
the net torque on this compound wheel due to the two forces shown, each of 
magnitude 50 N. 


APPROACH The force F, acts to rotate the system counterclockwise, whereas F, 
acts to rotate it clockwise. So the two forces act in opposition to each other. We 
must choose one direction of rotation to be positive —say, counterclockwise. 
Then F, exerts a positive torque, ra = Ra Fa, since the lever arm is Ra. On the 
other hand, Fş produces a negative (clockwise) torque and does not act perpen- 
dicular to Rg, so we must use its perpendicular component to calculate the 
torque it produces: tg = —Rp Fp, = —RpFpsin0, where 0 = 60°. (Note that 0 
must be the angle between Fp and a radial line from the axis.) 

SOLUTION The net torque is 

t = Ry Fx — RA sin 60° 
= (0.30m)(50N) — (0.50m)(50N)(0.866) = —6.7m-N. 


This net torque acts to accelerate the rotation of the wheel in the clockwise 
direction. 


EXERCISE B Two forces (Fg = 20N and Fy = 30N) are applied to a meter stick which 
can rotate about its left end, Fig. 16. Force Fg is applied perpendicularly at the midpoint. 
Which force exerts the greater torque: Fa , Fg, or both the same? 


‘Note that the units for torque are the same as those for energy. We write the unit for torque here as m-N 
(in SI) to distinguish it from energy (N-m) because the two quantities are very different. An obvious differ- 
ence is that energy is a scalar, whereas torque has a direction and is a vector. The special name joule 
(1J = 1N-m) is used only for energy (and for work), never for torque. 
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FIGURE 14 Torque = R, F = RF. 


F, =50N 


FIGURE 15 Example 7. The torque 
due to F4 tends to accelerate the 
wheel counterclockwise, whereas the 
torque due to Fp tends to accelerate 
the wheel clockwise. 


FIGURE 16 Exercise B. 
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FIGURE 17 A mass m rotating ina 
circle of radius R about a fixed 
point. 
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5 Rotational Dynamics; 
Torque and Rotational Inertia 


We discussed in Section 4 that the angular acceleration a of a rotating object is 
proportional to the net torque 7 applied to it: 


ax Èr, 


where we write Èr to remind us that it is the net torque (sum of all torques acting 
on the object) that is proportional to a. This corresponds to Newton’s second law 
for translational motion, a x =F, but here torque has taken the place of force, 
and, correspondingly, the angular acceleration a takes the place of the linear 
acceleration a. In the linear case, the acceleration is not only proportional to the 
net force, but it is also inversely proportional to the inertia of the object, which we 
call its mass, m. Thus we could write a = =F/m. But what plays the role of mass 
for the rotational case? That is what we now set out to determine. At the same 
time, we will see that the relation a « Èr follows directly from Newton’s second 
law, =F = ma. 

We first consider a very simple case: a particle of mass m rotating in a circle of 
radius R at the end of a string or rod whose mass we can ignore compared to m 
(Fig. 17), and we assume that a single force F acts on m tangent to the circle as 
shown. The torque that gives rise to the angular acceleration is 7 = RF. If we use 
Newton’s second law for linear quantities, XF = ma, and Eq. 5 relating 
the angular acceleration to the tangential linear acceleration, atn = Ra, then 
we have 


F = ma 


= mRa, 


where a is given in rad/s’. When we multiply both sides of this equation by R, we 
find that the torque 7 = RF = R(mRa), or 


T = mR’a. [single particle] (11) 


Here at last we have a direct relation between the angular acceleration and the 
applied torque 7. The quantity mR? represents the rotational inertia of the particle 
and is called its moment of inertia. 

Now let us consider a rotating rigid object, such as a wheel rotating about 
a fixed axis through its center, such as an axle. We can think of the wheel as 
consisting of many particles located at various distances from the axis of rotation. 
We can apply Eq. 11 to each particle of the object; that is, we write +; = m;R?a for 
the i" particle of the object. Then we sum over all the particles. The sum of the 
various torques is just the total torque, Èr, so we obtain: 


Er; = (2m; Ria [axis fixed] (12) 


where we factored out the a since it is the same for all the particles of a rigid 
object. The resultant torque, Èr, represents the sum of all internal torques that 
each particle exerts on another, plus all external torques applied from the outside: 
XT = Lrext + UTint- The sum of the internal torques is zero from Newton’s third 
law. Hence Èr represents the resultant external torque. 

The sum =m, R? in Eq. 12 represents the sum of the masses of each particle in 
the object multiplied by the square of the distance of that particle from the axis of 
rotation. If we give each particle a number (1, 2, 3,...), then 


2 
=m; R? = mR? + m R+ mR 4 
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This summation is called the moment of inertia (or rotational inertia) I of the object: 


I = Ym;R? = m,Ri + mR +. (13) 


Combining Eqs. 12 and 13, we can write 


axis fixed in 


aT = ila: fied reference frame 


| (14) 
This is the rotational equivalent of Newton’s second law. It is valid for the rotation 
of a rigid object about a fixed axis.’ It can be shown that Eq. 14 is valid even when 
the object is translating with acceleration, as long as Z and a are calculated about 
the center of mass of the object, and the rotation axis through the cm doesn’t 
change direction. (A ball rolling down a ramp is an example.) Then 

(Èt) = 


cm cn > 


axis fixed in direction, 
but may accelerate 


| (15) 


where the subscript CM means “calculated about the center of mass.” 

We see that the moment of inertia, 7, which is a measure of the rotational 
inertia of an object, plays the same role for rotational motion that mass does for 
translational motion. As can be seen from Eq. 13, the rotational inertia of an object 
depends not only on its mass, but also on how that mass is distributed with respect 
to the axis. For example, a large-diameter cylinder will have greater rotational 
inertia than one of equal mass but smaller diameter (and therefore greater length), 
Fig. 18. The former will be harder to start rotating, and harder to stop. When the 
mass is concentrated farther from the axis of rotation, the rotational inertia is 
greater. For rotational motion, the mass of an object cannot be considered as 
concentrated at its center of mass. 


ZGVS Two weights on a bar: different axis, different 7. Two small 
“weights,” of mass 5.0kg and 7.0kg, are mounted 4.0m apart on a light rod 
(whose mass can be ignored), as shown in Fig. 19. Calculate the moment of 
inertia of the system (a) when rotated about an axis halfway between the weights, 
Fig. 19a, and (b) when rotated about an axis 0.50 m to the left of the 5.0-kg mass 
(Fig. 19b). 

APPROACH In each case, the moment of inertia of the system is found by 
summing over the two parts using Eq. 13. 


SOLUTION (a) Both weights are the same distance, 2.0 m, from the axis of rotation. 
Thus 


I = EmR? = (5.0kg)(2.0m)? + (7.0 kg)(2.0 m} 


= 20kg:m? + 28kg:m? = 48kg: m’. 
(b) The 5.0-kg mass is now 0.50 m from the axis, and the 7.0-kg mass is 4.50 m 
from the axis. Then 
I = EmR? = (5.0kg)(0.50m)? + (7.0 kg)(4.5 m} 
= 1.3kg:m? + 142kg:m? = 143kg: m’. 
NOTE This Example illustrates two important points. First, the moment of inertia 
of a given system is different for different axes of rotation. Second, we see in 


part (b) that mass close to the axis of rotation contributes little to the total moment 
of inertia; here, the 5.0-kg object contributed less than 1% to the total. 


*That is, the axis is fixed relative to the object and is fixed in an inertial reference frame. This includes 
an axis moving at uniform velocity in an inertial frame, since the axis can be considered fixed in a 
second inertial frame that moves with respect to the first. 


NEWTON'S SECOND LAW 
FOR ROTATION 


ae 
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FIGURE 18 A large-diameter 
cylinder has greater rotational 
inertia than one of equal mass but 
smaller diameter. 


A CAUTION 

Mass can not be considered 
concentrated at CM for rotational 
motion 


FIGURE 19 Example 8. Calculating 
the moment of inertia. 


5.0 kg i 7.0 kg 
Axis 
(a) 
Q5 
10.50 m 
r 4.0m 
E a 
15.0 kg 7.0 kg 
I 
Axis 
(b) 


A CAUTION 


I depends on axis of rotation 
and on distribution of mass 
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Location Moment of 
Object of axis inertia 
(a) Thin hoop, Through 5 
radius Ry center MR, 
(b) Thin hoop, Through TE 
radius Ry central 5 MR; + Mw? 
width w diameter . 
(c) Solid cylinder, Through ees 
radius Ro center MR 
(d) Hollow cylinder, Through 1 5 
inner radius R} i center 7M(Ri + R3) 
outer radius R3 
(e) Uniform sphere, Through 
radius ro center 2 
Mr? 
5 Ty 
(£) Long uniform rod, Through omens | ye 
length £ center g T2 
k— f— 
, Axis 
FIGURE 20 Moments of inertia for (g) Long vonom rod, Through = ime 
various objects of uniform length end 3 
composition. [We use R for radial Axis 
distance from an axis, andr for (h) Rectangular Through 1 (2+ w 2 
distance from a point (only in e, the thin plate, center P| 12 
sphere), as discussed in Fig. 2.] length £, width w hp fi 


For most ordinary objects, the mass is distributed continuously, and the calculation 
of the moment of inertia, §mR?, can be difficult. Expressions can, however, be worked 
out (using calculus) for the moments of inertia of regularly shaped objects in terms of 
the dimensions of the objects, as we will discuss in Section 7. Figure 20 gives these 
expressions for a number of solids rotated about the axes specified. The only one for 
which the result is obvious is that for the thin hoop or ring rotated about an axis 
passing through its center perpendicular to the plane of the hoop (Fig. 20a). 
For this hoop, all the mass is concentrated at the same distance from the axis, Rọ. 
Thus =mR? = (£m)R4 = MR}, where M is the total mass of the hoop. 

When calculation is difficult, Z can be determined experimentally by measuring 
the angular acceleration a about a fixed axis due to a known net torque, =7, and 
applying Newton’s second law, J = =7t/a, Eq. 14. 


6 Solving Problems in Rotational 
Dynamics 


When working with torque and angular acceleration (Eq. 14), it is important to use 
a consistent set of units, which in SI is: a in rad/s’; r in m-N; and the moment of 
inertia, J, in kgm’. 
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1. As always, draw a clear and complete diagram. 

2. Choose the object or objects that will be the system 
to be studied. 

3. Draw a free-body diagram for the object under consid- 
eration (or for each object, if more than one), showing 
all (and only) the forces acting on that object and exactly 
where they act, so you can determine the torque due to 
each. Gravity acts at the CG of the object. 

4. Identify the axis of rotation and determine the torques 

about it. Choose positive and negative directions of 


A heavy pulley. A 15.0-N force (represented by F;) is applied to a 
cord wrapped around a pulley of mass M = 4.00kg and radius Ry = 33.0 cm, 
Fig. 21. The pulley accelerates uniformly from rest to an angular speed of 
30.0 rad/s in 3.00s. If there is a frictional torque Tẹ = 1.10m-N at the axle, 
determine the moment of inertia of the pulley. The pulley rotates about its center. 
APPROACH We follow the steps of the Problem Solving Strategy above. 
SOLUTION 
. Draw a diagram. The pulley and the attached cord are shown in Fig. 21. 
2. Choose the system: the pulley. 
. Draw a free-body diagram. The cord exerts a force Fr on the pulley as shown 

in Fig. 21. The friction force retards the motion and acts all around the 


. Apply Newton’s second law for rotation, Èr = Ja. 


. Also apply Newton’s second law for translation, 


. Solve the resulting equation(s) for the unknown(s). 
. Do a rough estimate to determine if your answer is 


rotation (counterclockwise and clockwise), and assign 
the correct sign to each torque. 


If the moment of inertia is not given, and it is not the 
unknown sought, you need to determine it first. 
Use consistent units, which in SI are: a in rad/s’; 
7 in m-N; and J in kg: m’. 


XF = ma, and other laws or principles as needed. 


reasonable. 


FIGURE 21 Example 9. 


axle in a clockwise direction, as suggested by the arrow Fẹ, in Fig. 21; 
we are given its torque, which is all we need. Two other forces should be 
included in the diagram: the force of gravity mg down, and whatever force 
holds the axle in place. They do not contribute to the torque (their lever arms 
are zero) and so we omit them for convenience (or tidiness). 


. Determine the torques. The torque exerted by the cord equals Ry Fy and is 


counterclockwise, which we choose to be positive. The frictional torque is 
given as Tẹ = 1.10m-N; it opposes the motion and is negative. 


Èr = RoFr - 


. Apply Newton’s second law for rotation. The net torque is 
Te = (0.330m)(15.0N) — 1.10m-N = 3.85m-N. 


The angular acceleration a is found from the given data that it takes 3.0s to 


accelerate the pulley from rest to w = 30.0 rad/s: 
Aw 30.0 rad/s — 0 


a = = = 10.0 rad/s. 


At 3.00 s 


We can now solve for J in Newton’s second law (see step 7). 


6. Other calculations: None needed. 
. Solve for unknowns. We solve for J in Newton’s second law for rotation, 


Èr = Ja, and insert our values for Èr and a: 
Er 3.85 m:-N 


pame = 0.385 kg: m? 
a  10.0rad/s? pan 


. Do a rough estimate. We can do a rough estimate of the moment of inertia by 


assuming the pulley is a uniform cylinder and using Fig. 20c: 


I = 5MR = $(4.00 kg)(0.330 m)? = 0.218 kg: m?. 
This is the same order of magnitude as our result, but numerically somewhat 
less. This makes sense, though, because a pulley is not usually a uniform 
cylinder but instead has more of its mass concentrated toward the outside 


PROBLEM SOLVING 


Usefulness and power 
of rough estimates 


edge. Such a pulley would be expected to have a greater moment of inertia 
than a solid cylinder of equal mass. A thin hoop, Fig. 20a, ought to have a 
greater J than our pulley, and indeed it does: J = MRẸ = 0.436 kg- m’. 
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FIGURE 22 Example 10. (a) Pulley 
and falling bucket of 

mass m. (b) Free-body diagram for 
the bucket. 
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Pulley and bucket. Consider again the pulley in Fig. 21 and 
Example 9 with the same friction. But this time, instead of a constant 15.0-N 
force being exerted on the cord, we now have a bucket of weight 
w = 15.0N (mass m = w/g = 1.53kg) hanging from the cord. See Fig. 22a. We 
assume the cord has negligible mass and does not stretch or slip on the pulley. (a) 
Calculate the angular acceleration « of the pulley and the linear acceleration a of the 
bucket. (b) Determine the angular velocity w of the pulley and the linear velocity 
v of the bucket at tf = 3.00s if the pulley (and bucket) start from rest 
at t = 0. 


APPROACH This situation looks a lot like Example 9, Fig. 21. But there is a big 
difference: the tension in the cord is now an unknown, and it is no longer equal to 
the weight of the bucket if the bucket accelerates. Our system has two parts: the 
bucket, which can undergo translational motion (Fig. 22b is its free-body 
diagram); and the pulley. The pulley does not translate, but it can rotate. We apply 
the rotational version of Newton’s second law to the pulley, Èr = Ja, and the 
linear version to the bucket, XF = ma. 

SOLUTION (a) Let Fp be the tension in the cord. Then a force Fy acts at the edge 
of the pulley, and we apply Newton’s second law, Eq. 14, for the rotation of the 
pulley: 


Ta = Xt = RoFy — Th. [pulley] 


Next we look at the (linear) motion of the bucket of mass m. Figure 22b, the 
free-body diagram for the bucket, shows that two forces act on the bucket: the 
force of gravity mg acts downward, and the tension of the cord Fr pulls upward. 
Applying Newton’s second law, =F = ma, for the bucket, we have (taking 
downward as positive): 


mg — Fr = ma. [bucket] 


Note that the tension Fr, which is the force exerted on the edge of the pulley, is 
not equal to the weight of the bucket (= mg = 15.0N). There must be a net 
force on the bucket if it is accelerating, so Fy < mg. Indeed from the last 
equation above, Fp = mg — ma. 

To obtain a, we note that the tangential acceleration of a point on the edge 
of the pulley is the same as the acceleration of the bucket if the cord doesn’t 
stretch or slip. Hence we can use Eq. 5, dan = a= Roya. Substituting 
Fr = mg — ma = mg — mRya into the first equation above (Newton’s second 
law for rotation of the pulley), we obtain 


Ta = Èr = Ro Fp - Th = Ro(mg mRya) Tr = mgRy — mMRoa — Tr. 
The variable a appears on the left and in the second term on the right, so we 
bring that term to the left side and solve for a: 
mgRo — Ti. 


a = 
I+ mR? 


The numerator (mgRo — Tg) is the net torque, and the denominator (J + mR3) is 

the total rotational inertia of the system. Then, since J = 0.385 kg-m’, 

m = 1.53kg, and tẹ = 1.10m-N (from Example 9), 
(15.0 N)(0.330 m) — 1.10m-N 

0.385 kg:m? + (1.53 kg)(0.330 m)? 


= 6.98 rad/s’. 


The angular acceleration is somewhat less in this case than the 10.0 rad/s” of 
Example 9. Why? Because F; (= mg — ma) is less than the 15.0-N weight of 
the bucket, mg. The linear acceleration of the bucket is 


a = Roa = (0.330m)(6.98 rad/s?) = 2.30 m/s”. 


NOTE The tension in the cord Fy is less than mg because the bucket accelerates. 
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(b) Since the angular acceleration is constant, after 3.00 s 
w = w + at = 0 + (6.98 rad/s’)(3.00s) = 20.9 rad/s. 

The velocity of the bucket is the same as that of a point on the wheel’s edge: 
v = Row = (0.330m)(20.9 rad/s) = 6.91 m/s. 


The same result can also be obtained by using the linear equation 
v = v + at = 0 + (2.30 m/s’)(3.00s) = 6.90m/s. (The difference is due to 
rounding off.) 


Rotating rod. A uniform rod of mass M and length £ can 
pivot freely (i.e., we ignore friction) about a hinge or pin attached to the case of a 
large machine, as in Fig. 23. The rod is held horizontally and then released. At the 
moment of release (when you are no longer exerting a force holding it up), determine 
(a) the angular acceleration of the rod and (b) the linear acceleration of the tip of the 
rod. Assume the force of gravity acts at the center of mass of the rod, as shown. 


APPROACH (a) The only torque on the rod about the hinge is that due to 
gravity, which acts with a force F = Mg downward with a lever arm ¢/2 at the 
moment of release (the cM is at the center of a uniform rod). There is also a force 
on the rod at the hinge, but with the hinge as axis of rotation, the lever arm of 
this force is zero. The moment of inertia of a uniform rod pivoted about its end is 
(Fig. 20g) J = 4ME. In part (b) we use aun = Ra. 

SOLUTION We use Eq. 14, solving for a to obtain the initial angular acceleration 
of the rod: 


“T°” IME 20 
As the rod descends, the force of gravity on it is constant but the torque due to 
this force is not constant since the lever arm changes. Hence the rod’s angular 
acceleration is not constant. 
(b) The linear acceleration of the tip of the rod is found from the relation 
aan = Ra (Eq. 5) with R = £: 


= fa = 2 
ltn = ta = 328. 


NOTE The tip of the rod falls with an acceleration greater than g! A small object 
balanced on the tip of the rod would be left behind when the rod is released. In 
contrast, the cm of the rod, at a distance £/2 from the pivot, has acceleration 


Gian = (£/2)a = 5g. 


7 Determining Moments of Inertia 
By Experiment 


The moment of inertia of any object about any axis can be determined experi- 
mentally, such as by measuring the net torque Èr required to give the object an 
angular acceleration a. Then, from Eq. 14, J = =7/a. See Example 9. 


Using Calculus 


For simple systems of masses or particles, the moment of inertia can be calculated 
directly, as in Example 8. Many objects can be considered as a continuous distribu- 
tion of mass. In this case, Eq. 13 defining moment of inertia becomes 


[= [e dm, (16) 


where dm represents the mass of any infinitesimal particle of the object and R is the 
perpendicular distance of this particle from the axis of rotation. The integral is taken 
over the whole object. This is easily done only for objects of simple geometric shape. 
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FIGURE 23 Example 11. 
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FIGURE 24 Determining the 
moment of inertia of a hollow 
cylinder (Example 12). 


FIGURE 25 Example 13. 
Axis 
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Cylinder, solid or hollow. (a) Show that the moment of inertia of 
a uniform hollow cylinder of inner radius R,, outer radius R,, and mass M, 
is J =}M(Ri + R$), as stated in Fig. 20d, if the rotation axis is through 
the center along the axis of symmetry. (b) Obtain the moment of inertia for a 
solid cylinder. 


APPROACH We know that the moment of inertia of a thin ring of radius R is 
mR?. So we divide the cylinder into thin concentric cylindrical rings or hoops of 
thickness dR, one of which is indicated in Fig. 24. If the density (mass per unit 
volume) is p, then 

dm = pdav, 


where dV is the volume of the thin ring of radius R, thickness dR, and height h. 
Since dV = (27R)(dR)(h), we have 


dm = 2mphR dR. 


SOLUTION (a) The moment of inertia is obtained by integrating (summing) over 
all these rings: 


R3- r| _ mph 


A z (R2 Ri), 


R, 
I = | Ream = | 2mohR® ar = >not | 


R, 


where we are given that the cylinder has uniform density, p = constant. (If this 
were not so, we would have to know p as a function of R before the integration 
could be carried out.) The volume V of this hollow cylinder is V = (mR — 7Ri)h, 
so its mass M is 


M = pV = pa(R3 — Rijh. 
Since (R$ — R{) = (R — R{)(R3 + Ri), we have 


[i= (R3 — RIR} + Ri) = 3M(Ri + R), 
as stated in Fig. 20d. 
(b) For a solid cylinder, R, = 0 and if we set R, = Ry, then 
I = 5MRj, 


which is that given in Fig. 20c for a solid cylinder of mass M and radius Ro. 


The Parallel-Axis Theorem 

There are two simple theorems that are helpful in obtaining moments of inertia. 
The first is called the parallel-axis theorem. It relates the moment of inertia J of an 
object of total mass M about any axis, and its moment of inertia Icų about an axis 
passing through the center of mass and parallel to the first axis. If the two axes are 
a distance h apart, then 


I = Icy + Mh’. [parallel axis] (17) 


Thus, for example, if the moment of inertia about an axis through the cm is known, 
the moment of inertia about any axis parallel to this axis is easily obtained. 


Parallel axis. Determine the moment of inertia of a solid 
cylinder of radius Ry and mass M about an axis tangent to its edge and parallel 
to its symmetry axis, Fig. 25. 

APPROACH We use the parallel-axis theorem with Icu = 5; MR} (Fig. 20c). 
SOLUTION Since h = Ry, Eq. 17 gives 


I = Im + M = 3MRj. 


EXERCISE C In Figs. 20f and g, the moments of inertia for a thin rod about two different 
axes are given. Are they related by the parallel-axis theorem? Please show how. 
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* Proof of the Parallel-Axis Theorem 


The proof of the parallel-axis theorem is as follows. We choose our coordinate 
system so the origin is at the cm, and Icy is the moment of inertia about the z axis. 
Figure 26 shows a cross section of an object of arbitrary shape in the xy plane. We 
let J represent the moment of inertia of the object about an axis parallel to the z 
axis that passes through the point A in Fig. 26 where the point A has coordinates 
xa and ya. Let x;,y, and m; represent the coordinates and mass 
of an arbitrary particle of the object. The square of the distance from this point 
to A is [(x; — xa)’ + (y: — ya)’]. So the moment of inertia, I, about the axis 
through A is 

I =m;|(x; — xa} + (yi — ya)’ 


=m; (x? + y?) — 2xaÈm;x; — 2ya Xm; y; + (Èm) x4 + yA). 


The first term on the right is just Zen = Em;(x? + y?) since the cM is at the 
origin. The second and third terms are zero since, by definition of the cm, 
=m; x; = Emiy; = 0 because xem = Yem = 0. The last term is Mh’ since 
=m; = M and (x4 + y4) = where A is the distance of A from the cm. Thus 
we have proved I = Ipy + Mh’, which is Eq. 17. 


*The Perpendicular-Axis Theorem 


The parallel-axis theorem can be applied to any object. The second theorem, the 
perpendicular-axis theorem, can be applied only to plane (flat) objects — that is, to 
two-dimensional objects, or objects of uniform thickness whose thickness can be 
neglected compared to the other dimensions. This theorem states that the sum of 
the moments of inertia of a plane object about any two perpendicular axes in the 
plane of the object, is equal to the moment of inertia about an axis through their 
point of intersection perpendicular to the plane of the object. That is, if the object 
is in the xy plane (Fig. 27), 


I, = i + dy. [object in xy plane] (18) 


Here 1z, Ix, Iy are moments of inertia about the z, x, and y axes. The proof is 
simple: since Zy = Xmjy7, Iy = =m;x7, and I, = Em;(x} + y?), Eq. 18 follows 
directly. 


8 Rotational Kinetic Energy 


The quantity 4mv? is the kinetic energy of an object undergoing translational 
motion. An object rotating about an axis is said to have rotational kinetic energy. 
By analogy with translational kinetic energy, we would expect this to be given by 
the expression 47w? where J is the moment of inertia of the object and w is its 
angular velocity. We can indeed show that this is true. 

Consider any rigid rotating object as made up of many tiny particles, each of 
mass m;. If we let R; represent the distance of any one particle from the axis of 
rotation, then its linear velocity is v; = R;w. The total kinetic energy of the whole 
object will be the sum of the kinetic energies of all its particles: 


K= (imio?) = =(5.m; R? o?) 
= 1 5(m; R20? 


We have factored out the } and the œ? since they are the same for every particle of 
a rigid object. Since Èm;R? = I, the moment of inertia, we see that the kinetic 
energy, K, of an object rotating about a fixed axis is, as expected, 


K = 31a”. [rotation about a fixed axis] (19) 


If the axis is not fixed in space, the rotational kinetic energy can take on a more 
complicated form. 


FIGURE 26 Derivation of the 
parallel-axis theorem. 


FIGURE 27 The perpendicular-axis 
theorem. 
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FIGURE 28 Calculating the work 
done by a torque acting on a rigid 
object rotating about a fixed axis. 


@® puysics APPLIED 
Energy from a flywheel 


Rotational Motion 


The work done on an object rotating about a fixed axis can be written in 
terms of angular quantities. Suppose a force F is exerted at a point whose 
distance from the axis of rotation is R, as in Fig. 28. The work done by this 
force is 


W = [Fa = |F Ra, 


where dé is an infinitesimal distance perpendicular to R with magnitude dl = R do, 
and F, is the component of F perpendicular to R and parallel to dé (Fig. 28). But 
F, R is the torque about the axis, so 


b 
W = |>% (20) 


is the work done by a torque 7 to rotate an object through the angle 0, — 04. 
The rate of work done, or power P, at any instant is 


dw do 
Deo = Bae Te (21) 


The work-energy principle holds for rotation of a rigid object about a fixed 
axis. From Eq. 14 we have 
dw dw d0 dw 


Pe ae Pa a eae 


where we used the chain rule and w = d@/dt. Then 7 d0 = Iw dw and 


05 w 
W = |>% = [Toa = 4o} — 1a. (22) 
a w 
This is the work-energy principle for a rigid object rotating about a fixed axis. It states 
that the work done in rotating an object through an angle 0, — 6; is equal to the 
change in rotational kinetic energy of the object. 


EXAMPLE 14 Flywheel. Flywheels, which are simply large 
rotating disks, have been suggested as a means of storing energy for solar- 
powered generating systems. Estimate the kinetic energy that can be stored in an 
80,000-kg (80-ton) flywheel with a diameter of 10m (a three-story building). 
Assume it could hold together (without flying apart due to internal stresses) at 
100 rpm. 


APPROACH We use Eq. 19, K = }Iœ?, but only after changing 100 rpm to w in 
rad/s. 
SOLUTION We are given 


rev 1 min \/ 27 rad 
w = 100rpm = (100 22 )( 2) ( ne ) = 10.5 rad/s. 


The kinetic energy stored in the disk (for which J = $MR3) is 

K = Slaw = i$ MRa 
= 4(8.0 x 10*kg)(5 m)°(10.5 rad/s} = 5.5 x 107J. 
NOTE In terms of kilowatt-hours [1kWh = (1000 J/s)(3600s/h)(1h) = 
3.6 X 10°F ], this energy is only about 15kWh, which is not a lot of energy 


(one 3-kW oven would use it all in 5h). Thus flywheels seem unlikely for this 
application. 
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Rotating rod. A rod of mass M is pivoted on a frictionless 
hinge at one end, as shown in Fig. 29. The rod is held at rest horizontally and then 
released. Determine the angular velocity of the rod when it reaches the vertical 
position, and the speed of the rod’s tip at this moment. 


APPROACH We can use the work-energy principle here. The work done is due to 
gravity, and is equal to the change in gravitational potential energy of the rod. 
SOLUTION Since the cm of the rod drops a vertical distance £/2, the work done 
by gravity is 


4 
W = Meż. 
E7 
The initial kinetic energy is zero. Hence, from the work-energy principle, 
£ 
zlo? = Mg7 


Since I = 4MĒ for a rod pivoted about its end (Fig. 20g), we can solve 
for œ: 


The tip of the rod will have a linear speed (see Eq. 4) 
v = lo = V3gl. 


NOTE By comparison, an object that falls vertically a height £ has a speed 
v = V2gł. 


EXERCISE D Estimate the energy stored in the rotational motion of a hurricane. Model the 
hurricane as a uniform cylinder 300 km in diameter and 5 km high, made of air whose mass 
is 1.3 kg per m°. Estimate the outer edge of the hurricane to move at a speed of 200 km/h. 


9 Rotational Plus Translational 
Motion; Rolling 
Rolling Without Slipping 


The rolling motion of a ball or wheel is familiar in everyday life: a ball rolling 
across the floor, or the wheels and tires of a car or bicycle rolling along the pavement. 
Rolling without slipping depends on static friction between the rolling object and 
the ground. The friction is static because the rolling object’s point of contact with 
the ground is at rest at each moment. 

Rolling without slipping involves both rotation and translation. There is a simple 
relation between the linear speed v of the axle and the angular velocity w of the 
rotating wheel or sphere: namely, v = Rw, where R is the radius, as we now show. 
Figure 30a shows a wheel rolling to the right without slipping. At the instant 
shown, point P on the wheel is in contact with the ground and is momentarily at 
rest. The velocity of the axle at the wheel’s center C is ¥. In Fig. 30b we have put 
ourselves in the reference frame of the wheel—that is, we are moving to the right 
with velocity Ÿ relative to the ground. In this reference frame the axle C is at rest, 
whereas the ground and point P are moving to the left with velocity —¥ as shown. 
Here we are seeing pure rotation. We can then use Eq. 4 to obtain 
v = Rao, where R is the radius of the wheel. This is the same v as in Fig. 30a, so we 
see that the linear speed v of the axle relative to the ground is related to the 


angular velocity w by 
v = Ro. [rolling without slipping] 


This is valid only if there is no slipping. 
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FIGURE 29 Example 15. 


FIGURE 30 (a) A wheel rolling to 
the right. Its center C moves with 
velocity V. Point P is at rest at this 
instant. (b) The same wheel as seen 
from a reference frame in which the 
axle of the wheel C is at rest—that 
is, we are moving to the right with 
velocity v relative to the ground. 
Point P, which was at rest in (a), 
here in (b) is moving to the left with 
velocity —V as shown. 


(a) 


< 


(b) 
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FIGURE 31 (a) A rolling wheel rotates about 
the instantaneous axis (perpendicular to the 
page) passing through the point of contact with 
the ground, P. The arrows represent the 
instantaneous velocity of each point. 

(b) Photograph of a rolling wheel. The spokes 
are more blurred where the speed is greater. 


FIGURE 32 A wheel rolling 
without slipping can be considered 
as translation of the wheel as a 
whole with velocity Vy plus rotation 
about the cm. 
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Instantaneous Axis 


When a wheel rolls without slipping, the point of contact of the wheel with the 
ground is instantaneously at rest. It is sometimes useful to think of the motion of 
the wheel as pure rotation about this “instantaneous axis” passing through that 
point P (Fig. 31a). Points close to the ground have a small linear speed, as they are 
close to this instantaneous axis, whereas points farther away have a greater linear 
speed. This can be seen in a photograph of a real rolling wheel (Fig. 31b): spokes 
near the top of the wheel appear more blurry because they are moving faster than 
those near the bottom of the wheel. 


Total Kinetic Energy = Kem + Kyot 


An object that rotates while its center of mass (CM) undergoes translational 
motion will have both translational and rotational kinetic energy. Equation 19, 
K =}4Iw*, gives the rotational kinetic energy if the rotation axis is fixed. If the 
object is moving, such as a wheel rolling along the ground, Fig. 32, this equation is 
still valid as long as the rotation axis is fixed in direction. To obtain the total kinetic 
energy, we note that the rolling wheel undergoes pure rotation about its instanta- 
neous point of contact P, Fig. 31. As we saw above relative to the discussion of Fig. 
30, the speed v of the cM relative to the ground equals the speed of a point on the 
edge of the wheel relative to its center. Both of these speeds are related to the 
radius R by v = wR. Thus the angular velocity w about point P is the same w for 
the wheel about its center, and the total kinetic energy is 


1 

Ko = 3b o, 
where Jp is the rolling object’s moment of inertia about the instantaneous axis at P. 
We can write Kot in terms of the center of mass using the parallel-axis theorem: 
Ip = Icy + MR?, where we have substituted A = R in Eq. 17. Thus 

Ko = Ino + MR o. 
But Rw = voy, the speed of the center of mass. So the total kinetic energy of a 
rolling object is 

1 1 
Kio = remo” + 3 Mv, (23) 


where vem is the linear velocity of the CM, Icm is the moment of inertia about an 
axis through the CM, w is the angular velocity about this axis, and M is the total 
mass of the object. 


Sphere rolling down an incline. What will be the speed of a 
solid sphere of mass M and radius rọ when it reaches the bottom of an incline if it 
starts from rest at a vertical height H and rolls without slipping? See Fig. 33. 
(Assume no slipping occurs because of static friction, which does no work.) 
Compare your result to that for an object sliding down a frictionless incline. 


APPROACH We use the law of conservation of energy with gravitational potential 
energy, now including rotational as well as translational kinetic energy. 
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SOLUTION The total energy at any point a vertical distance y above the base of the 
incline is 

EMV + Iya? + Mey, 
where v is the speed of the center of mass, and Mgy is the gravitational potential 


energy. Applying conservation of energy, we equate the total energy at the top 
(y = H, v = 0, w = 0) to the total energy at the bottom (y = 0): 


0+ 0+ MgH = $M? + timo + 0. 
The moment of inertia of a solid sphere about an axis through its center of mass 


is Icy = 2Mrj, Fig. 20e. Since the sphere rolls without slipping, we have 
w = v/r (recall Fig. 30). Hence 


2 v 
MgH = Mv? + Te À 
ro 
Canceling the M’s and rọ’s we obtain 
G + 5)0° = gH 


We can compare this result for the speed of a rolling sphere to that for an object 
sliding down a plane without rotating and without friction, }mv? = mgH (see 
our energy equation above, removing the rotational term). For the sliding object, 
v = V2gH, which is greater than for a rolling sphere. An object sliding without fric- 
tion or rotation transforms its initial potential energy entirely into translational kinetic 
energy (none into rotational kinetic energy), so the speed of its center of mass is greater. 
NOTE Our result for the rolling sphere shows (perhaps surprisingly) that v is 
independent of both the mass M and the radius rọ of the sphere. 


or 


Which is fastest? Several objects roll without slip- 
ping down an incline of vertical height H, all starting from rest at the same moment. 
The objects are a thin hoop (or a plain wedding band), a spherical marble, a solid 
cylinder (a D-cell battery), and an empty soup can. In what order do they reach the 
bottom of the incline? Compare also to a greased box that slides down an incline at 
the same angle, ignoring sliding friction. 


RESPONSE We use conservation of energy with gravitational potential energy 
plus rotational and translational kinetic energy. The sliding box would be fastest 
because the potential energy loss (MgH) is transformed completely into transla- 
tional kinetic energy of the box, whereas for rolling objects the initial potential 
energy is shared between translational and rotational kinetic energies, and so 
the speed of the cM is less. For each of the rolling objects we can state that the loss 
in potential energy equals the increase in kinetic energy: 

MgH = 3Mv’ + 3]yo. 
For all our rolling objects, the moment of inertia Jy is a numerical factor times 
the mass M and the radius R? (Fig. 20). The mass M is in each term, so the 
translational speed vey doesn’t depend on M; nor does it depend on the radius R 
since w = v/R, so R? cancels out for all the rolling objects. Thus the speed v at 
the bottom depends only on that numerical factor in J/cm which expresses how 
the mass is distributed. The hoop, with all its mass concentrated at radius 
R (Icm = MR’), has the largest moment of inertia; hence it will have the lowest 
vcy and will arrive at the bottom behind the D-cell (Ton = 5 MR’), which in 
turn will be behind the marble (Icy = = MR’). The empty can, which is mainly a 
hoop plus a small disk, has most of its mass concentrated at R; so it will be a bit 
faster than the pure hoop but slower than the D-cell. See Fig. 34. 
NOTE The objects do not have to have the same radius: the speed at the bottom 
does not depend on the object’s mass M or radius R, but only on the shape (and 
the height of the hill H). 
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FIGURE 33 A sphere rolling down 
a hill has both translational and 
rotational kinetic energy. Example 


16. 


A CAUTION 


Rolling objects go slower 
than sliding objects because of 
rotational kinetic energy 


FIGURE 34 Example 17. 
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FIGURE 35 A sphere rolling to the 
right on a plane surface. The point in 
contact with the ground at any 
moment, point P, is momentarily at 
rest. Point A to the left of P is 
moving nearly vertically upward at 
the instant shown, and point B to the 
right is moving nearly vertically 
downward. An instant later, point B 
will touch the plane and be at rest 
momentarily. Thus no work is done 
by the force of static friction. 


A CAUTION 


When is Èr = Ia valid? 


FIGURE 36 Example 18. 


— 
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If there had been little or no static friction between the rolling objects and the 
plane in these Examples, the round objects would have slid rather than rolled, or a 
combination of both. Static friction must be present to make a round object roll. We 
did not need to take friction into account in the energy equation for the rolling 
objects because it is static friction and does no work—the point of contact of a 
sphere at each instant does not slide, but moves perpendicular to the plane (first 
down and then up as shown in Fig. 35) as it rolls. Thus, no work is done 
by the static friction force because the force and the motion (displacement) are 
perpendicular. The reason the rolling objects in Examples 16 and 17 move down the 
slope more slowly than if they were sliding is not because friction slows them down. 
Rather, it is because some of the gravitional potential energy is converted to rota- 
tional kinetic energy, leaving less for the translational kinetic energy. 


EXERCISE E Return to the Chapter-Opening Question and answer it again now. Try to 
explain why you may have answered differently the first time. 


Using =Tcm = Icm acm 

We can examine objects rolling down a plane not only from the point of view of 

kinetic energy, as we did in Examples 16 and 17, but also in terms of forces and 

torques. If we calculate torques about an axis fixed in direction (even if the axis is 

accelerating) which passes through the center of mass of the rolling sphere, then 
=tm = Teemu 

is valid, as we discussed in Section 5. (See Eq. 15). Be careful, however: Do not 

assume Èr = Ja is always valid. You cannot just calculate 7, Z, and a about any 

axis unless the axis is (1) fixed in an inertial reference frame or (2) fixed in direction 

but passes through the cm of the object. 


ZGVS Analysis of a sphere on an incline using forces. Analyze the 
rolling sphere of Example 16, Fig. 33, in terms of forces and torques. In particular, 
find the velocity v and the magnitude of the friction force, Fp , Fig. 36. 
APPROACH We analyze the motion as translation of the cm plus rotation about 
the cM. F;, is due to static friction and we cannot assume Fẹ = pu, Fy, only 
Fr S us Fy. 
SOLUTION For translation in the x direction we have from =F = ma, 

Mgsinð — Fy, = Ma, 
and in the y direction 

Fy — Mgcos@ = 0 
since there is no acceleration perpendicular to the plane. This last equation 
merely tells us the magnitude of the normal force, 

Fy = Mgcos@. 
For the rotational motion about the CM, we use Newton’s second law for rotation 
tem = Iem@cm (Eq. 15), calculating about an axis passing through the cm but 
fixed in direction: 

Ferg = (3 Mré)a. 
The other forces, Fy and Mg, point through the axis of rotation (CM), so have 
lever arms equal to zero and do not appear here. As we saw in Example 16 and 
Fig. 30, w = v/rp where v is the speed of the cm. Taking derivatives of w = v/rp with 
respect to time we have a = a/r; substituting into the last equation we find 

Fi, = 3Ma. 
When we substitute this into the top equation, we get 

Mgsin@ — 2Ma = Ma, 
or 

a = 3gsiné. 
We thus see that the acceleration of the cm of a rolling sphere is less than that 
for an object sliding without friction (a = gsin@). The sphere started from rest 
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at the top of the incline (height H). To find the speed v at the bottom we use the 
linear version of Eq. 9c where the total distance traveled along the plane is 
x = H/sin@ (see Fig. 36). Thus 


ae H _ J10 
v = V2ax = VERDES = 7 gH. 


This is the same result obtained in Example 16 although less effort was needed 
there. To get the magnitude of the force of friction, we use the equations obtained 
above: 


Fy = Ma = 2M(3gsin0) = }łMgsinð. 


NOTE If the coefficient of static friction is sufficiently small, or @ sufficiently 
large so that Fj, > u, Fy (that is, ift tan @ > $,2,), the sphere will not simply roll but 
will slip as it moves down the plane. 


* More Advanced Examples 


Here we do three more Examples, all of them fun and interesting. When they use 
Èr = Ia, we must remember that this equation is valid only if 7,a, and I are 
calculated about an axis that either (1) is fixed in an inertial reference frame, or (2) 
passes through the cm of the object and remains fixed in direction. 


A falling yo-yo. String is wrapped around a uniform solid 
cylinder (something like a yo-yo) of mass M and radius R, and the cylinder starts 
falling from rest, Fig. 37a. As the cylinder falls, find (a) its acceleration and 
(b) the tension in the string. 


APPROACH As always we begin with a free-body diagram, Fig. 37b, which shows 
the weight of the cylinder acting at the cm and the tension of the string Fp acting 
at the edge of the cylinder. We write Newton’s second law for the linear motion 
(down is positive) 


Since we do not know the tension in the string, we cannot immediately solve for a. 
So we try Newton’s second law for the rotational motion, calculated about the 
center of mass: 

2te = fomaem 

FyR = $MR°a. 
Because the cylinder “rolls without slipping” down the string, we have the additional 
relation that a = aR (Eq.5). 
SOLUTION The torque equation becomes 
a 


FR = MR? 
ere 


= 3MRa 
so 
Fy = 5Ma. 
Substituting this into the force equation, we obtain 
Ma = Mg - Fr 
= Mg- 3 Ma. 
Solving for a, we find that a = $g. That is, the linear acceleration is less than 
what it would be if the cylinder were simply dropped. This makes sense since 


gravity is not the only vertical force acting; the tension in the string is acting as well. 
(b) Since a = 3g, Fr = 3Ma = 3 Mg. 


EXERCISE F Find the acceleration a of a yo-yo whose spindle has radius } R. Assume the 
moment of inertia is still ; MR? (ignore the mass of the spindle). 


‘Fy > ps Fy is equivalent to tan 0 > Í us because Ffr = 3Mg sin@ and ps Fy = us Mg cos 0. 


Mg 
(b) 
FIGURE 37 Example 19. 
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FIGURE 38 Example 20. 


Q@)puysics APPLIED 
Braking distribution of a car 


FIGURE 39 Forces on a braking 
car (Example 21). 


F; 
K—1.5 m—|<—1.5 m 
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What if a rolling ball slips? A bowling ball of mass M and 
radius r is thrown along a level surface so that initially (t = 0) it slides with a 
linear speed vy but does not rotate. As it slides, it begins to spin, and eventually 
rolls without slipping. How long does it take to begin rolling without slipping? 


APPROACH The free-body diagram is shown in Fig. 38, with the ball moving to the 
right. The friction force does two things: it acts to slow down the translational 
motion of the CM; and it immediately acts to start the ball rotating clockwise. 


SOLUTION Newton’s second law for translation gives 


Max XF, Fir MkFy = —pxMeg, 


where py, is the coefficient of kinetic friction because the ball is sliding. Thus 
ax = —pxg. The velocity of the CM is 


Um = Up + axt = w By gt. 
Next we apply Newton’s second law for rotation about the CM, [oya@cm = =Tcm: 
2 
3 Mrpacm = Fr 
= pe Mgr. 


The angular acceleration is thus agy = 5 ux g/2r%, which is constant. Then the 
angular velocity of the ball is (Eq. 9a) 


5 BK St 
2r 


Om = W + Amul = 04 


The ball starts rolling immediately after it touches the ground, but it rolls and 
slips at the same time to begin with. It eventually stops slipping, and then rolls 
without slipping. The condition for rolling without slipping is that 


Vom = cm!0> 
which is Eq. 4, and is not valid if there is slipping. This rolling without slipping 
begins at a time t =f, given by Ucy = #œcmřo and we apply the equations 
for Vem and wey above: 


_ 5 MK gti 
Uy = MKsh = Or ro 
0 
so 
2v 
t = pec 
7 Bg 


EXAMPLE 21 Braking a car. When the brakes of a car are applied, 
the front of the car dips down a bit; and the force on the front tires is greater than on 
the rear tires. To see why, estimate the magnitude of the normal forces, Fy; and Fy, 
on the front and rear tires of the car shown in Fig. 39 when the car brakes and decel- 
erates at arate a = 0.50 g. The car has mass M = 1200 kg, the distance between 
the front and rear axles is 3.0m, and its cm (where the force of gravity acts) is 
midway between the axles 75 cm above the ground. 


APPROACH Figure 39 is the free-body diagram showing all the forces on the car. 
F, and F, are the frictional forces that decelerate the car. We let F, be 
the sum of the forces on both front tires, and F, likewise for the two rear tires. 
Fy, and Fyz are the normal forces the road exerts on the tires and, for our 
estimate, we assume the static friction force acts the same for all the tires, so that 
F, and F, are proportional respectively to Fy; and Fyp: 


F = hı and Fy = pFyp. 
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SOLUTION The friction forces F, and F, decelerate the car, so Newton’s second 
law gives 
F +F = Ma 
= (1200kg)(0.50)(9.8 m/s’) = 5900N. (i) 


While the car is braking its motion is only translational, so the net torque on the 
car is zero. If we calculate the torques about the cM as axis, the forces F;, F, and 
Fyz all act to rotate the car clockwise, and only Fy; acts to rotate it counterclock- 
wise; so Fy, must balance the other three. Hence, Fy, must be significantly greater 
than Fy,. Mathematically, we have for the torques calculated about the cm: 


(1.5m)Fy,; — (1.5m)Fy. — (0.75m)F, — (0.75m)F = 0. 


Since F, and F, are proportional’ to Fy, and Ry (FA = uq, P = wFyo), we 
can write this as 


(1.5m)(Fyi — Fao) — (0.75 m)(u)(Fni + Fy) = 0. (ii) 


Also, since the car does not accelerate vertically, we have 


Mg = Fu + Fo = i (iii) 


Comparing (iii) to (i), we see that u = a/g = 0.50. Now we solve (ii) for Fy; 
and use u = 0.50 to obtain 


te). s 
2 = 3 


Pi = Fol Fyz- 


Thus Fy, is 13 times greater than Fy). Actual magnitudes are determined from 
(iii) and (i): Fy; + Faa = (5900N)/(0.50) = 11,800N which equals Fy(1 + 5); 
so Fyy = 4400 N and Fy, = 7400 N. 

NOTE Because the force on the front tires is generally greater than on the rear 
tires, cars are often designed with larger brake pads on the front wheels than on 
the rear. Or, to say it another way, if the brake pads are equal, the front ones 
wear out a lot faster. 


*]0 Why Does a Rolling Sphere Slow 
Down? 


A sphere of mass M and radius 7 rolling on a horizontal flat surface eventually 
comes to rest. What force causes it to come to rest? You might think it is friction, 
but when you examine the problem from a simple straightforward point of view, a 
paradox seems to arise. 

Suppose a sphere is rolling to the right as shown in Fig. 40, and is slowing FIGURE 40 Sphere rolling to the 
down. By Newton’s second law, =F = Ma, there must be a force F (presumably tight. 
frictional) acting to the left as shown, so that the acceleration a will also point to n~n 
the left and v will decrease. Curiously enough, though, if we now look at the 
torque equation (calculated about the center of mass), ÈTcem = Icma, we see 
that the force F acts to increase the angular acceleration a, and thus to increase 
the velocity of the sphere. Thus the paradox. The force F acts to decelerate the 
sphere if we look at the translational motion, but speeds it up if we look at 
the rotational motion. 


< 


"zj, 


‘Our proportionality constant p is not equal to us, the static coefficient of friction (Fj; = us Fy), unless 
the car is just about to skid. 
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The resolution of this apparent paradox is that some other force must be 
acting. The only other forces acting are gravity, Mg, and the normal force 
Fy (= —Mg). These act vertically and hence do not affect the horizontal transla- 
tional motion. If we assume the sphere and plane are rigid, so the sphere is in 
contact at only one point, these forces give rise to no torques about the cM either, 
since they act through the cm. 

The only recourse we have to resolve the paradox is to give up our idealization 
that the objects are rigid. In fact, all objects are deformable to some extent. Our 
sphere flattens slightly and the level surface also acquires a slight depression 
where the two are in contact. There is an area of contact, not a point. Hence there 
can be a torque at this area of contact which acts in the opposite direction to the 
torque associated with F, and thus acts to slow down the rotation of the sphere. 
This torque is associated with the normal force Fy that the table exerts on the 
sphere over the whole area of contact. The net effect is that we can consider Fy 
acting vertically a distance £ in front of the cm as shown in Fig. 41 (where the 
deformation is greatly exaggerated). 

Is it reasonable that the normal force Fy should effectively act in front of the 
cM as shown in Fig. 41? Yes. The sphere is rolling, and the leading edge strikes the 
surface with a slight impulse. The table therefore pushes upward a bit more 
strongly on the front part of the sphere than it would if the sphere were at rest. 
At the back part of the area of contact, the sphere is starting to move upward 
and so the table pushes upward on it less strongly than when the sphere is at rest. 
The table pushing up more strongly on the front part of the area of contact gives 
rise to the necessary torque and justifies the effective acting point of Fy being in 
front of the cM. 

When other forces are present, the tiny torque Ty due to Fy can usually be 
ignored. For example, when a sphere or cylinder rolls down an incline, the force of 
gravity has far more influence than ry, so the latter can be ignored. For many 
purposes (but not all), we can assume a hard sphere is in contact with a hard 
surface at essentially one point. 


| Summary 


When a rigid object rotates about a fixed axis, each point of the 
object moves in a circular path. Lines drawn perpendicularly 
from the rotation axis to different points in the object all sweep 
out the same angle 0 in any given time interval. 

Angles are conveniently measured in radians. One radian is 
the angle subtended by an arc whose length is equal to the radius, or 


2m rad = 360° so Trad = 57.3°. 


All parts of a rigid object rotating about a fixed axis have 
the same angular velocity w and the same angular acceleration a 
at any instant, where 


FIGURE 41 The normal force, Ey. 
exerts a torque that slows down the 
sphere. The deformation of the 
sphere and the surface it moves on 
has been exaggerated for detail. 


components of the linear acceleration. The frequency f and 
period T are related to w (rad/s) by 

w = 2rf (7) 

T = i/f. (8) 

Angular velocity and angular acceleration are vectors. For a 

rigid object rotating about a fixed axis, both œ and @ point along 

the rotation axis. The direction of is given by the right-hand rule. 

If a rigid object undergoes uniformly accelerated rotational 


motion (a = constant), equations analogous to those for linear 
motion are valid: 


do = + at: = 1 at: 
o-= T (2b) w w) + at; 0 wot + zat’; O) 
5 2 = w + wo 
and w = wo + 2a6; w = a 
dw EX 
aS (3b) The torque due to a force F exerted on a rigid object is 
. 5 equal to 
The units of w and a are rad/s and rad/s^. 7 = RIF = RF, = RFsin@ (10) 


The linear velocity and acceleration of any point in an object 
rotating about a fixed axis are related to the angular quantities by 


0 = Ro (4) and 9 is the angle between F and R. 
atan = Ra (5) The rotational equivalent of Newton’s second law is 


dp = wR (6) Èr = Ia, a4) 


where R,, called the lever arm, is the perpendicular distance 
from the axis of rotation to the line along which the force acts, 
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where R is the perpendicular distance of the point from the 
rotation axis, and dja, and dp are the tangential and radial 


where J = Xm; R? is the moment of inertia of the object about 
the axis of rotation. This relation is valid for a rigid object 
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rotating about an axis fixed in an inertial reference frame, or 
when 7, J, and a are calculated about the center of mass of an 
object even if the CM is moving. 

The rotational kinetic energy of an object rotating about a 
fixed axis with angular velocity w is 


K = fe’. (19) 


For an object undergoing both translational and rotational 
motion, the total kinetic energy is the sum of the translational 
kinetic energy of the object’s cm plus the rotational kinetic 
energy of the object about its CM: 

Kiot = Mou + zlu? 23) 


as long as the rotation axis is fixed in direction. 


The following Table summarizes angular (or rotational) 
quantities, comparing them to their translational analogs. 


Translation Rotation Connection 
x 0 x = RO 

v w v = Rw 

a a a = Ra 

m I I= >mR? 
F T 7 = RF sin@ 
K =m? 31a 

W = Fd W = 70 

=F = ma Èr = la 


J Answers to Exercises 


A: f = 0.076 Hz; T = 13s. 
B: F,. 
C: Yes; p MË + MGL =} MP. 


D: 4 x 10” 3J. 
E: (c). 
F: a=%¢. 
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Rotational Motion 
Problem Set 


Į Questions 


1. 


John Kasawa - Shutterstock 


A bicycle odometer (which counts revolutions and is 
calibrated to report distance traveled) is attached near the 
wheel hub and is calibrated for 27-inch wheels. What 
happens if you use it on a bicycle with 24-inch wheels? 
Suppose a disk rotates at constant angular velocity. Does a 
point on the rim have radial and/or tangential acceleration? 
If the disk’s angular velocity increases uniformly, does the 
point have radial and/or tangential acceleration? For which 
cases would the magnitude of either component of linear 
acceleration change? 

Could a nonrigid object be described by a single value of 
the angular velocity w? Explain. 


. Can a small force ever exert a greater torque than a larger 


force? Explain. 


. Why is it more difficult to do a sit-up with your hands 


behind your head than when your arms are stretched out in 
front of you? A diagram may help you to answer this. 


. Mammals that depend on being able to run fast have slender 


lower legs with flesh and muscle concentrated high, close to 
the body (Fig. 42). On the basis of rotational dynamics, 
explain why this distribution of mass is advantageous. 


FIGURE 42 
Question 6. 
A gazelle. 


. If the net force on a system is zero, is the net torque also 


zero? If the net torque on a system is zero, is the net force 
zero? 

Two inclines have the same height but make different angles 
with the horizontal. The same steel ball is rolled down each 
incline. On which incline will the speed of the ball at the 
bottom be greater? Explain. 


. Two spheres look identical and have the same mass. 


However, one is hollow and the other is solid. Describe an 
experiment to determine which is which. 


10. 


11. 


13. 


14. 


15. 


Two solid spheres simultaneously start rolling (from rest) 
down an incline. One sphere has twice the radius and twice 
the mass of the other. Which reaches the bottom of the 
incline first? Which has the greater speed there? Which has 
the greater total kinetic energy at the bottom? 


Why do tightrope walkers (Fig. 43) carry a long, narrow 
beam? 


Regis Bossu/Sygma/Corbis 


FIGURE 43 


Question 11. 


. A sphere and a cylinder have the same radius and the same 


mass. They start from rest at the top of an incline. Which 
reaches the bottom first? Which has the greater speed at 
the bottom? Which has the greater total kinetic energy at 
the bottom? Which has the greater rotational kinetic 
energy? 


The moment of inertia of this textbook would be the least 
about which symmetry axis through its center? 


The moment of inertia of a rotating solid disk about an axis 
through its cm is į MR? (Fig. 20c). Suppose instead that a 
parallel axis of rotation passes through a point on the edge 
of the disk. Will the moment of inertia be the same, larger, 
or smaller? 


The angular velocity of a wheel rotating on a horizontal axle 
points west. In what direction is the linear velocity of a 
point on the top of the wheel? If the angular acceleration 
points east, describe the tangential linear acceleration of 
this point at the top of the wheel. Is the angular speed 
increasing or decreasing? 


From Chapter 10 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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Location Moment of 
Object of axis inertia 
(a) Thin hoop, Through Pe 
radius Ro center MR, 
(b) Thin hoop Through 
radius Ro á central JMR + Mw? 
width w diameter ~ 
(c) Solid cylinder, Through fea 
radius Ry center yMR, 
(d) Hollow cylinder, Through 1 
inner radius R} , center aM (Ri +R) 
outer radius R3 
(e) Uniform sphere, Through 
radius ro center 272 
sMry 
(f) Long uniform rod, Through amas 1 yp 
length £ center ? 12 
: Axis 
FIGURE 20 Moments of inertia for (g) Long unifogm rod, Through 7 Lye 
various objects of uniform length end E 
composition. [We use R for radial Axis 
distance from an axis, andr for (h) Rectangular Through i i M(02 + w?) 
distance from a point (only in e, the thin plate, center A 12 
sphere). length £, width w ia f 
phere).] g DA 
Problems 


[The Problems in this Section are ranked I, II, or HI according to 
estimated difficulty, with (I) Problems being easiest. Level (III) 
Problems are meant mainly as a challenge for the best students, for 
“extra credit.” The Problems are arranged by Sections, meaning that 
the reader should have read up to and including that Section, but 
this Chapter also has a group of General Problems that are not 


arranged by Section and not ranked.] 


1 Angular Quantities 


1. (I) Express the following angles in radians: (a) 45.0°, (b) 60.0°, 


(c) 90.0°, (d) 360.0°, and (e) 445°. Give as numerical values and 


as fractions of 7. 


2. (I) The Sun subtends an angle of about 0.5° to us on Earth, 
150 million km away. Estimate the radius of the Sun. 


3. (I) A laser beam is directed at the Moon, 380,000 km from 5. 


Earth. The beam diverges at an angle 0 (Fig. 44) of 
1.4 X10 rad. What diameter spot will it make on the 


Moon? 


FIGURE 44 
Problem 3. 


4. (I) The blades in a blender rotate at a rate of 6500 rpm. 


When the motor is turned off during operation, the blades 
slow to rest in 4.0 s. What is the angular acceleration as the 
blades slow down? 

(I) (a) A grinding wheel 0.35m in diameter rotates at 
2500 rpm. Calculate its angular velocity in rad/s. (b) What 
are the linear speed and acceleration of a point on the edge 
of the grinding wheel? 
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6. (II) A bicycle with tires 68cm in diameter travels 7.2 km. 
How many revolutions do the wheels make? 

7. (II) Calculate the angular velocity of (a) the second hand, 
(b) the minute hand, and (c) the hour hand, of a clock. State 
in rad/s. (d) What is the angular acceleration in each case? 

8. (II) A rotating merry-go-round makes one complete revolu- 
tion in 4.0s (Fig. 45). (a) What is the linear speed of a child 
seated 1.2m from the center? (b) What is her acceleration 
(give components)? 


Karl Weatherly/Photodisc/ 


£ 

Ey 

3 
FIGURE 45 
Problem 8. 


9. (II) What is the linear speed of a point (a) on the equator, 
(b) on the Arctic Circle (latitude 66.5° N), and (c) at a 
latitude of 45.0° N, due to the Earth’s rotation? 

10. (II) Calculate the angular velocity of the Earth (a) in its 
orbit around the Sun, and (b) about its axis. 

11. (II) How fast (in rpm) must a centrifuge rotate if a particle 
7.0cm from the axis of rotation is to experience an acceler- 
ation of 100,000 g’s? 

12. (II) A 64-cm-diameter wheel accelerates uniformly about its 
center from 130rpm to 280rpm in 4.0s. Determine (a) its 
angular acceleration, and (b) the radial and tangential 
components of the linear acceleration of a point on the edge 
of the wheel 2.0s after it has started accelerating. 

13. (II) In traveling to the Moon, astronauts aboard the Apollo 
spacecraft put themselves into a slow rotation to distribute 
the Sun’s energy evenly. At the start of their trip, they accel- 
erated from no rotation to 1.0 revolution every minute 
during a 12-min time interval. The spacecraft can be thought 
of as a cylinder with a diameter of 8.5 m. Determine (a) the 
angular acceleration, and (b) the radial and tangential 
components of the linear acceleration of a point on the skin 
of the ship 7.0 min after it started this acceleration. 

14. (II) A turntable of radius R; is turned by a circular rubber 
roller of radius R, in contact with it at their outer edges. 
What is the ratio of their angular velocities, w/w ? 


2 Vector Nature of @ and a 


15. (II) The axle of a wheel is mounted on supports that rest on a 
rotating turntable as shown in Fig. 46. The wheel has angular 
velocity w; = 44.0 rad/s about its axle, and the turntable has 
angular velocity œ = 35.0 rad/s about a vertical axis. (Note 
arrows showing these motions in the figure.) (a) What are the 
directions of œ and @ at the instant shown? (b) What is the 
resultant angular velocity of the wheel, as seen by an outside 
observer, at the instant shown? Give the magnitude and direction. 
(c) What is the magnitude and direction of the angular acceleration 
of the wheel at the instant shown? Take the z axis vertically 
upward and the direction of 
the axle at the moment 
shown to be the x 3) 
axis pointing to the 


right. O 


FIGURE 46 
Problem 15. 


3 Constant Angular Acceleration 

16. (I) An automobile engine slows down from 3500rpm to 
1200rpm in 2.5s. Calculate (a) its angular acceleration, 
assumed constant, and (b) the total number of revolutions 
the engine makes in this time. 

17. (I) A centrifuge accelerates uniformly from rest to 
15,000 rpm in 220s. Through how many revolutions did it 
turn in this time? 

18. (I) Pilots can be tested for the stresses of flying high-speed 
jets in a whirling “human centrifuge,” which takes 1.0 min to 
turn through 20 complete revolutions before reaching its 
final speed. (a) What was its angular acceleration (assumed 
constant), and (b) what was its final angular speed in rpm? 

19. (II) A cooling fan is turned off when it is running at 850 rev/min. 
It turns 1350 revolutions before it comes to a stop. (a) What was the 
fan’s angular acceleration, assumed constant? (b) How long did it 
take the fan to come to a complete stop? 

20. (IT) Using calculus, derive the angular kinematic equations 
9a and 9b for constant angular acceleration. Start with 
a = do/dt. 


Angular Linear 
w = w + at v = w% + at [constant a, a] (9a) 
= wt +5at? x = wt + 4at? [constant a, a] (9b) 


21. (II) A small rubber wheel is used to drive a large pottery 
wheel. The two wheels are mounted so that their circular edges 
touch. The small wheel has a radius of 2.0 cm and accelerates at 
the rate of 7.2rad/s’, and it is in contact with the pottery 
wheel (radius 21.0cm) without slipping. Calculate (a) the 
angular acceleration of the pottery wheel, and (b) the time it 
takes the pottery wheel to reach its required speed of 65 rpm. 

22. (II) The angle through which a rotating wheel has turned in 
time f is given by 96 =8.5¢ — 15.0 + 1.61f, where 9 is in 
radians and f in seconds. Determine an expression (a) for the 
instantaneous angular velocity w and (b) for the instantaneous 
angular acceleration a. (c) Evaluate w and a at t = 3.0s. (d) 
What is the average angular velocity, and (e) the average 
angular acceleration between t£ = 2.0s and t = 3.0 s? 

23. (II) The angular acceleration of a wheel, as a function of 
time, is a = 5.017 — 8.5t, where a is in rad/s? and t in 
seconds. If the wheel starts from rest (@ =0, w =0, at 
t =0), determine a formula for (a) the angular velocity w 
and (b) the angular position 6, both as a function of time. 
(c) Evaluate w and @ at t = 2.0s. 


4 Torque 

24. (I) A 62-kg person riding a bike puts all her weight on each 
pedal when climbing a hill. The pedals rotate in a circle of 
radius 17 cm. (a) What is the maximum torque she exerts? 
(b) How could she exert more torque? 

25. (I) Calculate the net torque 
about the axle of the wheel 
shown in Fig. 47. Assume that 
a friction torque of 0.40 m-N 
opposes the motion. 


FIGURE 47 
Problem 25. 18N 


26. (II) A person exerts a horizontal force of 32 N on the end of 
a door 96 cm wide. What is the magnitude of the torque if the 
force is exerted (a) perpendicular to the door and (b) at a 60.0° 
angle to the face of the door? 
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27. 


a = 
28. 


29. 


30. 
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(II) Two blocks, each of mass m, are attached to the ends of 
a massless rod which pivots as shown in Fig. 48. Initially the 
rod is held in the horizontal position and then released. 
Calculate the magnitude and direction of the net torque on 
this system when it is first released. 


k 4 a b | 


FIGURE 48 Problem 27. 


(II) A wheel of diameter 27.0 cm is constrained to rotate in the 
xy plane, about the z axis, which passes through its center. A 
force F = (—31.0i F 43.4j) N acts at a point on the edge of 
the wheel that lies exactly on the x axis at a particular instant. 
What is the torque about the rotation axis at this instant? 


(II) The bolts on the cylinder head of an engine require 
tightening to a torque of 75 m-N. If a wrench is 28 cm long, 
what force perpendicular to the wrench must the mechanic 
exert at its end? If the six-sided bolt head is 15 mm across 
(Fig. 49), estimate the force applied near each of the six 
points by a socket wrench. 


k 28 cm l 


F 


on wrench 


F 


on bolt 


FIGURE 49 Problem 29. 


(II) Determine the net torque on the 2.0-m-long uniform 
beam shown in Fig. 50. Calculate about (a) point C, the cm, 
and (b) point P at one end. 


SON 
130°, 
i 
I 
65 N 
45° 
c 
P 
I 
l o 
FIGURE 50 ee DN 
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5 and 6 Rotational Dynamics 


31. 


32. 


33. 


(1) Determine the moment of inertia of a 10.8-kg sphere of 
radius 0.648 m when the axis of rotation is through its center. 
(I) Estimate the moment of inertia of a bicycle wheel 
67cm in diameter. The rim and tire have a combined mass 
of 1.1 kg. The mass of the hub can be ignored (why?). 

(II) A potter is shaping a bowl on a potter’s wheel rotating at 
constant angular speed (Fig. 51). The friction force between 
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her hands and the clay is 1.5N total. (a) How large is her 
torque on the wheel, if the diameter of the bowl is 12 cm? (b) 
How long would it take for the potter’s wheel to stop if the 
only torque acting on it is due to the potter’s hand? The initial 
angular velocity 
of the wheel is 
1.6 rev/s, and the 
moment of inertia 
of the wheel and 
the bowl is 


0.11 kg: m?. $ 
Q 

E 

: 

a 

FIGURE 51 a 
Problem 33. E 


(ID) An oxygen molecule consists of two oxygen atoms whose 
total mass is 5.3 X 10% kg and whose moment of inertia 
about an axis perpendicular to the line joining the two atoms, 
midway between them, is 1.9 X 10“°kg-m?. From these 
data, estimate the effective distance between the atoms. 


(II) A softball player swings a bat, accelerating it from rest 
to 2.7rev/s in a time of 0.20s. Approximate the bat as a 
2.2-kg uniform rod of length 0.95m, and compute the 
torque the player applies to one end of it. 


(II) A grinding wheel is a uniform cylinder with a radius of 
8.50 cm and a mass of 0.380 kg. Calculate (a) its moment of 
inertia about its center, and (b) the applied torque needed 
to accelerate it from rest to 1750 rpm in 5.00s if it is known 
to slow down from 1500 rpm to rest in 55.0 s. 

(II) A small 650-g ball on the end of a thin, light rod is rotated 
in a horizontal circle of radius 1.2 m. Calculate (a) the moment 
of inertia of the ball about the center of the circle, and (b) the 
torque needed to keep the ball rotating at constant angular 
velocity if air resistance exerts a force of 0.020N on the ball. 
Ignore the rod’s moment of inertia and air resistance. 

(II) The forearm in Fig. 52 accelerates a 3.6-kg ball at 7.0 m/s? 
by means of the triceps 
muscle, as shown. Calculate 
(a) the torque needed, and 
(b) the force that must be 


exerted by the triceps 31 cm 
muscle. Ignore the mass of 
the arm. 
Axis of rotation 
2.5 F > (at elbow) 
FIGURE 52 Triceps 
Problems 38 and 39. muscle 


(II) Assume that a 1.00-kg ball is thrown solely by the 
action of the forearm, which rotates about the elbow joint 
under the action of the triceps muscle, Fig. 52. The ball is 
accelerated uniformly from rest to 8.5m/s in 0.35s, at 
which point it is released. Calculate (a) the angular acceler- 
ation of the arm, and (b) the force required of the triceps 
muscle. Assume that the forearm has a mass of 3.7 kg and 
rotates like a uniform rod about an axis at its end. 


(I) Calculate the moment of inertia of the array of point 
objects shown in Fig. 53 about (a) the vertical axis, and 
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Rotational Motion 


(b) the horizontal axis. Assume m = 2.2kg, M = 3.1 kg, 
and the objects are wired together by very light, rigid pieces 
of wire. The array is rectangular and is split through the 
middle by the horizontal axis. (c) About which axis would it 
be harder to accelerate this array? 


kk 4 1.50 m >| 
k— 0.50 m —” 
m ! m 
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FIGURE 53 Problem 40. 


(II) A merry-go-round accelerates from rest to 0.68 rad/s in 
24s. Assuming the merry-go-round is a uniform disk of 
radius 7.0m and mass 31,000 kg, calculate the net torque 
required to accelerate it. 

(ID) A 0.72-m-diameter solid sphere can be rotated about an 
axis through its center by a torque of 10.8m-N which 
accelerates it uniformly from rest through a total of 180 
revolutions in 15.0 s. What is the mass of the sphere? 

(II) Suppose the force Fy in the cord hanging from the 
pulley of Example 9 of “Rotational Motion,” Fig. 21, is given 
by the relation Fy = 3.00t — 0.2077 (newtons) where f is in 
seconds. If the pulley starts from rest, what is the linear 
speed of a point on its rim 8.0s later? Ignore friction. 


FIGURE 21 
Example 9. 


(II) A dad pushes tangentially on a small hand-driven 
merry-go-round and is able to accelerate it from rest to a 
frequency of 15 rpm in 10.0 s. Assume the merry-go-round is 
a uniform disk of radius 2.5 m and has a mass of 760 kg, and 
two children (each with a mass of 25kg) sit opposite each 
other on the edge. Calculate the torque required to produce 
the acceleration, neglecting frictional torque. What force is 
required at the edge? 

(II) Four equal masses M are spaced at equal intervals, £, 
along a horizontal straight rod whose mass can be ignored. 
The system is to be rotated about a vertical axis passing 
through the mass at the left end of the rod and perpendicular 
to it. (a) What is the moment of inertia of the system about 
this axis? (b) What minimum force, applied to the farthest 
mass, will impart an angular acceleration a? (c) What is the 
direction of this force? 

(ID) Two blocks are connected by a light string passing over 
a pulley of radius 0.15m and moment of inertia J. The 
blocks move (towards the right) with an acceleration of 
1.00 m/s? along their frictionless inclines (see Fig. 54). (a) 
Draw free-body diagrams for each of the two blocks and the 
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pulley. (b) Determine Fra and Frg, the tensions in the two 
parts of the string. (c) Find the net torque acting on the 
pulley, and determine its moment of inertia, 7. 


a=1.00 m/s? = 
Fra 


mp = 10.0 kg 


FIGURE 54 Problem 46. 


47. (II) A helicopter rotor blade can be considered a long thin 
rod, as shown in Fig. 55. (a) If each of the three rotor heli- 
copter blades is 3.75 m long and has a mass of 135 kg, 
calculate the moment of inertia of 
the three rotor blades about the 
axis of rotation. (b) How much 
torque must the motor apply 
to bring the blades from rest 
up to a speed of 5.0 rev/s 
in 8.0s? 


FIGURE 55 
Problem 47. 


48. (II) A centrifuge rotor rotating at 10,300 rpm is shut off and 
is eventually brought uniformly to rest by a frictional torque 
of 1.20m-N. If the mass of the rotor is 3.80 kg and it can be 
approximated as a solid cylinder of radius 0.0710 m, through 
how many revolutions will the rotor turn before coming to 
rest, and how long will it take? 

49. (II) When discussing moments of inertia, especially for 
unusual or irregularly shaped objects, it is sometimes conve- 
nient to work with the radius of gyration, k. This radius is 
defined so that if all the mass of the object were concentrated 
at this distance from the axis, the moment of inertia would be 
the same as that of the original object. Thus, the moment of 
inertia of any object can be written in terms of its mass M 
and the radius of gyration as J = Mk’. Determine the 
radius of gyration for each of the objects (hoop, cylinder, 
sphere, etc.) shown in Fig. 20. 

50. (II) To get a flat, uniform cylindrical satellite spinning at the 
correct rate, engineers fire four tangential rockets as shown 
in Fig. 56. If the satellite has a mass of 3600kg, a radius of 

4.0m, and the rockets each add 

a mass of 250 kg, what is the 
required steady force 
of each rocket if the 
satellite is to reach 
32rpm in 5.0min, 
starting from rest? 


End view of 
cylindrical 
satellite 


FIGURE 56 
Problem 50. 


51. (HI) An Atwood’s machine consists of two masses, m a and mp, 
which are connected by a massless inelastic cord that passes 
over a pulley, Fig. 57. If the pulley has radius R and moment of 
inertia / about its axle, determine the acceleration of the masses 
ma, and mpg , and compare to the situation in which the moment 
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of inertia of the pulley is ignored. [Hint: The tensions Fra and 
Fp are not equal. With the Atwood machine, assume J = 0 for 


the pulley.] an 


LY 


FIGURE 57 Problem 51. mpg 
Atwood’s machine. fe 


(III) A string passing over a pulley has a 3.80-kg mass 
hanging from one end and a 3.15-kg mass hanging from the 
other end. The pulley is a uniform solid cylinder of radius 
4.0cm and mass 0.80kg. (a) If the bearings of the pulley 
were frictionless, what would be the acceleration of the two 
masses? (b) In fact, it is found that if the heavier mass is 
given a downward speed of 0.20 m/s, it comes to rest in 6.2 s. 
What is the average frictional torque acting on the pulley? 
(III) A hammer thrower accelerates the hammer 
(mass = 7.30 kg) from rest within four full turns (revolutions) 
and releases it at a speed of 26.5 m/s. Assuming a uniform rate 
of increase in angular velocity and a horizontal circular path of 
radius 1.20m, calculate (a) the angular acceleration, (b) the 
(linear) tangential acceleration, (c) the centripetal acceleration 
just before release, (d) the net force being exerted on the 
hammer by the athlete just before release, and (e) the angle of 
this force with respect to the radius of the circular motion. 
Ignore gravity. 

(II) A thin rod of length £ stands vertically on a table. The 
rod begins to fall, but its lower end does not slide. (a) Deter- 
mine the angular velocity of the rod as a function of the 
angle ¢ it makes with the tabletop. (b) What is the speed of 
the tip of the rod just before it strikes the table? 


7 Moment of Inertia 
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(I) Use the parallel-axis theorem to show that the moment 
of inertia of a thin rod about an axis perpendicular to the 
rod at one end is Z =;Ml, given that if the axis passes 
through the center, J = 5 Ml (Fig. 20f and g). 


(II) Determine the moment of inertia of a 19-kg door that is 
2.5m high and 1.0m wide and is hinged along one side. 
Ignore the thickness of the door. 


(II) Two uniform solid spheres of mass M and radius rọ are 
connected by a thin (massless) rod of length ro so that the 
centers are 379 apart. (a) Determine the moment of inertia 
of this system about an axis perpendicular to the rod at its 
center. (b) What would be the percentage error if the 
masses of each sphere were assumed to be concentrated at 
their centers and a very simple calculation made? 


(ID) A ball of mass M and radius r; on the end of a thin mass- 
less rod is rotated in a horizontal circle of radius Rp about an 
axis of rotation AB, as shown in Fig. 58. (a) Considering the 
mass of the ball to be concentrated at its center of mass, 
calculate its moment of inertia about AB. (b) Using the 
parallel-axis theorem and considering the finite radius of the 
ball, calculate the moment of inertia of the ball about AB. 


59. 


60. 


61. 


Problem Set 


(c) Calculate the percentage error introduced by the point 
mass approximation for r; = 9.0cm and Rọ = 1.0m. 
B 


FIGURE 58 
Problem 58. A 


(II) A thin 7.0-kg wheel of radius 32 cm is weighted to one 
side by a 1.50-kg weight, small in size, placed 22cm from 
the center of the wheel. Calculate (a) the position of the 
center of mass of the weighted wheel and (b) the moment of 
inertia about an axis through its CM, perpendicular to its face. 
(III) Derive the formula for the moment of inertia of a 
uniform thin rod of length £ about an axis through its 
center, perpendicular to the rod (see Fig. 20f). 

(III) (a) Derive the formula given in Fig. 20h for the 
moment of inertia of a uniform, flat, rectangular plate of 
dimensions X w about an axis through its center, 
perpendicular to the plate. (b) What is the moment of inertia 
about each of the axes through the center that are parallel 
to the edges of the plate? 


8 Rotational Kinetic Energy 
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(I) An automobile engine develops a torque of 255 m-N at 
3750 rpm. What is the horsepower of the engine? 


(I) A centrifuge rotor has a moment of inertia of 
4.25 X 10° *kg-m*. How much energy is required to bring it 
from rest to 9750 rpm? 
(II) A rotating uniform cylindrical platform of mass 220 kg and 
radius 5.5 m slows down from 3.8 rev/s to rest in 16s when 
the driving motor is disconnected. Estimate the power 
output of the motor (hp) required to maintain a steady 
speed of 3.8 rev/s. 
(II) A merry-go-round has a mass of 1640 kg and a radius of 
7.50 m. How much net work is required to accelerate it from 
rest to a rotation rate of 1.00 revolution per 8.00 s? Assume 
it is a solid cylinder. 
(II) A uniform thin rod of length £ and mass M is suspended 
freely from one end. It is pulled to the side an angle 0 and 
released. If friction can be ignored, what is its angular 
velocity, and the speed of its free end, at the lowest point? 
(II) Two masses, ma = 35.0kg and mg = 38.0kg, are 
connected by a rope that hangs 
over a pulley (as in Fig. 59). The 
pulley is a uniform cylinder of 
radius 0.381m and mass 3.1kg. 
Initially m, is on the ground and 
mg rests 2.5m above the ground. 
If the system is released, use 
conservation of energy to deter- 
mine the speed of mg just before 
it strikes the ground. Assume the 
pulley bearing is frictionless. 
FIGURE 59 
Problem 67. 


(II) A 4.00-kg mass and a 3.00-kg mass are attached to 
opposite ends of a thin 42.0-cm-long horizontal rod 


Rotational Motion: Problem Set 


(Fig. 60). The system is rotating at angular speed 
w =5.60rad/s about a vertical axle at the center of the 
rod. Determine (a) the kinetic energy K of the system, and 
(b) the net force on each mass. (c) Repeat parts (a) and (b) 
assuming that the axle passes through the cm of the system. 


© 


4.00 kg SIURE 
FIGURE 60 
Problem 68. 
69. (II) A 2.30-m-long pole is balanced vertically on its tip. It 


starts to fall and its lower end does not slip. What will be the 
speed of the upper end of the pole just before it hits the 
ground? [Hint: Use conservation of energy.] 


9 Rotational Plus Translational Motion 
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(I) Calculate the translational speed of a cylinder when it 
reaches the foot of an incline 7.20m high. Assume it starts 
from rest and rolls without slipping. 

(I) A bowling ball of mass 7.3kg and radius 9.0cm rolls 
without slipping down a lane at 3.7 m/s. Calculate its total 
kinetic energy. 

(1) Estimate the kinetic energy of the Earth with respect to 
the Sun as the sum of two terms, (a) that due to its daily 
rotation about its axis, and (b) that due to its yearly revolu- 
tion about the Sun. [Assume the Earth is a uniform sphere 
with mass = 6.0 X 1074 kg, radius = 6.4 X 10°m, and is 
1.5 X 108 km from the Sun.] 

(II) A sphere of radius r) = 24.5cm and mass m = 1.20 kg 
starts from rest and rolls without slipping down a 30.0° 
incline that is 10.0 m long. (a) Calculate its translational and 
rotational speeds when it reaches the bottom. (b) What is 
the ratio of translational to rotational kinetic energy at the 
bottom? Avoid putting in numbers until the end so you can 
answer: (c) do your answers in (a) and (b) depend on the 
radius of the sphere or its mass? 

(IT) A narrow but solid spool of thread has radius R and 
mass M. If you pull up on the thread so that the cm of the 
spool remains suspended in the air at the same place as it 
unwinds, (a) what force must you exert on the thread? 
(b) How much work have you done by the time the spool 
turns with angular velocity w? 

(TI) A ball of radius rọ rolls on the inside of a track of radius Rp 
(see Fig. 61). If the ball starts from rest at the vertical edge 
of the track, what will be its speed when it reaches the 
lowest point of the track, rolling without slipping? 


FIGURE 61 


Problems 75 and 81. 
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FIGURE 41 
force, Fy, exerts a torque 
that slows down the 
sphere. The deformation 
of the sphere and the 
surface it moves on has 
been exaggerated for 
detail. 


(II) A solid rubber ball rests on the floor of a railroad car 
when the car begins moving with acceleration a. Assuming 
the ball rolls without slipping, what is its acceleration 
relative to (a) the car and (b) the ground? 

(II) A thin, hollow 0.545-kg section of pipe of radius 10.0 cm 
starts rolling (from rest) down a 17.5° incline 5.60 m long. 
(a) If the pipe rolls without slipping, what will be its speed at 
the base of the incline? (b) What will be its total kinetic energy 
at the base of the incline? (c) What minimum value must the 
coefficient of static friction have if the pipe is not to slip? 


. (II) In Example 20 of “Rotational Motion,” (a) how far has 


the ball moved down the lane when it starts rolling without 
slipping? (b) What are its final linear and rotational speeds? 
(III) The 1100-kg mass of a car includes four tires, each of 
mass (including wheels) 35 kg and diameter 0.80 m. Assume 
each tire and wheel combination acts as a solid cylinder. 
Determine (a) the total kinetic energy of the car when trav- 
eling 95 km/h and (b) the fraction of the kinetic energy in 
the tires and wheels. (c) If the car is initially at rest and is 
then pulled by a tow truck with a force of 1500 N, what is 
the acceleration of the car? Ignore frictional losses. (d) What 
percent error would you make in part (c) if you ignored the 
rotational inertia of the tires and wheels? 

(III) A wheel with rotational inertia J = MR? about its hori- 
zontal central axle is set spinning with initial angular speed wo. 
It is then lowered, and at the instant its edge touches the 
ground the speed of the axle (and cm) is zero. Initially the 
wheel slips when it touches the ground, but then begins to 
move forward and eventually rolls without slipping. (a) In what 
direction does friction act on the slipping wheel? (b) How long 
does the wheel slip before it begins to roll without slipping? (c) 
What is the wheel’s final translational speed, Vem? [Hint: Use 
DF = ma, toy = Tey &cm, and recall that only when there 
is rolling without slipping is vem = oR.] 

(II) A small sphere of radius rọ =1.5cm rolls without 
slipping on the track shown in Fig. 61 whose radius is 
Ro = 26.0 cm. The sphere starts rolling at a height Rọ above 
the bottom of the track. When it leaves the track after 
passing through an angle of 135° as shown, (a) what will be 
its speed, and (b) at what distance D from the base of the 
track will the sphere hit the ground? 


Rolling Sphere Slows Down 


. (T) A rolling ball slows down because the normal force does 


not pass exactly through the cm of the ball, but passes in 
front of the cm. Using Fig. 41, show that the torque resulting 
from the normal force (Ty = £Fy in Fig. 41) is 2 of that due 
to the frictional force, Tf =7F where ro is the ball’s 
radius; that is, show that ty = rfr. 


The normal 
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| General Problems 


83. A large spool of rope rolls on the ground with the end of 
the rope lying on the top edge of the spool. A person grabs 
the end of the rope and walks a distance £, holding onto it, 
Fig. 62. The spool rolls behind the person 
without slipping. What length of rope 
unwinds from the spool? How far 
does the spool’s center of 
mass move? 


FIGURE 62 
Problem 83. 


84. On a 12.0-cm-diameter audio compact disc (CD), digital bits 
of information are encoded sequentially along an outward 
spiraling path. The spiral starts at radius R =2.5cm and 
winds its way out to radius R, =5.8cm. To read the digital 
information, a CD player rotates the CD so that the player’s 
readout laser scans along the spiral’s sequence of bits at a 
constant linear speed of 1.25 m/s. Thus the player must accu- 
rately adjust the rotational frequency f of the CD as the 
laser moves outward. Determine the values for f (in units of 
rpm) when the laser is located at R; and when it is at R3. 


85. (a) A yo-yo is made of two solid cylindrical disks, each of 
mass 0.050 kg and diameter 0.075 m, joined by a (concentric) 
thin solid cylindrical hub of mass 0.0050kg and diameter 
0.010 m. Use conservation of energy to calculate the linear 
speed of the yo-yo just before it reaches the end of its 
1.0-m-long string, if it is released from rest. (b) What fraction 
of its kinetic energy is rotational? 

86. A cyclist accelerates from rest at a rate of 1.00 m/s*. How 
fast will a point at the top of the rim of the tire 
(diameter = 68cm) be moving after 2.58? [Hint: At any 
moment, the lowest point on the tire is in contact with the 
ground and is at rest —see Fig. 63.] 


This point on tire 
at rest momentarily 


FIGURE 63 Problem 86. 


87. Suppose David puts a 0.50-kg rock into a sling of length 
1.5m and begins whirling the rock in a nearly horizontal 
circle, accelerating it from rest to a rate of 85 rpm after 5.0s. 
What is the torque required to achieve this feat, and where 
does the torque come from? 


88. A 1.4-kg grindstone in the shape of a uniform cylinder of 
radius 0.20m acquires a rotational rate of 18 rev/s from 
rest over a 6.0-s interval at constant angular acceleration. 
Calculate the torque delivered by the motor. 

89. Bicycle gears: (a) How is the angular velocity wp of the rear 
wheel of a bicycle related to the angular velocity wp of the 
front sprocket and pedals? Let Np and Np be the number of 
teeth on the front and rear sprockets, respectively, Fig. 64. 
The teeth are spaced the same on both sprockets and the rear 
sprocket is firmly attached to the rear wheel. (b) Evaluate the 
ratio @p/wp when the front and rear sprockets have 52 and 
13 teeth, respectively, and (c) when they have 42 and 28 teeth. 


Yo 


ae 


f 
Rear sprocket 


FIGURE 64 
Problem 89. 


90. Figure 65 illustrates an H,O molecule. The O—H bond 
length is 0.096 nm and the H — O — H bonds make an angle 
of 104°. Calculate the moment of inertia for the HO mole- 
cule about an axis passing through the 
center of the oxygen atom (a) perpendic- 
ular to the plane of the molecule, and (b) 
in the plane of the molecule, bisecting the 
H— O— H bonds. 


FIGURE 65 
Problem 90. 


91. One possibility for a low-pollution automobile is for it to use 
energy stored in a heavy rotating flywheel. Suppose such a car 
has a total mass of 1100 kg, uses a uniform cylindrical flywheel 
of diameter 1.50m and mass 240kg, and should be able to 
travel 350km without needing a flywheel “spinup.” (a) Make 
reasonable assumptions (average frictional retarding 
force = 450 N, twenty acceleration periods from rest to 
95 km/h, equal uphill and downhill, and that energy can be put 
back into the flywheel as the car goes downhill), and estimate 
what total energy needs to be stored in the flywheel. (b) What 
is the angular velocity of the flywheel when it has a full 
“energy charge”? (c) About how long would it take a 150-hp 
motor to give the flywheel a full energy charge before a trip? 


92. A hollow cylinder (hoop) is rolling on a horizontal surface 
at speed v =3.3m/s when it reaches a 15° incline. 
(a) How far up the incline will it go? (b) How long will it be 
on the incline before it arrives back at the bottom? 

93. A wheel of mass M has radius R. It is standing vertically on 
the floor, and we want to exert a horizontal force F at its 
axle so that it will climb a step against which it rests 
(Fig. 66). The step has height h, where h < R. What 
minimum force F is needed? 


FIGURE 66 Problem 93. 
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A marble of mass m and radius r rolls along the looped 
rough track of Fig. 67. What is the minimum value of the 
vertical height h that the marble must drop if it is to reach 
the highest point of the loop without leaving the track? 
(a) Assume r < R; (b) do not make this assumption. 
Ignore frictional losses. 


FIGURE 67 Problem 94. 


The density (mass per unit length) of a thin rod of length £ 
increases uniformly from Ag at one end to 3A at the other 
end. Determine the moment of inertia about an axis 
perpendicular to the rod through its geometric center. 


If a billiard ball is hit in just the right way by a cue stick, the 
ball will roll without slipping immediately after losing 
contact with the stick. Consider a billiard ball (radius r, 
mass M) at rest on a horizontal pool table. A cue stick 
exerts a constant horizontal force F on the ball for a 
time f at a point that is a height h above the table’s surface 
(see Fig. 68). Assume that the coefficient of kinetic friction 
between the ball and table is ug. Determine the value for A 
so that the ball will roll without slipping immediately after 
losing contact with the stick. 


h 
FIGURE 68 
Problem 96. 
. If the coefficient of static friction between tires and pavement 


is 0.65, calculate the minimum torque that must be applied 
to the 66-cm-diameter tire of a 950-kg automobile in 
order to “lay rubber” (make the wheels spin, slipping as 
the car accelerates). Assume each wheel supports an equal 
share of the weight. 

A cord connected at one end to a block which can slide on 
an inclined plane has its other end wrapped around a 
cylinder resting in a depression at the top of the plane as 
shown in Fig. 69. Determine the speed of the block after it 


M=33 kg 
R=0.20m 


FIGURE 69 Problem 98. 


99. 


100. 


101. 


has traveled 1.80m along the plane, starting from rest. 
Assume (a) there is no friction, (b) the coefficient of friction 
between all surfaces is u = 0.035. [Hint: In part (b) first 
determine the normal force on the cylinder, and make any 
reasonable assumptions needed.] 

The radius of the roll of paper shown in Fig. 70 is 7.6 cm 
and its moment of inertia is J = 3.3 X10 °kg-m*. A 
force of 2.5 N is exerted on the end of the roll for 1.3 s, but 
the paper does not tear so it begins to unroll. A constant 
friction torque of 0.11 m:N is exerted on the roll which 
gradually brings it to a stop. Assuming that the paper’s 
thickness is negligible, calculate (a) the 
length of paper that unrolls during the 
time that the force is applied (1.3 s) 
and (b) the length of paper that 
unrolls from the time the force ends to 
the time when the roll has stopped 
moving. 


FIGURE 70 
Problem 99. 


A solid uniform disk of mass 21.0 kg and radius 85.0 cm is at 
rest flat on a frictionless surface. Figure 71 shows a view 
from above. A string is wrapped around the rim of the disk 
and a constant force of 35.0N is applied to the string. The 
string does not slip on the rim. (a) In what direction does 
the CM move? When the disk has moved a distance of 5.5 m, 
determine (b) how fast it is moving, (c) how fast it is spinning 
(in radians per second), 
and (d) how much 
string has unwrapped 
from around the rim. 


FIGURE 71 
Problem 100, looking 
down on the disk. 


When bicycle and motorcycle riders “pop a wheelie,” a large 
acceleration causes the bike’s front wheel to leave the 
ground. Let M be the total mass of the bike-plus-rider system; 
let x and y be the horizontal and vertical distance of this 
system’s CM from the rear wheel’s point of contact with the 
ground (Fig. 72). (a) Determine the horizontal acceleration a 
required to barely lift the bike’s front wheel off of the 
ground. (b) To minimize the acceleration necessary to pop a 


FIGURE 72 Problem 101. 
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wheelie, should x be made as small or as large as possible? *104. (a) For the yo-yo-like cylinder of Example 19 of “Rota- 


How about y? How should a rider position his or her body on tional Motion”, we saw that the downward acceleration of 
the bike in order to achieve these optimal values for x and y? its CM was a = 3g. If it starts from rest, what will be the 
(c) If x =35cm and y = 95 cm, find a. cM velocity after it has fallen a distance h? (b) Now use 
102. A crucial part of a piece of machinery starts as a flat conservation of energy to determine the cylinder’s cM 


uniform cylindrical disk of radius Rọ and mass M. It then velocity after it has fallen a distance h, starting from rest. 


has a circular hole of radius R, drilled into it (Fig. 73). The 
hole’s center is a distance h from the center of the disk. Find 
the moment of inertia of this disk (with off-center hole) 105. (II) Determine the torque produced about the support A of 
when rotated about its center, C. [Hint: Consider a solid disk the rigid structure, shown in Fig. 75, as a function of the leg 


and “subtract” the hole; use the parallel-axis theorem.] angle @ if a force F =500N is applied at the point P 
perpendicular to the leg end. Graph the values of the torque + 


as a function of 0 from 6 = 0° to 90°, in 1° increments. 


*Numerical/Computer 


FIGURE 73 
Problem 102. 


FIGURE 75 Problem 105. 


103. A thin uniform stick of mass M and length £ is x ; ; i 
positioned vertically, with its tip on a frictionless table. It is 106. (II) Use the expression that was derived in Problem 51 for 


released and allowed to fall. the acceleration of masses on an Atwood’s machine to 
investigate at what point the moment of inertia of the 
pulley becomes negligible. Assume ma, = 0.150 kg, 
mp = 0.350kg, and R = 0.040 m. (a) Graph the accelera- 
tion as a function of the moment of inertia. (b) Find the 
acceleration of the masses when the moment of inertia goes 
to zero. (c) Using your graph to guide you, at what 
minimum value of J does the calculated acceleration 
deviate by 2.0% from the acceleration found in part (b)? 
(d) If the pulley could be thought of as a uniform disk, find 
the mass of the pulley using the 7 found in part (c). 


Determine the speed of its 
CM just before it hits the 
table (Fig. 74). 


FIGURE 74 
Problem 103. 


l Answers to Odd-Numbered Problems 


1. (a) Jrad, 0.785 rad; 11. 36,000 rev/min. 27. mg(b, — £,), clockwise. 
k 13. (a) 1.5 X 10™ rad/s?; 29. 270 N, 1700 N. 
(b) 3 rad, 1.05 rad; (b) 1.6 X 102 m/s?, 31. 1.81 kg- m. 
(e) Z rad, 1.57 rad; a 33. (a) 9.0 X 10? m-N; 
a i 15. (a) —i, k; (b) 12s. 
(d) 27 rad, 6.283 rad; (b) 56.2 rad/s, 38.5° from —x axis 35. 56m-N. 
89r towards +z axis; 37. (a) 0.94 kg m?; 
(e) a6 h 7.77 rad. (c) 1540 rad/s?, -j. 5 24 ae 
3. 5.3 X 103m. 17. 28,000 rev. 39. (a) 78 rad/s”; 
5. (a) 260 rad/s: 19. (a) —0.47 rad/s”; (b) 670N. 
(b) 46 m/s, 1.2 X 104 m/s?. (b) 190s. 41. 2.2 X 104m-N. 
7. (a) 1.05 X 107! rad/s: 21. (a) 0.69 rad/s”; 43. 17.5m/s. 
(b) 1.75 X 103 rad/s; (b) 9.9s. 45. (a) 14ML: 
(c) 1.45 X 10™ rad/s: 23. (a) œ = 35.009 — 38.507; (b) $ Mla; 
(d) 0. (b) 6 = 135.014 — 58.50; (c) perpendicular to the rod and 
9. (a) 464 m/s; (c) w(2.0s) = —4 rad/s, tte axis: 
(b) 185 m/s; P o ae: rad. 47. (a) 1.90 X 10° kg-m’; 
(c) 328 m/s. Satta aie oe WISE: (b) 7.5 X10 m-N. 
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49. 


51. a = 


53. 


57. 
59. 


61. 
63. 
65. 
67. 
69. 
71. 


(a) Ro; 

(b) ViR + pw’; 

(c) ViRo; 

(d) V3(Ri + R3); 

(e) Vir0; 

A Vit 

(8) Vie 

(h) Vi(L + w°). 
(mg — ma) 

(ma + mg + I/R?) s 

compared to 


(mg = ma) 
ai= = a Eon) 


ma + mp) 

(a) 9.70 rad/s”; 

(b) 11.6 m/s’; 

(c) 585 m/s?; 

(d) 4.27 X 10° N; 

(e) 1.14°. 

(a) 5.3Mré, (b) —15%. 

(a) 3.9 cm from center along line 


connecting the small weight and 
the center; 


(b) 0.42 kg- m?. 
(b) SMP, b Mu’. 
22,200 J. 

14,200 J. 

1.4m/s. 

8.22 m/s. 

7.0 X10! J. 
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73. 


75. 
77. 


79. 


81. 


83. 
85. 


87. 


89. 


91. 


(a) 8.37 m/s, 32.9 rad/sec. 

(b) 3; 

(c) the translational speed and 
the energy relationship are 
independent of both mass and 
radius, but the rotational speed 
depends on the radius. 


V7 g(Ro — ro). 
(a) 4.06 m/s; 
(b) 8.99 J; 

(c) 0.158. 

(a) 4.1 X 10°J; 
(b) 18%; 

(c) 1.3 m/s’; 
(d) 6%. 

(a) 1.6 m/s; 
(b) 0.48 m. 

Le 
rey 
(a) 0.84 m/s; 

(b) 96%. 
2.0m-N, from the arm swinging the 
sling. 


(a) 8 = 3, 
or Ne 

(b) 4.0; 

(c) 1.5. 

(a) 1.7 X 1085; 


(b) 2.2 X 10° rad/s; 
(c) 25 min. 


93. 


95. 


97. 
99. 


101. 


103. 
105. 


250 


Mg\/2Rh — h? 
R-h ` 
AB 
a 
5.0 X 10° m-N. 
(a) 1.6 m; 
(b) 1.1m. 
x 
(a) ~ g; 
y 
(b) x should be as small as possible, 
y should be as large as possible, 
and the rider should move 
upward and toward the rear of 
the bicycle; 
(c) 3.6 m/s”. 
3gt 
a 
r= 


[(0.300 m) cos + 0.200 m](500 N) 


j 
0 15 30 45 60 75 90 
Angle (degrees) 
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This skater is doing a spin. When her 
arms are spread outward horizontally, 
she spins less fast than when her 
arms are held close to the axis of 
rotation. This is an example of the 
conservation of angular momentum. 

Angular momentum, which we 
study in this Chapter, is conserved 
only if no net torque acts on the 
object or system. Otherwise, the rate 
of change of angular momentum is 
proportional to the net applied 
torque—which, if zero, means the 
angular momentum is conserved. In 
this Chapter we also examine more 
complicated aspects of rotational 
motion. 
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CHAPTER-OPENING QUESTION — Guess now! 


[Don’t worry about getting the right answer now—the idea is to get your preconceived notions out on 
the table.] 
You are standing on a platform at rest, but that is > 
eet : L 
free to rotate. You hold a spinning bicycle wheel | 
by its axle as shown here. You then flip the wheel 
over so its axle points down. What happens then? 
(a) The platform starts rotating in the direction 
the bicycle wheel was originally rotating. 
(b) The platform starts rotating in the direction 
opposite to the original rotation of the 
bicycle wheel. 
(c) The platform stays at rest. 
(d) The platform turns only while you are 


flipping the wheel. ŘE 
(e) None of these is correct. 4 


Note: Sections marked with an asterisk (*) may be considered optional by the instructor. 
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n dealing with the kinematics and dynamics of the rotation of a rigid object 

about an axis whose direction is fixed in an inertial reference frame, we 

analyze the motion in terms of the rotational equivalent of Newton’s laws 

(torque plays the role that force does for translational motion), as well as 
rotational kinetic energy. 

To keep the axis of a rotating object fixed, the object must usually be 
constrained by external supports (such as bearings at the end of an axle). The 
motion of objects that are not constrained to move about a fixed axis is more 
difficult to describe and analyze. Indeed, the complete analysis of the general 
rotational motion of an object (or system of objects) is very complicated, 
and we will only look at some aspects of general rotational motion in this Chapter. 

We start this Chapter by introducing the concept of angular momentum, 
which is the rotational analog of linear momentum. We first treat angular 
momentum and its conservation for an object rotating about a fixed axis. After 
that, we examine the vector nature of torque and angular momentum. We will 
derive some general theorems and apply them to some interesting types of motion. 


] Angular Momentum — Objects 
Rotating About a Fixed Axis 


If we use the appropriate angular variables, the kinematic and dynamic equations for 
rotational motion are analogous to those for ordinary linear motion. In like manner, 
the linear momentum, p = mv, has a rotational analog. It is called angular 
momentum, L, and for an object rotating about a fixed axis with angular velocity w, 
it is defined as 

L = Io, d) 
where J is the moment of inertia. The SI units for L are kg-m?/s; there is no 
special name for this unit. 

Newton’s second law can be written not only as XF = ma, but also more 
generally in terms of momentum, =F = dp/dt. In a similar way, the rotational 
equivalent of Newton’s second law can be written as Èr = Ja@ and can also be 
written in terms of angular momentum: since the angular acceleration a = dw/dt, 
then Ja = I(dw/dt) = d(Iw)/dt = dL/dt, so 
dL 
dt (2) 
This derivation assumes that the moment of inertia, I, remains constant. However, 
Eq. 2 is valid even if the moment of inertia changes, and applies also to a system of 
objects rotating about a fixed axis where Èr is the net external torque (discussed 
in Section 4). Equation 2 is Newton’s second law for rotational motion about a 
fixed axis, and is also valid for a moving object if its rotation is about an axis 
passing through its center of mass. 


Èr = 


Conservation of Angular Momentum 


Angular momentum is an important concept in physics because, under certain 
conditions, it is a conserved quantity. What are the conditions for which it is 
conserved? From Eq. 2 we see immediately that if the net external torque Èr on an 


object (or system of objects) is zero, then 
dL 
w 0 and L = Iw = constant. [Èr = 0] 


This, then, is the law of conservation of angular momentum for a rotating object: 


The total angular momentum of a rotating object remains constant if the net 
external torque acting on it is zero. 


The law of conservation of angular momentum is one of the great conservation 
laws of physics, along with those for energy and linear momentum. 


NEWTON’S SECOND LAW 
FOR ROTATION 


CONSERVATION OF 
ANGULAR MOMENTUM 
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I large, I small, 
@ small @ large 


al 


FIGURE 1 A skater doing a spin on 
ice, illustrating conservation of angular 
momentum: (a) / is large and w is 
small; (b) Z is smaller so w is larger. 


FIGURE 2 A diver rotates faster 
when arms and legs are tucked in 
than when they are outstretched. 

Angular momentum is conserved. 
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When there is zero net torque acting on an object, and the object is rotating 
about a fixed axis or about an axis through its center of mass whose direction 
doesn’t change, we can write 


Iw = Ij@ = constant. 


7) and wp are the moment of inertia and angular velocity, respectively, about the axis 
at some initial time (t = 0), and J and w are their values at some other time. The 
parts of the object may alter their positions relative to one another, so that / changes. 
But then w changes as well and the product Jw remains constant. 

Many interesting phenomena can be understood on the basis of conservation 
of angular momentum. Consider a skater doing a spin on the tips of her skates, 
Fig. 1. She rotates at a relatively low speed when her arms are outstretched, but 
when she brings her arms in close to her body, she suddenly spins much faster. 
From the definition of moment of inertia, J = =mR?’, it is clear that when she 
pulls her arms in closer to the axis of rotation, R is reduced for the arms so her 
moment of inertia is reduced. Since the angular momentum Jw remains constant 
(we ignore the small torque due to friction), if 7 decreases, then the angular 
velocity w must increase. If the skater reduces her moment of inertia by a factor 
of 2, she will then rotate with twice the angular velocity. 

A similar example is the diver shown in Fig. 2. The push as she leaves the board 
gives her an initial angular momentum about her center of mass. When she curls 
herself into the tuck position, she rotates quickly one or more times. She then 
stretches out again, increasing her moment of inertia which reduces the angular 
velocity to a small value, and then she enters the water. The change in moment of 
inertia from the straight position to the tuck position can be a factor of as much as 34. 

Note that for angular momentum to be conserved, the net torque must be 
zero, but the net force does not necessarily have to be zero. The net force on the 
diver in Fig. 2, for example, is not zero (gravity is acting), but the net torque about 
her cM is zero because the force of gravity acts at her center of mass. 


Object rotating on a string of changing length. A small mass 
m attached to the end of a string revolves in a circle on a frictionless tabletop. 
The other end of the string passes through a hole in the table (Fig. 3). Initially, the 
mass revolves with a speed v, = 2.4m/s in a circle of radius R, = 0.80m. The 
string is then pulled slowly through the hole so that the radius is reduced to 
R, = 0.48 m. What is the speed, v,, of the mass now? 


APPROACH There is no net torque on the mass m because the force exerted by 
the string to keep it moving in a circle is exerted toward the axis; hence the lever 
arm is zero. We can thus apply conservation of angular momentum. 


SOLUTION Conservation of angular momentum gives 
Lo = hlo. 


Our small mass is essentially a particle whose moment of inertia about the hole is 
I = mR?, so we have 


2 
mRio, = mRia, 


Ri 
o = ol) 


Then, since v = Rw, we can write 


Ri vı Ri Rı 
v = Ro, = Ro, R =R, R, R3 = v 


or 


The speed increases as the radius decreases. 
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Clutch. A simple clutch consists of two cylindrical plates that can 
be pressed together to connect two sections of an axle, as needed, in a piece of 
machinery. The two plates have masses Ma = 6.0kg and Mpg = 9.0kg, with 
equal radii Rọ = 0.60m. They are initially separated (Fig. 4). Plate M į is accel- 
erated from rest to an angular velocity w, = 7.2rad/s in time Aft = 2.0s. 
Calculate (a) the angular momentum of M,, and (b) the torque required to have 
accelerated M, from rest to œw. (c) Next, plate Mg, initially at rest but free to 
rotate without friction, is placed in firm contact with freely rotating plate M, , and 
the two plates both rotate at a constant angular velocity œw, which is considerably 
less than w,. Why does this happen, and what is œw? 


APPROACH We use the definition of angular momentum L = Jw (Eq. 1) plus 
Newton’s second law for rotation, Eq. 2. 
SOLUTION (a) The angular momentum of M, will be 


5M, Rio, = +(6.0kg)(0.60 m)*(7.2 rad/s) = 7.8kg-m?/s. 
(b) The plate started from rest so the torque, assumed constant, was 


= AL — 78kg-m’/s - 0 _ 
T i 20s 3.9m-N. 


(c) Initially, M į is rotating at constant w; (we ignore friction). When plate B comes in 
contact, why is their joint rotation speed less? You might think in terms of the torque 
each exerts on the other upon contact. But quantitatively, it’s easier to use conserva- 
tion of angular momentum, since no external torques are assumed to act. Thus 


La = Ina, = 


angular momentum before = angular momentum after 
Ino, = (I, + Ip)ay. 


Solving for œw, we find 


a = ( Ia Jo = ( Ma Jer = (£ kg )o2 rad/s) = 2.9 rad/s. 


eae M, + My 15.0 kg 


EXAMPLE 3 Neutron star. Astronomers detect stars that are 
rotating extremely rapidly, known as neutron stars. A neutron star is believed to 
form from the inner core of a larger star that collapsed, under its own gravitation, to 
a star of very small radius and very high density. Before collapse, suppose the core of 
such a star is the size of our Sun (r ~ 7 X 10° km) with mass 2.0 times as great as the 
Sun, and is rotating at a frequency of 1.0 revolution every 100 days. If it were to 
undergo gravitational collapse to a neutron star of radius 10 km, what would its rota- 
tion frequency be? Assume the star is a uniform sphere at all times, and loses no mass. 


APPROACH We assume the star is isolated (no external forces), so we can use 
conservation of angular momentum for this process. We use r for the radius of a 
sphere, as compared to R used for distance from an axis of rotation or cylindrical 
symmetry. 
SOLUTION From conservation of angular momentum, 

lho, = ho, 
where the subscripts 1 and 2 refer to initial (normal star) and final (neutron star), 
respectively. Then, assuming no mass is lost in the process, 


2 2 2 
aS fae _ (4). T ir 
2 1 z z |®1 z %1- 
h 5/1212 r? 


The frequency f = w/27, so 


w2 ri 


f2 = ar = z’ 
7 X 10° km \? 1.0 rev , 
N x 102 : 
( 10km Ta) 6 Xx IN rev/s 


P 


FIGURE 4 Example 2. 


®ruysics APPLIED 


Neutron star 
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(a) 


t L person 


| L astiinen 
(b) 


FIGURE 5 (a) A person on 

a circular platform, both initially 

at rest, begins walking along the 
edge at speed v.The platform, 
assumed to be mounted on friction- 
free bearings, begins rotating in the 
opposite direction, so that the total 
angular momentum remains zero, as 
shown in (b). 
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Directional Nature of Angular Momentum 


Angular momentum is a vector, as we shall discuss later in this Chapter. For now 
we consider the simple case of an object rotating about a fixed axis, and the 
direction of L is specified by a plus or minus sign, as for one-dimensional linear 
motion. 

For a symmetrical object rotating about a symmetry axis (such as a cylinder or 
wheel), the direction of the angular momentum’ can be taken as the direction of 
the angular velocity æ. That is, 

L = I. 

As a simple example, consider a person standing at rest on a circular platform 
capable of rotating friction-free about an axis through its center (that is, a simplified 
merry-go-round). If the person now starts to walk along the edge of the platform, 
Fig. 5a, the platform starts rotating in the opposite direction. Why? One explanation is 
that the person’s foot exerts a force on the platform. Another explanation (and this is 
the most useful analysis here) is as an example of the conservation of angular 
momentum. If the person starts walking counterclockwise, the person’s angular 
momentum will be pointed upward along the axis of rotation (remember defining the 
direction of @ using the right-hand rule). The magnitude of the person’s angular 
momentum will be L = Iw = (mR’)(v/R), where v is the person’s speed (relative 
to the Earth, not the platform), R is his distance from the rotation axis, m is his mass, 
and mR? is his moment of inertia if we consider him a particle (mass concentrated at 
one point). The platform rotates in the opposite direction, so its angular momentum 
points downward. If the initial total angular momentum was zero (person and plat- 
form at rest), it will remain zero after the person starts walking. That is, the upward 
angular momentum of the person just balances the oppositely directed downward 
angular momentum of the platform (Fig. 5b), so the total vector angular momentum 
remains zero. Even though the person exerts a force (and torque) on the platform, 
the platform exerts an equal and opposite torque on the person. So the net torque on 
the system of person plus platform is zero (ignoring friction) and the total angular 
momentum remains constant. 


Running on a circular platform. Suppose a 60-kg person stands 
at the edge of a 6.0-m-diameter circular platform, which is mounted on friction- 
less bearings and has a moment of inertia of 1800 kg-m’. The platform is at rest 
initially, but when the person begins running at a speed of 4.2 m/s (with respect 
to the Earth) around its edge, the platform begins to rotate in the opposite direc- 
tion as in Fig. 5. Calculate the angular velocity of the platform. 


APPROACH We use conservation of angular momentum. The total angular 
momentum is zero initially. Since there is no net torque, L is conserved and will 
remain zero, as in Fig. 5. The person’s angular momentum is Lye, = (mR’)(v/R), 


and we take this as positive. The angular momentum of the platform is Lyja, = ~o. 
SOLUTION Conservation of angular momentum gives 

L= Loper + Lplat 

0 = mref Z) - Io. 
So 

60 kg) (3.0 m)(4.2 m/s 
g a TD, OMEN OE HS) 0.42 rad/s. 
I 1800 kg: m? 


NOTE The frequency of rotation is f = w/2mr = 0.067 rev/s and the period T = 
1/f = 15s per revolution. 


tFor more complicated situations of objects rotating about a fixed axis, there will be a component of L 
along the direction of and its magnitude will be equal to /@,but there could be other components as 
well. If the total angular momentum is conserved, then the component /@ will also be conserved. So 
our results here can be applied to any rotation about a fixed axis. 
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CONCEPTUAL EXAMPLE 5| Spinning bicycle wheel. Your physics teacher is 


holding a spinning bicycle wheel while he stands on a stationary frictionless turntable 
(Fig. 6). What will happen if the teacher suddenly flips the bicycle wheel over so that 
it is spinning in the opposite direction? 


RESPONSE We consider the system of turntable, teacher, and bicycle wheel. The 
total angular momentum initially is L vertically upward. That is also what the 
system’s angular momentum must be afterward, since L is conserved when there 
is no net torque. Thus, if the wheel’s angular momentum after being flipped over 
is —L downward, then the angular momentum of teacher plus turntable will have 
to be +2L upward. We can safely predict that the teacher will begin spinning 
around in the same direction the wheel was spinning originally. 


EXERCISE A In Example 5, what if he moves the axis only 90° so it is horizontal? 
(a) The same direction and speed as above; (b) the same as above, but slower; (c) the 
opposite result. 


EXERCISE B Return to the Chapter-Opening Question and answer it again now. Try to 
explain why you may have answered differently the first time. 


EXERCISE C Suppose you are standing on the edge of a large freely rotating turntable. If 
you walk toward the center, (a) the turntable slows down; (b) the turntable speeds up; 
(c) its rotation speed is unchanged; (d) you need to know the walking speed to answer. 


2 Vector Cross Product; 
Torque as a Vector 


Vector Cross Product 


To deal with the vector nature of angular momentum and torque in general, we 
will need the concept of the vector cross product (often called simply the vector 
product or cross product). In general, the vector or cross product of two vectors A 


and B is defined as another vector € = A x B whose magnitude is 
C = |A x B| = ABsing, (3a) 


where 0 is the angle (< 180°) between A and B, and whose direction is perpendicular 
to both A and B in the sense of the right-hand rule, Fig. 7. The angle @ is measured 
between A and B when their tails are together at the same point. According to the 
right-hand rule, as shown in Fig. 7, you orient your right hand so your fingers point 
along A, and when you bend your fingers they point along B. When your hand is 
correctly oriented in this way, your thumb will point along the direction of 
C=A xB. z ` 7 " 

The cross product of two vectors, A = Ayi + Ayj + Azk, and B= 
Bâ + Byj + B; k, can be written in component form (see Problem 26) as 


ij k 
AxB = |A Ay A, (3b) 
B, B, B; 


= (A,B, — A,By)i + (AzBx — A,B,)j + (A,B, — A,B,)k. (3c) 


Equation 3b is meant to be evaluated using the rules of determinants (and obtain 
Eq. 3c). 


FIGURE 6 Example 5. 


FIGURE 7 The vector 
C=AxXBis perpendicular to 
the plane containing A and B; 
its direction is given by the 
right-hand rule. 


337 


338 


BxA 


FIGURE 8 The vector B x A equals 
—A X B; compare to Fig. 7. 


FIGURE9 Exercise D. 


A 


FIGURE 10 The torque due to the 
force F (in the plane of the 

wheel) starts the wheel rotating 
counterclockwise so @ and @ point 
out of the page. 


FIGURE 11 7 =F X Ë, where Fis 
the position vector. 
y 
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Some properties of the cross product are the following: 


AXA = 0 (4a) 
AxB = -BxA (4b) 
A x (B + Č) = (A x B) + (Ax Č) [distributive law] (4e) 
tig p dÄ a, z d 
— (A x B) = xB+Ax . 4 
at | ) dt dt (4a) 


Equation 4a follows from Eqs. 3 (since @ = 0). So does Eq. 4b, since the magni- 
tude of B x A is the same as that for A x B, but by the right-hand 
tule the direction is opposite (see Fig. 8). Thus the order of the two vectors is 
crucial. If you change the order, you change the result. That is, the commutative 
law does not hold for the cross product (A x B + B x A), although it does hold 
for the dot product of two vectors and for the product of scalars. Note in Eq. 4d that 
the order of quantities in the two products on the right must not be changed 
(because of Eq. 4b). 


EXERCISE D For the vectors A and B in the plane of the page as shown in Fig. 9, in what 
direction is (i) A+ B, (ii) A x B, (iii) B X A? (a) Into the page; (b) out of the page; 
(c) between A and B; (d) it is a scalar and has no direction; (e) it is zero and has no direction. 


The Torque Vector 


Torque is an example of a quantity that can be expressed as a cross product. To 
see this, let us take a simple example: the thin wheel shown in Fig. 10 which is free 
to rotate about an axis through its center at point O. A force F acts at the edge of 
the wheel, at a point whose position relative to the center O is given by the posi- 
tion vector F as shown. The force F tends to rotate the wheel (assumed initially at 
rest) counterclockwise, so the angular velocity @ will point out of the page toward 
the viewer. The torque due to F will tend to increase @ so & also points outward 
along the rotation axis. The relation between angular acceleration and torque for 
an object rotating about a fixed axis is 
Èr = la, 
where Z is the moment of inertia. This scalar equation is the rotational equivalent of 
SF = ma, and we would like to make it a vector equation just as XF = mā is a 
vector equation. To do so in the case of Fig. 10 we must have the direction of 7 
point outward along the rotation axis, since & (= d@/dt) has that direction; and the 
magnitude of the torque must be (see Fig. 10) + = rF, = rF sin@. We can achieve 
this by defining the torque vector to be the cross product of ¥ and F: 
7 =FXFE (5) 

From the definition of the cross product above (Eq. 3a) the magnitude of 7 will be 
rF sin 0 and the direction will be along the axis, as required for this special case. 

We will see in Sections 3 through 5 that if we take Eq. 5 as the general defini- 
tion of torque, then the vector relation 27 = J@ will hold in general. Thus we 
state now that Eq. 5 is the general definition of torque. It contains both magnitude 
and direction information. Note that this definition involves the position vector F 
and thus the torque is being calculated about a point. We can choose that point O 
as we wish. 

For a particle of mass m on which a force F is applied, we define the torque 
about a point O as 


7 = ¥XF 
where F is the position vector of the particle relative to O (Fig. 11). If we have a 


system of particles (which could be the particles making up a rigid object) the total 
torque 7 on the system will be the sum of the torques on the individual particles: 


7 = D(F; x E), 
where F; is the position vector of the i particle and F; is the net force on the i" particle. 
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Torque Vector. Suppose the vector F is in the xz plane, as in 
Fig. 11, and is given by F = (1.2m)i + (1.2m)k. Calculate the torque vector 7 
if F = (150N)i. 
APPROACH We use the determinant form, Eq. 3b. 


ij ék 
SOLUTION 7 = FXF = /12m 0 12m| = Oi + (180m-N)j + Ok. 
150N 0 0 


So 7 has magnitude 180 m:N and points along the positive y axis. 


EXERCISEE If F=5.0Ni and F=2.0mĵ, what is 7? (a) 10mN, (b) —10mN, 
(c) 10mNk, (d) —10 mNj, (e) —10 mN k. 


3 Angular Momentum of a Particle 


The most general way of writing Newton’s second law for the translational motion 
of a particle (or system of particles) is in terms of the linear momentum p = mv: 


= dp 
=F it 
The rotational analog of linear momentum is angular momentum. Just as the rate 
of change of p is related to the net force =F, so we might expect the rate of change 
of angular momentum to be related to the net torque. Indeed, we saw this was true 
in Section 1 for the special case of a rigid object rotating about a fixed axis. Now 
we will see it is true in general. We first treat a single particle. 

Suppose a particle of mass m has momentum p and position vector f with 
respect to the origin O in some chosen inertial reference frame. Then the general 
definition of the angular momentum, L, of the particle about point O is the vector 
cross product of ¥ and P: 

L = ¥xXp. [particle] (6) 
Angular momentum is a vector." Its direction is perpendicular to both ¥ and p as 
given by the right-hand rule (Fig. 12). Its magnitude is given by 

L = rpsing 
or 

L = rfp = rP 
where @ is the angle between F and p and p, (= p sin 0) and r, (= r sin 0) are the 
components of p and F perpendicular to F and P, respectively. 

Now let us find the relation between angular momentum and torque for a 
particle. If we take the derivative of L with respect to time we have 


CE Begg = Meg cay &. 
dt dt P ar P dt 
But i 

a XB = vx mv = mvxXv) = 0, 
since sin 0 = 0 for this case. Thus 

do è — dp 

— = eee 

dt ~*~” dt 


If we let ZF represent the resultant force on the particle, then in an inertial reference 
frame, =F = dp/dt and 


z dp dL 
FX BF = FX— = —- 
B Sa dt 
But f xX XF = ©? is the net torque on our particle. Hence 
dL 
LF = a [particle, inertial frame] (7) 


The time rate of change of angular momentum of a particle is equal to the net 
torque applied to it. Equation 7 is the rotational equivalent of Newton’s 


t Actually a pseudovector. 


FIGURE 12 The angular 
momentum of a particle of mass 7m is 
given by L = T X p=F X mv. 
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FIGURE 13 The angular 
momentum of a particle of mass m 
rotating in a circle of radius f 

with velocity V is L =f X m? 
(Example 7). 


NEWTON’S SECOND LAW 
(rotation, system of particles) 
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second law for a particle, written in its most general form. Equation 7 is valid 
only in an inertial frame since only then is it true that =F = dp/dt, which 
was used in the proof. 


CONCEPTUAL EXAMPLE 7| A particle's angular momentum. What is the 
angular momentum of a particle of mass m moving with speed v in a circle of radius r 
in a counterclockwise direction? 


RESPONSE The value of the angular momentum depends on the choice of the 
point O. Let us calculate L with respect to the center of the circle, Fig. 13. Then F 
is perpendicular to p so L= |E x p| = rmv. By the right-hand rule, 
the direction of L is perpendicular to the plane of the circle, outward toward the 
viewer. Since v = wr and I = mr’ for a single particle rotating about an axis a 
distance r away, we can write 


L mor mrw Tw. 


4 Angular Momentum and Torque for a 
System of Particles; General Motion 


Relation Between Angular Momentum and Torque 


Consider a system of n particles which have angular momenta L,, L,,...,L,,.. The 
system could be anything from a rigid object to a loose assembly of particles whose 
positions are not fixed relative to each other. The total angular momentum L of the 
system is defined as the vector sum of the angular momenta of all the particles in 
the system: 


L = > bi. (8) 


The resultant torque acting on the system is the sum of the net torques acting on 
all the particles: 


TF net = > Tips 


This sum includes (1) internal torques due to internal forces that particles of the 
system exert on other particles of the system, and (2) external torques due to 
forces exerted by objects outside our system. By Newton’s third law, the force each 
particle exerts on another is equal and opposite (and acts along the same line as) 
the force that the second particle exerts on the first. Hence the sum of all internal 
torques adds to zero, and 


Thet = X7 = > Text 
i 
Now we take the time derivative of Eq. 8 and use Eq. 7 for each particle to obtain 


dL di; | 


dt > dt DX Fox 


or 


dL 
ae yee [inertial reference frame] (9a) 


| 


This fundamental result states that the time rate of change of the total angular 
momentum of a system of particles (or a rigid object) equals the resultant external 
torque on the system. It is the rotational equivalent of dP/dt = £F, for transla- 
tional motion. Note that L and = must be calculated about the same origin O. 
Equation 9a is valid when L and ex are calculated with reference to a point 
fixed in an inertial reference frame. (In the derivation, we used Eq. 7 which is 
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valid only in this case.) It is also valid when ext and L are calculated about a point 
which is moving uniformly in an inertial reference frame since such a point can be 
considered the origin of a second inertial reference frame. It is not valid in general 
when 7.x and L are calculated about a point that is accelerating, except for one special 
(and very important) case—when that point is the center of mass (cM) of the system: 


dL, 
a a= Dim: [even if accelerating] (9b) 


Equation 9b is valid no matter how the CM moves, and 7 cy is the net external 
torque calculated about the center of mass. The derivation is in the optional 
subsection below. 

It is because of the validity of Eq. 9b that we are justified in describing the 
general motion of a system of particles as translational motion of the center of mass 
plus rotation about the center of mass. Equations 9b plus dP .x,/dt = SÉ provide 
the more general statement of this principle. 


* Derivation of dLem/dt = Uta 
The proof of Eq. 9b is as follows. Let F; be the position vector of the i‘ particle in 
an inertial reference frame, and Fey be the position vector of the center of mass of 
the system in this reference frame. The position of the i™ particle with respect to 
the cM is F; where (see Fig. 14) 
F; = Foy + F. 
If we multiply each term by m; and take the derivative of this equation, we can write 
dř; d 
= mi 
dt dt 
The angular momentum with respect to the CM is 
T = >k ak = = 
Low = > (E7 x Pi ) = > T; X (P: = mM; Vem): 
i 


i 


as = 55 ok a _ ok m > ok s 
Pi mi (F7 + Fou) MV; + MiVou Pi + MVou- 


Then, taking the time derivative, we have 
dlen 


dif o oa) a dP 
dt =(4 x pt} (x4 


i 


The first term on the right is Vï X mv;' and equals zero because ¥;’ is parallel to itself 

(sin @ = 0). Thus 
dig _ 
dt 7 dt 


at. (Smit) x at 


The second term on the right is zero since, =m;¥; = M¥Zy,, and Fj, = 0 by defin- 
ition (the position of the cM is at the origin of the cM reference frame). Furthermore, 
by Newton’s second law we have 

dp; 

dt 
where F; is the net force on m;. (Note that dp;/dt + F; because the cm may be 
accelerating and Newton’s second law does not hold in a noninertial reference 
frame.) Consequently 


ao = 5 E x F, = > (Fem = Efo, 

t i i 

where 27, is the resultant external torque on the entire system calculated about 
the cm. (By Newton’s third law, the sum over all the 7; eliminates the net torque 
due to internal forces, as we saw on the previous page.) This last equation is 
Eq. 9b, and this concludes its proof. 


| 
M 
m 
~~% 
x 
a 
Eg 


i 


= F;, 


NEWTON’S SECOND LAW 
(for CM even if accelerating) 


FIGURE 14 The position of m; in 
the inertial frame is Y; ;with regard 
to the cM (which could be 
accelerating) it is ¥* ,where 

T; = F* + Foy and Fey is the 
position of the cM in the inertial 
frame. 
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FIGURE 15 
Calculating Lo = Lz = >Liz. 
Note that L; is perpendicular to F; , 


and R; is perpendicular to the z axis, 


so the three angles marked ¢ are 
equal. 
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Summary 
To summarize, the relation 
Sau = dL 
Text = dt 
is valid only when Feyi and L are calculated with respect to either (1) the origin of an 


inertial reference frame or (2) the center of mass of a system of particles (or of a 
rigid object). 


5 Angular Momentum and Torque 
for a Rigid Object 


Let us now consider the rotation of a rigid object about an axis that has a fixed 
direction in space, using the general principles just developed. 

Let us calculate the component of angular momentum along the rotation axis 
of the rotating object. We will call this component Le since the angular velocity @ 
points along the rotation axis. For each particle of the object, 


L = Ñ X py. 
Let p be the angle between L; and the rotation axis. (See Fig. 15; ¢ is not 


the angle between F; and p;, which is 90°). Then the component of L; along the 
rotation axis is 


Lig = ripicosġ = m;viricos , 
where m; is the mass and v; the velocity of the i particle. Now v; = R;w where w 


is the angular velocity of the object and R; is the perpendicular distance of m; from 
the axis of rotation. Furthermore, R; = r;cos ¢, as can be seen in Fig. 15, so 


Lis = m;v;(ricos o) = m; R? o. 


We sum over all the particles to obtain 
by = Dios Frithe 


But Èm; R? is the moment of inertia J of the object about the axis of rotation. There- 
fore the component of the total angular momentum along the rotation axis is given by 


Ly = Io. (10) 


Note that we would obtain Eq. 10 no matter where we choose the point O 
(for measuring T;) as long as it is on the axis of rotation. Equation 10 is the same as 
Eq. 1, which we have now proved from the general definition of angular 
momentum. 

If the object rotates about a symmetry axis through the center of mass, then L,, is 
the only component of L, as we now show. For each point on one side of the axis 
there will be a corresponding point on the opposite side. We can see from 
Fig. 15 that each L; has a component parallel to the axis (Lio) and a component 
perpendicular to the axis. The components parallel to the axis add together for 
each pair of opposite points, but the components perpendicular to the axis for 
opposite points will have the same magnitude but opposite direction and so will 
cancel. Hence, for an object rotating about a symmetry axis, the angular momentum 
vector is parallel to the axis and we can write 


L = Ið, [rotation axis = symmetry axis, through cm] (11) 


where L is measured relative to the center of mass. 
The general relation between angular momentum and torque is Eq. 9: 
yi dL 
7 = — 
dt 
where >7 and L are calculated either about (1) the origin of an inertial reference 
frame, or (2) the center of mass of the system. This is a vector relation, and must 
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therefore be valid for each component. Hence, for a rigid object, the component 
along the rotation axis is 
dL 
ETais = a c= s (lo) = I d = la, 
which is valid for a rigid object rotating about an axis fixed relative to the object; 
also this axis must be either (1) fixed in an inertial system or (2) passing through 
the cm of the object. We now see are special cases of Eq. 9, =F = dL/dt. 


C283: =Atwood’s machine. An Atwood machine consists of two masses, 
m, and mg, which are connected by an inelastic cord of negligible mass that passes 
over a pulley, Fig. 16. If the pulley has radius Ry and moment of inertia Z about its 
axle, determine the acceleration of the masses mą and mg, and compare to the 
situation where the moment of inertia of the pulley is ignored. 


APPROACH We first determine the angular momentum of the system, and then 
apply Newton’s second law, 7 = dL /dt. 
SOLUTION The angular momentum is calculated about an axis along the axle 
through the center O of the pulley. The pulley has angular momentum Jw, where 
w = v/R, and vis the velocity of m, and mg at any instant. The angular momentum 
of ma is Ry ma, v and that of mg is Ry mpg v. The total angular momentum is 

L = (mg + mp)vRy + I —- 

Ro 

The external torque on the system, calculated about the axis O (taking clockwise 
as positive), is 

T = mggRy — magko. 
(The force on the pulley exerted by the support on its axle gives rise to no torque 
because the lever arm is zero.) We apply Eq. 9a: 
dL 


T= 


( E iR] l Repi, 
ms Ma) § Ko Ma T Mpg oat " Ry dt 


Solving for a = dv/dt, we get 


PES dv _ (ms — ma)g . 
dt (ma + mp) + I/R} 


If we were to ignore I, a = (mg — ma)g/(mpg + ma) and we see that the effect 
of the moment of inertia of the pulley is to slow down the system. This is just 
what we would expect. 


Bicycle wheel. Suppose you are holding a bicycle 
wheel by a handle connected to its axle as in Fig. 17a. The wheel is spinning rapidly 
so its angular momentum L points horizontally as shown. Now you suddenly try to 
tilt the axle upward as shown by the dashed line in Fig. 17a (so the CM moves verti- 
cally). You expect the wheel to go up (and it would if it weren’t rotating), but it unex- 
pectedly swerves to the right! Explain. 

RESPONSE To explain this seemingly odd behavior—you may need to do it to 
believe it—we only need to use the relation F et = dL/dt. In the short time Af, 
you exert a net torque (about an axis through your wrist) that points along the x axis 
perpendicular to L. Thus the change in L is 


AL © Fay AG 


so AL must also point (approximately) along the x axis, since 7,., does (Fig. 17b). 
Thus the new angular momentum, L + AL, points to the right, looking along 
the axis of the wheel, as shown in Fig. 17b. Since the angular momentum is 
directed along the axle of the wheel, we see that the axle, which now is along 
L + AL, must move sideways to the right, which is what we observe. 


|; 


Mpg 


FIGURE 16 Atwood’s machine, 
Example 8. 


FIGURE 17 When you try to tilt a 
rotating bicycle wheel vertically 
upward, it swerves to the side instead. 
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A CAUTION 
L = I@ isnot 
always valid 


Bearing 


mg 


F Bearing 


FIGURE 18 In this system Lando 
are not parallel. This is an example 
of rotational imbalance. 


@® puysics APPLIED 
Automobile wheel balancing 


FIGURE 19 Unbalanced 
automobile wheel. 


Axis 
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Although Eq. 11, L = Ið, is often very useful, it is not valid in general 
unless the rotation axis is along a symmetry axis through the center of mass. 
Nonetheless, it can be shown that every rigid object, no matter what its 
shape, has three “principal axes” about which Eq. 11 is valid (we will 
not go into the details here). As an example of a case where Eq. 11 is not valid, 
consider the nonsymmetrical object shown in Fig. 18. It consists of two equal 
masses, m, and mpg, attached to the ends of a rigid (massless) rod which makes 
an angle œ with the axis of rotation. We calculate the angular momentum about 
the cm at point O. At the moment shown, m, is coming toward the viewer, 
and mpg is moving away, so L, =, X pa and Lp = fy X Pg are as shown. The 
total angular momentum is L = L, + Lg, which is clearly not along @ 
if 6 # 90°. 


* Rotational Imbalance 


Let us go one step further with the system shown in Fig. 18, since it is a 
fine illustration of £7 = dL/dt. If the system rotates with constant angular 
velocity, w, the magnitude of L will not change, but its direction will. As the 
rod and two masses rotate about the z axis, L also rotates about the axis. At the 
moment shown in Fig. 18, L is in the plane of the paper. A time dt later, when 
the rod has rotated through an angle dð =wdt,L will also have rotated 
through an angle d9 (it remains perpendicular to the rod). L will then have a 
component pointing into the page. Thus dL points into the page and so must 
dL /dt. Because 


dL 


Dee 


we see that a net torque, directed into the page at the moment shown, must be 
applied to the axle on which the rod is mounted. The torque is supplied by 
bearings (or other constraint) at the ends of the axle. The forces F exerted by the 
bearings on the axle are shown in Fig. 18. The direction of each force F rotates as 
the system does, always being in the plane of L and @ for this system. If the torque 
due to these forces were not present, the system would not rotate about the fixed 
axis as desired. 

The axle tends to move in the direction of F and thus tends to wobble 
as it rotates. This has many practical applications, such as the vibrations felt 
in a car whose wheels are not balanced. Consider an automobile wheel that 
is symmetrical except for an extra mass mą, on one rim and an equal 
mass mg opposite it on the other rim, as shown in Fig. 19. Because of the 
nonsymmetry of m, and mg, the wheel bearings would have to exert a force 
perpendicular to the axle at all times simply to keep the wheel rotating, just 
as in Fig. 18. The bearings would wear excessively and the wobble of the wheel 
would be felt by occupants of the car. When the wheels are balanced, they rotate 
smoothly without wobble. This is why “dynamic balancing” of automobile wheels 
and tires is important. The wheel of Fig. 19 would balance statically just fine. If 
equal masses mc and mp are added symmetrically, below mą, and 
above mp, the wheel will be balanced dynamically as well (È will be parallel to @, 
and Fext = 0). 


Torque on imbalanced system. Determine the magnitude of 
the net torque Tnet needed to keep the system turning in Fig. 18. 


APPROACH Figure 20 is a view of the angular momentum vector, looking down 
the rotation axis (z axis) of the object depicted in Fig. 18, as it rotates. L cos ¢ is 
the component of L perpendicular to the axle (points to the right in Fig. 18). We 
find dL from Fig. 20 and use Tnet = dL /dt. 
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SOLUTION In a time dt, È changes by an amount (Fig. 20) 
dL = (Leos¢)dé = Leos¢w dt, 
where w = d0/dt. Hence 


dL Teosi 
Tet = ~ = wLcos¢. 
net dt 
Now L = La + Lg = ramava + rg Mpvp = rama(or,sind) + rg mglorgsin p) = 
(marx + mgrg)w sind. Since I = (mark + mgr) sin? is the moment of inertia 
about the axis of rotation, then L = Iw/sind. So 


Trt = oLcosd = (mark + mpgrh)w’ sind coso = Iw*/tan d. 


The situation of Fig. 18 illustrates the usefulness of the vector nature of 
torque and angular momentum. If we had considered only the components of 
angular momentum and torque along the rotation axis, we could not have calcu- 
lated the torque due to the bearings (since the forces F act at the axle and hence 
produce no torque along that axis). By using the concept of vector angular 
momentum we have a far more powerful technique for understanding and for 
attacking problems. 


6 Conservation of Angular Momentum 


The most general form of Newton’s second law for the translational motion of a 
particle or system of particles is 
E dP 
>, Fat = 3 
dt 


where P is the (linear) momentum, defined as mv for a particle, or MYŸcyų for a 
system of particles of total mass M whose CM moves with velocity Voy, and È Fey is 
the net external force acting on the particle or system. This relation is valid only in 
an inertial reference frame. 

In this Chapter, we have found a similar relation to describe the general rotation 
of a system of particles (including rigid objects): 

57 = dL 
dt 
where >7 is the net external torque acting on the system, and L is the total angular 
momentum. This relation is valid when 27 and L are calculated about a point fixed 
in an inertial reference frame, or about the cM of the system. 

For translational motion, if the net force on the system is zero, dP/dt = 0, so 
the total linear momentum of the system remains constant. This is the law of 
conservation of linear momentum. For rotational motion, if the net torque on the 
system is zero, then 

dL = 
a = 0 and L = constant. [=F = o] (12) 
In words: 


The total angular momentum of a system remains constant if the net external 
torque acting on the system is zero. 


This is the law of conservation of angular momentum in full vector form. It ranks 
with the laws of conservation of energy and linear momentum (and others to be 
discussed later) as one of the great laws of physics. In Section 1 we saw some 
Examples of this important law applied to the special case of a rigid object rotating 
about a fixed axis. Here we have it in general form. We use it now in interesting 
Examples. 


dt) 
ate Z| 
cos OC ne L 
Axis ata 


L cos ¢ (at time f) 


FIGURE 20 Angular momentum 
vector looking down along the rotation 
axis of the system of Fig. 18 as it rotates 
during a time dt. 
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Planet 


v dt sin 0 


FIGURE 21 Kepler’s 
second law of planetary motion 
(Example 11). 


FIGURE 22 Bullet strikes and 
becomes embedded in cylinder at its 
edge (Example 12). 
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Kepler's second law derived. Kepler’s second law states that 
each planet moves so that a line from the Sun to the planet sweeps out equal 
areas in equal times. Use conservation of angular momentum to show this. 


APPROACH We determine the angular momentum of a planet in terms of the 
area swept out with the help of Fig. 21. 


SOLUTION The planet moves in an ellipse as shown in Fig. 21. In a time df, the 
planet moves a distance v dt and sweeps out an area dA equal to the area of a 
triangle of base r and height v dt sin 0 (shown exaggerated in Fig. 21). Hence 


dA = 3(r)(vdtsin@) 


and 
A Srv sin 6 
— = 5r ; 
dt 7 
The magnitude of the angular momentum L about the Sun is 
L = EX m| = mrvsing, 
so 
dA 
dt 2m 


But L = constant, since the gravitational force F is directed toward the Sun so 
the torque it produces is zero (we ignore the pull of the other planets). Hence 
dA/dt = constant, which is what we set out to prove. 


Bullet strikes cylinder edge. A bullet of mass m moving with 
velocity v strikes and becomes embedded at the edge of a cylinder of mass M and 
radius Ry, as shown in Fig. 22. The cylinder, initially at rest, begins to rotate about 
its symmetry axis, which remains fixed in position. Assuming no frictional torque, 
what is the angular velocity of the cylinder after this collision? Is kinetic energy 
conserved? 


APPROACH We take as our system the bullet and cylinder, on which there is no 
net external torque. Thus we can use conservation of angular momentum, and we 
calculate all angular momenta about the center O of the cylinder. 


SOLUTION Initially, because the cylinder is at rest, the total angular momentum 
about O is solely that of the bullet: 


L = |FXp| = Rom, 
since Ry is the perpendicular distance of p from O. After the collision, the 
cylinder (Zeyı = 3MR%}) rotates with the bullet (J, = mRj) embedded in it at 
angular velocity w: 
L = Io = (Iy + mRj)o = GM + m)Rio. 
Hence, because angular momentum is conserved, we find that w is 
L mvRo mv 
(5M + m) Ri M + m) Ri (5M + m) Ro 
Angular momentum is conserved in this collision, but kinetic energy is not: 
Ki — Kj = ilyo? + 3(mRo)o — im? 
= FG MR?) o? + i(mR)o? — im? 
2 
= itm 4 m)(; m im? 
zM +m 
mM 3 
an a 
2M + 4m 


which is less than zero. Hence Ky < K;. This energy is transformed to thermal 
energy as a result of the inelastic collision. 
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“7 The Spinning Top and Gyroscope 


The motion of a rapidly spinning top, or a gyroscope, is an interesting example of 
rotational motion and of the use of the vector equation 
— dab 

Lt = a 
Consider a symmetrical top of mass M spinning rapidly about its symmetry axis, as 
in Fig. 23. The top is balanced on its tip at point O in an inertial reference frame. If 
the axis of the top makes an angle ¢ to the vertical (z axis), when the top is care- 
fully released its axis will move, sweeping out a cone about the vertical as shown 
by the dashed lines in Fig. 23. This type of motion, in which a torque produces a 
change in the direction of the rotation axis, is called precession. The rate at which 
the rotation axis moves about the vertical (z) axis is called the angular velocity of 
precession, Q (capital Greek omega). Let us now try to understand the reasons for 
this motion, and calculate Q. 

If the top were not spinning, it would immediately fall to the ground when 
released due to the pull of gravity. The apparent mystery of a top is that when it is 
spinning, it does not immediately fall to the ground but instead precesses—it 
moves slowly sideways. But this is not really so mysterious if we examine it from 
the point of view of angular momentum and torque, which we calculate about the 
point O. When the top is spinning with angular velocity w about its symmetry axis, 
it has an angular momentum L directed along its axis, as shown in Fig. 23. (There 
is also angular momentum due to the precessional motion, so that the total L is not 
exactly along the axis of the top; but if Q << w, which is usually the case, we can 
ignore this.) To change the angular momentum, a torque is required. If no torque 
were applied to the top, L would remain constant in magnitude and direction; the 
top would neither fall nor precess. But the slightest tip to the side results in a net 
torque about O, equal to fhet = É X Mg, where F is the position vector of the 
top’s center of mass with respect to O, and M is the mass of the top. The direction 
of F pet is perpendicular to both F and Mg and by the right-hand rule is, as shown in 
Fig. 23, in the horizontal (xy) plane. The change in L in a time dt is 


dL = Fret dt, 


which is perpendicular to L and horizontal (parallel to Faet), as shown in Fig. 23. 
Since dL is perpendicular to L, the magnitude of L does not change. Only the 
direction of L changes. Since È points along the axis of the top, we see that 
this axis moves to the right in Fig. 23. That is, the upper end of the top’s axis moves 
in a horizontal direction perpendicular to L. This explains why the top precesses 
rather than falls. The vector L and the top’s axis move together in a 
horizontal circle. As they do so, Fpe¢ and dL rotate as well so as to be horizontal 
and perpendicular to L. 

To determine Q, we see from Fig. 23 that the angle d0 (which is in a horizontal 
plane) is related to dL by 


dL = Lsin¢g dé, 
since È makes an angle ¢ to the z axis. The angular velocity of precession is 
Q = d6/dt, which becomes (since d0 = dL/Lsin¢ ) 

1 dL T 
~ Lsinġd Lsing 


[spinning top] (43a) 


But Tiet = |E x Mg| = rMgsin¢ [because sin(m — p) = sind ] so we can also write 


Mgr eer, 
0O ==: [spinning top] (13b) 


Thus the rate of precession does not depend on the angle @; but it is inversely 
proportional to the top’s angular momentum. The faster the top spins, the greater L is 
and the slower the top precesses. 


& puysics APPLIED 


A spinning top 


FIGURE 23 Spinning top. 
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FIGURE 24 A toy gyroscope. 


FIGURE 25 Path of a ball released 
on a rotating merry-go-round (a) in 
the reference frame of the merry-go- 
round, and (b) in a reference frame 
fixed on the ground. 


People on ground 
appear to move 
this way 


P N 


N 
~ 
Path of ball 
with respect 
to rotating 
platform (i.e., 


. fe 
as seen by 


“= observer on 


— platform) 


(a) Rotating reference frame 


P ~Q Path of ball 
D with respect 
to ground 
(i.e., as seen 
by observers 
A on the ground) 


— A Platform rotating 
Sr ~~ counterclockwise 


(b) Inertial reference frame 
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From Eq. 1 (or Eq. 11) we can write L = Iw, where J and w are the moment 
of inertia and angular velocity of the spinning top about its spin axis. Then Eq. 13b 
for the top’s precession angular velocity becomes 
Mgr 

Iw 

Equations 13 apply also to a toy gyroscope, which consists of a rapidly spinning 
wheel mounted on an axle (Fig. 24). One end of the axle rests on a support. The 
other end of the axle is free and will precess like a top if its “spin” angular velocity 
w is large compared to the precession rate (w >> Q). As w decreases due to fric- 
tion and air resistance, the gyroscope will begin to fall, just as does a top. 


Q = 


(13c) 


*8 Rotating Frames of Reference; 
Inertial Forces 


Inertial and Noninertial Reference Frames 


Up to now, we have examined the motion of objects, including circular and rotational 
motion, from the outside, as observers fixed on the Earth. Sometimes it is convenient 
to place ourselves (in theory, if not physically) into a reference frame that is rotating. 
Let us examine the motion of objects from the point of view, or frame of reference, of 
persons seated on a rotating platform such as a merry-go-round. It looks to them as if 
the rest of the world is going around them. But let us focus attention on what they 
observe when they place a tennis ball on the floor of the rotating platform, which 
we assume is frictionless. If they put the ball down gently, without giving it any 
push, they will observe that it accelerates from rest and moves outward as shown 
in Fig. 25a. According to Newton’s first law, an object initially at rest should stay at 
rest if no net force acts on it. But, according to the observers on the rotating plat- 
form, the ball starts moving even though there is no net force acting on it. To 
observers on the ground this is all very clear: the ball has an initial velocity when it is 
released (because the platform is moving), and it simply continues moving in a 
straight-line path as shown in Fig. 25b, in accordance with Newton’s first law. 

But what shall we do about the frame of reference of the observers on the rotating 
platform? Since the ball starts moving without any net force on it, Newton’s first law, 
the law of inertia, does not hold in this rotating frame of reference. For this reason, 
such a frame is called a noninertial reference frame. An inertial reference frame is 
one in which the law of inertia—Newton’s first law—does hold, and so do 
Newton’s second and third laws. In a noninertial reference frame, such as our 
rotating platform, Newton’s second law also does not hold. For instance in the situ- 
ation described above, there is no net force on the ball; yet, with respect to the 
rotating platform, the ball accelerates. 


Fictitious (Inertial) Forces 


Because Newton’s laws do not hold when observations are made with respect to a 
rotating frame of reference, calculation of motion can be complicated. However, we 
can still make use of Newton’s laws in such a reference frame if we make use of a 
trick. The ball on the rotating platform of Fig. 25a flies outward when released 
(even though no force is actually acting on it). So the trick we use is to write down 
the equation =F = ma as if a force equal to mv”/r (or mw*r) were acting radially 
outward on the object in addition to any other forces that may be acting. This extra 
force, which might be designated as “centrifugal force” since it seems to act 
outward, is called a fictitious force or pseudoforce. It is a pseudoforce (“pseudo” 
means “false”) because there is no object that exerts this force. Furthermore, when 
viewed from an inertial reference frame, the effect doesn’t exist at all. We have 
made up this pseudoforce so that we can make calculations in a noninertial frame 
using Newton’s second law, XF = ma. Thus the observer in the noninertial frame 
of Fig. 25a uses Newton’s second law for the ball’s outward motion by assuming 
that a force equal to mv*/r acts on it. Such pseudoforces are also called inertial 
forces since they arise only because the reference frame is not an inertial one. 
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The Earth itself is rotating on its axis. Thus, strictly speaking, Newton’s laws 
are not valid on the Earth. However, the effect of the Earth’s rotation is usually so 
small that it can be ignored, although it does influence the movement of large air 
masses and ocean currents. Because of the Earth’s rotation, the material of the 
Earth is concentrated slightly more at the equator. The Earth is thus not a perfect 
sphere but is slightly fatter at the equator than at the poles. 


*0 The Coriolis Effect 


In a reference frame that rotates at a constant angular speed w (relative to an 
inertial frame), there exists another pseudoforce known as the Coriolis force. It 
appears to act on an object in a rotating reference frame only if the object is 
moving relative to that rotating reference frame, and it acts to deflect the object 
sideways. It, too, is an effect of the rotating reference frame being noninertial and 
hence is referred to as an inertial force. It too affects the weather. 
To see how the Coriolis force arises, consider two people, A and B, at rest on a 
platform rotating with angular speed w, as shown in Fig. 26a. They are situated at 
distances rq and rg from the axis of rotation (at O). The woman at A throws a ball 
with a horizontal velocity W (in her reference frame) radially outward toward the 
man at B on the outer edge of the platform. In Fig. 26a, we view the situation from 
an inertial reference frame. The ball initially has not only the velocity v radially 
outward, but also a tangential velocity v, due to the rotation of the platform. Now, 
Va = raw, where r, is the woman’s radial distance from the axis of rotation at O. 
If the man at B had this same velocity v4 , the ball would reach him perfectly. But 
his speed is Ug = rg@, which is greater than v4 because rg > ra. Thus, when the 
ball reaches the outer edge of the platform, it passes a point that the man at B has 
already gone by because his speed in that direction is greater than the ball’s. So the 
ball passes behind him. 
Figure 26b shows the situation as seen from the rotating platform as frame of 
reference. Both A and B are at rest, and the ball is thrown with velocity ¥ toward 
B, but the ball deflects to the right as shown and passes behind B as previously 
described. This is not a centrifugal-force effect, for the latter acts radially outward. 
Instead, this effect acts sideways, perpendicular to V, and is called a Coriolis accel- 
eration; it is said to be due to the Coriolis force, which is a fictitious inertial force. 
Its explanation as seen from an inertial system was given above: it is an effect of 
being in a rotating system, wherein a point farther from the rotation axis has a 
higher linear speed. On the other hand, when viewed from the rotating system, we 
can describe the motion using Newton’s second law, =F = ma, if we add a “pseu- 
doforce” term corresponding to this Coriolis effect. 
Let us determine the magnitude of the Coriolis acceleration for the simple 
case described above. (We assume v is large and distances short, so we can ignore 
gravity.) We do the calculation from the inertial reference frame (Fig. 26a). The 
ball moves radially outward a distance rg — raat speed v in a short time t given by 
rg — ra = Ut. 

During this time, the ball moves to the side a distance s, given by 
Sa = Val. 

The man at B, in this time t, moves a distance 


Sp = vgt. 
The ball therefore passes behind him a distance s (Fig. 26a) given by 
S = SB Sa = (vg vajt. 
We saw earlier that va = raw and vg = rgo, so 
s = (rg = ra)at. 
We substitute rg — ra = vt (see above) and get 
s = wot’. (14) 


This same s equals the sideways displacement as seen from the noninertial rotating 
system (Fig. 26b). 


x. Rotation 
T M 


(a) Inertial reference frame 


N 


x 


w 


(b) Rotating reference frame 


FIGURE 26 The origin of the 
Coriolis effect. Looking down on a 
rotating platform, (a) as seen from a 
nonrotating inertial reference frame, 
and (b) as seen from the rotating 
platform as frame of reference. 
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FIGURE 27 (a) Winds (moving air masses) would flow directly toward a low-pressure 
area if the Earth did not rotate. (b) and (c): Because of the Earth’s rotation, the winds are 
deflected to the right in the Northern Hemisphere (as in Fig. 26) as if a fictitious (Coriolis) 
force were acting. 


(a) 


(b) 


E 


pressure ~ 
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ae 


Low 


`A pressure “——— 


B.A.E. Inc./Alamy 


We see immediately that Eq. 14 corresponds to motion at constant 
acceleration. For as we saw, y = 4at? for a constant acceleration (with zero initial 
velocity in the y direction). Thus, if we write Eq. 14 in the form s = 5dc¢o;t?, we see 
that the Coriolis acceleration acor is 


acor = 2wv. (15) 


This relation is valid for any velocity in the plane of rotation perpendicular to the 
axis of rotation’ (in Fig. 26, the axis through point O perpendicular to the page). 

Because the Earth rotates, the Coriolis effect has some interesting manifestations 
on the Earth. It affects the movement of air masses and thus has an influence on 
weather. In the absence of the Coriolis effect, air would rush directly into a region 
of low pressure, as shown in Fig. 27a. But because of the Coriolis effect, the winds 
are deflected to the right in the Northern Hemisphere (Fig. 27b), since the Earth 
rotates from west to east. So there tends to be a counterclockwise wind pattern 
around a low-pressure area. The reverse is true in the Southern Hemisphere. Thus 
cyclones rotate counterclockwise in the Northern Hemisphere and clockwise in the 
Southern Hemisphere. The same effect explains the easterly trade winds near 
the equator: any winds heading south toward the equator will be deflected toward 
the west (that is, as if coming from the east). 

The Coriolis effect also acts on a falling object. An object released from the 
top of a high tower will not hit the ground directly below the release point, but will 
be deflected slightly to the east. Viewed from an inertial frame, this happens 
because the top of the tower revolves with the Earth at a slightly higher speed 
than the bottom of the tower. 


‘The Coriolis acceleration can be written in general in terms of the vector cross product as 
A@cor = —2@ X V where @ has direction along the rotation axis; its magnitude is acor = 2wv, where 
v, is the component of velocity perpendicular to the rotation axis. 


| Summary 


The angular momentum L of a rigid object rotating about a fixed 


axis is given by 


at any instant. The net torque 27 on a particle is related to its 
angular momentum by 


L = Io. qd) _ db 
Newton’s second law, in terms of angular momentum, is a0 = dt gi 
Sp = dL- (2) For a system of particles, the total angular momentum L= SL 
dt The total angular momentum of the system is related to the total 


If the net torque on an object is zero, dL/dt = 0, so L = 
constant. This is the law of conservation of angular momentum. 

The vector product or cross product of two vectors A and Š 
is another vector Č = A x B whose magnitude is AB sin 0 and 
whose direction is perpendicular to both A and B in the sense 
of the right-hand rule. 

The torque 7 due to a force F is a vector quantity and is 
always calculated about some point O (the origin of a coordinate 
system) as follows: 

7 = ¥XF, (5) 
where T is the position vector of the point at which the force F acts. 

Angular momentum is also a vector. For a particle having 
momentum p = my, the angular momentum L about some 
point O is 

L=Fx®, (6) 
where F is the position vector of the particle relative to the point O 


net torque {7 on the system by 
dÈ 

dt 

This last relation is the vector rotational equivalent of Newton’s 
second law. It is valid when L and S7 are calculated about an 
origin (1) fixed in an inertial reference system or (2) situated at 
the cm of the system. For a rigid object rotating about a fixed 
axis, the component of angular momentum about the rotation 
axis is given by Le = Jw. If an object rotates about an axis of 
symmetry, then the vector relation L = /@ holds, but this is 
not true in general. 

If the total net torque on a system is zero, then the 
total vector angular momentum L remains constant. This is 
the important law of conservation of angular momentum. 
It applies to the vector L and therefore also to each of its 
components. 


LF = (9) 
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J Answers to Exercises 


A: (b). D: (i) (d); (ii) (a); (iii) (b). 
B: (a). E: (e). 
C: (b). 
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Angular Momentum; General Rotation 
Problem Set 


| Questions 


1. If there were a great migration of people toward the Earth’s 


equator, would the length of the day (a) get longer because 
of conservation of angular momentum; (b) get shorter 
because of conservation of angular momentum; (c) get 
shorter because of conservation of energy; (d) get longer 
because of conservation of energy; or (e) remain unaffected? 
. Can the diver of 
Fig. 2 do a somer- 
sault without having 
any initial rotation 
when she leaves the 
board? 


FIGURE 2 A diver 
rotates faster when 
arms and legs are 


9. 


10. 


11. 


13. 


A force F = Fj is applied to an object at a position f = 
xi + yj + zk where the origin is at the cm. Does the 
torque about the cm depend on x? On y? On z? 

A particle moves with constant speed along a straight line. 
How does its angular momentum, calculated about any 
point not on its path, change in time? 

If the net force on a system is zero, is the net torque also zero? 
If the net torque on a system is zero, is the net force zero? 
Give examples. 

. Explain how a child “pumps” on a swing to make it go higher. 
Describe the torque needed if the person in Fig. 17 is to tilt 
the axle of the rotating wheel directly upward without it 
swerving to the side. 


=) 


tucked in than when Rotation >) 
they are outstretched. axis for +» + y 
Angular momentum spinning i 

wheel 


is conserved. | 


. Suppose you are sitting on a rotating stool holding a 2-kg 
mass in each outstretched hand. If you suddenly drop the 
masses, will your angular velocity increase, decrease, or stay 
the same? Explain. 

. When a motorcyclist leaves the ground on a jump and 
leaves the throttle on (so the rear wheel spins), why does 
the front of the cycle rise up? 

. Suppose you are standing on the edge of a large freely rotating 
turntable. What happens if you walk toward the center? 

. A shortstop may leap 
into the air to catch a 
ball and throw it 
quickly. As he throws 
the ball, the upper 
part of his body 
rotates. If you look 
quickly you will notice 
that his hips and legs 
rotate in the opposite 
direction (Fig. 28). 
Explain. 


FIGURE 28 
Question 6.A 
shortstop in the air, 
throwing the ball. 


Stephen Dunn/Getty Images 


. If all the components of the vectors Vi and Vo were reversed 
in direction, how would this alter vi x Vv, ? 

. Name the four different conditions that could make 
V, x WV. = 0. 


14. 


15. 


16. 


17. 


18. 


*19, 


Rotation axis 
for lifting 
wheel 


FIGURE 17 When 
you try to tilt a 
rotating bicycle wheel 
vertically upward, it 
swerves to the side 
instead. 


An astronaut floats freely in a weightless environment. 
Describe how the astronaut can move her limbs so as to (a) 
turn her body upside down and (b) turn her body about-face. 
On the basis of the law of conservation of angular 
momentum, discuss why a helicopter must have more than 
one rotor (or propeller). Discuss one or more ways the second 
propeller can operate in order to keep the helicopter stable. 
A wheel is rotating freely about a vertical axis with constant 
angular velocity. Small parts of the wheel come loose and fly 
off. How does this affect the rotational speed of the wheel? 
Is angular momentum conserved? Is kinetic energy 
conserved? Explain. 

Consider the following vector quantities: displacement, 
velocity, acceleration, momentum, angular momentum, torque. 
(a) Which of these are independent of the choice of origin of 
coordinates? (Consider different points as origin which are at 
rest with respect to each other.) (b) Which are independent of 
the velocity of the coordinate system? 

How does a car make a right turn? Where does the torque 
come from that is needed to change the angular momentum? 
The axis of the Earth precesses with a period of about 25,000 
years. This is much like the precession of a top. Explain how 
the Earth’s equatorial bulge gives rise to a torque exerted by 


From Chapter 11 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
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the Sun and Moon on the Earth; see Fig. 29, which is drawn for 
the winter solstice (December 21). About what axis would you 
expect the Earth’s rotation axis to precess as a result of the 
torque due to the Sun? Does the torque exist three months 
later? Explain. 


12349 
~y 
Equator ee 
| / North 
FIGURE 29 Orbit plane k Pole 
Question 19. 2 
(Not to scale.) Sun South Pole 


*20. 


*21. 


Why is it that at most locations on the Earth, a plumb bob 
does not hang precisely in the direction of the Earth’s center? 
In a rotating frame of reference, Newton’s first and second 
laws remain useful if we assume that a pseudoforce equal to 
mo”r is acting. What effect does this assumption have on the 
validity of Newton’s third law? 


. In the battle of the Falkland Islands in 1914, the shots of 


British gunners initially fell wide of their marks because 
their calculations were based on naval battles fought 
in the Northern Hemisphere. The Falklands are in the 
Southern Hemisphere. Explain the origin of their 
problem. 


l Problems 


[The Problems in this Section are ranked I, II, or III according to 
estimated difficulty, with (I) Problems being easiest. Level (III) 
Problems are meant mainly as a challenge for the best students, for 
“extra credit.” The Problems are arranged by Sections, meaning that 
the reader should have read up to and including that Section, but 
this Chapter also has a group of General Problems that are not 
arranged by Section and not ranked.] 


1 Angular Momentum 


1. 


. (II) A person stands, hands at his 


(I) What is the angular momentum of a 0.210-kg ball 
rotating on the end of a thin string in a circle of radius 
1.35 m at an angular speed of 10.4 rad/s? 


. (I) (a) What is the angular momentum of a 2.8-kg uniform 


cylindrical grinding wheel of radius 18cm when rotating at 
1300 rpm? (b) How much torque is required to stop it in 6.0s? 


side, on a platform that is rotating 
at a rate of 0.90 rev/s. If he raises 
his arms to a horizontal position, 
Fig. 30, the speed of rotation 
decreases to 0.70 rev/s. (a) Why? 
(b) By what factor has his 
moment of inertia changed? 


FIGURE 30 
Problem 3. 


. (II) A figure skater can increase her spin rotation rate from 


an initial rate of 1.0 rev every 1.5s to a final rate of 
2.5rev/s. If her initial moment of inertia was 4.6 kg-m?, 
what is her final moment of inertia? How does she physi- 
cally accomplish this change? 


. (II) A diver (such as the one shown in Fig. 2) can reduce her 


moment of inertia by a factor of about 3.5 when changing 
from the straight position to the tuck position. If she makes 
2.0 rotations in 1.5s when in the tuck position, what is her 
angular speed (rev/s) when in the straight position? 


. (II) A uniform horizontal rod of mass M and length £ rotates 


with angular velocity w about a vertical axis through its center. 
Attached to each end of the rod is a small mass m. Determine 
the angular momentum of the system about the axis. 


. (II) Determine the angular momentum of the Earth 


(a) about its rotation axis (assume the Earth is a uniform 
sphere), and (b) in its orbit around the Sun (treat the Earth 
as a particle orbiting the Sun). The Earth has 
mass = 6.0 X 10*%*kg and radius = 6.4 X 10°m, and is 
1.5 X 10°km from the Sun. 


8. 


10. 


11. 


13. 


(II) (a) What is the angular momentum of a figure skater 
spinning at 2.8rev/s with arms in close to her body, 
assuming her to be a uniform cylinder with a height of 
1.5m, a radius of 15 cm, and a mass of 48 kg? (b) How much 
torque is required to slow her to a stop in 5.0 s, assuming she 
does not move her arms? 


. (II) A person stands on a platform, initially at rest, that can 


rotate freely without friction. The moment of inertia of the 
person plus the platform is Jp. The person holds a spinning 
bicycle wheel with its axis horizontal. The wheel has moment 
of inertia Jy and angular velocity wy . What will be the angular 
velocity wp of the platform if the person moves the axis of the 
wheel so that it points (a) vertically upward, (b) at a 60° angle 
to the vertical, (c) vertically downward? (d) What will wp be if 
the person reaches up and stops the wheel in part (a)? 

(II) A uniform disk turns at 3.7 rev/s around a frictionless 
spindle. A nonrotating rod, of the 

same mass as the disk and length i 
equal to the disk’s diameter, is Vy 
dropped onto the freely spinning 
disk, Fig. 31. They then turn 
together around the spindle with 
their centers superposed. What is the 
angular frequency in rev/s of the 
combination? 


FIGURE 31 
Problem 10. 


(II) A person of mass 75 kg stands at the center of a rotating 
merry-go-round platform of radius 3.0m and moment of inertia 
920 kg- m°. The platform rotates without friction with angular 
velocity 0.95 rad/s. The person walks radially to the edge of 
the platform. (a) Calculate the angular velocity when the 
person reaches the edge. (b) Calculate the rotational kinetic 
energy of the system of platform plus person before and after 
the person’s walk. 


. (II) A potter’s wheel is rotating around a vertical axis 


through its center at a frequency of 1.5 rev/s. The wheel can 
be considered a uniform disk of mass 5.0kg and diameter 
0.40m. The potter then throws a 2.6-kg chunk of clay, 
approximately shaped as a flat disk of radius 8.0cm, onto 
the center of the rotating wheel. What is the frequency of 
the wheel after the clay sticks to it? 

(II) A 4.2-m-diameter merry-go-round is rotating freely with 
an angular velocity of 0.80 rad/s. Its total moment of inertia is 
1760 kg: m/?. Four people standing on the ground, each of mass 
65kg, suddenly step onto the edge of the merry-go-round. 


14. 


15. 


16. 


17. 


18. 
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What is the angular velocity of the merry-go-round now? What 
if the people were on it initially and then jumped off in a radial 
direction (relative to the merry-go-round)? 

(II) A woman of mass m stands at the edge of a solid 
cylindrical platform of mass M and radius R. At t = 0, the 
platform is rotating with negligible friction at angular velocity 
wg about a vertical axis through its center, and the woman 
begins walking with speed v (relative to the platform) toward 
the center of the platform. (a) Determine the angular velocity 
of the system as a function of time. (b) What will be the 
angular velocity when the woman reaches the center? 

(II) A nonrotating cylindrical disk of moment of inertia / is 
dropped onto an identical disk rotating at angular speed w. 
Assuming no external torques, what is the final common 
angular speed of the two disks? 

(II) Suppose our Sun eventually collapses into a white 
dwarf, losing about half its mass in the process, and winding 
up with a radius 1.0% of its existing radius. Assuming the 
lost mass carries away no angular momentum, what would 
the Sun’s new rotation rate be? (Take the Sun’s current 
period to be about 30 days.) What would be its final kinetic 
energy in terms of its initial kinetic energy of today? 

(II) Hurricanes can involve winds in excess of 120 km/h at 
the outer edge. Make a crude estimate of (a) the energy, and 
(b) the angular momentum, of such a hurricane, approxi- 
mating it as a rigidly rotating uniform cylinder of air 
(density 1.3 kg/m?) of radius 85 km and height 4.5 km. 

(III) An asteroid of mass 1.0 X 10°kg, traveling at a speed 
of 35km/s relative to the Earth, hits the Earth at the 
equator tangentially, in the direction of Earth’s rotation, and is 
embedded there. Use angular momentum to estimate the 
percent change in the angular speed of the Earth as a result of 
the collision. 


. (IIL) Suppose a 65-kg person stands at the edge of a 6.5-m dia- 


meter merry-go-round turntable that is mounted on frictionless 
bearings and has a moment of inertia of 1850kg-m?. The 
turntable is at rest initially, but when the person begins running 
at a speed of 3.8 m/s (with respect to the turntable) around its 
edge, the turntable begins to rotate in the opposite direction. 
Calculate the angular velocity of the turntable. 


2 Vector Cross Product and Torque 


20. 


21. 


22. 


23. 


24. 


25. 


(1) If vector A points along the negative x axis and vector B 
along the positive z axis, what is the direction of (a) AxB 
and (b) B x A? (c) What is the magnitude of A x B and 
B x A? 


(I) Show that (a) ixi=jxj=kxk=0, (b) î x ĵ = k, 
ixk=-j, andj x k = i. 


(I) The directions of vectors A and B are given below for 
several cases. For each case, state the direction of A x B. 
(a) A points east, B points south. (b) A points east, B points 
straight down. (c) A points straight up, B points north. 
(d) A points straight up, B points straight down. 


(II) What is the angle 6 between two vectors A and B, 
if |A x B| = A- B? 
(II) A particle is located at F = (4. Oi + 3.5j + 6.0k) m 


A force F = (9. Oj -— 4, Ok) N acts on it. What is the torque, 
calculated about the origin? 


(II) Consider a particle of a rigid object rotating about a 
fixed axis. Show that the tangential and radial vector 


26. 


27. 


28. 


29. 


31. 


components of the linear acceleration are: 


ätan = @X¥F and äg = @XYV. 

QI) (a) Show that the cross product of two vectors, 

A = Axi + Ayj + Azk, and B = Byi + Byj + Bzk is 
AxB = (A%B; - 


AzBy)î + (AzBx — AyBz)j 


+ (Ay By — AyBy)k. 


(b) Then show that the cross product can be written 


i j k 
AXB = |Ay Ay Al, 
Bx By B; 


where we use the rules for evaluating a determinant. (Note, 
however, that this is not really a determinant, but a 
memory aid.) 


(II) An engineer estimates 
that under the most adverse 
expected weather condi- 
tions, the total force on the 
highway sign in Fig. 32 will 
be F= (+2.4i — 4.1j) kN, 
acting at the cm. What 
torque does this force exert 


about the base O? 8.0 m 
FIGURE 32 
Problem 27. z 


(II) The origin of a coordinate system is at the center of a 
wheel which rotates in the xy plane about its axle which is the 
z axis. A force F = 215N acts in the xy plane, at a +33.0° 
angle to the x axis, at the point x = 28.0 cm, y = 33.5 cm. 
Determine the magnitude and direction of the torque 
produced by this force about the axis. 


(II) Use the result of Problem 26 to determine (a) the 
vector product A x Band (b) the angle between A and B if 
A =5.4i — 3.5j and B = —8.5i + 5.6j + 2.0k. 


. (IM) Show that the velocity ¥ of any point in an object rotating 


with angular velocity œ about a fixed axis can be written 

v= @xXfF 
where F is the position vector of the point relative to an 
origin O located on the axis of rotation. Can O be anywhere 


on the rotation axis? Will ¥ = @ X T if O is located at a 
point not on the axis of rotation? 


(III) Let A, B, and Č be three vectors, which for generality 
we assume do not all lie in the same plane. Show that 
A-(B x C)=B-(€ x A) =C-(A x B). 


3 Angular Momentum of a Particle 


32. 


33. 


(I) What are the x, y, and z components of the angular 
momentum of a particle located at F= xit+ yj + zk 
which has momentum p = pyi + pyj + pzk? 


(I) Show that the kinetic energy K of a particle of mass m, 
moving in a circular path, is K = L’/21, where L is its 
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35. 


36. 


37. 


Angular Momentum; General Rotation: Problem Set 


angular momentum and / is its moment of inertia about the 
center of the circle. 


(I) Calculate the angular momentum of a particle of mass m 
moving with constant velocity v for two cases (see Fig. 33): 


(a) about origin O, gee ig pees 
and (b) about O’. m: v i O’ 
d 
FIGURE 33 | 
Problem 34. 0 


(II) Two identical particles have equal but opposite 
momenta, p and —p, but they are not traveling along the 
same line. Show that the total angular momentum of this 
system does not depend on the choice of origin. 


(II) Determine the angular momentum of a 75-g particle about 
the origin of coordinates when the particle is at_ x = 4.4m, 
y = —6.0m, and it has velocity v = (3.2i — 8.0k) m/s. 


(II) A particle is at the position (x, y, z) = (1.0, 2.0, 3.0) m. 
It is traveling with a vector velocity (—5.0, +2.8, —3.1) m/s. 
Its mass is 3.8kg. What is its vector angular momentum 
about the origin? 


4 and 5 Angular Momentum and Torque: 
General Motion; Rigid Objects 


38. 


39. 


40. 


41. 


(II) An Atwood machine (Fig. 16) consists of two masses, 
ma = 7.0kg and mg = 8.2kg, connected by a cord that 
passes over a pulley free to rotate about a fixed axis. The 
pulley is a solid cylinder of radius Ro = 0.40m and mass 
0.80 kg. (a) Determine the acceleration a of each mass. (b) 
What percentage of error in a would be made if the moment 
of inertia of the pulley were ignored? Ignore friction in the 
pulley bearings. 


(ID) Four identical particles of mass m are mounted at equal 
intervals on a thin rod of length £ and mass M, with one 
mass at each end of the rod. If the system is rotated with 
angular velocity w about an axis perpendicular to the rod 
through one of the end masses, determine (a) the kinetic 
energy and (b) the angular momentum of the system. 


(II) Two lightweight rods 24cm in length are mounted 
perpendicular to an axle and at 180° to each other (Fig. 34). 
At the end of each rod is a 480-g mass. The rods are spaced 
42 cm apart along the axle. The 
axle rotates at 4.5rad/s. (a) 
What is the component of the 
total angular momentum 
along the axle? (b) What angle 
does the vector angular 
momentum make with the 
axle? [Hint: Remember that 
the vector angular momentum 
must be calculated about the 

same point for both masses, FIGURE 34 
which could be the cM.] Problem 40. 


(II) Figure 35 shows 
two masses connected 
by a cord passing over 
a pulley of radius Ro 
and moment of 
inertia J. Mass My 


480 g 


480 g 


FIGURE 35 
Problem 41. 


42. 


43. 


*44, 


*45, 


* 46. 


slides on a frictionless surface, and Mg hangs freely. Deter- 
mine a formula for (a) the angular momentum of the system 
about the pulley axis, as a function of the speed v of mass Ma 
or Mz, and (b) the acceleration of the masses. 


(HI) A thin rod of length £ and mass M rotates about a 
vertical axis through its center with angular velocity w. The 
rod makes an angle œ with the rotation axis. Determine the 
magnitude and direction of L. 


(II) Show that the total angular momentum L = SF; x P: 
of a system of particles about the origin of an inertial refer- 
ence frame can be written as the sum of the angular 
momentum about the cm, L* (spin angular momentum), plus 
the angular momentum of the cM about the origin (orbital 
angular momentum): L=.0*+ Fou X Mv¥cq. [Hint: See 
the derivation of Eq. 9b.] 

(III) What is the magnitude of the force F exerted by 
each bearing in Fig. 18 (Example 10 of “Angular 
Momentum; General Rotation”)? The bearings are a 
distance d from point O. Ignore the effects of gravity. 


dLcy 
dt 


= S\7cen [even if accelerating] (9b) 


(II) Suppose in Fig. 18 that mg = 0; that is, only one mass, 
ma, is actually present. If the bearings are each a distance d 
from O, determine the forces F4 and Fg at the upper and 
lower bearings respec- 

tively. [Hint: Choose an z 
origin—different than O 
in Fig. 18—such that L is 
parallel to @. Ignore 
effects of gravity.] 


(III) Suppose in Fig. 18 
that ma = mg = 0.60 kg, 
ra = rg = 0.30m, and 
the distance between the 
bearings is 0.23 m. Eval- 
uate the force that each 
bearing must exert on 
the axle if @ = 34.0°, 

w = 11.0 rad/s? 


Bearing 


mB 
FIGURE 18 In this system L 
and @ are not parallel. This isan <== 
example of rotational imbalance. F Bearing 


6 Angular Momentum Conservation 


47. 


48. 


(ID) A thin rod of mass M and length £ is suspended verti- 
cally from a frictionless pivot at its upper end. A mass m of 
putty traveling horizontally with a speed v strikes the rod at 
its CM and sticks there. How high does the bottom of the rod 
swing? 

(I) A uniform stick 1.0m 
long with a total mass of 270 g 


250 m/s | | 140 m/s 
is pivoted at its center. A 3.0- ==> ——— || —— 
bullet is shot through the stick 
midway between the pivot 
and one end (Fig. 36). The 

Pivot 


bullet approaches at 250 m/s 
and leaves at 140m/s. With 
what angular speed is the 
stick spinning after the 
collision? 


FIGURE 36 
Problems 48 and 83. 


49. 


50. 


51. 


52. 
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(II) Suppose a 5.8 xX 10!°kg 
meteorite struck the Earth 
at the equator with a speed 
v = 2.2 X 104m/s, as 
shown in Fig. 37 and 
remained stuck. By what 
factor would this affect the 
rotational frequency of 

the Earth (1 rev iday ii FIGURE 37 ~< 
(IID) A 230-kg beam Saal 
2.7m in length slides broadside 

down the ice with a speed of 

18 m/s (Fig. 38). A 65-kg man at 

rest grabs one end as it goes past 

and hangs on as both he and the 
beam go spinning down the ice. 
Assume frictionless motion. (a) How 
fast does the center of mass of the 
system move after the collision? 

(b) With what angular velocity does 
the system rotate about its CM? 


CM 


FIGURE 38 
Problem 50. 


(II) A thin rod of mass M and 
length £ rests on a frictionless table 
and is struck at a point £/4 from its 
co by a clay ball of mass m moving 
at speed v (Fig. 39). The ball sticks 
to the rod. Determine the transla- 
tional and rotational motion of the CM 
rod after the collision. 


pai f. 


FIGURE 39 
Problems 51 and 84. 


(II) On a level billiards table a cue ball, initially at rest at point 
O on the table, is struck so that it leaves the cue stick with a 
center-of-mass speed vp and a “reverse” spin of angular speed wo 
(see Fig. 40). A kinetic friction force acts on the ball as it initially 
skids across the table. (a) Explain why the ball’s angular 
momentum is conserved about point O. (b) Using conservation 
of angular momentum, find the critical angular speed wc such 
that, if wọ = wc, kinetic friction will bring the ball to a 
complete (as opposed to momentary) stop. (c) If wp is 10% 
smaller than wç, i.e., wọ = 0.90 wc, determine the ball’s cm 
velocity Vey when it starts to roll without slipping. (d) If wo is 
10% larger than wc, i.e., wọ = 1.10 wc, determine the ball’s CM 
velocity Vem when it starts to roll without slipping. [Hint: The ball 
possesses two types of angular momentum, the first due to the 
linear speed Vem of its CM relative to point O, the second due to 
the spin at angular velocity w about its own cm. The ball’s total 
L about O is the sum of these two angular momenta.] 


FIGURE 40 
Problem 52. o 


*7 Spinning Top 


*53. 


* 54. 


"55, 


*56. 


aT, 


(II) A 220-g top spinning at 15 rev/s makes an angle of 25° 
to the vertical and precesses at a rate of 1.00 rev per 6.5s. If 
its CM is 3.5cm from its tip along its symmetry axis, what is 
the moment of inertia of the top? 


(ID) A toy gyroscope consists of a 170-g disk with a radius of 
5.5cm mounted at the center of a thin axle 21cm long 
(Fig. 41). The gyroscope spins at 45 rev/s. One end of its axle 
rests on a stand and the other end precesses horizontally 
about the stand. (a) How long does it take the gyro- 
scope to precess once around? (b) If all the dimensions of the 
gyroscope were doubled (radius = 11cm, axle = 42cm), 
how long would it take to 
precess once? 


( — P 


FIGURE 41 A wheel, 
rotating about a horizontal 
axle supported at one end, 
precesses. Problems 54, 55, 
and 56. 


(II) Suppose the solid wheel of Fig. 41 has a mass of 300 g 
and rotates at 85 rad/s; it has radius 6.0 cm and is mounted 
at the center of a horizontal thin axle 25cm long. At what 
rate does the axle precess? 


(II) If a mass equal to half the mass of the wheel in Problem 55 
is placed at the free end of the axle, what will be the precession 
rate now? Treat the extra mass as insignificant in size. 


(II) A bicycle wheel of diameter 65cm and mass m rotates 
on its axle; two 20-cm-long wooden handles, one on each side of 
the wheel, act as the axle. You tie a rope to a small hook on the 
end of one of the handles, and then spin the bicycle wheel with 
a flick of the hand. When you release the spinning wheel, it 
precesses about the vertical axis defined by the rope, instead of 
falling to the ground (as it would if it were not spinning). Esti- 
mate the rate and direction of precession if the wheel rotates 
counterclockwise at 2.0 rev/s and its axle remains horizontal. 


*8 Rotating Reference Frames 


* 58. 


*59, 


(II) If a plant is allowed to grow from seed on a rotating 
platform, it will grow at an angle, pointing inward. Calculate 
what this angle will be (put yourself in the rotating frame) 
in terms of g, r, and w. Why does it grow inward rather than 
outward? 


(II) Let g’ be the effective acceleration of gravity at a point 
on the rotating Earth, equal to the vector sum of the “true” 
value g plus the effect of the rotating reference frame (mar 
term). See Fig. 42. Determine the magnitude 
and direction of g’ relative to a 

radial line from the center of 

the Earth (a) at the North 
Pole, (b) at a latitude of 
45.0° north, and (c) at 
the equator. Assume 
that g (if w were zero) 

is a constant 9.80 m/s”. 


FIGURE 42 
Problem 59. 


357 


358 


Angular Momentum; General Rotation: Problem Set 


*9 Coriolis Effect 


+60. 


* 62. 


(II) Suppose the man at B in Fig. 26 throws the ball toward 
the woman at A. (a) In what direction is the ball deflected 
as seen in the noninertial system? (b) Determine a formula 
for the amount of deflection and for the (Coriolis) accelera- 
tion in this case. 


. (II) For what directions of velocity would the Coriolis effect 


on an object moving at the Earth’s equator be zero? 

(III) We can alter Eqs. 14 and 15 for use on Earth by consid- 
ering only the component of ¥ perpendicular to the axis of 
rotation. From Fig. 43, we see that this is v cos A for a verti- 
cally falling object, where A is the lati- 

tude of the place on the Earth. If 

a lead ball is dropped verti- 
cally from a 110-m-high 
tower in Florence, Italy 
(latitude = 44°), how far 
from the base of the 
tower is it deflected by 
the Coriolis force? 


North Pole ¥ COS A 


FIGURE 43 

Problem 62. Object of 
mass 7n falling vertically 
to Earth at a latitude A. 


South Pole 


*63. 


(14) 
(15) 


(III) An ant crawls with constant speed outward along 
a radial spoke of a wheel rotating at constant angular 
velocity w about a vertical axis. Write a vector equation 
for all the forces (including inertial forces) acting on the 
ant. Take the x axis along the spoke, y perpendicular to 
the spoke pointing to the ant’s left, and the z axis verti- 
cally upward. The wheel rotates counterclockwise as seen 
from above. 


| General Problems 


64. 


65. 


66. 


67. 


A thin string is wrapped around a cylindrical hoop of radius 
R and mass M. One end of the string is fixed, and the hoop 
is allowed to fall vertically, starting from rest, as the string 
unwinds. (a) Determine the angular momentum of the hoop 
about its CM as a function of time. (b) What is the tension in 
the string as function of time? 

A particle of mass 1.00kg is moving with velocity 
¥ = (7.0i + 6.0j)m/s. (a) Find the angular momentum 
L relative to the origin when the particle is at 
F = (2.0j + 4.0k) m. (b) At position F a force of F = 4.0 Nî 
is applied to the particle. Find the torque relative to the origin. 
A merry-go-round with a moment of inertia equal to 
1260kg:m° and a radius of 2.5m rotates with negligible 
friction at 1.70 rad/s. A child initially standing still next to 
the merry-go-round jumps onto the edge of the platform 
straight toward the axis of rotation causing the platform to 
slow to 1.25 rad/s. What is her mass? 


Why might tall narrow SUVs and buses be prone to 
“rollover”? Consider a vehicle rounding a curve of radius R 
on a flat road. When just on the verge of rollover, its tires on 
the inside of the curve are about to leave the ground, so the 
friction and normal force on these two tires are zero. The 
total normal force on the outside tires is Fy and the total 
friction force is Ff. Assume that the vehicle is not skidding. 
(a) Analysts define a static stability factor SSF = w/2h, 
where a vehicle’s “track width” w is the distance between 
tires on the same axle, and A is the height of the cM above 
the ground. Show that the critical rollover speed is 


68. 


69. 


[Hint: Take torques about an axis through the center of 
mass of the SUV, parallel to its direction of motion.] 
(b) Determine the ratio of highway curve radii (minimum 
possible) for a typical passenger car with SSF = 1.40 and 
an SUV with SSF = 1.05 at a speed of 90 km/h. 


A spherical asteroid with radius 
M = 2.25 X 10!°kg rotates about an 
axis at four revolutions per day. 
A “tug” spaceship attaches itself to 
the asteroid’s south 

pole (as defined by the axis 
of rotation) and fires its 
engine, applying a force 
F tangentially to the 


r=123m and mass 


asteroid’s surface as 
shown in Fig. 44. If 
F =2065N, how long 


will it take the tug to 
rotate the asteroid’s axis 
of rotation through an 
angle of 10.0° by this 
method? 


aE 
FIGURE 44 F=265N! 
Problem 68. l 


The time-dependent position of a point object which 
moves counterclockwise along the circumference of a circle 
(radius R) in the xy plane with constant speed v is given by 


F = ÎRcosot + ÎR sin wt 


70. 


Ti; 


72. 


73. 
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where the constant w = v/R. Determine the velocity v and 
angular velocity @ of this object and then show that these 
three vectors obey the relation V = @ X T. 

The position of a particle with mass m traveling on a helical 
path (see Fig. 45) is given by 


a mz) a 
F Reos( a)i Rsin( za) + zk 


where R and d are the radius and pitch of the helix, respec- 
tively, and z has time dependence z =v zt where vz is 
the (constant) component of velocity in the z direction. 
Determine the time-dependent angular momentum L of the 
particle about the origin. 


. 7 `Y YN 4 
~ A Wd <0 iw 


See? See Se? ee Se ee? 


FIGURE 45 Problem 70. 


A boy rolls a tire along a straight level street. The tire has 
mass 8.0 kg, radius 0.32m and moment of inertia about its 
central axis of symmetry of 0.83 kg-m?. The boy pushes the 
tire forward away from him at a speed of 
2.1 m/s and sees that the tire leans 12° to the 
right (Fig. 46). (a) How will the resultant 
torque affect the subsequent motion of the 
tire? (b) Compare the change in angular 
momentum caused by this torque in 0.20s 
to the original magnitude of angular 


momentum. 
FIGURE 46 
Problem 71. 


A 70-kg person stands on a tiny rotating platform with arms 
outstretched. (a) Estimate the moment of inertia of the 
person using the following approximations: the body 
(including head and legs) is a 60-kg cylinder, 12 cm in radius 
and 1.70m high; and each arm is a 5.0-kg thin rod, 60cm 
long, attached to the cylinder. (b) Using the same approxi- 
mations, estimate the moment of inertia when the arms are 
at the person’s sides. (c) If one rotation takes 1.5 s when the 
person’s arms are outstretched, what is the time for each 
rotation with arms at the sides? Ignore the moment of 
inertia of the lightweight platform. (d) Determine the 
change in kinetic energy when the arms are lifted from the 
sides to the horizontal position. (e) From your answer to 
part (d), would you expect it to be harder or easier to lift 
your arms when rotating or when at rest? 


Water drives a waterwheel (or turbine) of radius R = 3.0m 
as shown in Fig. 47. The water enters at a speed 
vı = 7.0m/s and exits from the waterwheel at a speed 
v = 3.8m/s. (a) If 85kg of water passes through per 
second, what is the rate at which the water delivers angular 
momentum to the waterwheel? (b) What is the torque the 
water applies to the waterwheel? (c) If the water causes the 
waterwheel to make one revolution every 5.5s, how much 
power is delivered to the wheel? 


74. 


75. 


76. 


78. 


FIGURE 47 
Problem 73. 


The Moon orbits the Earth such that the same side always 
faces the Earth. Determine the ratio of the Moon’s spin 
angular momentum (about its own axis) to its orbital 
angular momentum. (In the latter case, treat the Moon as a 
particle orbiting the Earth.) 

A particle of mass m uniformly accelerates as it moves 
counterclockwise along the circumference of a circle of 
radius R: 


F = iRcosé + jRsino 

with 8 = wot + 4.at*, where the constants wy and a are the 
initial angular velocity and angular acceleration, respectively. 
Determine the object’s tangential acceleration ajay and deter- 
mine the torque acting on the object using (a) 7 = F X F, 
(b) 7 = Ia. 

A projectile with mass m is launched from the ground and 
follows a trajectory given by 


T (vxot)i 4 (or reri 


where vyo and vyo are the initial velocities in the x and 
y direction, respectively, and g is the acceleration due to 
gravity. The launch position is defined to be the origin. 
Determine the torque acting on the projectile about the 
origin using (a) 7 = F X F, (b) 7 = dL/dt. 


. Most of our Solar System’s mass is contained in the Sun, and the 


planets possess almost all of the Solar System’s angular 
momentum. This observation plays a key role in theories 
attempting to explain the formation of our Solar System. 
Estimate the fraction of the Solar System’s total angular 
momentum that is possessed by planets using a simplified 
model which includes only the large outer planets with the most 
angular momentum. The central Sun (mass 1.99 x 10% kg, 
radius 6.96 X 10° m) spins about its axis once every 25 days and 
the planets Jupiter, Saturn, Uranus, and Neptune move in 
nearly circular orbits around the Sun with orbital data given in 
the Table below. Ignore each planet’s spin about its own axis. 


Mean Distance from Orbital Period Mass 


Planet Sun (x 10° km) (Earth Years) (x 10” kg) 
Jupiter 778 11.9 190 
Saturn 1427 29.5 56.8 
Uranus 2870 84.0 8.68 
Neptune 4500 165 10.2 


A bicyclist traveling with speed v = 9.2 m/s on a flat road 
is making a turn with a radius r = 12m. The forces acting 
on the cyclist and cycle are the normal force (Fy) and friction 
force (Er) exerted by the road on the tires and mg, the total 
weight of the cyclist and cycle. Ignore the small mass of the 
wheels. (a) Explain carefully why the angle @ the bicycle 
makes with the vertical (Fig. 48) must be given by 
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tan@ = Ffr/Fyn if the cyclist is to maintain balance. (b) 
Calculate @ for the values given. [Hint: Consider the 
“circular” translational motion of the bicycle and rider.] (c) 
If the coefficient of static friction between tires and road is 
bs = 0.65, what is the minimum turning radius? 


FIGURE 48 Problem 78. 


. Competitive ice skaters commonly perform single, double, 


and triple axel jumps in which they rotate 15,25, and 
3+ revolutions, respectively, about a vertical axis while airborne. 
For all these jumps, a typical skater remains airborne for 
about 0.70s. Suppose a skater leaves the ground in an 
“open” position (e.g., arms outstretched) with moment of 
inertia Jọ and rotational frequency fọ = 1.2rev/s, main- 
taining this position for 0.10s. The skater then assumes a 
“closed” position (arms brought closer) with moment of 
inertia I, acquiring a rotational frequency f, which is 
maintained for 0.50 s. Finally, the skater immediately returns 
to the “open” position for 0.10 s until landing (see Fig. 49). (a) 
Why is angular momentum conserved during the skater’s 
jump? Neglect air resistance. (b) Determine the minimum 
rotational frequency f during the flight’s middle section for 
the skater to successfully complete a single and a triple axel. 
(c) Show that, according to this model, a skater must be able 
to reduce his or her moment of inertia in midflight by a 
factor of about 2 and 5 in order to complete a single and 
triple axel, respectively. 


FIGURE 49 Problem 79. 


A radio transmission tower has a mass of 80 kg and is 12m 
high. The tower is anchored to the ground by a flexible joint 
at its base, but it is secured by three cables 120° apart (Fig. 
50). In an analysis of a potential failure, a mechanical engineer 
needs to determine the behavior of the tower if one of the 
cables broke. The tower would fall away from the broken cable, 
rotating about its base. Determine the speed of the top of the 


81. 


82. 


tower as a function of the rotation angle @. Start your analysis 
with the rotational dé 

A : v= lo =l— 
dynamics equation of dt 
motion dL/dt = Phet- 
Approximate the tower 
as a tall thin rod. 


sin 0 


FIGURE 50 Problem 80. 


Suppose a star the size of our Sun, but with mass 8.0 times 
as great, were rotating at a speed of 1.0 revolution every 
9.0 days. If it were to undergo gravitational collapse to 
a neutron star of radius 12km, losing } of its mass in 
the process, what would its rotation speed be? Assume 
the star is a uniform sphere at all times. Assume also 
that the thrown-off mass carries off either (a) no angular 
momentum, or (b) its proportional share (3) of the initial 
angular momentum. 

A baseball bat has a “sweet spot” where a ball can be hit 
with almost effortless transmission of energy. A careful 
analysis of baseball dynamics shows that this special spot is 
located at the point where an applied force would result in 
pure rotation of the bat about the handle grip. Determine the 
location of the sweet spot of the bat shown in Fig. 51. The 
linear mass density of the bat is given roughly by 
(0.61 + 3.3x’) kg/m, where x is in meters measured from 
the end of the handle. The entire bat is 0.84m long. The 
desired rotation point should be 5.0 cm from the end where 
the bat is held. [Hint: Where is the cM of the bat?] 


FIGURE 51 


Problem 82. 
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(II) A uniform stick 1.00 m long with a total mass of 330 g is 
pivoted at its center. A 3.0-g bullet is shot through the stick 
a distance x from the pivot. The bullet approaches at 
250 m/s and leaves at 140 m/s (Fig. 36). (a) Determine a 
formula for the angular speed of the spinning stick after the 
collision as a function of x. (b) Graph the angular speed as a 
function of x, from x = 0 to x = 0.50 m. 

(II) Figure 39 shows a thin rod of mass M and length £ 
resting on a frictionless table. The rod is struck at a distance x 
from its CM by a clay ball of mass m moving at speed v. The 
ball sticks to the rod. (a) Determine a formula for the 
rotational motion of the system after the collision. (b) Graph 
the rotational motion of the system as a function of x, from 
x=0 to x = 2/2, with values of M = 450g, m = 15g, 
£=1.20m, and v=12m/s. (c) Does the translational 
motion depend on x? Explain. 


l Answer to Odd Numbered Problems 


1. (d + ra cos ġ)ma ra o? sing 


3. 


3.98 kg-m?/s. 
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45. 


(a) L is conserved: If 7 increases, 


w must decrease; 


(b) increased by a factor of 1.3. 
. 0.38 rev/s. 
. (a) 71 X 10% kg-m?/s; 


(b) 2.7 X 10° kg-m?/s. 


I 
9. (a) — Y ow; 
Ip 
Iw 
(b) — 2p OW? 
Iw 
(c) OW Ta 
(d) 0. 
11. (a) 0.55 rad/s; 


13. 
15. 
17. 


19. 
23. 
27. 
29. 


37. 
39. 


41. 


(b) 420 J, 240J. 

0.48 rad/s, 0.80 rad/s. 

Sa. 

(a) 3.7 X 10" J; 

(b) 1.9 X 10” kg-m?/s. 
— 0.32 rad/s. 

45°. 

(25î + 14j F 19k) m-kN. 
(a) —7.0i — 11j + 0.5k; 
(b) 170°. 

(—55i — 45j + 49k) kg:m?/s. 
(a) (1M + bm)lu?: 

(b) GM + #m)Co. 


(a) [om + Mpg)Ro + ije 
Mpg 


(b) 
M, + Mg + 2 


47. 


49. 


51. 


53. 
55. 
57. 


59. 


61. 
63. 


65. 


67. 


69. 


71. 


F 
A 2d 
n (d 3 ra cos ġ)ma ra w? sind 
” 2d l 
ney 


g(m + M)(m + $M) 

Aw/w = —84 X 10°78, 
m 

Yeu MIm” 


12m ) v 
4M + 7m] 0 
8.3 X 10°-4*kg-m?. 

8.0 rad/s. 


14 rev/min, CCW when viewed 
from above. 


w (about cm) = ( 


(a) 9.80 m/s’, along a radial line; 
(b) 9.78 m/s’, 0.0988° south from a 
radial line; 
(c) 9.77 m/s”, along a radial line. 
Due north or due south. 
(mra? — Fr) 
+ (Fspoke — 2mov)j 
+ (Fy — mg)k. 
(a) (—24î + 28j — 14k) kg-m2/s; 
(b) (16j — 8.0k) m-N. 
(b) 0.750. 
v[-sin(of)i + cos(wt)j], 


@ = ()é 


(a) The wheel will turn to the right; 
(b) AL/Lo = 0.19. 


73. 


75. 


77. 
79. 


81. 


ow 
w 


Angular speed (rad/s) 
COFPNWERUD 


(a) 820 kg-m?/s?; 

(b) 820 m:N; 

(c) 930 W. 

ätan = — Rasin 6Î + Racos 6j; 
(a) mR?ak; 

(b) mRak. 

0.965. 


(a) There is zero net torque exerted 
about any axis through the 
skater’s center of mass; 


(b) Îsingle axel = 2.5 rad/s, 
Firipte axel = 6.5 rad/s. 
(a) 17,000 rev/s; 
(b) 4300 rev/s. 
rad/s 


. (a) w= (n=), 


(b) 


o4 


0.1 0.2 0.3 0.4 0.5 
x (m) 


361 


This page intentionally left blank 


Our whole built environment, from 
modern bridges to skyscrapers, has 
required architects and engineers to 
determine the forces and stresses 
within these structures. The object is 
to keep these structures static—that 
is, not in motion, especially not 
falling down. 


CONTENTS 

1 The Conditions for Equilibrium 
2 Solving Statics Problems 

3 Stability and Balance 

4 Elasticity; Stress and Strain 

5 Fracture 


*6 Trusses and Bridges 


a7 Arches and Domes 


Jerry Driendl/Taxi/Getty Images 


Static Equilibrium; 
Elasticity and Fracture 


CHAPTER-OPENING QUESTION— Guess Now! 


[Don’t worry about getting the right answer now—the idea is to get your preconceived notions 


AP Wide World Photos 


out on the table. ] 
The diving board shown here is held by two supports at A and B. 
Which statement is true about the forces exerted on the diving board 
at A and B? 
(a) F, is down, Fp is up, and Fzis larger than F4. 
(b) Both forces are up and Fyis larger than F4. 
(c) F, is down, Fg is up, and Fis larger than Fg. ; 
(d) Both forces are down and approximately equal. & 
(e) Fp is down, F, is up, and they are equal. 


e now study a special case in mechanics—when the net force and 

the net torque on an object, or system of objects, are both zero. In this 

case both the linear acceleration and the angular acceleration of the 

object or system are zero. The object is either at rest, or its center of 
mass is moving at constant velocity. We will be concerned mainly with the first 
situation, in which the object or objects are at rest. 

We will see how to determine the forces (and torques) that act within a FIGURE 1 Elevated walkway 
structure. Just how and where these forces act can be very important for buildings, collapse in a Kansas City hotel in 
bridges, and other structures, and in the human body. 1981. How a simple physics 

Statics is concerned with the calculation of the forces acting on and within ae wk E et 
structures that are in equilibrium. Determination of these forces, which occupies us te ce din Esample 9 
in the first part of this Chapter, then allows a determination of whether the j 
structures can sustain the forces without significant deformation or fracture, since 
any material can break or buckle if too much force is applied (Fig. 1). 


Note: Sections marked with an asterisk (*) may be considered optional by the instructor . 


From Chapter 12 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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Normal force 


Gravity 


FIGURE 2 The book is in 
equilibrium; the net force on it is zero. 


FIGURE 3 Example 1. 


Static Equilibrium; Elasticity and Fracture 


1 The Conditions for Equilibrium 


Objects in daily life have at least one force acting on them (gravity). If they are at 
rest, then there must be other forces acting on them as well so that the net force is 
zero. A book at rest on a table, for example, has two forces acting on it, the down- 
ward force of gravity and the normal force the table exerts upward on it (Fig. 2). 
Because the book is at rest, Newton’s second law tells us the net force on it is zero. 
Thus the upward force exerted by the table on the book must be equal in magnitude 
to the force of gravity acting downward on the book. Such an object is said to be 
in equilibrium (Latin for “equal forces” or “balance”) under the action of these 
two forces. 

Do not confuse the two forces in Fig. 2 with the equal and opposite forces of 
Newton’s third law, which act on different objects. Here, both forces act on the 
same object; and they add up to zero. 


The First Condition for Equilibrium 


For an object to be at rest, Newton’s second law tells us that the sum of the forces 
acting on it must add up to zero. Since force is a vector, the components of the net 
force must each be zero. Hence, a condition for equilibrium is that 


=F, = 0, =F, = 0, =F, = 0. (D 
We will mainly be dealing with forces that act in a plane, so we usually need only 
the x and y components. We must remember that if a particular force component 


points along the negative x or y axis, it must have a negative sign. Equations 1 are 
called the first condition for equilibrium. 


Chandelier cord tension. Calculate the tensions Fy, and Fp in 
the two cords that are connected to the vertical cord supporting the 200-kg chan- 
delier in Fig. 3. Ignore the mass of the cords. 


APPROACH We need a free-body diagram, but for which object? If we choose 
the chandelier, the cord supporting it must exert a force equal to the chandelier’s 
weight mg = (200kg)(9.8 m/s?) = 1960 N. But the forces F, and Fp don’t get 
involved. Instead, let us choose as our object the point where the three cords join 
(it could be a knot). The free-body diagram is then as shown in Fig. 3a. The three 
forces—F', , Fẹ , and the tension in the vertical cord equal to the weight of the 200-kg 
chandelier—act at this point where the three cords join. For this junction point we 
write XF = 0 and XF, = 0, since the problem is laid out in two dimensions. The 
directions of F, and Fẹ are known, since tension in a cord can only be along the 
cord—any other direction would cause the cord to bend. Thus, our unknowns are the 
magnitudes F, and Fg. 
SOLUTION We first resolve F, into its horizontal (x) and vertical (y) compo- 
nents. Although we don’t know the value of Fa, we can write (see Fig. 3b) 
Fax = —Facos60° and Fay = Fasin60°. Fp has only an x component. In the vertical 
direction, we have the downward force exerted by the vertical cord equal to the 
weight of the chandelier = (200 kg)(g), and the vertical component of F, upward: 
ZF, = 0 
F,sin60° — (200kg)(g) = 0 


so 
(200 kg)g 


A “sin 60° 
In the horizontal direction, with =F, = 0, 
=F, = Fg — Facos60° = 0. 


= (231kg)g = 2260N. 


Thus 
Fg = Facos60° = (231kg)(g)(0.500) = (115kg)g = 1130N. 


The magnitudes of F, and Fp determine the strength of cord or wire that must be 
used. In this case, the cord must be able to hold more than 230 kg. 


| EXERCISE A In Example 1, F', has to be greater than the chandelier’s weight, mg. Why? 
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The Second Condition for Equilibrium 


Although Eqs. 1 are a necessary condition for an object to be in equilibrium, they 
are not always a sufficient condition. Figure 4 shows an object on which the net 
force is zero. Although the two forces labeled F add up to give zero net force on 
the object, they do give rise to a net torque that will rotate the object. Referring to 
Èr = Ia, we see that if an object is to remain at rest, the net torque applied to it 
(calculated about any axis) must be zero. Thus we have the second condition for 
equilibrium: that the sum of the torques acting on an object, as calculated about 
any axis, must be zero: 


Er = 0. (2) 


This condition will ensure that the angular acceleration, a, about any axis will be 
zero. If the object is not rotating initially (œ = 0), it will not start rotating. Equa- 
tions 1 and 2 are the only requirements for an object to be in equilibrium. 

We will mainly consider cases in which the forces all act in a plane (we call it the 
xy plane). In such cases the torque is calculated about an axis that is perpendicular to 
the xy plane. The choice of this axis is arbitrary. If the object is at rest, then Èr = 0 
about any axis whatever. Therefore we can choose any axis that makes our calculation 
easier. Once the axis is chosen, all torques must be calculated about that axis. 


A lever. The bar in Fig. 5 is being used as a lever 

to pry up a large rock. The small rock acts as a fulcrum (pivot point). The force Fp 
required at the long end of the bar can be quite a bit smaller than the rock’s weight 
mg, since it is the torques that balance in the rotation about the fulcrum. If, however, 
the leverage isn’t sufficient, and the large rock isn’t budged, what are two ways to 
increase the leverage? 
RESPONSE One way is to increase the lever arm of the force Fpby slipping a pipe 
over the end of the bar and thereby pushing with a longer lever arm. A second way 
is to move the fulcrum closer to the large rock. This may change the long lever arm 
R only a little, but it changes the short lever arm r by a substantial fraction and 
therefore changes the ratio of R/r dramatically. In order to pry the rock, the torque 
due to Fpmust at least balance the torque due to mg; that is, mgr = Fp R and 

r Fp 


R m 
With r smaller, the ae mg can be balanced with less force Fp.The ratio of the 
load force to your applied force (= mg/Fp here)is the mechanical advantage of 
the system, and here equals R/r. A lever is a “simple machine.” Another simple 
machine is the pulley. 


EXERCISE B For simplicity, we wrote the equation in Example 2 as if the lever were 
perpendicular to the forces. Would the equation be valid even for a lever at an angle as 
shown in Fig. 5? 


2 Solving Statics Problems 


The subject of statics is important because it allows us to calculate certain forces on (or 
within) a structure when some of the forces on it are already known. We will mainly 
consider situations in which all the forces act in a plane, so we can have two force 
equations (x and y components) and one torque equation, for a total of three 
equations. Of course, you do not have to use all three equations if they are not 
needed. When using a torque equation, a torque that tends to rotate the object 
counterclockwise is usually considered positive, whereas a torque that tends to rotate it 
clockwise is considered negative. (But the opposite convention would be okay too.) 

One of the forces that acts on objects is the force of gravity. We can consider the 
force of gravity on an object as acting at its center of gravity (CG) or center of mass 
(cm), which for practical purposes are the same point. For uniform symmetrically 
shaped objects, the CG is at the geometric center. 

There is no single technique for attacking statics problems, but the following 
procedure may be helpful. 


FIGURE 4 Although the net force 
on it is zero, the ruler will move 
(rotate). A pair of equal forces acting 
in opposite directions but at different 
points on an object (as shown here) is 
referred to as a couple. 


Ay CAUTION 

Axis choice for Xr = 0 is arbitrary. 
All torques must be calculated 
about the same axis. 


Q@) puysics APPLIED 
The lever 


FIGURE 5 Example 2. 
A lever can “multiply” your force. 


PROBLEM SOLVING 


Tt > 0 counterclockwise 
Tt < 0 clockwise 
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Statics 


1. Choose one object at a time for consideration. 
Make a careful free-body diagram by showing all 
the forces acting on that object, including gravity, 
and the points at which these forces act. If you 
aren’t sure of the direction of a force, choose a 
direction; if the actual direction is opposite, your 
eventual calculation will give a result with a minus 
sign. 

2. Choose a convenient coordinate system, and resolve 
the forces into their components. 


3. Using letters to represent unknowns, write down the 
equilibrium equations for the forces: 


XF, = 0 and ZF, = 0, 


assuming all the forces act in a plane. 
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My 


(a) 2 


E, = gg Fy = mpg 
(b) 
FIGURE 6 (a) Two children ona 3 


Balancing a seesaw 


4. For the torque equation, 


. Solve these equations for the unknowns. Three equa- 


Èr = 0, 

choose any axis perpendicular to the xy plane that 
might make the calculation easier. (For example, you 
can reduce the number of unknowns in the resulting 
equation by choosing the axis so that one of the 
unknown forces acts through that axis; then this force 
will have zero lever arm and produce zero torque, and 
so won’t appear in the torque equation.) Pay careful 
attention to determining the lever arm for each force 
correctly. Give each torque a + or — sign to indicate 
torque direction. For example, if torques tending to 
rotate the object counterclockwise are positive, then 
those tending to rotate it clockwise are negative. 


tions allow a maximum of three unknowns to be solved 
for. They can be forces, distances, or even angles. 


Balancing a seesaw. A board of mass M = 2.0kg serves as a 
seesaw for two children, as shown in Fig. 6a. Child A has a mass of 30 kg and sits 


2.5m from the pivot point, P (his center of gravity is 2.5m from the pivot). At 


=30kg p 


mg = 25 kg 
ed 
B 
2.5 m— X i 
ks 
d 


P 


SOLUTION 


what distance x from the pivot must child B, of mass 25kg, place herself to 
balance the seesaw? Assume the board is uniform and centered over the pivot. 


APPROACH We follow the steps of the Problem Solving Strategy above. 


7 1. Free-body diagram. We choose the board as our object, and assume it is 
Ey horizontal. Its free-body diagram is shown in Fig. 6b. The forces acting on the 


board are the forces exerted downward on it by each child, F, and Fx, the 
upward force exerted by the pivot Fy, and the force of gravity on the board 
(= Mg) which acts at the center of the uniform board. 

2. Coordinate system. We choose y to be vertical, with positive upward, and x 


horizontal to the right, with origin at the pivot. 


seesaw, Example 3. (b) Free-body 
diagram of the board. 


. Force equation. All the forces are in the y (vertical) direction, so 


XF, = 0 


Fy MAS 


mgg — Mg = 0, 


where Fa = mag and Fg = mpg because each child is in equilibrium when 


the seesaw is balanced. 


4. Torque equation. Let us calculate the torque about an axis through the 
board at the pivot point, P. Then the lever arms for Fy and for the weight 
of the board are zero, and they will contribute zero torque about point P. 
Thus the torque equation will involve only the forces F, and Fp, which are 
equal to the weights of the children. The torque exerted by each child will be 
mg times the appropriate lever arm, which here is the distance of each child 
from the pivot point. Hence the torque equation is 


=r = 0 


mag(2.5m) — mggx + Mg(Om) + Fy(Om) = 0 


or 


mag(2.5m) — mggx = 0, 


where two terms were dropped because their lever arms were zero. 
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5. Solve. We solve the torque equation for x and find 


ma 30k 
= 2.5 = 
aa a ANE ak 
To balance the seesaw, child B must sit so that her cm is 3.0m from the pivot 
point. This makes sense: since she is lighter, she must sit farther from the pivot 


than the heavier child in order to provide equal torque. 


s (25 m) = 3.0m. 


EXERCISE C We did not need to use the force equation to solve Example 3 because of our 
choice of the axis. Use the force equation to find the force exerted by the pivot. 


Figure 7 shows a uniform beam that extends beyond its support like a diving 
board. Such a beam is called a cantilever. The forces acting on the beam in Fig. 7 
are those due to the supports, F, and Fp, and the force of gravity which acts at the 
cG, 5.0m to the right of the right-hand support. If you follow the procedure of the 
last Example and calculate F4 and Fg, assuming they point upward as shown in 
Fig. 7, you will find that F a comes out negative. If the beam has a mass of 1200 kg 
and a weight mg = 12,000N, then Fz = 15,000N and Fa = —3000N (see 
Problem 9). Whenever an unknown force comes out negative, it merely means that 
the force actually points in the opposite direction from what you assumed. Thus in 
Fig. 7, F, actually points downward. With a little reflection it should become clear 
that the left-hand support must indeed pull downward on the beam (by means of 
bolts, screws, fasteners and/or glue) if the beam is to be in equilibrium; otherwise 
the sum of the torques about the cG (or about the point where Fp acts) could not 
be zero. 


EXERCISE D Return to the Chapter-Opening Question and answer it again now. Try to 
explain why you may have answered differently the first time. 


Force exerted by biceps muscle. How much force must the 
biceps muscle exert when a 5.0-kg ball is held in the hand (a) with the arm 
horizontal as in Fig. 8a, and (b) when the arm is at a 45° angle as in Fig. 8b? The 
biceps muscle is connected to the forearm by a tendon attached 5.0 cm from the 
elbow joint. Assume that the mass of forearm and hand together is 2.0kg and 
their CG is as shown. 


APPROACH The free-body diagram for the forearm is shown in Fig. 8; the forces are 
the weights of the arm and ball, the upward force Fy exerted by the muscle, and a 
force F, exerted at the joint by the bone in the upper arm (all assumed to act 
vertically). We wish to find the magnitude of Fy, which is done most easily by 
using the torque equation and by choosing our axis through the joint so that F, 
contributes zero torque. 
SOLUTION (a) We calculate torques about the point where F; acts in Fig. 8a. The 
Èr = 0 equation gives 
(0.050 m)Fy — (0.15 m)(2.0kg)g — (0.35m)(5.0kg)g = 0. 

We solve for Fy: 

(0.15 m)(2.0kg)g + (0.35 m)(5.0kg)g 

= 0.050 m 

(b) The lever arm, as calculated about the joint, is reduced by the factor cos 45° 
for all three forces. Our torque equation will look like the one just above, except 
that each term will have its lever arm reduced by the same factor, which will 
cancel out. The same result is obtained, Fy = 400N. 
NOTE The force required of the muscle (400 N) is quite large compared to the 
weight of the object lifted (= mg = 49 N). Indeed, the muscles and joints of the 
body are generally subjected to quite large forces. 


= (41kg)g = 400N. 


EXERCISE E How much mass could the person in Example 4 hold in the hand with a 
biceps force of 450 N if the tendon was attached 6.0 cm from the elbow instead of 5.0 cm? 
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Cantilever 


PROBLEM SOLVING 


20.0 m 


If a force comes out negative 


‘| 


FIGURE 7 A cantilever. The force 
vectors shown are hypothetical—one 
may even have a different direction. 
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Forces in muscles and joints 


FIGURE 8 Example 4. 


(a) 


(b) 


i 


(5.0 kg)g 
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FIGURE 9 Example 5. 
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Our next Example involves a beam that is attached to a wall by a hinge and is 
supported by a cable or cord (Fig. 9). It is important to remember that a flexible 
cable can support a force only along its length. (If there were a component of force 
perpendicular to the cable, it would bend because it is flexible.) But for a rigid 
device, such as the hinge in Fig. 9, the force can be in any direction and we can 
know the direction only after solving the problem. The hinge is assumed small and 
smooth, so it can exert no internal torque (about its center) on the beam. 


Hinged beam and cable. A uniform beam, 2.20m long with 
mass m = 25.0 kg, is mounted by a small hinge on a wall as shown in Fig. 9. The 
beam is held in a horizontal position by a cable that makes an angle 
0 = 30.0°. The beam supports a sign of mass M = 28.0kg suspended from 
its end. Determine the components of the force Fy that the (smooth) hinge 
exerts on the beam, and the tension Frin the supporting cable. 

APPROACH Figure 9 is the free-body diagram for the beam, showing all the 
forces acting on the beam. It also shows the components of Fy and a guess for Fy. 
We have three unknowns, Fyx, Fuy, and Fy; (we are given 0), so we will need all 
three equations, YF, = 0, XF, =0, =r =Q. 

SOLUTION The sum of the forces in the vertical (y) direction is 


ZF, = 0 
Fuy + Fry — mg — Mg = 0. (i) 
In the horizontal (x) direction, the sum of the forces is 
XF, = 0 
Fuy — Fry = 0. (ii) 


For the torque equation, we choose the axis at the point where Er and M act (so 
our equation then contains only one unknown, Fyy). We choose torques that tend 
to rotate the beam counterclockwise as positive. The weight mg of the (uniform) 
beam acts at its center, so we have 


=r = 0 
—(Fyy)(2.20 m) + mg(1.10m) = 0. 
We solve for Fyy: 


(110m 7 ae = 
Fay = (Sp) = (0.500)(25.0kg)(9.80 m/s?) = 123N. diii) 


Next, since the tension F; in the cable acts along the cable (@ = 30.0°), we see 
from Fig. 9 that tan@ = Fyy/F yx, or 


Fry = Fry tan@ = Fy,(tan30.0°) = 0.577 Fry. (iv) 

Equation (i) above gives 
Fry (m + M)g — Fyy = (53.0 kg)(9.80 m/s’) — 123N = 396N; 

Equations (iv) and (ii) give 

Fry = Fyy/0.577 = 687N; 

Fux = Fry = 687N. 
The components of F,, are Puy = 123N and Fy, = 687N. The tension in the 
wire is Fy = \/F2, + FA, = 793N. 
Alternate Solution Let us see the effect of choosing a different axis for calculating 


torques, such as an axis through the hinge. Then the lever arm for Fy is zero, and 
the torque equation (=7 = 0) becomes 


—mg(1.10m) — Mg(2.20m) + Fr,(2.20m) = 0. 
We solve this for Fy and find 


Pry = “ g + Mg = (12.5kg + 28.0 kg)(9.80 m/s?) = 397N. 


We get the same result, within the precision of our significant figures. 


NOTE It doesn’t matter which axis we choose for 27 = 0. Using a second axis 
can serve as a check. 
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Ladder. A 5.0-m-long ladder leans against a smooth wall at a 
point 4.0m above a cement floor as shown in Fig. 10. The ladder is uniform and 
has mass m = 12.0kg. Assuming the wall is frictionless (but the floor is not), 
determine the forces exerted on the ladder by the floor and by the wall. 
APPROACH Figure 10 is the free-body diagram for the ladder, showing all the forces 
acting on the ladder. The wall, since it is frictionless, can exert a force only perpendic- 
ular to the wall, and we label that force Fy. The cement floor exerts a force Fe which 
has both horizontal and vertical force components: Fc, is frictional and Fy is the 
normal force. Finally, gravity exerts a force mg = (12.0kg)(9.80 m/s”) = 
118N on the ladder at its midpoint, since the ladder is uniform. 

SOLUTION Again we use the equilibrium conditions, =F, = 0, =Fy = 0 
Xr = 0. We will need all three since there are three unknowns: Fw, Fc¢;,and 
Fcy.The y component of the force equation is 

IF, = Foy — mg = 0, 
so immediately we have 

Foy = mg = 118N. 
The x component of the force equation is 

XF, = Fo. — Fw = 0. 
To determine both Fcxand Fy ,we need a torque equation. If we choose to calculate 
torques about an axis through the point where the ladder touches the cement floor, 
then Fc, which acts at this point, will have a lever arm of zero and so won’t enter the 
equation. The ladder touches the floor a distance Xp = vy (5.0 m)? — (4.0m)? = 
3.0m from the wall (right triangle, ° = a’ + b’). 
The lever arm for mg is half this, or 1.5 m, and the lever arm for Fwis 4.0 m, Fig. 
10. We get 


= (4.0m)Fw — (15m)mg = 0. 


(1.5 m)(12.0kg)(9.8 m/s’) 


Fy = 40 = 44N. 
Om 
Then, from the x component of the force equation, 


Fo, = Fw = 44N. 
Since the components of Fe are Foy = 44N and Fey = 118 N, then 
Fo = V(4NP + (118N} = 126N ~ 130N 
(rounded off to two significant figures), and it acts at an angle to the floor of 
0 = tan !(118N/44N) = 70°. 
NOTE The force Fc does not have to act along the ladder’s direction because the 
ladder is rigid and not flexible like a cord or cable. 


Thus 


EXERCISE F Why is it reasonable to ignore friction along the wall, but not reasonable to 
ignore it along the floor? 


3 Stability and Balance 


An object in static equilibrium, if left undisturbed, will undergo no translational or 
rotational acceleration since the sum of all the forces and the sum of all the 
torques acting on it are zero. However, if the object is displaced slightly, three 
outcomes are possible: (1) the object returns to its original position, in which case 
it is said to be in stable equilibrium; (2) the object moves even farther from its 
original position, and it is said to be in unstable equilibrium; or (3) the object 
remains in its new position, and it is said to be in neutral equilibrium. 

Consider the following examples. A ball suspended freely from a string is in 
stable equilibrium, for if it is displaced to one side, it will return to its original 
position (Fig. 11a) due to the net force and torque exerted on it. On the other hand, 
a pencil standing on its point is in unstable equilibrium. If its center of gravity is 
directly over its tip (Fig. 11b), the net force and net torque on it will be zero. But if it 
is displaced ever so slightly as shown—say, by a slight vibration or tiny air current— 
there will be a torque on it, and this torque acts to make the pencil continue to fall 
in the direction of the original displacement. Finally, an example of an object in 
neutral equilibrium is a sphere resting on a horizontal tabletop. If it is placed slightly 
to one side, it will remain in its new position—no net torque acts on it. 


Xo 


FIGURE 10 A ladder leaning 
against a wall. Example 6. 


FIGURE 11 (a) Stable equilibrium, 
and (b) unstable equilibrium. 


force 


(b) 
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FIGURE 12 Equilibrium of a 
refrigerator resting on a flat floor. 


FIGURE 13 Humans adjust their 
posture to achieve stability when 
carrying loads. 


FIGURE 14 Hooke’s law: 
Af œ applied force. 
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In most situations, such as in the design of structures and in working with the 
human body, we are interested in maintaining stable equilibrium, or balance, as we 
sometimes say. In general, an object whose center of gravity (CG) is below its point 
of support, such as a ball on a string, will be in stable equilibrium. If the CG is above 
the base of support, we have a more complicated situation. Consider a standing 
refrigerator (Fig. 12a). If it is tipped slightly, it will return to its original position due 
to the torque on it as shown in Fig. 12b. But if it is tipped too far, 
Fig. 12c, it will fall over. The critical point is reached when the CG shifts from one 
side of the pivot point to the other. When the CG is on one side, the torque pulls the 
object back onto its original base of support, Fig. 12b. If the object is tipped further, 
the CG goes past the pivot point and the torque causes the object to topple, Fig. 12c. 
In general, an object whose center of gravity is above its base of support will be 
stable if a vertical line projected downward from the cG falls within the base of 
support. This is because the normal force upward on the object (which balances out 
gravity) can be exerted only within the area of contact, so if the force of gravity acts 
beyond this area, a net torque will act to topple the object. 

Stability, then, can be relative. A brick lying on its widest face is more stable 
than a brick standing on its end, for it will take more of an effort to tip it over. In 
the extreme case of the pencil in Fig. 11b, the base is practically a point and the 
slightest disturbance will topple it. In general, the larger the base and the lower the 
CG, the more stable the object. 

In this sense, humans are less stable than four-legged mammals, which have a 
larger base of support because of their four legs, and most also have a lower center 
of gravity. When walking and performing other kinds of movement, a person 
continually shifts the body so that its CG is over the feet, although in the normal 
adult this requires no conscious thought. Even as simple a movement as bending 
over requires moving the hips backward so that the CG remains over the feet, and 
you do this repositioning without thinking about it. To see this, position yourself 
with your heels and back to a wall and try to touch your toes. You won’t be able to 
do it without falling. People carrying heavy loads automatically adjust their 
posture so that the CG of the total mass is over their feet, Fig. 13. 


4 Elasticity; Stress and Strain 


In the first part of this Chapter we studied how to calculate the forces on objects in 
equilibrium. In this Section we study the effects of these forces: any object changes 
shape under the action of applied forces. If the forces are great enough, the object 
will break, or fracture, as we will discuss in Section 5. 


Elasticity and Hooke’s Law 


If a force is exerted on an object, such as the vertically suspended metal rod shown 
in Fig. 14, the length of the object changes. If the amount of elongation, A£, 
is small compared to the length of the object, experiment shows that A£ is 
proportional to the force exerted on the object. This proportionality can be written 
as an equation: 
F = kA. (3) 
Here F represents the force pulling on the object, A£ is the change in length, and k 
is a proportionality constant. Equation 3, which is sometimes called Hooke’s law’ 
after Robert Hooke (1635-1703), who first noted it, is found to be valid for almost 
any solid material from iron to bone—but it is valid only up to a point. For if the 
force is too great, the object stretches excessively and eventually breaks. 
Figure 15 shows a typical graph of applied force versus elongation. Up to a 
point called the proportional limit, Eq. 3 is a good approximation for many 


The term “law” applied to this relation is not really appropriate, since first of all, it is only an approxi- 
mation, and second, it refers only to a limited set of phenomena. Most physicists prefer to reserve the 
word “law” for those relations that are deeper and more encompassing and precise, such as Newton’s 
laws of motion or the law of conservation of energy. 
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common materials, and the curve is a straight line. Beyond this point, the graph 
deviates from a straight line, and no simple relationship exists between F and Ag. 
Nonetheless, up to a point farther along the curve called the elastic limit, the object 
will return to its original length if the applied force is removed. The region from the 
origin to the elastic limit is called the elastic region. If the object is stretched beyond 
the elastic limit, it enters the plastic region: it does not return to the original length 
upon removal of the external force, but remains permanently deformed (such as a 
bent paper clip). The maximum elongation is reached at the breaking point. The 
maximum force that can be applied without breaking is called the ultimate strength 
of the material (actually, force per unit area, as we discuss in Section 5). 


Young’s Modulus 


The amount of elongation of an object, such as the rod shown in Fig. 14, depends not 
only on the force applied to it, but also on the material of which it is made and on its 
dimensions. That is, the constant k in Eq. 3 can be written in terms of these factors. 

If we compare rods made of the same material but of different lengths and 
cross-sectional areas, it is found that for the same applied force, the amount of 
stretch (again assumed small compared to the total length) is proportional to the 
original length and inversely proportional to the cross-sectional area. That is, 
the longer the object, the more it elongates for a given force; and the thicker it is, the 
less it elongates. These findings can be combined with Eq. 3 to yield 


At = ——h, (4) 


where & is the original length of the object, A is the cross-sectional area, and Af is the 
change in length due to the applied force F. E is a constant of proportionality’ known 
as the elastic modulus, or Young’s modulus; its value depends only on the material. 
The value of Young’s modulus for various materials is given in Table 1 (the shear 
modulus and bulk modulus in this Table are discussed later in this Section). Because 
E is a property only of the material and is independent of the object’s size or shape, 
Eq. 4 is far more useful for practical calculation than Eq. 3. 


‘The fact that E is in the denominator, so 1/E is the actual proportionality constant, is merely a 
convention. When we rewrite Eq. 4 to get Eq. 5, E is found in the numerator. 


TABLE 1 Elastic Moduli 


Young’s Modulus, Shear Modulus, Bulk Modulus, 


Ultimate strength 


Proportional limit go 
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Elongation, A£ 


FIGURE 15 Applied force vs. 
elongation for a typical metal under 
tension. 


Material E (N/m?) G (N/m?) B (N/m’) 
Solids 
Iron, cast 100 x 10° 40 x 10° 90 x 10° 
Steel 200 x 10° 80 x 10° 140 x 10° 
Brass 100 x 10° 35 Xx 10° 80 x 10° 
Aluminum TO Se O aS x 70 x 10° 
Concrete 20 x 10° 
Brick 14 x 10° 
Marble 50 x 10° 70 x 10° 
Granite 45° 107 45 x 10° 
Wood (pine) (parallel to grain) 10 x 10° 
(perpendicular to grain) I 
Nylon 5x0 
Bone (limb) B 80 x 10° 
Liquids 
Water 2.0 X 10° 
Alcohol (ethyl) 1.0 x 10° 
Mercury 25 x W 
Gases’ 
Air, H, , He, CO, 1.01 x 105 


*At normal atmospheric pressure; no variation in temperature during process. 
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FIGURE 16 Stress exists within the 
material. 
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Tension in piano wire. A 1.60-m-long steel piano wire has a 
diameter of 0.20 cm. How great is the tension in the wire if it stretches 0.25 cm 
when tightened? 


APPROACH We assume Hooke’s law holds, and use it in the form of Eq. 4, 
finding E for steel in Table 1. 

SOLUTION We solve for F in Eq. 4 and note that the area of the wire is 
A = ar’ = (3.14)(0.0010 m} = 3.14 x 10% m°. Then 

Ag (om m 


F = EČ A = (20 X 10" N/m? 
rA ( moa 


Jes x 10° m?) = 980N. 


NOTE The large tension in all the wires in a piano must be supported by a 
strong frame. 


EXERCISE G Two steel wires have the same length and are under the same tension. But wire A 
has twice the diameter of wire B. Which of the following is true? (a) Wire B stretches twice as 
much as wire A. (b) Wire B stretches four times as much as wire A. (c) Wire A stretches 
twice as much as wire B. (d) Wire A stretches four times as much as wire B. (e) Both wires 
stretch the same amount. 


Stress and Strain 


From Eq. 4, we see that the change in length of an object is directly proportional to 
the product of the object’s length £) and the force per unit area F/A applied to it. It 
is general practice to define the force per unit area as the stress: 

force F 


stress = = —, 
area A 


which has SI units of N/m’. Also, the strain is defined to be the ratio of the change 
in length to the original length: 
change in length Ag 


train = =—, 
a original length Ly 


and is dimensionless (no units). Strain is thus the fractional change in length of the 
object, and is a measure of how much the rod has been deformed. Stress is applied 
to the material by external agents, whereas strain is the material’s response to the 
stress. Equation 4 can be rewritten as 


F Ag 
— z= E rate 
A rA (5) 
or 
F/A stress 
E = = : 


Al/Ly strain 


Thus we see that the strain is directly proportional to the stress, in the linear 
(elastic) region of Fig. 15. 


Tension, Compression, and Shear Stress 


The rod shown in Fig. 16a is said to be under tension or tensile stress. Not only is 
there a force pulling down on the rod at its lower end, but since the rod is in 
equilibrium, we know that the support at the top is exerting an equal’ upward 
force on the rod at its upper end, Fig. 16a. In fact, this tensile stress exists 
throughout the material. Consider, for example, the lower half of a suspended 
rod as shown in Fig. 16b. This lower half is in equilibrium, so there must be an 
upward force on it to balance the downward force at its lower end. What exerts 
this upward force? It must be the upper part of the rod. Thus we see that 
external forces applied to an object give rise to internal forces, or stress, within 
the material itself. 


‘Or a greater force if the weight of the rod cannot be ignored compared to F. 
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Strain or deformation due to tensile stress is but one type of stress to which 
materials can be subjected. There are two other common types of stress: compressive 
and shear. Compressive stress is the exact opposite of tensile stress. Instead of being 
stretched, the material is compressed: the forces act inwardly on the object. Columns 
that support a weight, such as the columns of a Greek temple (Fig. 17), are subjected 
to compressive stress. Equations 4 and 5 apply equally well to compression and 
tension, and the values for the modulus £E are usually the same. 


F F 
Ato Ls a A | a 
A Alk 
lo lo S 
I 
i | 
l bo 
I 
$ 
| | 
F F F <— 
Tension Compression Shear 
(a) (b) (c) 


FIGURE 18 The three types of stress for rigid objects. 


Figure 18 compares tensile and compressive stresses as well as the third type, 
shear stress. An object under shear stress has equal and opposite forces applied 
across its opposite faces. A simple example is a book or brick firmly attached to a 
tabletop, on which a force is exerted parallel to the top surface. The table exerts an 
equal and opposite force along the bottom surface. Although the dimensions of the 
object do not change significantly, the shape of the object does change, Fig. 18c. An 
equation similar to Eq. 4 can be applied to calculate shear strain: 


Al = ——h, (6) 


but A£, £,, and A must be reinterpreted as indicated in Fig. 18c. Note that A is the 
area of the surface parallel to the applied force (and not perpendicular as 
for tension and compression), and A£ is perpendicular to €). The constant of 
proportionality G is called the shear modulus and is generally one-half to one-third 
the value of Young’s modulus E (see Table 1). Figure 19 suggests why Af œ £: the 
fatter book shifts more for the same shearing force. 


Volume Change— Bulk Modulus 


If an object is subjected to inward forces from all sides, its volume will decrease. A 
common situation is an object submerged in a fluid; in this case, the fluid exerts a 
pressure on the object in all directions. Pressure is defined as force per unit area, 
and thus is the equivalent of stress. For this situation the change in volume, AV, is 
proportional to the original volume, V),and to the change in the pressure, AP. We 
thus obtain a relation of the same form as Eq. 4 but with a proportionality 
constant called the bulk modulus B: 


AV 1 
— = -ZAP 7 
V, B (7) 
or 
-c Ap. 
AV/Vo 


The minus sign means the volume decreases with an increase in pressure. 

Values for the bulk modulus are given in Table 1. Since liquids and gases do 
not have a fixed shape, only the bulk modulus (not the Young’s or shear moduli) 
applies to them. 


Douglas C. Giancoli 


FIGURE 17 This Greek temple, in 
Agrigento, Sicily, built 2500 years ago, 
shows the post-and-beam construction. 
The columns are under compression. 


FIGURE 19 The fatter book (a) 
shifts more than the thinner book (b) 
with the same applied shear force. 


(b) 


Mary Teresa Giancoli 
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Compression 


FIGURE 20 Fracture as a result of 
the three types of stress. 
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5 Fracture 


If the stress on a solid object is too great, the object fractures, or breaks (Fig. 20). 
Table 2 lists the ultimate strengths for tension, compression, and shear for a variety 
of materials. These values give the maximum force per unit area, or stress, that an 
object can withstand under each of these three types of stress for various types of 
material. They are, however, representative values only, and the actual value for a 
given specimen can differ considerably. It is therefore necessary to maintain a safety 
factor of from 3 to perhaps 10 or more—that is, the actual stresses on a structure 
should not exceed one-tenth to one-third of the values given in the Table. You may 
encounter tables of “allowable stresses” in which appropriate safety factors have 
already been included. 


TABLE 2 Ultimate Strengths of Materials (force/area) 


Compressive 
Tensile Strength Strength Shear Strength 

Material (N/m?) (N/m?) (N/m?) 
Iron, cast 170 x 10° 550 x 10° 170 x 10° 
Steel 500 x 10° 500 x 10° 250 x 10° 
Brass 250 x 10° 250 x 10° 200 x 10° 
Aluminum 200 x 10° 200 x 10° 200 x 10° 
Concrete 2 x 10° 20) x 110° 210° 
Brick 35 x 10° 
Marble 80 x 10° 
Granite 170 x 10° 
Wood (pine) (parallel to grain) 40 x 10° 35) < 10° 5 x 10° 

(perpendicular to grain) 10 x 10° 
Nylon 500 x 10° 
Bone (limb) 130 x 10° 170 x 10° 


CW EE ESTIMATE | Breaking the piano wire. The steel piano wire we 
discussed in Example 7 was 1.60m long with a diameter of 0.20cm. Approxi- 
mately what tension force would break it? 


APPROACH We set the tensile stress F/A equal to the tensile strength of steel 
given in Table 2. 

SOLUTION The area of the wire is A = mr’, where r = 0.10cm = 1.0 X 10° m. 
Table 2 tells us 


F j 
Z = 500 x 10°N/m?, 


so the wire would likely break if the force exceeded 


F = (500 x 10°N/m?)(z)(1.0 x 103m) = 1600N. 


As can be seen in Table 2, concrete (like stone and brick) is reasonably strong 
under compression but extremely weak under tension. Thus concrete can be used as 
vertical columns placed under compression, but is of little value as a beam because it 
cannot withstand the tensile forces that result from the inevitable sagging of the lower 
edge of a beam (see Fig. 21). 


FIGURE 21 A beam sags, at least a little (but is 


exaggerated here), even under its own weight. The beam 
thus changes shape: the upper edge is compressed, and 
the lower edge is under tension (elongated). Shearing ae i 
stress also occurs within the beam. Tension 


Compression 
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Reinforced concrete, in which iron rods are embedded in the concrete 
(Fig. 22), is much stronger. Stronger still is prestressed concrete, which also contains 
iron rods or a wire mesh, but during the pouring of the concrete, the rods or wire 
are held under tension. After the concrete dries, the tension on the iron is released, 
putting the concrete under compression. The amount of compressive stress is care- 
fully predetermined so that when loads are applied to the beam, they reduce the 
compression on the lower edge, but never put the concrete into tension. 


A tragic substitution. Two walkways, one above 
the other, are suspended from vertical rods attached to the ceiling of a high hotel 
lobby, Fig. 23a. The original design called for single rods 14 m long, but when such 
long rods proved to be unwieldy to install, it was decided to replace each long rod 
with two shorter ones as shown schematically in Fig. 23b. Determine the net force 
exerted by the rods on the supporting pin A (assumed to be the same size) for 
each design. Assume each vertical rod supports a mass m of each bridge. 


RESPONSE The single long vertical rod in Fig. 23a exerts an upward force equal 
to mg on pin A to support the mass m of the upper bridge. Why? Because the 
pin is in equilibrium, and the other force that balances this is the downward 
force mg exerted on it by the upper bridge (Fig. 23c). There is thus a shear stress 
on the pin because the rod pulls up on one side of the pin, and the bridge pulls 
down on the other side. The situation when two shorter rods support the bridges 
(Fig. 23b) is shown in Fig. 23d, in which only the connections at the upper bridge 
are shown. The lower rod exerts a force mg downward on the lower of the two 
pins because it supports the lower bridge. The upper rod exerts a force 2mg on 
the upper pin (labelled A) because the upper rod supports both bridges. Thus we 
see that when the builders substituted two shorter rods for each single long one, 
the stress in the supporting pin A was doubled. What perhaps seemed like a 
simple substitution did, in fact, lead to a tragic collapse in 1981 with a loss of life 
of over 100 people (see Fig. 1). Having a feel for physics, and being able to make 
simple calculations based on physics, can have a great effect, literally, on 
people’s lives. 


Shear on a beam. A uniform pine beam, 3.6m long and 
9.5cm X 14cm in cross section, rests on two supports near its ends, as shown in 
Fig. 24. The beam’s mass is 25 kg and two vertical roof supports rest on it, each 
one-third of the way from the ends. What maximum load force F, can each of the 
roof supports exert without shearing the pine beam at its supports? Use a safety 
factor of 5.0. 


APPROACH The symmetry present simplifies our calculation. We first find the 
shear strength of pine in Table 2 and use the safety factor of 5.0 to get F from 
F/A = (shear strength). Then we use Èr = 0 to find F,. 


SOLUTION Each support exerts an upward force F (there is symmetry) that can 
be at most (see Table 2) 


1 1 
F= 5 AS x 10°N/m?) = 5 (0.095 m)(0.14m)(5 x 10°N/m?) = 13,000N. 
To determine the maximum load force F,,we calculate the torque about the left 
end of the beam (counterclockwise positive): 
Er = —F, (1.2m) — (25kg)(9.8m/s?)(1.8m) — F,(2.4m) + F(3.6m) = 0 


so each of the two roof supports can exert 


(13,000 N)(3.6m) — (250N)(1.8m) 


F, = (a + 24) = 13,000N. 


The total mass of roof the beam can support is (2)(13,000 N)/(9.8 m/s”) = 2600 kg. 


Grant Smith/Construction Photography.com 


FIGURE 22 Steel rods around 
which concrete is poured for strength. 
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FIGURE 23 Example 9. 
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FIGURE 24 Example 10. 
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FIGURE 25 A truss bridge. 


FIGURE 26 A roof truss. 


FIGURE 27 (a) Each massless strut 
(or rod) of a truss is assumed to be 
under tension or compression. 

(b) The two equal and opposite 
forces must be along the same 

line or a net torque would exist. 

(c) Real struts have mass, so the 
forces F, and F, at the joints do not 
act precisely along the strut. 

(d) Vector diagram of part (c). 
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*6 Trusses and Bridges 


A beam used to span a wide space, as for a bridge, is subject to strong stresses of 
all three types as we saw in Fig. 21: compression, tension and shear. A basic engi- 
neering device to support large spans is the truss, an example of which is shown in 
Fig. 25. Wooden truss bridges were first designed by the great architect Andrea 
Palladio (1518-1580), famous for his design of public buildings and villas. With the 
introduction of steel in the nineteenth century, much stronger steel trusses came 
into use, although wood trusses are still used to support the roofs of houses and 
mountain lodges (Fig. 26). 

Basically, a truss is a framework of rods or struts joined together at their ends 
by pins or rivets, always arranged as triangles. (Triangles are relatively stable, as 
compared to a rectangle, which easily becomes a parallelogram under sideways 
forces and then collapses.) The place where the struts are joined by a pin is called 
a joint. 

It is commonly assumed that the struts of a truss are under pure compression 
or pure tension—that is, the forces act along the length of each strut, Fig. 27a. 
This is an ideal, valid only if a strut has no mass and supports no weight along 
its length, in which case a strut has only two forces on it, at the ends, as shown 
in Fig. 27a. If the strut is in equilibrium, these two forces must be equal 
and opposite in direction (SF = 0). But couldn’t they be at an angle, as in 
Fig. 27b? No, because then 27 would not be zero. The two forces must 
act along the strut if the strut is in equilibrium. But in a real case of a strut 
with mass, there are three forces on the strut, as shown in Fig. 27c, and F, 
and F, do not act along the strut; the vector diagram in Fig. 27d shows 
Sf =F +É + mg = 0. Can you see why F, and F, both point above the strut? 
(Do Èr about each end.) 


F 


Tension 


Compression 


(a) (b) 


(d) 


Consider again the simple beam in Example 5, Fig. 9. The force Fy at the pin is 
not along the beam, but acts at an upward angle. If that beam were massless, we 
see from Eq. (iii) in Example 5 with m = 0, that Fyy = 0, and Fy would be 
along the beam. 

The assumption that the forces in each strut of a truss are purely along the 
strut is still very useful whenever the loads act only at the joints and are much 
greater than the weight of the struts themselves. 
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A truss bridge. Determine the tension or compression in each of 
the struts of the truss bridge shown in Fig. 28a. The bridge is 64m long and supports 
a uniform level concrete roadway whose total mass is 1.40 x 10°kg. Use the 
method of joints, which involves (1) drawing a free-body diagram of the truss as a 
whole, and (2) drawing a free-body diagram for each of the pins (joints), one by one, 
and setting =F = 0 for each pin. Ignore the mass of the struts. Assume all triangles 
are equilateral. 


APPROACH Any bridge has two trusses, one on each side of the roadway. Consider 
only one truss, Fig. 28a, and it will support half the weight of the roadway. That is, 
our truss supports a total mass M = 7.0 X 10°kg. First we draw a free-body 
diagram for the entire truss as a single unit, which we assume rests on supports at 
either end that exert upward forces F, and F,, Fig. 28b. We assume the mass of the 
roadway acts entirely at the center, on pin C, as shown. From symmetry we can see 
that each of the end supports carries half the weight [or do a torque equation about, 
say, point A: (F)(£) — Mg(£/2) = Qj, so 
F, = F, = 3Mg. 

SOLUTION We look at pin A and apply =F = 0 to it. We label the forces on 
pin A due to each strut with two subscripts: Fàg means the force exerted by the 
strut AB and Fy¢ is the force exerted by strut AC. Fas and Fac act along their 
respective struts; but not knowing whether each is compressive or tensile, we could 
draw four different free-body diagrams, as shown in Fig. 28c. Only the one on the left 
could provide =F = 0, so we immediately know the directions of Fx, and Fact 
These forces act on the pin. The force that pin A exerts on strut AB is opposite in 
direction to Fy, (Newton’s third law), so strut AB is under compression and strut 
AC is under tension. Now let’s calculate the magnitudes of Fy, and Fac. At pin A: 


=F, = Fac — Fagcos60 = 0 
XF, = Fı — Fagsin60° = 0. 
Thus 
F; 3Mg 1 


- z= = Mg, 
sin 60 1V3 V3 


which equals (7.0 x 10°kg)(9.8 m/s?)/ V3 = 4.0 x 10°N; and 


Fag = 


Fac = Fagcos60 = — Meg. 


Next we look at pin B, and Fig. 28d is the free-body diagram. [Convince yourself that if 
Fpp or Fgc were in the opposite direction, SF could not be zero; note that 
Fpa = —Fap (and Fpa = Fap) because now we are at the opposite end of strut AB] 
We see that BC is under tension and BD compression. (Recall that the forces on the 
struts are opposite to the forces shown which are on the pin.) We set =F = 0: 


=F, = Fpgacos60° + Fgccos60° — Fep = 0 
XF, = Fgasin60° — Fgcsin60° = 0. 


Then, because Fga = Fag, we have 


1 
Fgc = Fag = wo 
and 
Fgp = Fapgcos60° + Fgccos 60° = l Mg(3) } l Mg) = : Mg. 
V3 va vV 


The solution is complete. By symmetry, Fpe = Fap.Fcr = Fac, and Fep = Fec. 


NOTE As a check, calculate 2F', and =F, for pin C and see if they equal zero. 
Figure 28e shows the free-body diagram. 


‘Tf we were to choose the direction of a force on a diagram opposite to what it really is, we would get a 
minus sign. 
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(c) Pin A (different guesses) 
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Example 11. (a) A truss bridge. 
Free-body diagrams: 

(b) for the entire truss, 

(c) for pin A (different guesses), 
(d) for pin B and (e) for pin C. 
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FIGURE 29 (a) Truss with truck of 
mass m at center of strut AC. 
(b) Forces on strut AC. 
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Esbin/Anderson/Omni-Photo Communications, Inc. 


FIGURE 30 Suspension 
bridges (Brooklyn and Manhattan 
bridges, NY). 


FIGURE 31 Example 12. 
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Example 11 put the roadway load at the center, C. Now consider a heavy 
load, such as a heavy truck, supported by strut AC at its middle, as shown in 
Fig. 29a. The strut AC sags under this load, telling us there is shear stress in strut 
AC. Figure 29b shows the forces exerted on strut AC: the weight of the truck mg, 
and the forces F, and Fe that pins A and C exert on the strut. [Note that F, does 
not appear because it is a force (exerted by external supports) that acts on pin A, 
not on strut AC.] The forces that pins A and C exert on strut AC will act not only 
along the strut, but will have vertical components too, perpendicular to the strut 
to balance the weight of the truck, mg, creating shear stress. The other struts, not 
bearing weight, remain under pure tension or compression. An early step in the 
solution is to calculate the forces F, and Fc by using torque equations for 
the strut. 

For very large bridges, truss structures are too heavy. One solution is to build 
suspension bridges, with the load being carried by relatively light suspension cables 
under tension, supporting the roadway by means of closely spaced vertical wires, as 
shown in Fig. 30, and in the photo on the first page of this Chapter. 


Suspension bridge. Determine the shape of the cable 
between the two towers of a suspension bridge (as in Fig. 30), assuming the 
weight of the roadway is supported uniformly along its length. Ignore the weight 
of the cable. 


APPROACH We take x = 0, y = 0 at the center of the span, as shown in Fig. 31. Let 
F be the tension in the cable at x = 0; it acts horizontally as shown. Let Frbe the 
tension in the cable at some other place where the horizontal coordinate is x, as 
shown. This section of cable supports a portion of the roadway whose weight w is 
proportional to the distance x, since the roadway is assumed uniform; that is, 


w= Ax 


where A is the weight per unit length. 
SOLUTION We set XF = 0: 


Fy = Frcosé — Fr = 0 
XF, = Fysind -w = 0. 


We divide these two equations, 


w Ax 
tan@ = —— = =: 
Fro Fro 
The slope of our curve (the cable) at any point is 
dy 
— = t 
ir an0 
or 
a *, 
dx — Fi = 


We integrate this: 


À 
dy = j fea 
| 7 Fo 


y 
where we set A = à/F- and B is a constant of integration. This is just the equa- 
tion of a parabola. 


NOTE Real bridges have cables that do have mass, so the cables hang only 
approximately as a parabola, although often it is quite close. 


I 
> 
o 
+ 
by 
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“7 Arches and Domes 


There are various ways that engineers and architects can span a space, such as 
beams, trusses, and suspension bridges. In this Section we discuss arches and domes. 


James Forte/National Geographic Society/Corbis 


= 

5 

E 

i) 

ie 

3 

A 
FIGURE 32 Round arches in the FIGURE 33 An arch is used here to good 
Roman Forum. The one in the effect in spanning a chasm on the 
background is the Arch of Titus. California coast. 


The semicircular arch (Figs. 32 and 33) was introduced by the ancient Romans ® PHYSICS APPLIED 

2000 years ago. Aside from its aesthetic appeal, it was a tremendous technological Architecture: Beams, arches 
innovation. The advantage of the “true” or semicircular arch is that, if well and domes 
designed, its wedge-shaped stones experience stress which is mainly compressive 
even when supporting a large load such as the wall and roof of a cathedral. 
Because the stones are forced to squeeze against one another, they are mainly 
under compression (see Fig. 34). Note, however, that the arch transfers horizontal 
as well as vertical forces to the supports. A round arch consisting of many well- 
shaped stones could span a very wide space. However, considerable buttressing on 
the sides is needed to support the horizontal components of 
the forces. 


= =| FIGURE 34 Stones in a round 
arch (see Fig. 32) are mainly 
— A under compression. 


The pointed arch came into use about A.D. 1100 and became the hallmark of 
the great Gothic cathedrals. It too was an important technical innovation, and was 
first used to support heavy loads such as the tower and arch of a cathedral. 
Apparently the builders realized that, because of the steepness of the pointed 
arch, the forces due to the weight above could be brought down more nearly 
vertically, so less horizontal buttressing would be needed. The pointed arch 
reduced the load on the walls, so there could be more openness and light. The FIGURE 35 Flying buttresses 
smaller buttressing needed was provided on the outside by graceful flying (on the cathedral of Notre Dame, 
buttresses (Fig. 35). in Paris). 


Douglas C. Giancoli 
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FIGURE 36 (a) Forces in a round 
arch, compared (b) with those in a 
pointed arch. 


Giovanni Paolo Panini (Roman, 1691-1765), 
“Interior of the Pantheon, Rome,” c. 1734. Oil 
on canvas, 1.280 X .990 (50 1/2 X 39); framed, 
1.441 X 1.143 (56 3/4 X 45). Samuel H. Kress 
Collection. Photograph ©2001 Board of 
Trustees, National Gallery of Art, Washington. 
1939.1.24.(135)/PA. Photo by Richard Carafelli 


FIGURE 37 Interior of the 
Pantheon in Rome, built almost 
2000 years ago. This view, showing the 
great dome and its central opening 
for light, was painted about 1740 by 
Panini. Photographs do not capture 
its grandeur as well as this painting 
does. 
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To make an accurate analysis of a stone arch is quite difficult in practice. But 
if we make some simplifying assumptions, we can show why the horizontal 
component of the force at the base is less for a pointed arch than for a round 
one. Figure 36 shows a round arch and a pointed arch, each with an 8.0-m span. 
The height of the round arch is thus 4.0m, whereas that of the pointed 
arch is larger and has been chosen to be 8.0m. Each arch supports a weight 
of 12.0 X 10N (=12,000kg xX g) which, for simplicity, we have divided into 
two parts (each 6.0 X 10‘N) acting on the two halves of each arch as shown. 
To be in equilibrium, each of the supports must exert an upward force of 
6.0 X 10'N. For rotational equilibrium, each support also exerts a horizontal 
force, Fy, at the base of the arch, and it is this we want to calculate. We 
focus only on the right half of each arch. We set equal to zero the total torque 
calculated about the apex of the arch due to the forces exerted on that half arch. 
For the round arch, the torque equation (27 = 0) is (see Fig. 36a) 


(4.0m)(6.0 X 10*N) — (2.0m)(6.0 x 10'N) — (4.0m)(Fy) = 0. 


Thus Fy = 3.0 x 10'N for the round arch. For the pointed arch, the torque 
equation is (see Fig. 36b) 


(4.0m)(6.0 x 10*N) — (2.0m)(6.0 x 10'N) — (8.0m)(Fy) = 0. 


Solving, we find that Fy = 1.5 X 10*N—only half as much as for the round arch! 
From this calculation we can see that the horizontal buttressing force required for 
a pointed arch is less because the arch is higher, and there is therefore a longer 
lever arm for this force. Indeed, the steeper the arch, the less the horizontal 
component of the force needs to be, and hence the more nearly vertical is the force 
exerted at the base of the arch. 

Whereas an arch spans a two-dimensional space, a dome—which is basically 
an arch rotated about a vertical axis—spans a three-dimensional space. The 
Romans built the first large domes. Their shape was hemispherical and some still 
stand, such as that of the Pantheon in Rome (Fig. 37), built 2000 years ago. 


FIGURE 38 The skyline of Florence, showing 
Brunelleschi’s dome on the cathedral. 


Fourteen centuries later, a new cathedral was being built in Florence. It was to 
have a dome 43 m in diameter to rival that of the Pantheon, whose construction 
has remained a mystery. The new dome was to rest on a “drum” with no external 
abutments. Filippo Brunelleschi (1377-1446) designed a pointed dome (Fig. 38), 
since a pointed dome, like a pointed arch, exerts a smaller side thrust against its 
base. A dome, like an arch, is not stable until all the stones are in place. To support 
smaller domes during construction, wooden frameworks were used. But no trees 
big enough or strong enough could be found to span the 43-m space required. 
Brunelleschi decided to try to build the dome in horizontal layers, each bonded to 
the previous one, holding it in place until the last stone of the circle was placed. 
Each closed ring was then strong enough to support the next layer. It was an 
amazing feat. Only in the twentieth century were larger domes built, the largest 
being that of the Superdome in New Orleans, completed in 1975. Its 200-m 
diameter dome is made of steel trusses and concrete. 


© acestock/Alamy 
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| Summary 


An object at rest is said to be in equilibrium. The subject 
concerned with the determination of the forces within a struc- 
ture at rest is called statics. 

The two necessary conditions for an object to be in equilib- 
rium are that (1) the vector sum of all the forces on it must be 
zero, and (2) the sum of all the torques (calculated about any 
arbitrary axis) must also be zero. For a 2-dimensional problem 
we can write 


=F, = 0, =Fy = 0, ir = 0. (1, 2) 


It is important when doing statics problems to apply the equilib- 
rium conditions to only one object at a time. 

An object in static equilibrium is said to be in (a) stable, 
(b) unstable, or (c) neutral equilibrium, depending on whether a 
slight displacement leads to (a) a return to the original position, 
(b) further movement away from the original position, or 
(c) rest in the new position. An object in stable equilibrium is 
also said to be in balance. 


Hooke’s law applies to many elastic solids, and states that the 
change in length of an object is proportional to the applied force: 
F = kdl. (3) 
If the force is too great, the object will exceed its elastic limit, 
which means it will no longer return to its original shape when 
the distorting force is removed. If the force is even greater, the 
ultimate strength of the material can be exceeded, and the 
object will fracture. The force per unit area acting on an object 
is the stress, and the resulting fractional change in length 
is the strain. The stress on an object is present within the 
object and can be of three types: compression, tension, or shear. 
The ratio of stress to strain is called the elastic modulus of the 
material. Young’s modulus applies for compression and tension, 
and the shear modulus for shear. Bulk modulus applies to an 
object whose volume changes as a result of pressure on all sides. 
All three moduli are constants for a given material when 
distorted within the elastic region. 


J Answers to Exercises 


A: F, also has a component to balance the sideways force Fp. 


B: Yes: cos @ (angle of bar with ground) appears on both sides 
and cancels out. 


C: Fy = mag + mpg + Mg = SOON. 
D: (a). 


E: 7.0kg. 


F: Static friction at the cement floor (= F¢,) is crucial, or else the 
ladder would slip. At the top, the ladder can move and adjust, so 
we wouldn’t need or expect a strong static friction force there. 


G: (b). 
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Problem Set 


Questions 


1. 


2. 


6. 


Describe several situations in which an object is not in equi- 
librium, even though the net force on it is zero. 

A bungee jumper momentarily comes to rest at the bottom 
of the dive before he springs back upward. At that moment, 
is the bungee jumper in equilibrium? Explain. 

You can find the center of gravity of a meter stick by resting 
it horizontally on your two index fingers, and then slowly 
drawing your fingers together. First the meter stick will slip 
on one finger, and then on the other, but eventually the 
fingers meet at the cG. Why does this work? 


. Your doctor’s scale has arms on which weights slide to 


counter your weight, Fig. 39. These 
weights are much lighter than you are. 
How does this work? 


Weights 


FIGURE 39 
Question 4. 


. A ground retaining wall is shown in Fig. 40a. The ground, 


particularly when wet, can exert a significant force F on the 
wall. (a) What force produces the torque to keep the wall 
upright? (b) Explain why the retaining wall in Fig. 40b would 
be much less likely to overturn than that in Fig. 40a. 


9. 


10. 


11. 


12. 


13. 


14. 


FIGURE 41 


Question 8. 


Why do you tend to lean backward when carrying a heavy 
load in your arms? 


Figure 42 shows a cone. Explain how to lay it on a flat table 
so that it is in (a) stable equilibrium, (b) unstable equilib- 
rium, (c) neutral equilibrium. 


oa 


FIGURE 42 


Question 10. 


Place yourself facing the edge of an open door. Position 
your feet astride the door with your nose and abdomen 
touching the door’s edge. Try to rise on your tiptoes. Why 
can’t this be done? 


Why is it not possible to sit upright in a chair and rise to 
your feet without first leaning forward? 

Why is it more difficult to do sit-ups when your knees are 
bent than when your legs are stretched out? 

Which of the configurations of brick, (a) or (b) of Fig. 43, is 
the more likely to be stable? Why? 


ao i 
1 
< F i? T2 
ENS 2 4 
(a) (b) 
(a) (b) 


FIGURE 40 Question 5. 


Can the sum of the torques on an object be zero while the 
net force on the object is nonzero? Explain. 


. A ladder, leaning against a wall, makes a 60° angle with the 


ground. When is it more likely to slip: when a person stands 
on the ladder near the top or near the bottom? Explain. 


A uniform meter stick supported at the 25-cm mark is in 
equilibrium when a 1-kg rock is suspended at the 0-cm end 
(as shown in Fig. 41). Is the mass of the meter stick greater 
than, equal to, or less than the mass of the rock? Explain 
your reasoning. 


15. 


FIGURE 43 Question 14. The dots indicate 

the cG of each brick. The fractions } and 4 indicate 
what portion of each brick is hanging beyond its 
support. 


Name the type of equilibrium for each position of the ball in 
Fig. 44. 


FIGURE 44 
Question 15. 


From Chapter 12 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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16. 


17. 


18. 
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Is the Young’s modulus for a bungee cord smaller or larger 
than that for an ordinary rope? 

Examine how a pair of scissors or shears cuts through a 
piece of cardboard. Is the name “shears” justified? Explain. 
Materials such as ordinary concrete and stone are very 
weak under tension or shear. Would it be wise to use such a 
material for either of the supports of the cantilever shown 
in Fig. 7? If so, which one(s)? Explain. 


20.0 m 


30.0 m | 


FIGURE 7 A cantilever. The force 
vectors shown are hypothetical—one 
may even have a different direction. 


l Problems 


4. (I) A tower crane (Fig. 48a) must always be carefully 


[The Problems in this Section are ranked I, II, or HI according to 
estimated difficulty, with (I) Problems being easiest. Level (IID) 
Problems are meant mainly as a challenge for the best students, for 
“extra credit.” The Problems are arranged by Sections, meaning that 
the reader should have read up to and including that Section, but 
this Chapter also has a group of General Problems that are not 
arranged by Section and not ranked.] 


1 and 2 Equilibrium 


1 


2. 


(I) Three forces are applied to a tree sapling, as shown in 
Fig. 45, to stabilize it. If F, = 385N and Fp = 475N, find 
Fo in magnitude and 

direction. = 


FIGURE 45 Fc 
Problem 1. 


(I) Approximately what magnitude force, Fy, must the 
extensor muscle in the upper arm exert on the lower arm to 
hold a 7.3-kg shot put (Fig. 46)? Assume the lower arm has a 
mass of 2.3 kg and its CG is 12.0cm from the elbow-joint pivot. 


FIGURE 46 
Problem 2. 


. (I) Calculate the mass m needed in order to suspend the leg 


shown in Fig. 47. Assume the leg (with cast) has a mass of 
15.0 kg, and its CG is 35.0 cm from the hip joint; the sling is 
78.0 cm from the hip joint. 


FIGURE 47 Problem 3. 


5 


balanced so that there is no net torque tending to tip it. 
A particular crane at a building site is about to lift a 
2800-kg air-conditioning unit. The crane’s dimensions are 
shown in Fig. 48b. (a) 
Where must the 
crane’s 9500-kg 
counterweight be 
placed when the 
load is lifted from 
the ground? (Note 
that the counter- 
weight is usually 
moved automatically 
via sensors and 
motors to precisely 
compensate for the 
load.) (b) Determine 
the maximum load 
that can be lifted 
with this counter- 
weight when it is 
placed at its full 
extent. Ignore the 
mass of the beam. 


Counterweight 
M = 9500 kg 


FIGURE 48 
Problem 4. (b) 


(II) Calculate the forces Fa and Fg that the supports exert 
on the diving board of Fig. 49 when a 52-kg person stands at 
its tip. (a) Ignore the weight of the board. (b) Take into 
account the board’s mass of 28 kg. Assume the board’s CG is 
at its center. 


FIGURE 49 


Problem 5. iii 


. (II) Two cords support a chandelier in the manner shown in 


Fig 3 except that the upper cord makes an angle of 45° with 
the ceiling. If the cords can sustain a force of 1660 N without 
breaking, what is the maximum chandelier weight that can 
be supported? 


James Lemass/Index Stock 


Imagery, Inc. 
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(b) Fax ” 


FIGURE 3 Example 1. 


7. (IL) The two trees in Fig. 50 are 6.6m apart. A back-packer is 
trying to lift his pack out of the reach of bears. Calculate the 
magnitude of the force F that he must exert downward to hold 
a 19-kg backpack so 
that the rope sags at 
its midpoint by (a) 
1.5m, (b) 0.15 m. 


FIGURE 50 
Problems 7 and 83. 


8. (II) A 110-kg horizontal beam is supported at each end. A 
320-kg piano rests a quarter of the way from one end. What 
is the vertical force on each of the supports? 

9. (ID) Calculate Fa and Fg for the uniform cantilever shown 
in Fig. 7 whose mass is 1200 kg. 

10. (II) A 75-kg adult sits at one end of a 9.0-m-long board. His 
25-kg child sits on the other end. (a) Where should the pivot 
be placed so that the board is balanced, ignoring the board’s 
mass? (b) Find the pivot point if the board is uniform and 
has a mass of 15 kg. 

11. (II) Find the tension in the two 
cords shown in Fig. 51. Neglect the 
mass of the cords, and assume that 
the angle @ is 33° and the mass m 


is 190 kg. 
aCe FIGURE 51 
Problem 11. 


12. (II) Find the tension in the two 
wires supporting the traffic light 
shown in Fig. 52. 


FIGURE 52 
Problem 12. 


13. 


14. 


15. 


16. 


17. 


18. 


(II) How close to the edge of the 24.0-kg table shown in 
Fig. 53 can a 66.0-kg 


person sit without : aS a 
tipping it over? ii 
0.80 m 
FIGURE 53 120m J zj 
Problem 13. 0.50 m 


(II) The force required to pull the cork out of the top of a wine 
bottle is in the range of 200 to 400N. A common 

bottle opener is shown 
in Fig. 54. What range 
of forces F is required 
to open a wine bottle 
with this device? 


FIGURE 54 
Problem 14. 


(II) Calculate Fs, and Fg for the beam shown in Fig. 55. The 
downward forces represent the weights of machinery on the 
beam. Assume the beam is uniform and has a mass of 
280 kg. 


Fa 4300N 3100 N 2200N Fs 


|—4.0 m—+}—3.0 m- 


2.0m 1.0m 
FIGURE 55 Problem 15. 


(II) (a) Calculate the magnitude of the force, Fy, required of 
the “deltoid” muscle to hold up the outstretched arm shown in 
Fig. 56. The total mass of the arm is 3.3kg. (b) Calculate the 
magnitude of the force Fy exerted by the shoulder joint on the 
upper arm and the angle (to the horizontal) at which it acts. 


mg 


2 aml 


FIGURE 56 Problems 16 and 17. 


24 cm — 


(II) Suppose the hand in Problem 16 holds an 8.5-kg mass. 
What force, Fy, is required of the deltoid muscle, assuming 
the mass is 52 cm from the shoulder joint? 


(II) Three children are trying to balance on a seesaw, which 
includes a fulcrum rock acting as a pivot at the center, 
and a very light board 3.2m long (Fig. 57). Two playmates 
are already on either end. Boy A has a mass of 45 kg, and 
boy B a mass of 35kg. Where should girl C, whose mass is 
25 kg, place herself so as to balance the seesaw? 
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19. 


20. 


21. 


22. 
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x —| a 
SN 
m=25 kg 


FIGURE 57 Problem 18. 


(II) The Achilles tendon is attached to the rear of the foot as 
shown in Fig. 58. When a person elevates himself just barely off 
the floor on the “ball of one foot,” estimate the tension Fp in 
the Achilles tendon (pulling upward), and the (downward) 
force Fp exerted by 

the lower leg bone F; 
on the foot. Assume Achilles 
the person has a tendon 
mass of 72 kg and D 
is twice as long as d. 


Leg bone 


N Ball of foot 
œ (pivot point) 
N 


FIGURE 58 
Problem 19. 


(II) A shop sign weighing 215N is supported by a uniform 
155-N beam as shown 
in Fig. 59. Find the 


tension in the guy wire 
and the horizontal and 
vertical forces exerted by 35.0° 
the hinge on the beam. e) 
1 1.35 m — 
1.70 m 
FIGURE 59 wani ; 
Problem 20. leah 


(II) A traffic light hangs from a pole as shown in Fig. 60. The 
uniform aluminum pole AB is 7.20 m long and has a mass of 
12.0 kg. The mass of the traffic light is 21.5 kg. Determine (a) 
the tension in the 
horizontal massless 
cable CD, and (b) 
the vertical and hori- 
zontal components 
of the force exerted 
by the pivot A on 
the aluminum pole. 


FIGURE 60 
Problem 21. 


(11) A uniform steel beam has a mass of 940 kg. On it is 
resting half of an identical beam, as shown in Fig. 61. 
What is the vertical 


-= 
support force at sult 
each end? °M 
l r i 
FIGURE 61 | 
Problem 22. 


23. 


24. 


25. 


26. 


27. 


28. 


29, 


(ID) Two wires run from the top of a pole 2.6m tall that 
supports a volleyball net. The 
two wires are anchored to 
the ground 2.0m apart, and 
each is 2.0m from the pole 
(Fig. 62). The tension in each 
wire is 115N. What is the 
tension in the net, assumed 
horizontal and attached at the 
top of the pole? 


FIGURE 62 
Problem 23. 
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(II) A large 62.0-kg board is propped at a 45° angle against 
the edge of a barn door that is 2.6 m wide. How great a hori- 
zontal force must a person behind the door exert (at the 
edge) in order to open it? Assume that there is negligible 
friction between the door and the board but that the board 
is firmly set against the ground. 

(II) Repeat Problem 24 assuming the coefficient of friction 
between the board and the door is 0.45. 

(II) A 0.75-kg sheet hangs from a massless clothesline as 
shown in Fig. 63. The clothesline on either side of the sheet 
makes an angle of 3.5° with the horizontal. Calculate the 
tension in the clothesline on either side of the sheet. Why is 
the tension so 
much greater than 
the weight of the 
sheet? 


FIGURE 63 
Problem 26. 


(II) A uniform rod AB of length 5.0m and mass M = 3.8 kg 
is hinged at A and held in equilibrium by a light cord, as 
shown in Fig. 64. A load W = 22N hangs from 
the rod at a distance x so that the tension in 

the cord is 85N. (a) Draw a free-body 
diagram for the rod. (b) Determine 
the vertical and horizontal 
forces on the rod exerted by the 
hinge. (c) Determine d from the 
appropriate torque equation. 


FIGURE 64 
Problem 27. 
(II) A 56.0-kg person stands 2.0m from the bottom of the 
stepladder shown in Fig. 65. Determine (a) the tension in 
the horizontal tie rod, which is halfway up the ladder, (b) the 
normal force the ground exerts on each side of the ladder, 
and (c) the force (magnitude and direc- 
tion) that the left side of the ladder 
exerts on the right side at the hinge on 
the top. Ignore the mass of the ladder 
and assume the ground is frictionless. 
[Hint: Consider free-body diagrams for 
each section of the ladder.] 
FIGURE 65 
Problem 28. 


(III) A door 2.30m high and 1.30m wide has a mass of 
13.0kg. A hinge 0.40m from the top and another hinge 
0.40 m from the bottom each support half the door’s weight 
(Fig. 66). Assume that the center of gravity is at the 


k-1.8 m—> 


30. 


31. 


32. 
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geometrical center of the door, and 
determine the horizontal and 
vertical force components exerted 
by each hinge on the door. 


FIGURE 66 
Problem 29. 


(IID) A cubic crate of side s = 2.0 m is top-heavy: its CG is 18 cm 
above its true center. How steep an incline can the crate rest on 
without tipping over? What would your answer be if the crate 
were to slide at constant speed down the plane without tipping 
over? [Hint: The normal force would act at the lowest corner.] 
(IIL) A refrigerator is approximately a uniform rectangular 
solid 1.9m tall, 1.0m wide, and 0.75 m deep. If it sits upright 
on a truck with its 1.0-m dimension in the direction of travel, 
and if the refrigerator cannot slide on the truck, how rapidly 
can the truck accelerate without tipping the refrigerator over? 
[Hint: The normal force would act at one corner.] 

(II) A uniform ladder of mass m and length £ leans at an 
angle @ against a frictionless wall, Fig. 67. If the 
coefficient of static friction between the ladder 
and the ground is us, determine a formula for 

the minimum angle at which the ladder will 
not slip. 


FIGURE 67 
Problem 32. 


3 Stability and Balance 


33. 


(II) The Leaning Tower of Pisa is 55m tall and about 7.0m in 
diameter. The top is 4.5 m off center. Is the tower in stable equi- 
librium? If so, how much farther can it lean before it becomes 
unstable? Assume the tower is of uniform composition. 


4 Elasticity; Stress and Strain 


34. 


35. 


36. 


37. 


38. 


39, 


40. 


(I) A nylon string on a tennis racket is under a tension of 
275 N. If its diameter is 1.00 mm, by how much is it length- 
ened from its untensioned length of 30.0 cm? 

(I) A marble column of cross-sectional area 1.4 m? supports 
a mass of 25,000kg. (a) What is the stress within the 
column? (b) What is the strain? 

(I) By how much is the column in Problem 35 shortened if 
it is 8.6m high? 

(I) A sign (mass 1700 kg) hangs from the end of a vertical 
steel girder with a cross-sectional area of 0.012 m°. (a) What is 
the stress within the girder? (b) What is the strain on the 
girder? (c) If the girder is 9.50m long, how much is it 
lengthened? (Ignore the mass of the girder itself.) 

(11) How much pressure is needed to compress the volume 
of an iron block by 0.10%? Express your answer in N/m’, 
and compare it to atmospheric pressure (1.0 10° N/m’). 
(II) A 15-cm-long tendon was found to stretch 3.7 mm by a force 
of 13.4N. The tendon was approximately round with an average 
diameter of 8.5 mm. Calculate Young’s modulus of this tendon. 
(1D) At depths of 2000 m in the sea, the pressure is about 200 
times atmospheric pressure (1 atm = 1.0 X 10°N/m’). By 
what percentage does the interior space of an iron bathy- 
sphere’s volume change at this depth? 


41. 


(II) A pole projects horizontally from the front wall of a shop. 
A 6.1-kg sign hangs from the pole at a point 2.2m from the 
wall (Fig. 68). (a) What is the torque due to this sign calculated 
about the point where the pole meets the wall? (b) If the pole 
is not to fall off, there must be another torque exerted to 


balance it. What exerts this 
torque? Use a diagram to show 
how this torque must act. (c) 
Discuss whether compression, H — 2.2 m—+| 
tension, and/or shear play a role in 5 
part (b). f 
Q 
FIGURE 68 D 
Problem 41. Sear 
5 Fracture 


42. 


43. 


45. 


47. 


(1I) The femur bone in the human leg has a minimum effec- 
tive cross section of about 3.0 cm? (=3.0 x 10-*m?’). How 
much compressive force can it withstand before breaking? 
(II) (a) What is the maximum tension possible in a 
1.00-mm-diameter nylon tennis racket string? (b) If you 
want tighter strings, what do you do to prevent breakage: 
use thinner or thicker strings? Why? What causes strings to 
break when they are hit by the ball? 


. (ID) If a compressive force of 3.3 X 104 N is exerted on the end 


of a 22-cm-long bone of cross-sectional area 3.6 cm?, (a) will 
the bone break, and (b) if not, by how much does it shorten? 
(II) (a) What is the minimum cross-sectional area required 
of a vertical steel cable from which is suspended a 270-kg 
chandelier? Assume a safety factor of 7.0. (b) If the cable is 
7.5m long, how much does it elongate? 


. (II) Assume the supports of the uniform cantilever shown in 


Fig. 69 (m = 2900kg) are made of wood. Calculate the 
minimum cross-sectional area _. 
required of each, assuming a 
safety factor of 9.0. 


FIGURE 69 
Problem 46. 


(II) An iron bolt is used to connect two iron plates together. 
The bolt must withstand shear forces up to about 3300 N. 
Calculate the minimum diameter for the bolt, based on a 
safety factor of 7.0. 


. (III) A steel cable is to support an elevator whose total 


(loaded) mass is not to exceed 3100kg. If the maximum 
acceleration of the elevator is 1.2 m/s’, calculate the diam- 
eter of cable required. Assume a safety factor of 8.0. 


*6 Trusses and Bridges 


*49, 


(II) A heavy load Mg = 66.0kN hangs at point E of the 
single cantilever truss shown in Fig. 70. (a) Use a torque 
equation for the truss as a whole to determine the tension 
F in the support cable, and then determine the force F, on 
the truss at pin A. (b) Determine the force in each member 
of the truss. Neglect the weight 
of the trusses, which is 
small compared to the 


Cable 


load. 3.0m 
E A 
q 
FIGURE 70 
Problem 49. Mg = 66.0 kN 
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*50. (II) Figure 71 shows a simple truss that carries a load 
at the center (C) of 1.35 x 10*N. B 
(a) Calculate the force on each strut at fa) 
the pins, A, B, C, D, and (b) determine 
which struts (ignore their masses) 
are under tension and which ICONES 
under compression. = ores 

FIGURE 71 — c ae 

Problem 50. 

*51. (II) (a) What minimum cross-sectional area must the trusses 
have in Example 11 of “Static Equilibrium; Elasticity and 
Fracture” if they are of steel (and all the same size for 
looks), using a safety factor of 7.0? (b) If at any time the 
bridge may carry as many as 60 trucks with an average mass 
of 1.3 X 10*kg, estimate again the area needed for the truss 
members. 

*52. (II) Consider again Example 11 but this time assume the 
roadway is supported uniformly so that } its mass M 
(=7.0 x 10°kg) acts at the center and į M at each end support 
(think of the bridge as two spans, AC and CE, so the center 
pin supports two span ends). Calculate the magnitude of the 
force in each truss member and compare to Example 11. 


*53. (II) The truss shown in Fig. 72 supports a railway bridge. 
Determine the compressive or tension force in each strut if 
a 53-ton (1 ton = 10°kg) train locomotive is stopped at the 
midpoint between the center and one end. Ignore the 
masses of the rails and truss, and use only 4 the mass of 
train because there are two trusses (one on each side of 
the train). Assume all triangles are equilateral. [Hint: See 
Fig. 29.] 


General Problems 


FIGURE 72 Problem 53. 


*54. (OI) Suppose in Example 11, a  23-ton truck 
(m = 23 X 10° kg) has its cm located 22 m from the left end 
of the bridge (point A). Determine the magnitude of the 
force and type of stress in each strut. [Hint: See Fig. 29.] 

*55. (II) For the “Pratt truss” shown in Fig. 73, determine the 
force on each member and whether it is tensile or compres- 
sive. Assume the truss is loaded as shown, and give results in 
terms of F. The vertical B D G 
height is a and each of | j j 
the four lower hori- 
zontal spans has 


A 


length a. C E H 
FIGURE 73 F F F 
Problem 55. p= —| 


*7 Arches and Domes 

*56. (II) How high must a pointed arch be if it is to span a space 
8.0m wide and exert one-third the horizontal force at its 
base that a round arch would? 


57. The mobile in Fig. 74 is in equilibrium. Object B has mass of 
0.748 kg. Determine the masses of objects A, C, and D. 
(Neglect the weights of the crossbars.) 


30.00 cm 


15.00 cm |5.00 cm 


FIGURE 74 Problem 57. 


58. A tightly stretched “high wire” is 36m long. It sags 2.1m 
when a 60.0-kg tightrope walker stands at its center. What is 
the tension in the wire? Is it possible to increase the tension 
in the wire so that there is no sag? 

59. What minimum horizontal force F is needed to pull a wheel 
of radius R and mass M over a step of height h as shown 


in Fig. 75 (R > h)? (a) Assume the force is applied 
at the top edge as shown. (b) Assume the force is applied 
instead at the wheel’s center. 


FIGURE 75 Problem 59. 


60. A 28-kg round table is supported by three legs equal 
distances apart on the edge. What minimum mass, placed on 
the table’s edge, will cause the table to overturn? 


61. When a wood shelf of mass 6.6 kg is fastened inside a slot in 
a vertical support as shown in Fig. 76, the support exerts a 
torque on the shelf. (a) Draw a free-body diagram for the 
shelf, assuming three vertical forces (two exerted by the 
support slot—explain why). Then calculate (b) the magni- 
tudes of the three forces and (c) the torque exerted by the 
support (about the left end of the shelf). 


+ 32.0 cm if 
FIGURE 76 
3.0 cm 
Problem 61. 
—| kk— 2.0cm T 


62. 


63. 
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A 50-story building is being planned. It is to be 180.0 m high 
with a base 46.0m by 76.0m. Its total mass will be about 
1.8 xX 10’kg, and its weight therefore about 1.8 x 10°N. 
Suppose a 200-km/h wind exerts a force of 950 N/m? over 
the 76.0-m-wide face (Fig. 77). Calculate the torque about 
the potential pivot point, the rear edge of the building 
(where Fp acts in Fig. 77), and determine whether the 
building will topple. Assume the total force of the wind 
acts at the midpoint of 
the building’s face, and 
that the building is not 
anchored in bedrock. 
[Hin Fe in Fig. 77 
represents the force that 
the Earth would exert 
on the building in the 
case where the building 
would just begin to tip.] 


FIGURE 77 Forces 

on a building subjected to 
wind (F4), gravity (mg), 
and the force Fẹ on the 
building due to the Earth 
if the building were just 
about to tip. Problem 62. 


The center of gravity of a loaded truck depends on how the 
truck is packed. If it is 4.0m high and 2.4 m wide, and its CG is 
2.2m above the ground, how steep a slope can the truck be 
parked on without tipping over (Fig. 78)? 


64. 


65. 


66. 


In Fig. 79, consider the right-hand (northernmost) section 
of the Golden Gate Bridge, which has a_ length 
dı = 343m. Assume the CG of this span is halfway between 
the tower and anchor. Determine Fy, and Fr (which act on 
the northernmost cable) in terms of mg, the weight of the 
northernmost span, and calculate the tower height A needed 
for equilibrium. Assume the roadway is supported only by 
the suspension cables, and neglect the mass of the cables and 
vertical wires. [Hint: Fr3 does not act on this section.] 


FIGURE 79 Problems 64 and 65. 


Assume that a single-span suspension bridge such as the 
Golden Gate Bridge has the symmetrical configuration indi- 
cated in Fig. 79. Assume that the roadway is uniform over the 
length of the bridge and that each segment of the suspension 
cable provides the sole support for the roadway directly 
below it. The ends of the cable are anchored to the ground 
only, not to the roadway. What must the ratio of dọ to dı be 
so that the suspension cable exerts no net horizontal force 
on the towers? Neglect the mass of the cables and the fact 
that the roadway isn’t precisely horizontal. 

When a mass of 25 kg is hung from the middle of a fixed straight 
aluminum wire, the wire sags to make an angle of 12° with 
the horizontal as shown in Fig. 80. (a) Determine the radius of 
the wire. (b) Would the Al wire break under these conditions? 
If so, what other material (see Table 2) might work? 


FIGURE 78 FIGURE 80 25 kg 
Problem 63. Problem 66. 
TABLE 2 Ultimate Strengths of Materials (force/area) 
Compressive 
Tensile Strength Strength Shear Strength 
Material (N/m?) (N/m?) (N/m?) 
Tron, cast 170 x 10° 550 x 10° 170 x 10° 
Steel 500 x 10° 500 x 10° 250 x 10° 
Brass 250 x 10° 250 x 10° AOD e 10" 
Aluminum 200 x 10° 200 x 10° 200 x 10° 
Concrete 2 sé io? 20 x 10° Dx 10" 
Brick 35 x 10° 
Marble 80 x 10° 
Granite 170 x 10° 
Wood (pine) (parallel to grain) 40 x 10° 35 x 10° 5108 
(perpendicular to grain) 10 x 10° 
Nylon 500 x 10° 
Bone (limb) 130 x 10° OR 108 


390 


67. 


68. 


69. 


70. 


71. 


72. 
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The forces acting on a 77,000-kg aircraft flying at constant 
velocity are shown in Fig. 81. The engine thrust, 
Fr = 5.0 x 10°N, acts on a line 1.6m below the cm. Deter- 
mine the drag force Fp and the distance above the cm that it 
acts. Assume Fp and Fr 
are horizontal. (Fy, is 
the “lift” force on the 
wing.) 


FIGURE 81 
Problem 67. 


A uniform flexible steel cable of weight mg is suspended 
between two points at the same elevation as shown in 
Fig. 82, where 0 = 56°. Determine the tension in the cable 
(a) at its lowest point, and (b) at the points of attachment. 
(c) What is the direction of | 
the tension force in each | 
case? o WZ 


FIGURE 82 À a 
Problem 68. 


A 20.0-m-long uniform beam weighing 650 N rests on walls A 
and B, as shown in Fig. 83. (a) Find the maximum weight of a 
person who can walk to the extreme end D without tipping 
the beam. Find the forces that the walls A and B exert on the 
beam when the person is standing: (b) at D; (c) at a point 
2.0m to the right of B; (d) 2.0m to the right of A. 


20.0 m 


k = 
k A B D 


FIGURE 83 
Problem 69. 


A cube of side £ rests on a rough floor. It is subjected to a 
steady horizontal pull F, exerted a distance h above the 
floor as shown in Fig. 84. As F is increased, the block will 
either begin to slide, or begin to tip over. Determine the 
coefficient of static friction us so that (a) the block begins to 


slide rather than tip; (b) the block t - 
begins to tip. [Hint: Where will the F 
normal force on the block act if it tips?] 2 t 
h 
FIGURE 84 
Problem 70. Grater ai oro ae 


A 65.0-kg painter is on a uniform 25-kg scaffold supported 
from above by ropes (Fig. 85). There is a 4.0-kg pail of paint 
to one side, as shown. Can the 
painter walk safely to both ends 
of the scaffold? If not, which 
end(s) is dangerous, and how 
close to the end can he approach 
safely? 


FIGURE 85 = igs 
Problem 71. 1.0m 10m 


A man doing push-ups pauses in the position shown in 
Fig. 86. His mass m = 68kg. Determine the normal force 
exerted by the 
floor (a) on each e 
hand; (b) on each 
foot. 


FIGURE 86 
Problem 72. 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


A 23-kg sphere rests between two smooth planes as shown in 
Fig. 87. Determine the 
magnitude of the force 
acting on the sphere 
exerted by each plane. 


FIGURE 87 
Problem 73. 


A 15.0-kg ball is supported from the ceiling by rope A. 
Rope B pulls downward and to 
the side on the ball. If the 
angle of A to the vertical is 22° 
and if B makes an angle of 53° 
to the vertical (Fig. 88), find 
the tensions in ropes A and B. 


FIGURE 88 
Problem 74. 


Parachutists whose chutes have failed to open have been 
known to survive if they land in deep snow. Assume that a 
75-kg parachutist hits the ground with an area of impact of 
0.30m? at a velocity of 55m/s, and that the ultimate 
strength of body tissue is 5 X 10°N/m*. Assume that the 
person is brought to rest in 1.0m of snow. Show that the 
person may escape serious injury. 

A steel wire 2.3 mm in diameter stretches by 0.030% when a 
mass is suspended from it. How large is the mass? 

A 2500-kg trailer is attached to a stationary truck at point B, 
Fig. 89. Determine the normal force exerted by the road on 
the rear tires at A, and the vertical force exerted on the 
trailer by the support B. 


FIGURE 89 Problem 77. 


The roof over a 9.0-m X 10.0-m room in a school has a total 
mass of 13,600 kg. The roof is to be supported by vertical 
wooden “2 X 4s” (actually about 4.0 cm X 9.0cm) equally 
spaced along the 10.0-m sides. How many supports are 
required on each side, and how far apart must they be? 
Consider only compression, and assume a safety factor of 12. 
A 25-kg object is being lifted by pulling on the ends of a 
1.15-mm-diameter nylon cord that goes over two 3.00-m-high 
poles that are 4.0m apart, as shown in Fig. 90. How high 
above the floor will the object be when the cord breaks? 


an 


FIGURE 90 Problem 79. 
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81. 


82. 


83. 


84. 


85. 


86. 
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A uniform 6.0-m-long ladder of mass 16.0 kg leans against a 
smooth wall (so the force exerted by the wall, Fy. is 
perpendicular to the wall). The ladder makes an angle of 
20.0° with the vertical wall, and the ground is rough. Deter- 
mine the coefficient of static friction at the base of the 
ladder if the ladder is not to slip when a 76.0-kg person 
stands three-fourths of the way up the ladder. 

There is a maximum height of a uniform vertical column 
made of any material that can support itself without buckling, 
and it is independent of the cross-sectional area (why?). 
Calculate this height for (a) steel (density 7.8 X 10° kg/m’), 
and (b) granite (density 2.7 X 10° kg/m’). 

A 95,000-kg train locomotive starts across a 280-m-long 
bridge at time t = 0. The bridge is a uniform beam of mass 
23,000 kg and the train travels at a constant 80.0 km/h. 
What are the magnitudes of the vertical forces, F4 (t) and 
F(t), on the two end supports, written as a function of time 
during the train’s passage? 

A 23.0-kg backpack is suspended midway between two trees 
by a light cord as in Fig. 50. A bear grabs the backpack and 
pulls vertically downward with a constant force, so that each 
section of cord makes an angle of 27° below the horizontal. 
Initially, without the bear pulling, the angle was 15°; the 
tension in the cord with the bear pulling is double what it 
was when he was not. Calculate the force the bear is 
exerting on the backpack. 


A uniform beam of mass M and length £ is mounted on a 
hinge at a wall as shown in Fig. 91. It is held in a horizontal 
position by a wire making an angle 0 as shown. A mass m 
is placed on the beam a distance x from the wall, and this 
distance can be varied. 
Determine, as a function of x, 
(a) the tension in the wire 
and (b) the components of 
the force exerted by the 
beam on the hinge. 


_ A 0 


m—x— i 


FIGURE 91 
Problem 84. 


Two identical, uniform beams are symmetrically set up 
against each other (Fig. 92) on a floor with 

which they have a coefficient of friction 

bs = 0.50. What is the minimum angle 

the beams can make with the floor and 

still not fall? 


FIGURE 92 / ò (o\ 


Problem 85. 


If 35 kg is the maximum mass m that a person can hold in a 
hand when the arm is positioned with a 105° angle at the 
elbow as shown in Fig. 93, what is the maximum force Fmax 
that the biceps muscle exerts on the forearm? Assume the 
forearm and hand have a total mass of 2.0 kg with a cG that 
is 15 cm from the elbow, and that the biceps muscle attaches 
5.0cm from the elbow. 


87. 


FIGURE 93 
Problem 86. 


(a) Estimate the magnitude of the force Fy the muscles 
exert on the back to support the upper body when a person 
bends forward. Use the model shown in Fig. 94b. 

(b) Estimate the magnitude and 
direction of the force Fy 12 02cm ^ 
acting on the fifth lumbar 
vertebra (exerted by 
the spine below). 


Erector spinae 


Fifth muscles Fy 


lumbar 
vertebra 


88. 


89. 


90. 


wy = 0.07w 1 
(head) 
cS wa = 0.12w x 
` (arms) 
w = Total weight 
wr = 0.46w of person 
(trunk) 
(a) (b) 


FIGURE 94 Problem 87. 


One rod of the square frame shown in Fig. 95 contains a 
turnbuckle which, when turned, can put the rod under 
tension or compression. If the turnbuckle puts rod AB 
under a compressive force F, deter- 
mine the forces produced in the other 
rods. Ignore the mass of the rods and 
assume the diagonal rods cross each 
other freely at the center without fric- 
tion. [Hint: Use the symmetry of the 
situation. ] 


A B 


FIGURE 95 - 
Problem 88. C D 


A steel rod of radius R = 15cm and length fp) stands 
upright on a firm surface. A 65-kg man climbs atop the rod. 
(a) Determine the percent decrease in the rod’s length. 
(b) When a metal is compressed, each atom throughout 
its bulk moves closer to its neighboring atom by exactly 
the same fractional amount. If iron atoms in steel are 
normally 2.0 x 107!°m apart, by what distance did this 
interatomic spacing have to change in order to produce 
the normal force required to support the man? [Note: 
Neighboring atoms repel each other, and this repulsion 
accounts for the observed normal force.] 

A home mechanic wants to raise the 280-kg engine out of a 
car. The plan is to stretch a rope vertically from the engine 
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to a branch of a tree 6.0m above, and back to the bumper 
(Fig. 96). When the mechanic climbs up a stepladder 
and pulls horizontally on ; 
the rope at its midpoint, 
the engine rises out of the 
car. (a) How much force 
must the mechanic exert to 
hold the engine 0.50m 
above its normal position? 
(b) What is the system’s 
mechanical advantage? 


FIGURE 96 
Problem 90. 


A 2.0-m-high box with a 1.0-m-square base is moved across 
a rough floor as in Fig. 97. The uniform box weighs 250 N 
and has a coefficient of static friction with the floor of 0.60. 
What minimum force must be exerted on the box 
to make it slide? What is the 

maximum height A above the floor 1.0m 

that this force can be applied saaa 
without tipping the box over? Note 
that as the box tips, the normal 
force and the friction force will act 2.0m 
at the lowest corner. 


FIGURE 97 — 
Problem 91. Fe 


You are on a pirate ship and being forced to walk the plank 
(Fig. 98). You are standing at the point marked C. The plank 
is nailed onto the deck at point A, and rests on the support 
0.75 m away from A. The center of mass of the uniform plank is 
located at point B. 
Your mass is 65kg 
and the mass of the 
plank is 45 kg. What is 
the minimum down- 
ward force the nails 
must exert on the 
plank to hold it in 
place? 


FIGURE 98 
Problem 92. 


A uniform sphere of weight mg and radius rọ is tethered to a 
wall by a rope of length £. The rope is tied to the wall a 
distance h above the contact point of the sphere, as shown in 
Fig. 99. The rope makes an angle @ with 
respect to the wall and is not in 
line with the ball’s center. The coeffi- 
cient of static friction between the wall 
and sphere is u. (a) Determine the 
value of the frictional force on the 
sphere due to the wall. [Hint: A wise 
choice of axis will make this calculation 
easy.] (b) Suppose the sphere is just on 
the verge of slipping. Derive an expres- 
sion for u in terms of A and 9. 


FIGURE 99 
Problem 93. 


*94, Use the method of joints to determine the force in each 


member of the truss shown in Fig. 100. State whether each 
member is in tension or compression. 


12,000 N 
FIGURE 100 Problem 94. 


95. A uniform ladder of mass m and length £ leans at an angle 


@ against a wall, Fig. 101. The coefficients of static friction 
between ladder—ground and ladder—wall are ug and pw, 
respectively. The ladder will be on the verge of slipping 
when both the static friction forces due to the ground and 
due to the wall take on their maximum values. (a) Show that 
the ladder will be stable if 0 = Omin, where the minimum 
angle Omin is given by 

tan Omin = eee = Lc hw): 
(b) “Leaning ladder problems” are often analyzed under the 
seemingly unrealistic assumption that the wall is frictionless 
(see Example 6 of “Static Equilibrium; Elasticity and Frac- 
ture”). You wish to investigate the magnitude of error intro- 
duced by modeling the wall as frictionless, if in reality it is 
frictional. Using the relation found in part (a), 
calculate the true value of Opin for a frictional 
wall, taking ug = uw = 0.40. Then, deter- 
mine the approximate value of Opin for 
the “frictionless wall” model by taking 
Mg = 0.40 and pw = 0. Finally, 
determine the percent deviation 
of the approximate value of 
Omin from its true value. 


FIGURE 101 
Problem 95. 


MG 


96. In a mountain-climbing technique called the “Tyrolean 


traverse,” a rope is anchored on both ends (to rocks or strong 
trees) across a deep chasm, and then a climber traverses the 
rope while attached by a sling as in Fig. 102. This technique 
generates tremendous forces in the rope and anchors, so a 
basic understanding of physics is crucial for safety. A typical 
climbing rope can undergo a tension force of perhaps 29 kN 
before breaking, and a “safety factor” of 10 is usually recom- 
mended. The length of rope used in the Tyrolean traverse 
must allow for some “sag” to remain in the recommended 
safety range. Consider a 75-kg climber at the center of a 
Tyrolean traverse, spanning a 25-m chasm. (a) To be within its 
recommended safety range, what minimum distance x must 
the rope sag? (b) If the Tyrolean traverse is set up incor- 
rectly so that the rope sags by only one-fourth the distance 
found in (a), determine the tension in the rope. Will the rope 
break? 
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FIGURE 102 
Problem 96. 


* Numerical/Computer 


*97. (II) A metal cylinder has an original diameter of 1.00 cm 
and a length of 5.00cm. A tension test was performed on 
the specimen and the data are listed in the Table. (a) Graph 
the stress on the specimen vs. the strain. (b) Considering 
only the elastic region, find the slope of the best-fit straight 
line and determine the elastic modulus of the metal. 


Load (kN) Elongation (cm) 
0 0 
1.50 0.0005 
4.60 0.0015 
8.00 0.0025 
11.00 0.0035 
11.70 0.0050 
11.80 0.0080 
12.00 0.0200 
16.60 0.0400 
20.00 0.1000 
21.50 0.2800 
19.50 0.4000 
18.50 0.4600 


*98. (III) Two springs, attached by a rope, are connected as shown 


in Fig. 103. The length AB is 40m and AC = BC. 
The spring constant of each spring is k = 20.0N/m. A 
force F acts downward at C on the rope. Graph 0 as a func- 
tion of F from 0 =0 to 75°, assuming the springs are 
unstretched at 0 = 0. 


FIGURE 103 Problem 98. 


l Answers to Odd-Numbered Problems 


1. 528 N, (1.20 x 10?)° clockwise from 27. (a) 


5. (a) Fa = 15 X 10°N down, 
Fg = 2.0 X 10°N up; 
(b) Fa = 1.8 X 10°N down, 


39. 9.6 X 10° N/m? 


| 
| 
41. (a) 1.3 X 10° m-N, clockwise; 


A Er (b) the wall; 
(c) all three are present. 
y 43. (a) 393 N; 
| x (b) thicker. 


45. (a) 3.7 X 10° m?; 


7. (a) 230N; a 
% 2100 N. (b) Fan = 51N, Fay = —9 N; (b) 2.7 x 10° m. 
9. -2.9 x 10°N, 1.5 X 10!N. (c) 2.4m. Ardem: 
11. 3400 N, 2900 N. 29. Fiop = 55.2N right, 63.7 N up, 49. (a) FT = 150 EN, PE E 
i fae: Fbottom = 55.2N left, 63.7 N up. 7 es = i > C; 
15. 6300 N, 6100 N. 31. 5.2 m/s’. A i a a 
17. 1600N. Bane iat the top: Fox = 38 kN, compression; 
19. 1400 N, 2100 N. 35. (a) 1.8 X 10° N/m’; Foc = Fan = 76 KN, compression; 
21. (a) 410N; (b) 3.5 x 107%, Fca = 114 kN, compression. 
(b) 410 N, 328 N. 37. (a) 1.4 X 10°N/m?; 51. (a) 5.5 X 10? m?; 
23. 120N. (b) 6.9 x 1076; (b) 8.6 X 107? m?. 
25. 550 N. (c) 6.6 X 10> m. 
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53. 


55. 


57. 
59. 


61. 


63. 


Static Equilibrium; Elasticity and Fracture 


Fap = Fep = For = 7.5 X 10°N, 
compression; 

Fgc = Fep = 7.5 X 10'N, tension; 
Fog = Fac = 3.7 X 10°N, tension. 


2 z 
Fag = Fig = = F, compression; 
3 
Fac = Fm = Fer = Fur = 3F, 
tension; 


Fgc = Fou = F, tension; 
2 3 
Fer = For = zE tension; 


Fgp = Fop = 2F, compression; 
For = 0. 
0.249 kg, 0.194 kg, 0.0554 kg. 


2.0cm 
(b) mg = 65N, Fright = 550 N, 
Frett = 490 N; 
(c) 11m-N. 
299, 


65. 
67. 
69. 


71. 


73. 


75. 


77. 


79. 
81. 


83. 
85. 
87. 


89. 


91. 
93. 


3.8. 
5.0 X 10°N, 3.2m. 
(a) 650N; 
(b) Fa = 0, Fg = 1300N; 
(c) Fa = 160N, Fg = 1140N; 
(d) Fa = 810N, Fg = 490N. 
He can walk only 0.95 m to the right 
of the right support, and 0.83 m to 
the left of the left support. 
Fett = 120N, Fright = 210 N. 
F/A= 
3.8 X 10°N/m? < tissue strength. 
Fx = 1.7 X 10°N, 
Fy = 7.7 X 10° N. 
2.5m. 
(a) 6500 m; 
(b) 6400 m. 
570N. 
45°. 
(a) 2.4w; 
(b) 2.6w, 32° above the horizontal. 
(a) (4.5 x 107°) %; 
(b) 9.0 x 1078 m. 
150 N, 0.83 m. 


(a) mel 1 - P ota) 


(b) E cot 0. 
ro 


5j 


m 
N 
o 
x 
o 
5o 


Stress (N/ 


Stress (N/m?) 


: Problem Set 


95. (b) 46°, 51°, 11%. 
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3.0 X 108 
2.5 x 108 


1.5 X 1084 

1.0 x 1085 

0.5 X 107 
0 


(b) 


16 X 108 
1.4 x 108 
1.2 x 108 
1.0 x 108 
8.0 x 107 
6.0 X 107 
4.0 X 107 
2.0 X 107 
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Fluids 
CHAPTER-OPENING QUESTIONS—Guess now! 


[Don't worry about getting the right answer now—the idea is to get your preconceived notions out on 
the table.| 
1. Which container has the largest pressure at the bottom? Assume each container 
holds the same volume of water. 


(a) (b) (c) (d) (e) 
The 


pressures 
are 
equal. 


2. Two balloons are tied and hang with their nearest edges about 3 cm apart. If you 
blow between the balloons (not at the balloons, but at the opening between 
them), what will happen? 

(a) Nothing. 
(b) The balloons will move closer together. 
(c) The balloons will move farther apart. 


Underwater divers and sea creatures 
experience a buoyant force (Fp) that 
closely balances their weight mg. 
The buoyant force is equal to the 
weight of the volume of fluid 
displaced (Archimedes’ principle) and 
arises because the pressure increases 
with depth in the fluid. Sea creatures 
have a density very close to that of 
water, so their weight very nearly 
equals the buoyant force. Humans 
have a density slightly less than 
water, so they can float. 

When fluids flow, interesting effects 
occur because the pressure in the fluid 
is lower where the fluid velocity is 
higher (Bernoulli’s principle). 
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2 Density and Specific Gravity 

3 Pressure in Fluids 

4 Atmospheric Pressure and 
Gauge Pressure 

5 Pascal’s Principle 

6 Measurement of Pressure; 
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. Buoyancy and Archimedes’ 
Principle 

8 Fluids in Motion; Flow Rate 
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TABLE 1 
Densities of Substancest 
Density, 
Substance p (kg/m?) 
Solids 
Aluminum 2.70 x 10° 
Tron and steel TS 36 1G" 
Copper 8.9 x 10° 
Lead iS Sie 
Gold 19.3 x 10° 
Concrete 23 x 10° 
Granite Day X iy 
Wood (typical) 0.3-0.9 x 103 
Glass,common 2.4-2.8 X 10° 
Ice (H20) 0.917 x 10° 
Bone y= Xi? 
Liquids 
Water (4°C) 1.00 x 10° 
Blood, plasma 1.03 x 10° 
Blood, whole 1.05 x 103 
Sea water 1.025 x 103 
Mercury BDE xii 
Alcohol, ethyl 0.79 x 103 
Gasoline 0.68 x 10° 
Gases 
Air 1.29 
Helium 0.179 
Carbon dioxide 1.98 
Steam 
(water, 100°C) 0.598 


‘Densities are given at 0°C and 1 atm 
pressure unless otherwise specified. 
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bjects that are solid are assumed to maintain their shape except for a 
small amount of elastic deformation. We sometimes treat objects as 
point particles. Here we are going to concentrate on materials that are 
very deformable and can flow. Such “fluids” include liquids and gases. 
We will examine fluids both at rest (fluid statics) and in motion (fluid dynamics). 


1 Phases of Matter 


The three common phases, or states, of matter are solid, liquid, and gas. We can 
distinguish these three phases as follows. A solid maintains a fixed shape and a 
fixed size; even if a large force is applied to a solid, it does not readily change in 
shape or volume. A liquid does not maintain a fixed shape—it takes on the 
shape of its container—but like a solid it is not readily compressible, and its 
volume can be changed significantly only by a very large force. A gas has 
neither a fixed shape nor a fixed volume—it will expand to fill its container. 
For example, when air is pumped into an automobile tire, the air does not all 
run to the bottom of the tire as a liquid would; it spreads out to fill the whole 
volume of the tire. Since liquids and gases do not maintain a fixed shape, they 
both have ability to flow; they are thus often referred to collectively as fluids. 

The division of matter into three phases is not always simple. How, for 
example, should butter be classified? Furthermore, a fourth phase of matter can 
be distinguished, the plasma phase, which occurs only at very high temperatures 
and consists of ionized atoms (electrons separated from the nuclei). Some scien- 
tists believe that so-called colloids (suspensions of tiny particles in a liquid) 
should also be considered a separate phase of matter. Liquid crystals, which are 
used in TV and computer screens, calculators, digital watches, and so on, can be 
considered a phase of matter intermediate between solids and liquids. However, 
for our present purposes we will mainly be interested in the three ordinary 
phases of matter. 


2 Density and Specific Gravity 


It is sometimes said that iron is “heavier” than wood. This cannot really be true 
since a large log clearly weighs more than an iron nail. What we should say is that 
iron is more dense than wood. 
The density, p, of a substance (p is the lowercase Greek letter rho) is defined 
as its mass per unit volume: 
m 


p= y () 


where m is the mass of a sample of the substance and V is its volume. Density is a 
characteristic property of any pure substance. Objects made of a particular pure 
substance, such as pure gold, can have any size or mass, but the density will be 
the same for each. 

We will sometimes use the concept of density, Eq. 1, to write the mass of an 
object as 


m = pV, 
and the weight of an object as 
mg = pVg. 

The SI unit for density is kg/m*. Sometimes densities are given in g/cm’. Note 
that since 1kg/m? = 1000 g/(100 cm)? = 10° g/10°cm? = 10° g/cm*, then a 
density given in g/cm? must be multiplied by 1000 to give the result in kg/m*. Thus 
the density of aluminum is p = 2.70g/cm*, which is equal to 2700kg/m>. The 
densities of a variety of substances are given in Table 1. The Table specifies 
temperature and atmospheric pressure because they affect the density of 


substances (although the effect is slight for liquids and solids). Note that air is 
roughly 1000 times less dense than water. 


Fluids 


Mass, given volume and density. What is the mass of a solid 
iron wrecking ball of radius 18 cm? 


APPROACH First we use the standard formula V = frr’ (see inside rear cover) to 
obtain the volume of the sphere. Then Eq. 1 and Table 1 give us the mass m. 
SOLUTION The volume of the sphere is 

V = tar = 4(3.14)(0.18m)> = 0.024 m*. 
From Table 1, the density of iron is p = 7800kg/m3, so Eq. 1 gives 

m = pV = (7800kg/m°)(0.024m*) = 190kg. 


The specific gravity of a substance is defined as the ratio of the density of that 
substance to the density of water at 4.0°C. Because specific gravity (abbreviated SG) 
is a ratio, it is a simple number without dimensions or units. The density of water is 
1.00 g/cm? = 1.00 x 10° kg/m?, so the specific gravity of any substance will be 
equal numerically to its density specified in g/cm, or 10° times its density specified 
in kg/m’. For example (see Table 1), the specific gravity of lead is 11.3, and that of 
alcohol is 0.79. 

The concepts of density and specific gravity are especially helpful in the study 
of fluids because we are not always dealing with a fixed volume or mass. 


3 Pressure in Fluids 


Pressure and force are related, but they are not the same thing. Pressure is defined 
as force per unit area, where the force F is understood to be the magnitude of the 
force acting perpendicular to the surface area A: 
F 

pressure P A (2) 
Although force is a vector, pressure is a scalar. Pressure has magnitude only. The 
SI unit of pressure is N/m’. This unit has the official name pascal (Pa), in honor 
of Blaise Pascal (see Section 5); that is, 1 Pa = 1N/m*. However, for simplicity, 
we will often use N/m’. Other units sometimes used are dynes/cm’, and Ib/in.? 
(abbreviated “psi”). Several other units for pressure are discussed, along with 
conversions between them, in Section 6. 


Calculating pressure. The two feet of a 60-kg person cover an 
area of 500 cm?. (a) Determine the pressure exerted by the two feet on the ground. 
(b) If the person stands on one foot, what will the pressure be under that foot? 


APPROACH Assume the person is at rest. Then the ground pushes up on her 
with a force equal to her weight mg, and she exerts a force mg on the ground 
where her feet (or foot) contact it. Because 1cm? = (10° m} = 10‘m’, then 
500 cm? = 0.050 m’. 


SOLUTION (a) The pressure on the ground exerted by the two feet is 


F 60 kg)(9.8 m/s? - 
pot sO) _ dioica 

A A (0.050 m°) 
(b) If the person stands on one foot, the force is still equal to the person’s 
weight, but the area will be half as much, so the pressure will be twice as much: 
24 X 10° N/m’. 


Pressure is particularly useful for dealing with fluids. It is an experimental 
observation that a fluid exerts pressure in any direction. This is well known to 
swimmers and divers who feel the water pressure on all parts of their bodies. At 
any depth in a fluid at rest, the pressure is the same in all directions at a given 
depth. To see why, consider a tiny cube of the fluid (Fig. 1) which is so small that 
we can consider it a point and can ignore the force of gravity on it. The pressure on 
one side of it must equal the pressure on the opposite side. If this weren’t true, 
there would be a net force on the cube and it would start moving. If the fluid is not 
flowing, then the pressures must be equal. 


A CAUTION 
Pressure is a scalar, not a vector 


FIGURE 1 Pressure is the same in 
every direction in a nonmoving fluid 
at a given depth. If this weren’t true, 
the fluid would be in motion. 
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FIGURE 2 If there were a 


component of force parallel to the 
solid surface of the container, the 
liquid would move in response to it. 


For a liquid at rest, Fy = 0. 


FIGURE3 Calculating the pressure 


at a depth A in a liquid. 


FIGURE 4 Forces on a flat, 
slablike volume of fluid for 


determining the pressure P at a 


height y in the fluid. 


e + dP)A 


dy 


a 


y 


= 
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For a fluid at rest, the force due to fluid pressure always acts perpendicular to 
any solid surface it touches. If there were a component of the force parallel to the 
surface, as shown in Fig. 2, then according to Newton’s third law the solid surface 
would exert a force back on the fluid that also would have a component parallel to 
the surface. Such a component would cause the fluid to flow, in contradiction to our 
assumption that the fluid is at rest. Thus the force due to the pressure in a fluid at 
rest is always perpendicular to the surface. 

Let us now calculate quantitatively how the pressure in a liquid of uniform 
density varies with depth. Consider a point at a depth h below the surface of the 
liquid, as shown in Fig. 3 (that is, the surface is a height h above this point). The 
pressure due to the liquid at this depth h is due to the weight of the column of 
liquid above it. Thus the force due to the weight of liquid acting on the area A is 
F = mg = (pV)g = pAhg, where Ah is the volume of the column of liquid, p is 
the density of the liquid (assumed to be constant), and g is the acceleration of 
gravity. The pressure P due to the weight of liquid is then 


F pAhg 
PSs ee 
A A 
P = pgh. [liquid] (3) 


Note that the area A doesn’t affect the pressure at a given depth. The fluid 
pressure is directly proportional to the density of the liquid and to the depth 
within the liquid. In general, the pressure at equal depths within a uniform liquid 
is the same. 


EXERCISE A Return to Chapter-Opening Question 1 and answer it again now. Try to explain 
why you may have answered differently the first time. 


Equation 3 tells us what the pressure is at a depth A in the liquid, due to the 
liquid itself. But what if there is additional pressure exerted at the surface of the 
liquid, such as the pressure of the atmosphere or a piston pushing down? And what 
if the density of the fluid is not constant? Gases are quite compressible and hence 
their density can vary significantly with depth. Liquids, too, can be compressed, 
although we can often ignore the variation in density. (One exception is in the 
depths of the ocean where the great weight of water above significantly compresses 
the water and increases its density.) To cover these, and other cases, we now treat 
the general case of determining how the pressure in a fluid varies with depth. 

As shown in Fig. 4, let us determine the pressure at any height y above some 
reference point’ (such as the ocean floor or the bottom of a tank or swimming 
pool). Within this fluid, at the height y, we consider a tiny, flat, slablike volume of the 
fluid whose area is A and whose (infinitesimal) thickness is dy, as shown. Let the 
pressure acting upward on its lower surface (at height y) be P. The pressure acting 
downward on the top surface of our tiny slab (at height y + dy) is designated 
P + dP. The fluid pressure acting on our slab thus exerts a force equal to PA 
upward on our slab and a force equal to (P + dP)A downward on it. The only 
other force acting vertically on the slab is the (infinitesimal) force of gravity dFg, 
which on our slab of mass dm is 


dFs = (dm)g = pgdV = pgAdy, 
where p is the density of the fluid at the height y. Since the fluid is assumed to be at 
rest, our slab is in equilibrium so the net force on it must be zero. Therefore we have 
PA — (P + dP)A — pgAdy = 0, 
which when simplified becomes 
dP 
dy 
This relation tells us how the pressure within the fluid varies with height above any 


reference point. The minus sign indicates that the pressure decreases with an 
increase in height; or that the pressure increases with depth (reduced height). 


= —ps- (4) 


*Now we are measuring y positive upwards, the reverse of what we did to get Eq. 3 where we measured 
the depth (i.e. downward as positive). 


Fluids 


If the pressure at a height y; in the fluid is P;,and at height yy it is P),then we 
can integrate Eq. 4 to obtain 


Py y2 
| dP = — | pg dy 
P, Fi 
y2 
P-P, = a] pg dy, (5) — 
a Py=Po 
where we assume p is a function of height y: p = p(y). This is a general relation, t t 
and we apply it now to two special cases: (1) pressure in liquids of uniform density 
and (2) pressure variations in the Earth’s atmosphere. h=yo-yy 


For liquids in which any variation in density can be ignored, p = constant 


and Eq. 5 is readily integrated: P=} %2 
P, — Py = —pg(y: — yı). (6a) T 

For the everyday situation of a liquid in an open container—such as water in a glass, a y1 

swimming pool, a lake, or the ocean—there is a free surface at the top exposed to the = 


atmosphere. It is convenient to measure distances from this top surface. That is, we 

let h be the depth in the liquid where h = y, — y, as shown in Fig. 5. If we let y, be FIGURE5 Pressure at a depth 
the position of the top surface, then P,represents the atmospheric pressure, Py,at the A = (y2 — yı) ina liquid of density 
top surface. Then, from Eq. 6a, the pressure P (= P,)at a depth h in the fluid is pis P = Po + pgh, where Pois the 


P = P, + pgh. [h is depth in liquid] (6b) SXternAl pressure at the liquid’s top 
Note that Eq. 6b is simply the liquid pressure (Eq. 3) plus the pressure Po due to 
the atmosphere above. 


Pressure at a faucet. The surface of the water in a storage tank is 
30m above a water faucet in the kitchen of a house, Fig. 6. Calculate the difference in FIGURE 6 Example 3. 
water pressure between the faucet and the surface of the water in the tank. 
APPROACH Water is practically incompressible, so p is constant even for 
h = 30m when used in Eq. 6b. Only h matters; we can ignore the “route” of the 


pipe and its bends. 
SOLUTION We assume the atmospheric pressure at the surface of the water | b= 
in the storage tank is the same as at the faucet. So, the water pressure K yi 30 m 
difference between the faucet and the surface of the water in the tank is | XI ` 
WANI —— A 
AP = pgh = (1.0 X 10° kg/m°)(9.8 m/s’)(30m) = 2.9 X 10° N/m?. IZNI er la 
: : : R Aa | BEH 
NOTE The height / is sometimes called the pressure head. In this Example, the = 


head of water is 30 m at the faucet. The very different diameters of the tank and 
faucet don’t affect the result—only pressure does. 


Force on aquarium window. Calculate the force due to water 
pressure exerted on a 1.0m X 3.0 m aquarium viewing window whose top edge is 
1.0 m below the water surface, Fig. 7. FIGURE 7 Example 4. 
APPROACH At a depth h, the pressure due to the water is given by Eq. 6b. 
Divide the window up into thin horizontal strips of length £ = 3.0m and thick- 
ness dy, as shown in Fig. 7. We choose a coordinate system with y = 0 at the 
surface of the water and y is positive downward. (With this choice, the minus sign 
in Eq. 6a becomes plus, or we use Eq. 6b with y = h.) The force due to water 
pressure on each strip is dF = PdA = pgyldy. 
SOLUTION The total force on the window is given by the integral: 

y,=2.0m 
| pgyl dy = 3 pgl(y3 — yi) 


y, =1.0m 


= (1000 kg/m)(9.8 m/s”)(3.0 m)[(2.0 m)? — (1.0 m)?] = 44,000 N. 
NOTE To check our answer, we can do an estimate: multiply the area of the 
window (3.0m’) times the pressure at the middle of the window (h = 1.5m) 
using Eq. 3, P = pgh = (1000 kg/m*)(9.8 m/s’)(1.5m) ~ 1.5 X 10'N/m?. So 
F = PA®& (15 x 10‘N/m’)(3.0m)(1.0m) © 4.5 x 10N. Good! 


EXERCISE B A dam holds back a lake that is 85m deep at the dam. If the lake is 20 km 
long, how much thicker should the dam be than if the lake were smaller, only 1.0 km long? 
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Now let us apply Eq. 4 or 5 to gases. The density of gases is normally quite 
small, so the difference in pressure at different heights can usually be ignored if 
yı — y,is not large (which is why, in Example 3, we could ignore the difference in 
air pressure between the faucet and the top of the storage tank). Indeed, for most 
ordinary containers of gas, we can assume that the pressure is the same 
throughout. However, if y, — y, is very large, we cannot make this assumption. An 
interesting example is the air of Earth’s atmosphere, whose pressure at sea level is 
about 1.013 x 10° N/m’ and decreases slowly with altitude. 


Elevation effect on atmospheric pressure. (a) Determine the 
variation in pressure in the Earth’s atmosphere as a function of height y above 
sea level, assuming g is constant and that the density of the air is proportional to 
the pressure. (This last assumption is not terribly accurate, in part because 
temperature and other weather effects are important.) (b) At what elevation is 
the air pressure equal to half the pressure at sea level? 

APPROACH We start with Eq. 4 and integrate it from the surface of the Earth 
where y = Oand P = Py, up to height y at pressure P. In (b) we choose P = 4P}. 
SOLUTION (a) We are assuming that p is proportional to P, so we can write 

P P 


Po Po 

where P = 1.013 xX 10°N/m? is atmospheric pressure at sea level and 
py = 1.29 kg/m? is the density of air at sea level at 0°C (Table 1). From the 
differential change in pressure with height, Eq. 4, we have 


dP = -P Po 

dy pg P,)® 
so 

a leg 

P PRE” 


We integrate this from y = 0 (Earth’s surface) and P = Po, to the height y 
where the pressure is P: 


PaP Po 

Oe S a dy 
p, P Po? Jo 
Hi is oo 

P, Py?” 


since InP — InP) = In(P/P,). Then 

Pe Po e (po8/Po)y. 
So, based on our assumptions, we find that the air pressure in our atmosphere 
decreases approximately exponentially with height. 


NOTE The atmosphere does not have a distinct top surface, so there is no natural 
point from which to measure depth in the atmosphere, as we can do for a liquid. 


(b) The constant (po g/Po) has the value 
pog (1.29 kg/m*)(9.80 m/s”) 


= 125 x 104ml. 
Po (1.013 x 10° N/m?) 
Then, when we set P = 4 Py in our expression derived in (a), we obtain 
Ts e7 (125x10 my 


or, taking natural logarithms of both sides, 
Int = (—1.25 x 10*m")y 
so (recall In} = —In2, Appendix A-7, Eq. ii) 
y = (In2.00)/(1.25 x 104m!) = 5550m. 
Thus, at an elevation of about 5500m (about 18,000 ft), atmospheric pressure 


drops to half what it is at sea level. It is not surprising that mountain climbers 
often use oxygen tanks at very high altitudes. 
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4 Atmospheric Pressure and 
Gauge Pressure 


Atmospheric Pressure 


The pressure of the air at a given place on Earth varies slightly according to the 
weather. At sea level, the pressure of the atmosphere on average is 1.013 x 10°% N/m? 
(or 14.7 Ib/in.”). This value lets us define a commonly used unit of pressure, the 
atmosphere (abbreviated atm): 


latm = 1.013 x 10°N/m? = 101.3kPa. 


Another unit of pressure sometimes used (in meteorology and on weather maps) 
is the bar, which is defined as 


1bar = 1.000 x 10° N/m’. 


Thus standard atmospheric pressure is slightly more than 1 bar. 

The pressure due to the weight of the atmosphere is exerted on all objects 
immersed in this great sea of air, including our bodies. How does a human body 
withstand the enormous pressure on its surface? The answer is that living cells 
maintain an internal pressure that closely equals the external pressure, just as the 
pressure inside a balloon closely matches the outside pressure of the atmosphere. 
An automobile tire, because of its rigidity, can maintain internal pressures much 
greater than the external pressure. 


Finger holds water in a straw. You insert 
a straw of length £ into a tall glass of water. You place your finger over the 
top of the straw, capturing some air above the water but preventing any addi- 
tional air from getting in or out, and then you lift the straw from the water. You 
find that the straw retains most of the water (see Fig. 8a). Does the air in the 
space between your finger and the top of the water have a pressure P that is 
greater than, equal to, or less than the atmospheric pressure Py outside the 
straw? 


RESPONSE Consider the forces on the column of water (Fig. 8b). Atmospheric 
pressure outside the straw pushes upward on the water at the bottom 
of the straw, gravity pulls the water downward, and the air pressure inside 
the top of the straw pushes downward on the water. Since the water is in 
equilibrium, the upward force due to atmospheric pressure Py must balance the 
two downward forces. The only way this is possible is for the air pressure 
inside the straw to be less than the atmosphere pressure outside the straw. 
(When you initially remove the straw from the glass of water, a little water may 
leave the bottom of the straw, thus increasing the volume of trapped air and 
reducing its density and pressure.) 


Gauge Pressure 

It is important to note that tire gauges, and most other pressure gauges, register the 
pressure above and beyond atmospheric pressure. This is called gauge pressure. 
Thus, to get the absolute pressure, P, we must add the atmospheric pressure, Py, to 
the gauge pressure, Pg: 


P = Pi + Po. 


If a tire gauge registers 220kPa, the absolute pressure within the tire is 
220 kPa + 101 kPa = 321 kPa, equivalent to about 3.2atm (2.2atm gauge 
pressure). 
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Pressure on living cells 
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FIGURE 8 Example 6. 
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FIGURE9 Applications of Pascal’s 
principle: (a) hydraulic lift; 
(b) hydraulic brakes in a car. 
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5 Pascal's Principle 


The Earth’s atmosphere exerts a pressure on all objects with which it is in contact, 
including other fluids. External pressure acting on a fluid is transmitted throughout 
that fluid. For instance, according to Eq. 3, the pressure due to the water at a depth of 
100 m below the surface of a lake is P = pgh = (1000 kg/m*)(9.8 m/s”)(100 m) = 
9.8 X 10°N/m?, or 9.7 atm. However, the total pressure at this point is due to the 
pressure of water plus the pressure of the air above it. Hence the total pressure (if the 
lake is near sea level) is 9.7 atm + 1.0 atm = 10.7 atm. This is just one example of a 
general principle attributed to the French philosopher and scientist Blaise Pascal 
(1623-1662). Pascal’s principle states that if an external pressure is applied to a 
confined fluid, the pressure at every point within the fluid increases by that amount. 

A number of practical devices make use of Pascal’s principle. One example 
is the hydraulic lift, illustrated in Fig. 9a, in which a small input force is used to 
exert a large output force by making the area of the output piston larger than 
the area of the input piston. To see how this works, we assume the input and 
output pistons are at the same height (at least approximately). Then the external 
input force Fin, by Pascal’s principle, increases the pressure equally throughout. 
Therefore, at the same level (see Fig. 9a), 

P ot 7 P in 
where the input quantities are represented by the subscript “in” and the output by 
“out.” Since P = F/A, we write the above equality as 


F out _ E, in ; 

Aout Ain 
or 

Fow _ Aout, 

K in Ain 


The quantity Fout/Finis called the mechanical advantage of the hydraulic lift, and it 
is equal to the ratio of the areas. For example, if the area of the output piston is 
20 times that of the input cylinder, the force is multiplied by a factor of 20. Thus a 
force of 200 lb could lift a 4000-lb car. 

Figure 9b illustrates the brake system of a car. When the driver presses the 
brake pedal, the pressure in the master cylinder increases. This pressure increase 
occurs throughout the brake fluid, thus pushing the brake pads against the disk 
attached to the car’s wheel. 


6 Measurement of Pressure; Gauges 
and the Barometer 


Many devices have been invented to measure pressure, some of which are shown 
in Fig. 10. The simplest is the open-tube manometer (Fig 10a) which is 
a U-shaped tube partially filled with a liquid, usually mercury or water. The 
pressure P being measured is related to the difference in height Ah of the two 
levels of the liquid by the relation 
P = Po + pg Ah, 
where Py is atmospheric pressure (acting on the top of the liquid in the left-hand 
tube), and p is the density of the liquid. Note that the quantity pg Ah is the gauge 
pressure—the amount by which P exceeds atmospheric pressure Py. If the liquid 
in the left-hand column were lower than that in the right-hand column, P would 
have to be less than atmospheric pressure (and Ah would be negative). 
Instead of calculating the product pg Ah, sometimes only the change in height 
Ah is specified. In fact, pressures are sometimes specified as so many “millimeters 
of mercury” (mm-Hg) or “mm of water” (mm-H,0). The unit mm-Hg is equivalent 
to a pressure of 133 N/m’, since pg Ah for 1mm = 1.0 X 10° m of mercury gives 


pg Ah = (13.6 X 10°kg/m*)(9.80 m/s?)(1.00 x 10° m) = 1.33 x 10° N/m’. 
The unit mm-Hg is also called the torr in honor of Evangelista Torricelli 
(1608-1647), a student of Galileo’s who invented the barometer (see next page). 
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FIGURE 10 Pressure gauges: (a) open-tube manometer, (b) aneroid gauge, and 
(c) common tire-pressure gauge. 


Conversion factors among the various units of pressure (an incredible nuisance!) 
are given in Table 2. It is important that only N/m? = Pa, the proper SI unit, be 
used in calculations involving other quantities specified in SI units. 


TABLE 2 Conversion Factors Between Different Units of Pressure 


In Terms of 1 Pa = 1 N/m? 1 atm in Different Units 


Atmospheric 


a 


latm = 1.013 x 10° N/m? 
= 1.013 x 10°Pa = 101.3kPa 
1 bar = 1.000 x 10° N/m? 
1 dyne/cm? = 0.1 N/m? 
1 Ib/in.2 = 6.90 x 10° N/m 
1 lb/ft? = 47.9 N/m? 
1 cm-Hg = 1.33 x 107N/m? 
1 mm-Hg = 133 N/m? 
1 torr = 133 N/m? 
1mm-H,0 (4°C) = 9.80 N/m? 


1atm = 1.013 x 10° N/m? 


latm = 1.013 bar 

latm = 1.013 x 10° dyne/cm? 
Latm = 14.7 lb/in.? 

Tam = 2.12 x 103 1b/ft? 

1 atm = 76.0 cm-Hg 

latm = 760 mm-Hg 

1 atm = 760 torr 

1atm = 1.03 x 10*mm-H,0 (4°C) 


Another type of pressure gauge is the aneroid gauge (Fig. 10b) in which the 
pointer is linked to the flexible ends of an evacuated thin metal chamber. In an 
electronic gauge, the pressure may be applied to a thin metal diaphragm whose 
resulting distortion is translated into an electrical signal by a transducer. A 
common tire gauge is shown in Fig. 10c. 

Atmospheric pressure can be measured by a modified kind of mercury 
manometer with one end closed, called a mercury barometer (Fig. 11). The glass 
tube is completely filled with mercury and then inverted into the bowl of mercury. 
If the tube is long enough, the level of the mercury will drop, leaving a vacuum at 
the top of the tube, since atmospheric pressure can support a column of mercury 
only about 76 cm high (exactly 76.0 cm at standard atmospheric pressure). That is, a 
column of mercury 76 cm high exerts the same pressure as the atmosphere’: 


P = pg Ah 
= (13.6 X 10°kg/m*)(9.80 m/s”)(0.760m) = 1.013 x 10°N/m? = 1.00 atm. 


‘This calculation confirms the entry in Table 2, 1 atm = 76.0 cm-Hg. 
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gauge pressure 


pressure 
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PROBLEM SOLVING 


In calculations, use SI units: 
1Pa = 1 N/m? 


FIGURE 11 A mercury barometer, 
invented by Torricelli, is shown here 
when the air pressure is standard 
atmospheric, 76.0 cm-Hg. 
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FIGURE 12 A water barometer: a 
full tube of water is inserted into a 
tub of water, keeping the tube’s 
spigot at the top closed. When the 
bottom end of the tube is unplugged, 
some water flows out of the tube into 
the tub, leaving a vacuum between 
the water’s upper surface and the 
spigot. Why? Because air pressure 
can not support a column of water 
more than 10 m high. 


FIGURE 13 Determination of 
the buoyant force. 


Fluids 


A calculation similar to what we just did will show that atmospheric pressure 
can maintain a column of water 10.3m high in a tube whose top is under vacuum 
(Fig. 12). No matter how good a vacuum pump is, water cannot be made to rise more 
than about 10 m using normal atmospheric pressure. To pump water out of deep mine 
shafts with a vacuum pump requires multiple stages for depths greater than 10m. 
Galileo studied this problem, and his student Torricelli was the first to explain it. The 
point is that a pump does not really suck water up a tube—it merely reduces the pres- 
sure at the top of the tube. Atmospheric air pressure pushes the water up the tube if 
the top end is at low pressure (under a vacuum), just as it is air pressure that pushes (or 
maintains) the mercury 76cm high in a barometer. [Force pumps (Section 14) that 
push up from the bottom can exert higher pressure to push water more than 10 m high.] 


CONCEPTUAL EXAMPLE 7 | Suction. A student suggests suction-cup shoes for 
Space Shuttle astronauts working on the exterior of a spacecraft. Having just studied 
this Chapter, you gently remind him of the fallacy of this plan. What is it? 


RESPONSE Suction cups work by pushing out the air underneath the cup. What holds 
the suction cup in place is the air pressure outside it. (This can be a substantial 
force when on Earth. For example, a 10-cm-diameter suction cup has an area of 
7.9 X 107m. The force of the atmosphere on it is (7.9 x 10™°m?)(1.0 xX 10° N/m?) ~ 
800 N, about 180 lbs!) But in outer space, there is no air pressure to push the suction 
cup onto the spacecraft. 


We sometimes mistakenly think of suction as something we actively do. For 
example, we intuitively think that we pull the soda up through a straw. Instead, 
what we do is lower the pressure at the top of the straw, and the atmosphere 
pushes the soda up the straw. 


7 Buoyancy and Archimedes’ Principle 


Objects submerged in a fluid appear to weigh less than they do when outside the 
fluid. For example, a large rock that you would have difficulty lifting off the 
ground can often be easily lifted from the bottom of a stream. When the rock 
breaks through the surface of the water, it suddenly seems to be much heavier. 
Many objects, such as wood, float on the surface of water. These are two examples 
of buoyancy. In each example, the force of gravity is acting downward. But in addi- 
tion, an upward buoyant force is exerted by the liquid. The buoyant force on fish 
and underwater divers (as in the Chapter-Opening photo) almost exactly balances 
the force of gravity downward, and allows them to “hover” in equilibrium. 

The buoyant force occurs because the pressure in a fluid increases with depth. 
Thus the upward pressure on the bottom surface of a submerged object is greater 
than the downward pressure on its top surface. To see this effect, consider a 
cylinder of height Ah whose top and bottom ends have an area A and which is 
completely submerged in a fluid of density pp, as shown in Fig. 13. The fluid exerts 
a pressure P, = ppgh at the top surface of the cylinder (Eq. 3). The force due to 
this pressure on top of the cylinder is F, = P, A = pp gh, A, and it is directed down- 
ward. Similarly, the fluid exerts an upward force on the bottom of the cylinder equal 
to F, = P, A = ppgħ A. The net force on the cylinder exerted by the fluid pres- 
sure, which is the buoyant force, Fẹ , acts upward and has the magnitude 


Fa = Lo iy = prgA(hy = hy) 
prgA Ah 
= prVg 
= meg, 
where V = A Ah is the volume of the cylinder, the product pp V is the mass of 
the fluid displaced, and ppVg = mpg is the weight of fluid which takes up a 


volume equal to the volume of the cylinder. Thus the buoyant force on the cylinder 
is equal to the weight of fluid displaced by the cylinder. 
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This result is valid no matter what the shape of the object. Its discovery is 
credited to Archimedes (287?-212 B.c.), and it is called Archimedes’ principle: the 
buoyant force on an object immersed in a fluid is equal to the weight of the fluid 
displaced by that object. 

By “fluid displaced,” we mean a volume of fluid equal to the submerged 
volume of the object (or that part of the object that is submerged). If the object is 
placed in a glass or tub initially filled to the brim with water, the water that flows 
over the top represents the water displaced by the object. 

We can derive Archimedes’ principle in general by the following simple but 
elegant argument. The irregularly shaped object D shown in Fig. 14a is acted on by 
the force of gravity (its weight, mg, downward) and the buoyant force, Fg , upward. 
We wish to determine Fg. To do so, we next consider a body (D’ in 
Fig. 14b), this time made of the fluid itself, with the same shape and size 
as the original object, and located at the same depth. You might think of this 
body of fluid as being separated from the rest of the fluid by an imaginary 
membrane. The buoyant force Fz on this body of fluid will be exactly the same 
as that on the original object since the surrounding fluid, which exerts Fp, is 
in exactly the same configuration. This body of fluid D’ is in equilibrium (the fluid 
as a whole is at rest). Therefore, Fg = m'g, where m'g is the weight of the 
body of fluid. Hence the buoyant force F, is equal to the weight of the body of 
fluid whose volume equals the volume of the original submerged object, which is 
Archimedes’ principle. 

Archimedes’ discovery was made by experiment. What we have done in the 
last two paragraphs is to show that Archimedes’ principle can be derived from 
Newton’s laws. 


CONCEPTUAL EXAMPLE 8 | Two pails of water. Consider two identical pails of 
water filled to the brim. One pail contains only water, the other has a piece of wood 
floating in it. Which pail has the greater weight? 


RESPONSE Both pails weigh the same. Recall Archimedes’ principle: the wood 
displaces a volume of water with weight equal to the weight of the wood. 
Some water will overflow the pail, but Archimedes’ principle tells us the 
spilled water has weight equal to the weight of the wood object; so the pails have 
the same weight. 


Recovering a submerged statue. A 70-kg ancient statue lies at 
the bottom of the sea. Its volume is 3.0 X 10‘cm*. How much force is needed to 
lift it? 

APPROACH The force F needed to lift the statue is equal to the statue’s weight mg 
minus the buoyant force F',. Figure 15 is the free-body diagram. 


SOLUTION The buoyant force on the statue due to the water is equal to the weight of 
3.0 X 10*cm? = 3.0 x 10° m? of water (for seawater, p = 1.025 x 10° kg/m’): 


Fg = my,08 = Puo Vg 
= (1.025 x 10 kg/m*)(3.0 x 10° m°>)(9.8 m/s”) 
= 3.0 X 10°N. 


The weight of the statue is mg = (70kg)(9.8 m/s’) = 6.9 x 10°N. Hence the 
force F needed to lift it is 690 N — 300N = 390N. It is as if the statue had a 
mass of only (390 N)/(9.8 m/s’) = 40 kg. 


NOTE Here F = 390N is the force needed to lift the statue without accelera- 
tion when it is under water. As the statue comes out of the water, the force F 
increases, reaching 690 N when the statue is fully out of the water. 


FIGURE 14 
Archimedes’ principle. 


FIGURE 15 Example 9. The force 
needed to lift the statue is F. 
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Archimedes is said to have discovered his principle in his bath while thinking 
how he might determine whether the king’s new crown was pure gold or a fake. 
Gold has a specific gravity of 19.3, somewhat higher than that of most metals, but 
a determination of specific gravity or density is not readily done directly because, 
even if the mass is known, the volume of an irregularly shaped object is not easily 
calculated. However, if the object is weighed in air (= w) and also “weighed” while 
it is under water (=w’), the density can be determined using Archimedes’ prin- 
ciple, as the following Example shows. The quantity w’ is called the apparent 
weight in water, and is what a scale reads when the object is submerged in water 
(see Fig. 16); w’ equals the true weight (w = mg) minus the buoyant force. 


Archimedes: Is the crown gold? When a crown of mass 14.7 kg is 
submerged in water, an accurate scale reads only 13.4 kg. Is the crown made of gold? 
APPROACH If the crown is gold, its density and specific gravity must be very high, 
SG = 19.3 (see Section 2 and Table 1). We determine the specific gravity using 
Archimedes’ principle and the two free-body diagrams shown in Fig. 16. 
SOLUTION The apparent weight of the submerged object (the crown) is w’ 
(what the scale reads), and is the force pulling down on the scale hook. By 
Newton’s third law, w’ equals the force Ft that the scale exerts on the crown in 
Fig. 16b. The sum of the forces on the crown is zero, so w’ equals the actual 
weight w (= mg) minus the buoyant force Fg: 


w = Fr = w-— Fp 
so 

ww = Fz. 
Let V be the volume of the completely submerged object and pọ its density (so 
PoV is its mass), and let pp be the density of the fluid (water). Then (pr V) g is the 


weight of fluid displaced (= Fg). Now we can write 


w—-w' = Fg = ppVg. 

We divide these two equations and obtain 
w _ PoV& _ Po, 

ww pr Vg PF 
We see that w/(w — w') is equal to the specific gravity of the object if the fluid 
in which it is submerged is water (pp = 1.00 x 10° kg/m°). Thus 

Po w (14.7 kg)g 14.7kg 

Puo w=-w' (147kg — 13.4kg)g 1.3kg 
This corresponds to a density of 11,300 kg/m°. The crown is not gold, but seems 
to be made of lead (see Table 1). 


= 11.3. 


FIGURE 16 (a) Ascale reads the mass of an object in 

air—in this case the crown of Example 10. 

All objects are at rest, so the tension Fr in the w= 
connecting cord equals the weight w of the object: (14.7 kg) g 
Fy = mg. We show the free-body diagram of the 
crown, and Fris what causes the scale reading (it is 
equal to the net downward force on the scale, by 
Newton’s third law). (b) Submerged, the crown has 
an additional force on it, the buoyant force Fg. 
The net force is zero,so Fy + Fg = mg (=w). 
The scale now reads m’ = 13.4kg, where m' is 
related to the effective weight by w’ = m'g. 

Thus Fry = w' = w — Fg. 


w= 
(13.4 kg) g 
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Archimedes’ principle applies equally well to objects that float, such as 
wood. In general, an object floats on a fluid if its density (po) is less than that of 
the fluid (pp). This is readily seen from Fig. 17a, where a submerged log will 
experience a net upward force and float to the surface if Fg > mg; that is, if 
Pr Ve > poVg or pr > po. At equilibrium—that is, when floating—the buoyant 
force on an object has magnitude equal to the weight of the object. For example, a 
log whose specific gravity is 0.60 and whose volume is 2.0 m° has a mass m = poV = 
(0.60 x 10° kg/m*)(2.0 m?) = 1200 kg. If the log is fully submerged, it will displace 
a mass of water mp = ppV = (1000 kg/m*)(2.0 m°) = 2000 kg. Hence the buoyant 
force on the log will be greater than its weight, and it will float upward to the surface 
(Fig. 17). The log will come to equilibrium when it displaces 1200 kg of water, which 
means that 1.2 m° of its volume will be submerged. This 1.2 m°? corresponds to 60% 
of the volume of the log (1.2/2.0 = 0.60), so 60% of the log is submerged. 

In general when an object floats, we have Fg = mg, which we can write as (see 
Fig. 18) 

Fg = mg 
PrVaissi8 = PoVo8s, 
where Vo is the full volume of the object and Vaispı is the volume of fluid it 
displaces (= volume submerged). Thus 


V displ Po 


Vo PF 


That is, the fraction of the object submerged is given by the ratio of the object’s 
density to that of the fluid. If the fluid is water, this fraction equals the specific 
gravity of the object. 


Hydrometer calibration. A hydrometer is a simple instrument 
used to measure the specific gravity of a liquid by indicating how deeply the 
instrument sinks in the liquid. A particular hydrometer (Fig. 19) consists of a glass 
tube, weighted at the bottom, which is 25.0cm long and 2.00 cm? in cross-sectional 
area, and has a mass of 45.0 g. How far from the end should the 1.000 mark be placed? 


APPROACH The hydrometer will float in water if its density p is less than 
pw = 1.000g/cm3, the density of water. The fraction of the hydrometer 
submerged (V displacea/ Viota) is equal to the density ratio p/py. 

SOLUTION The hydrometer has an overall density 

m 45.0 g 

V (2.00 cm?)(25.0 cm) 


Thus, when placed in water, it will come to equilibrium when 0.900 of its volume 
is submerged. Since it is of uniform cross section, (0.900)(25.0 cm) = 22.5cm of 
its length will be submerged. The specific gravity of water is defined to be 1.000, 
so the mark should be placed 22.5 cm from the weighted end. 


p= = 0.900 g/cm’. 


EXERCISE C On the hydrometer of Example 11, will the marks above the 1.000 mark 
represent higher or lower values of density of the liquid in which it is submerged? 


Archimedes’ principle is also useful in geology. According to the theories of 
plate tectonics and continental drift, the continents float on a fluid “sea” of slightly 
deformable rock (mantle rock). Some interesting calculations can be done using 
very simple models. 

Air is a fluid, and it too exerts a buoyant force. Ordinary objects weigh less in air 
than they do if weighed in a vacuum. Because the density of air is so small, the effect 
for ordinary solids is slight. There are objects, however, that float in air—helium-filled 
balloons, for example, because the density of helium is less than the density of air. 


EXERCISE D Which of the following objects, submerged in water, experiences the largest 
magnitude of the buoyant force? (a) A 1-kg helium balloon; (b) 1 kg of wood; (c) 1 kg of 
ice; (d) 1 kg of iron; (e) all the same. 


Fp = (2000 kg)g 


(b) 

FIGURE 17 (a) The fully submerged 
log accelerates upward because 

Fg > mg.It comes to equilibrium 
(b) when =F = 0, so 

Fg = mg = (1200 kg)g. Thus 1200 kg, 
or 1.2 m°, of water is displaced. 


FIGURE 18 An object floating in 
equilibrium: Fg = mg. 


F= PEVaispl E 


mg = PoVog 


FIGURE 19 A hydrometer. 
Example 11. 
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FIGURE 20 Example 12. 


FIGURE 21 (a) Streamline, or 
laminar, flow; (b) turbulent flow. 
The photos show airflow around an 
airfoil or airplane wing (more in 
Section 10). 
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EXERCISE E Which of the following objects, submerged in water, experiences the largest 
magnitude of the buoyant force? (a) A 1-m° helium balloon; (b) 1 m? of wood; (c) 1 m° of 
ice; (d) 1 m° of iron; (e) all the same. 


Helium balloon. What volume V of helium is needed if a 
balloon is to lift a load of 180 kg (including the weight of the empty balloon)? 


APPROACH The buoyant force on the helium balloon, Fg, which is equal to the 
weight of displaced air, must be at least equal to the weight of the helium plus 
the weight of the balloon and load (Fig. 20). Table 1 gives the density of helium 
as 0.179 kg/m°. 


SOLUTION The buoyant force must have a minimum value of 
Fz = (mye + 180 kg)g. 
This equation can be written in terms of density using Archimedes’ principle: 


Pair Vg = (Pre V + 180 kg)g. 
Solving now for V, we find 


180 kg 180 kg 4 
= 7 a = 160m’. 
Pair ` Pue (1.29 kg/m? — 0.179 kg/m’) 
NOTE This is the minimum volume needed near the Earth’s surface, where 
Pair = 1.29 kg/m°. To reach a high altitude, a greater volume would be needed 
since the density of air decreases with altitude. 


8 Fluids in Motion; Flow Rate and 
the Equation of Continuity 


We now turn to the subject of fluids in motion, which is called fluid dynamics, or 
(especially if the fluid is water) hydrodynamics. 

We can distinguish two main types of fluid flow. If the flow is smooth, such 
that neighboring layers of the fluid slide by each other smoothly, the flow is said to 
be streamline or laminar flow.’ In streamline flow, each particle of the fluid follows 
a smooth path, called a streamline, and these paths do not cross one another 
(Fig. 21a). Above a certain speed, the flow becomes turbulent. Turbulent flow is 
characterized by erratic, small, whirlpool-like circles called eddy currents or eddies 
(Fig. 21b). Eddies absorb a great deal of energy, and although a certain amount of 
internal friction called viscosity is present even during streamline flow, it is much 
greater when the flow is turbulent. A few tiny drops of ink or food coloring 
dropped into a moving liquid can quickly reveal whether the flow is streamline or 
turbulent. 


İThe word laminar means “in layers.” 


David C. Hazen, Princeton University and 
Embry-Riddle Aeronautical University 
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Let us consider the steady laminar flow of a fluid through an enclosed tube or 
pipe as shown in Fig. 22. First we determine how the speed of the fluid changes 
when the size of the tube changes. The mass flow rate is defined as the mass Am of 
fluid that passes a given point per unit time Af: 

Am 

At 

In Fig. 22, the volume of fluid passing point 1 (that is, through area A,) in a time 

At is A; Af, where Af, is the distance the fluid moves in time Af. Since the 

velocity’ of fluid passing point 1 is v, = A£,/At, the mass flow rate through area A, is 
Am, pi dV, pı A AL, 

At At At 


where AV, = A, Af, is the volume of mass Am,, and p, is the fluid density. 
Similarly, at point 2 (through area Aj), the flow rate is p) A, v2. Since no fluid flows 
in or out the sides, the flow rates through A, and A, must be equal. Thus, since 


mass flowrate = 


= p At, 


Am, Am, 
At At” 
then 
Pi Áv = pz Az. (7a) 


This is called the equation of continuity. 

If the fluid is incompressible (p doesn’t change with pressure), which is an 
excellent approximation for liquids under most circumstances (and sometimes for 
gases as well), then pı = p2, and the equation of continuity becomes 


Av = Am. [p = constant] (7b) 


The product Av represents the volume rate of flow (volume of fluid passing a 
given point per second), since AV/At = A Af£/At = Av, which in SI units is m?/s. 
Equation 7b tells us that where the cross-sectional area is large, the velocity is 
small, and where the area is small, the velocity is large. That this is reasonable can 
be seen by looking at a river. A river flows slowly through a meadow where it is 
broad, but speeds up to torrential speed when passing through a narrow gorge. 


EXAMPLE 13 Blood flow. In humans, blood flows from the heart 
into the aorta, from which it passes into the major arteries. These branch into the 
small arteries (arterioles), which in turn branch into myriads of tiny capillaries, Fig. 23. 
The blood returns to the heart via the veins. The radius of the aorta is about 1.2 cm, 
and the blood passing through it has a speed of about 40 cm/s. A typical capillary has 
a radius of about 4 x 10™*cm, and blood flows through it at a speed of about 
5 xX 10*m/s. Estimate the number of capillaries that are in the body. 


APPROACH We assume the density of blood doesn’t vary significantly from the 
aorta to the capillaries. By the equation of continuity, the volume flow rate in 
the aorta must equal the volume flow rate through all the capillaries. The total 
area of all the capillaries is given by the area of one capillary multiplied by the 
total number N of capillaries. 

SOLUTION Let A, be the area of the aorta and A, be the area of all the capil- 
laries through which blood flows. Then A, = Nargap, where reap = 4 X 10-4 cm 
is the estimated average radius of one capillary. From the equation of continuity 
(Eq. 7b), we have 


VA, = 0, A; 
Nar ap = VITT aorta 
so 2 2 
y = Dion ( a \(2 x aoe) a ae ae 
V2 rap 5x 10*m/s/\ 4 x 10°m 


or on the order of 10 billion capillaries. 


If there were no viscosity, the velocity would be the same across a cross section of the tube. Real fluids 
have viscosity, and this internal friction causes different layers of the fluid to flow at different speeds. In 
this case v; and v, represent the average speeds at each cross section. 


FIGURE 22 Fluid flow through a 
pipe of varying diameter. 
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FIGURE 23 
Human circulatory system. 
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v = valves 
c = capillaries 
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FIGURE 24 Example 14. 


FIGURE 25 Fluid flow: for 
derivation of Bernoulli’s equation. 


(a) 


(b) 
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Heating duct to a room. What area must a heating duct have 
if air moving 3.0 m/s along it can replenish the air every 15 minutes in a room of 
volume 300 m°? Assume the air’s density remains constant. 


APPROACH We apply the equation of continuity at constant density, Eq. 7b, to 
the air that flows through the duct (point 1 in Fig. 24) and then into the room 
(point 2). The volume flow rate in the room equals the volume of the room 
divided by the 15-min replenishing time. 
SOLUTION Consider the room as a large section of the duct, Fig. 24, and 
think of air equal to the volume of the room as passing by point 2 in 
t = 15min = 900s. Reasoning in the same way we did to obtain Eq. 7a 
(changing Af to t), we write v, = £/t so A v, = A,b,/t = V2/t, where V, 
is the volume of the room. Then the equation of continuity becomes 
Av, = Av, = V,/t and 
Zz V3 300 m3 

! at — (3.0m/s)(900s) 
If the duct is square, then each side has length £ = VA = 0.33 m, or 33cm. 
A rectangular duct 20 cm X 55 cm will also do. 


= 0.11 m’. 


9 Bernoulli’s Equation 


Have you ever wondered why an airplane can fly, or how a sailboat can move 
against the wind? These are examples of a principle worked out by Daniel 
Bernoulli (1700-1782) concerning fluids in motion. In essence, Bernoulli’s principle 
states that where the velocity of a fluid is high, the pressure is low, and where the 
velocity is low, the pressure is high. For example, if the pressures in the fluid at 
points 1 and 2 of Fig. 22 are measured, it will be found that the pressure is lower at 
point 2, where the velocity is greater, than it is at point 1, where the velocity is 
smaller. At first glance, this might seem strange; you might expect that the greater 
speed at point 2 would imply a higher pressure. But this cannot be the case. For if 
the pressure in the fluid at point 2 were higher than at point 1, this higher pressure 
would slow the fluid down, whereas in fact it has sped up in going from point 1 to 
point 2. Thus the pressure at point 2 must be less than at point 1, to be consistent 
with the fact that the fluid accelerates. 

To help clarify any misconceptions, a faster fluid would exert a greater force on 
an obstacle placed in its path. But that is not what we mean by the pressure in a 
fluid, and besides we are not considering obstacles that interrupt the flow. We are 
examining smooth streamline flow. The fluid pressure is exerted on the walls of a 
tube or pipe, or on the surface of any material the fluid passes over. 

Bernoulli developed an equation that expresses this principle quantitatively. To 
derive Bernoulli’s equation, we assume the flow is steady and laminar, the fluid is 
incompressible, and the viscosity is small enough to be ignored. To be general, we 
assume the fluid is flowing in a tube of nonuniform cross section that varies in height 
above some reference level, Fig. 25. We will consider the volume of fluid shown in 
color and calculate the work done to move it from the position shown in Fig. 25a to 
that shown in Fig. 25b. In this process, fluid entering area A, flows a distance Af, and 
forces the fluid at area A, to move a distance Af,. The fluid to the left of area A, 
exerts a pressure P} on our section of fluid and does an amount of work 


W, = F,A, = P,A,AL,. 
At area A,, the work done on our cross section of fluid is 
W, = —P,A, Ah. 


The negative sign is present because the force exerted on the fluid is opposite to the 
motion (thus the fluid shown in color does work on the fluid to the right of point 2). 
Work is also done on the fluid by the force of gravity. The net effect of the process 
shown in Fig. 25 is to move a mass m of volume A, Af, (= A, Ab, since the fluid is 
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incompressible) from point 1 to point 2, so the work done by gravity is 


W, = —mg(y. — yi), 
where y, and y, are heights of the center of the tube above some (arbitrary) refer- 
ence level. In the case shown in Fig. 25, this term is negative since the motion is 
uphill against the force of gravity. The net work W done on the fluid is thus 


W =W,+ W,+ W; 

W = P,A,AL, — PLA, AL — mgy, + mgy,. 
According to the work-energy principle (Section 7—4), the net work done on a 
system is equal to its change in kinetic energy. Hence 

im — må = P A AL, — P, A, AL — mgyr + mgy,. 
The mass m has volume A, Af; = A, AL, for an incompressible fluid. Thus we can 


substitute m = pA, Al, = pA, Af, and then divide through by A, Al; = A, AL, 
to obtain 


1 1 
2p; — 3pvj = Pi — P} — pgyr + pgy, 
which we rearrange to get 


P, + Spur + psy P, + pv + pgyr. (8) Bernoulli's equation 


This is Bernoulli’s equation. Since points 1 and 2 can be any two points along a 
tube of flow, Bernoulli’s equation can be written as 


P + 4p? + pgy = constant 


at every point in the fluid, where y is the height of the center of the tube above a 
fixed reference level. [Note that if there is no flow (v, = v, = 0), then Eq. 8 
reduces to the hydrostatic equation, Eq. 6a: P, — P, = —pg(y2 — yı} 

Bernoulli’s equation is an expression of the law of energy conservation, since 
we derived it from the work-energy principle. 


EXERCISE F As water in a level pipe passes from a narrow cross section of pipe to a wider 
cross section, how does the pressure against the walls change? 


Flow and pressure in a hot-water heating system. Water 
circulates throughout a house in a hot-water heating system. If the water is 
pumped at a speed of 0.50 m/s through a 4.0-cm-diameter pipe in the basement 
under a pressure of 3.0atm, what will be the flow speed and pressure in a 
2.6-cm-diameter pipe on the second floor 5.0 m above? Assume the pipes do not 
divide into branches. 

APPROACH We use the equation of continuity at constant density to determine the 
flow speed on the second floor, and then Bernoulli’s equation to find the pressure. 

SOLUTION We take v, in the equation of continuity, Eq. 7, as the flow speed on 
the second floor, and v; as the flow speed in the basement. Noting that the areas 
are proportional to the radii squared (A = ar’), we obtain 
v Ay vari (0.020 m}? 


0.50 m/s 
A, ar; ( is) (0.013 m) 


To find the pressure on the second floor, we use Bernoulli’s equation (Eq. 8): 
Pa = Py p(y = yo) + 5p(v} = v3) 
= (3.0 x 10°N/m’) + (1.0 x 10°kg/m*)(9.8 m/s’)(—5.0 m) 
+ 3(1.0 x 10° kg/m*)| (0.50 m/s)? — (1.2 m/s)?] 
= (3.0 x 10° N/m’) = (4.9 x 10* N/m?) — (6.0 x 10° N/m?) 
= 2.5 X 10°N/m? = 2.5atm. 


V = 1.2m/s. 


NOTE The velocity term contributes very little in this case. 
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FIGURE 26 Torricelli’s theorem: 
v = V28(y2 -= yı). 


FIGURE 27 Examples of 
Bernoulli’s principle: (a) atomizer, 
(b) Ping-Pong ball in jet of air. 


Low 
P High P 
(5) (no flow) 


qP 


(a) (b) 


FIGURE 28 Lift on an airplane 
wing. We are in the reference frame 
of the wing, seeing the air flow by. 


Lower pressure 


@®puysics APPLIED 
Airplanes and dynamic lift 
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10 Applications of Bernoulli's Principle: 
Torricelli, Airplanes, Baseballs, TIA 


Bernoulli’s equation can be applied to many situations. One example is to calculate 
the velocity, vı, of a liquid flowing out of a spigot at the bottom of a reservoir, 
Fig. 26. We choose point 2 in Eq. 8 to be the top surface of the liquid. Assuming the 
diameter of the reservoir is large compared to that of the spigot, v, will be almost 
zero. Points 1 (the spigot) and 2 (top surface) are open to the atmosphere, so the 
pressure at both points is equal to atmospheric pressure: P; = P}. Then Bernoulli’s 
equation becomes 


IPV + pgyi = pgyr 


v = V2g(y2 — yı). (9) 


This result is called Torricelli’s theorem. Although it is seen to be a special case of 
Bernoulli’s equation, it was discovered a century earlier by Evangelista Torricelli. 
Equation 9 tells us that the liquid leaves the spigot with the same speed that a 
freely falling object would attain if falling from the same height. This should not be 
too surprising since Bernoulli’s equation relies on the conservation of energy. 
Another special case of Bernoulli’s equation arises when a fluid is flowing hori- 
zontally with no significant change in height; that is, y4 = y2. Then Eq. 8 becomes 


P, + 3p = P, + 3p, (10) 


or 


which tells us quantitatively that the speed is high where the pressure is low, and 
vice versa. It explains many common phenomena, some of which are illustrated in 
Figs. 27 to 32. The pressure in the air blown at high speed across the top of the 
vertical tube of a perfume atomizer (Fig. 27a) is less than the normal air pressure 
acting on the surface of the liquid in the bowl. Thus atmospheric pressure in the 
bowl pushes the perfume up the tube because of the lower pressure at the top. A 
Ping-Pong ball can be made to float above a blowing jet of air (some vacuum 
cleaners can blow air), Fig. 27b; if the ball begins to leave the jet of air, the higher 
pressure in the still air outside the jet pushes the ball back in. 


EXERCISE G Return to Chapter-Opening Question 2 and answer it again now. Try to explain 
why you may have answered differently the first time. Try it and see. 


Airplane Wings and Dynamic Lift 

Airplanes experience a “lift” force on their wings, keeping them up in the air, if they 
are moving at a sufficiently high speed relative to the air and the wing is tilted 
upward at a small angle (the “attack angle”), as in Fig. 28, where streamlines of air 
are shown rushing by the wing. (We are in the reference frame of the wing, as if 
sitting on the wing.) The upward tilt, as well as the rounded upper surface of the 
wing, causes the streamlines to be forced upward and to be crowded together above 
the wing. The area for air flow between any two streamlines is reduced as the 
streamlines get closer together, so from the equation of continuity (A; v, = A30), 
the air speed increases above the wing where the streamlines are squished together. 
(Recall also how the crowded streamlines in a pipe constriction, Fig. 22, indicate the 
velocity is higher in the constriction.) Because the air speed is greater above the 
wing than below it, the pressure above the wing is less than the pressure below the 
wing (Bernoulli’s principle). Hence there is a net upward force on the wing called 
dynamic lift. Experiments show that the speed of air above the wing can even be 
double the speed of the air below it. (Friction between the air and wing exerts a drag 
force, toward the rear, which must be overcome by the plane’s engines.) 

A flat wing, or one with symmetric cross section, will experience lift as long as 
the front of the wing is tilted upward (attack angle). The wing shown in Fig. 28 can 
experience lift even if the attack angle is zero, because the rounded upper surface 
deflects air up, squeezing the streamlines together. Airplanes can fly upside down, 
experiencing lift, if the attack angle is sufficient to deflect streamlines up and 
closer together. 
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Our picture considers streamlines; but if the attack angle is larger than about 
15°, turbulence sets in (Fig. 21b) leading to greater drag and less lift, causing the 
wing to “stall” and the plane to drop. 

From another point of view, the upward tilt of a wing means the air moving 
horizontally in front of the wing is deflected downward; the change in momentum 
of the rebounding air molecules results in an upward force on the wing (Newton’s 
third law). 


Sailboats 


A sailboat can move against the wind, with the aid of the Bernoulli effect, by setting the 
sails at an angle, as shown in Fig. 29. The air travels rapidly over the bulging front 
surface of the sail, and the relatively still air filling the sail exerts a greater pressure 
behind the sail, resulting in a net force on the sail, Fying. This force would tend to make 
the boat move sideways if it weren’t for the keel that extends vertically downward 
beneath the water: the water exerts a force (Fyater) on the keel nearly perpendicular to 
the keel. The resultant of these two forces (Fg) is almost directly forward as shown. 


Baseball Curve 


Why a spinning pitched baseball (or tennis ball) curves can also be explained using 
Bernoulli’s principle. It is simplest if we put ourselves in the reference frame of the 
ball, with the air rushing by, just as we did for the airplane wing. Suppose the ball 
is rotating counterclockwise as seen from above, Fig. 30. A thin layer of air 
(“boundary layer”) is being dragged around by the ball. We are looking down on 
the ball, and at point A in Fig. 30, this boundary layer tends to slow down the 
oncoming air. At point B, the air rotating with the ball adds its speed to that 
of the oncoming air, so the air speed is higher at B than at A. The higher speed 
at B means the pressure is lower at B than at A, resulting in a net force toward B. 
The ball’s path curves toward the left (as seen by the pitcher). 


Lack of Blood to the Brain—TIA 


In medicine, one of many applications of Bernoulli’s principle is to explain a TIA, a 
transient ischemic attack (meaning a temporary lack of blood supply to the brain). A 
person suffering a TIA may experience symptoms such as dizziness, double vision, 
headache, and weakness of the limbs. A TIA can occur as follows. Blood normally 
flows up to the brain at the back of the head via the two vertebral arteries—one 
going up each side of the neck—which meet to form the basilar artery just below the 
brain, as shown in Fig. 31. The vertebral arteries issue from the subclavian arteries, as 
shown, before the latter pass to the arms. When an arm is exercised vigorously, blood 
flow increases to meet the needs of the arm’s muscles. If the subclavian artery on one 
side of the body is partially blocked, however, as in arteriosclerosis (hardening of the 
arteries), the blood velocity will have to be higher on that side to supply the needed 
blood. (Recall the equation of continuity: smaller area means larger velocity for the 
same flow rate, Eqs. 7.) The increased blood velocity past the opening to the vertebral 
artery results in lower pressure (Bernoulli’s principle). Thus blood rising in the verte- 
bral artery on the “good” side at normal pressure can be diverted down into the other 
vertebral artery because of the low pressure on that side, instead of passing upward to 
the brain. Hence the blood supply to the brain is reduced. 


Other Applications 


A venturi tube is essentially a pipe with a narrow constriction (the throat). The 
flowing fluid speeds up as it passes through this constriction, so the pressure is lower 
in the throat. A venturi meter, Fig. 32, is used to measure the flow speed of gases 
and liquids, including blood velocity in arteries. 

Why does smoke go up a chimney? It’s partly because hot air rises (it’s less 
dense and therefore buoyant). But Bernoulli’s principle also plays a role. When 
wind blows across the top of a chimney, the pressure is less there than inside the 
house. Hence, air and smoke are pushed up the chimney by the higher indoor 
pressure. Even on an apparently still night there is usually enough ambient air flow 
at the top of a chimney to assist upward flow of smoke. 


FIGURE 29 Sailboat sailing against 
the wind. 


Home plate 


FIGURE 30 Looking down ona 
pitched baseball heading toward home 


plate. We are in the reference frame of 
the baseball, with the air flowing by. 


Basilar 
artery 
(to brain) 


\ 


Left Right 
vertebral vertebral 
artery artery 
Subclavian Subclavian 
artery artery 


Constriction 


FIGURE 31 Rear of the head and 
shoulders showing arteries leading to 
the brain and to the arms. High blood 
velocity past the constriction in the left 
subclavian artery causes low pressure 
in the left vertebral artery, in which a 
reverse (downward) blood flow can 
then occur, resulting in a TIA, a loss of 
blood to the brain. 


FIGURE 32 Venturi meter. 
Py 
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Bernoulli’s equation ignores the effects of friction (viscosity) and the compress- 
ibility of the fluid. The energy that is transformed to internal (or potential) energy 
due to compression and to thermal energy by friction can be taken into account by 
adding terms to Eq. 8. These terms are difficult to calculate theoretically and are 
normally determined empirically. They do not significantly alter the explanations 
for the phenomena described above. 


“11 Viscosity 


Real fluids have a certain amount of internal friction called viscosity, as mentioned 
in Section 8. Viscosity exists in both liquids and gases, and is essentially a frictional 


Moving plate Ve >F force between adjacent layers of fluid as the layers move past one another. In 

Fluid > Velocity } liquids, viscosity is due to the electrical cohesive forces between the molecules. In 
= gradient | gases, it arises from collisions between the molecules. 

Stationary plate The viscosity of different fluids can be expressed quantitatively by a coefficient of 


FIGURE 33 
Determination of viscosity. 


TABLE 3 
Coefficients of Viscosity 
Fluid Coefficient 
(temperature of Viscosity, 
in °C) n (Pa-s)* 
Water (0°) 18 x 10% 
(20°) 1.0 x 10° 
(100°) OS S10 


Whole blood (37°) RASS Or 
Blood plasma (37°) ~1.5 x 10° 
Ethyl alcohol (20°) 1.2 x 10% 


Engine oil (30°) 

(SAE 10) 200 x 103 
Glycerine (20°) 1500 x 10-3 
Air (20°) 0.018 x 10° 
Hydrogen (0°) 0.009 x 107° 


Water vapor (100°) 0.013 x 107° 


"1 Pass = 10P'= 1000eP: 


viscosity, n (the Greek lowercase letter eta), which is defined in the following way. A 
thin layer of fluid is placed between two flat plates. One plate is stationary and the 
other is made to move, Fig. 33. The fluid directly in contact with each plate is held to 
the surface by the adhesive force between the molecules of the liquid and those of the 
plate. Thus the upper surface of the fluid moves with the same speed v as the upper 
plate, whereas the fluid in contact with the stationary plate remains stationary. The 
stationary layer of fluid retards the flow of the layer just above it, which in turn 
retards the flow of the next layer, and so on. Thus the velocity varies continuously 
from 0 to v, as shown. The increase in velocity divided by the distance over which this 
change is made—equal to v/£—is called the velocity gradient. To move the upper 
plate requires a force, which you can verify by moving a flat plate across a puddle of 
syrup on a table. For a given fluid, it is found that the force required, F, is propor- 
tional to the area of fluid in contact with each plate, A, and to the speed, v, and is 
inversely proportional to the separation, £, of the plates: F x vA/é. For different 
fluids, the more viscous the fluid, the greater is the required force. Hence the propor- 
tionality constant for this equation is defined as the coefficient of viscosity, n: 


F =A 7 (11) 


Solving for y, we find 1 = Fl/vA. The SI unit for ņn is N-s/m* = 
Pa-s (pascal-second). In the cgs system, the unit is dyne-s/cm’, which is called a 
poise (P). Viscosities are often given in centipoise (1 cP = 10° P). Table 3 lists the 
coefficient of viscosity for various fluids. The temperature is also specified, since it 
has a strong effect; the viscosity of liquids such as motor oil, for example, decreases 
rapidly as temperature increases.’ 


*12 Flow in Tubes: Poiseuille’s 
Equation, Blood Flow 


If a fluid had no viscosity, it could flow through a level tube or pipe without a force 
being applied. Viscosity acts like a sort of friction (between fluid layers moving at 
slightly different speeds), so a pressure difference between the ends of a level tube 
is necessary for the steady flow of any real fluid, be it water or oil in a pipe, or 
blood in the circulatory system of a human. 

The French scientist J. L. Poiseuille (1799-1869), who was interested in the 
physics of blood circulation (and after whom the poise is named), determined how 
the variables affect the flow rate of an incompressible fluid undergoing laminar 
flow in a cylindrical tube. His result, known as Poiseuille’s equation, is: 

aR(P, — P3) 
= — (12) 
where R is the inside radius of the tube, £ is the tube length, P; — P; is the pressure 


‘The Society of Automotive Engineers assigns numbers to represent the viscosity of oils: 30 weight 
(SAE 30) is more viscous than 10 weight. Multigrade oils, such as 20-50, are designed to maintain 
viscosity as temperature increases; 20-50 means the oil is 20 wt when cool but is like a 50-wt pure oil 
when it is hot (engine running temperature). 
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difference between the ends, 7 is the coefficient of viscosity, and Q is the volume 
rate of flow (volume of fluid flowing past a given point per unit time which in SI 
has units of m°/s). Equation 12 applies only to laminar flow. 

Poiseuille’s equation tells us that the flow rate Q is directly proportional to the 
“pressure gradient,” (P, — P,)/l and it is inversely proportional to the viscosity 
of the fluid. This is just what we might expect. It may be surprising, however, 
that Q also depends on the fourth power of the tube’s radius. This means that for 
the same pressure gradient, if the tube radius is halved, the flow rate is decreased 
by a factor of 16! Thus the rate of flow, or alternately the pressure required to 
maintain a given flow rate, is greatly affected by only a small change in tube radius. 

An interesting example of this R dependence is blood flow in the human body. 
Poiseuille’s equation is valid only for the streamline flow of an incompressible fluid. 
So it cannot be precisely accurate for blood whose flow is not without turbulence 
and that contains blood cells (whose diameter is almost equal to that of a capillary). 
Nonetheless, Poiseuille’s equation does give a reasonable first approximation. Because 
the radius of arteries is reduced as a result of arteriosclerosis (thickening and 
hardening of artery walls) and by cholesterol buildup, the pressure gradient must be 
increased to maintain the same flow rate. If the radius is reduced by half, the heart 
would have to increase the pressure by a factor of about 24 = 16 in order to maintain 
the same blood-flow rate. The heart must work much harder under these conditions, 
but usually cannot maintain the original flow rate. Thus, high blood pressure is an indi- 
cation both that the heart is working harder and that the blood-flow rate is reduced. 


“13 Surface Tension and Capillarity 


The surface of a liquid at rest behaves in an interesting way, almost as if it were a 
stretched membrane under tension. For example, a drop of water on the end of 
a dripping faucet, or hanging from a thin branch in the early morning dew 
(Fig. 34), forms into a nearly spherical shape as if it were a tiny balloon filled with 
water. A steel needle can be made to float on the surface of water even though it 
is denser than the water. The surface of a liquid acts like it is under tension, and 
this tension, acting along the surface, arises from the attractive forces between the 
molecules. This effect is called surface tension. More specifically, a quantity called 
the surface tension, y (the Greek letter gamma), is defined as the force F per unit 
length that acts perpendicular to any line or cut in a liquid surface, tending to 
pull the surface closed: 


yoo. (13) 


To understand this, consider the U-shaped apparatus shown in Fig. 35 which 
encloses a thin film of liquid. Because of surface tension, a force F is required to 
pull the movable wire and thus increase the surface area of the liquid. The liquid 
contained by the wire apparatus is a thin film having both a top and a bottom 
surface. Hence the total length of the surface being increased is 22, and the surface 
tension is Y = F/2£. A delicate apparatus of this type can be used to measure the 
surface tension of various liquids. The surface tension of water is 0.072 N/m at 
20°C. Table 4 gives the values for several substances. Note that temperature has a 
considerable effect on the surface tension. 


FIGURE 35 U-shaped wire apparatus 
holding a film of liquid to measure 
surface tension (Y = F/2). 


Y 


Liquid Y Wire 
(b) Edge view (magnified) 


(a) Top view 
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Blood flow 


Michal Boubin/Alamy 


FIGURE 34 Spherical water 
droplets, dew on a blade of grass. 


TABLE 4 


Surface Tension of Some 


Substances 


Substance 
(temperature in °C) 


Surface 
Tension 
(N/m) 


Mercury (20°) 
Blood, whole (37°) 
Blood, plasma (37°) 
Alcohol, ethyl (20°) 
Water (0°) 

(20°) 

(100°) 
Benzene (20°) 
Soap solution (20°) 
Oxygen (—193°) 


0.44 
0.058 
0.073 
0.023 
0.076 
0.072 
0.059 
0.029 
= 0.025 
0.016 
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FIGURE 36 A water strider. 


Water Mercury Mm 


(a) (b) 


FIGURE 38 (a) Water “wets” the 
surface of glass, whereas (b) mercury 
does not “wet” the glass. 


FIGURE 39 = Capillarity. 


(a) (b) 
Glass tube Glass tube 
in water in mercury 
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Because of surface tension, some insects (Fig. 36) can walk on water, and 
objects more dense than water, such as a steel needle, can float on the surface. 
Figure 37a shows how the surface tension can support the weight w of an object. 
Actually, the object sinks slightly into the fluid, so w is the “effective weight” of 
that object—its true weight less the buoyant force. 


Y=Fj F FA F 


Y=Ff i 
61 ro A 
l | Ay 
i 
FIGURE 37 Surface tension 3 
acting on (a) a sphere, and (b) an 
insect leg. Example 16. (a) w (b) 


EXAMPLE 16 Insect walks on water. The base of an insect’s leg 
is approximately spherical in shape, with a radius of about 2.0 x 10m. The 
0.0030-g mass of the insect is supported equally by its six legs. Estimate the angle 
0 (see Fig. 37) for an insect on the surface of water. Assume the water tempera- 
ture is 20°C. 


APPROACH Since the insect is in equilibrium, the upward surface tension force 
is equal to the pull of gravity downward on each leg. We ignore the buoyant 
force for this estimate. 

SOLUTION For each leg, we assume the surface tension force acts all around a 
circle of radius r, at an angle 0, as shown in Fig. 37a. Only the vertical component, 
Ycos@, acts to balance the weight mg. So we set the length £in Eq. 13 equal to 
the circumference of the circle, l ~ 2mr. Then the net upward force due to 
surface tension is F, ~ (Ycos@)£ ~ 2arY cos 6. We set this surface tension force 
equal to one-sixth the weight of the insect since it has six legs: 


2nr¥cosd ~ img 
(6.28)(2.0 x 10% m)(0.072 N/m) cos@ = 4(3.0 x 10™% kg)(9.8 m/s?) 


0.49 
cos@ & 0.90 7 0.54. 


So 6 ~ 57°. If cos 0 had come out greater than 1, the surface tension would not 
be great enough to support the insect’s weight. 


NOTE Our estimate ignored the buoyant force and ignored any difference 
between the radius of the insect’s “foot” and the radius of the surface depression. 


Soaps and detergents lower the surface tension of water. This is desirable for 
washing and cleaning since the high surface tension of pure water prevents it from 
penetrating easily between the fibers of material and into tiny crevices. Substances 
that reduce the surface tension of a liquid are called surfactants. 

Surface tension plays a role in another interesting phenomenon, capillarity. It is a 
common observation that water in a glass container rises up slightly where it touches 
the glass, Fig. 38a. The water is said to “wet” the glass. Mercury, on the other hand, is 
depressed when it touches the glass, Fig. 38b; the mercury does not wet the glass. 
Whether a liquid wets a solid surface is determined by the relative strength of the 
cohesive forces between the molecules of the liquid compared to the adhesive forces 
between the molecules of the liquid and those of the container. Cohesion refers to the 
force between molecules of the same type, whereas adhesion refers to the force between 
molecules of different types. Water wets glass because the water molecules are more 
strongly attracted to the glass molecules than they are to other water molecules. The 
opposite is true for mercury: the cohesive forces are stronger than the adhesive forces. 

In tubes having very small diameters, liquids are observed to rise or fall relative 
to the level of the surrounding liquid. This phenomenon is called capillarity, and such 
thin tubes are called capillaries. Whether the liquid rises or falls (Fig. 39) depends on 
the relative strengths of the adhesive and cohesive forces. Thus water rises in a glass 
tube, whereas mercury falls. The actual amount of rise (or fall) depends on the surface 
tension—which is what keeps the liquid surface from breaking apart. 
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“14 Pumps, and the Heart 


We conclude this Chapter with a brief discussion of pumps, including the heart. 
Pumps can be classified into categories according to their function. A vacuum pump 
is designed to reduce the pressure (usually of air) in a given vessel. A force pump, 
on the other hand, is a pump that is intended to increase the pressure—for 
example, to lift a liquid (such as water from a well) or to push a fluid through a 
pipe. Figure 40 illustrates the principle behind a simple reciprocating pump. It could 
be a vacuum pump, in which case the intake is connected to the vessel to be evacu- 
ated. A similar mechanism is used in some force pumps, and in this case the fluid is 
forced under increased pressure through the outlet. 

A centrifugal pump (Fig. 41), or any force pump, can be used as a circulating 
pump—that is, to circulate a fluid around a closed path, such as the cooling water 
or lubricating oil in an automobile. 

The heart of a human (and of other animals as well) is essentially a circulating 
pump. The action of a human heart is shown in Fig. 42. There are actually two separate 
paths for blood flow. The longer path takes blood to the parts of the body, via the 
arteries, bringing oxygen to body tissues and picking up carbon dioxide, which it 
carries back to the heart via veins. This blood is then pumped to the lungs (the second 
path), where the carbon dioxide is released and oxygen is taken up. The oxygen-laden 
blood is returned to the heart, where it is again pumped to the tissues of the body. 


FIGURE 42 (a) In the diastole phase, the heart relaxes between beats. Blood moves 
into the heart; both atria fill rapidly. (b) When the atria contract, the systole or 
pumping phase begins. The contraction pushes the blood through the mitral and 
tricuspid valves into the ventricles. (c) The contraction of the ventricles forces the 
blood through the semilunar valves into the pulmonary artery, which leads to the 
lungs, and to the aorta (the body’s largest artery), which leads to the arteries serving 
all the body. (d) When the heart relaxes, the semilunar valves close; blood fills the 
atria, beginning the cycle again. 


FIGURE 40 One kind of pump: the 
intake valve opens and air (or fluid 
that is being pumped) fills the empty 
space when the piston moves to the 
left. When the piston moves to the 
right (not shown), the outlet valve 
opens and fluid is forced out. 


FIGURE 41 Centrifugal pump: the 
rotating blades force fluid through 
the outlet pipe; this kind of pump is 
used in vacuum cleaners and as a 
water pump in automobiles. 
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Right atrium Left atri Pulmonary. . 
(from the body) (from fhe Nings) artery Right 
(to lungs) Aorta atrium 
(to the Left 
body) atrium 
Semilunar 
WX Ae , valves Semilunar | / Mitral 
Tricuspid Right Left valves Tricuspid valve 
valve ventricle ventricle valve 
(a) (c) (d) 
Summary 


The three common phases of matter are solid, liquid, and gas. 
Liquids and gases are collectively called fluids, meaning they 
have the ability to flow. The density of a material is defined as 
its mass per unit volume: 


p= se qd) 


Specific gravity is the ratio of the density of the material to 
the density of water (at 4°C). 
Pressure is defined as force per unit area: 


F 
P = —. 2 
A (2) 
The pressure P at a depth A in a liquid is given by 
P = pgh, (3) 


where p is the density of the liquid and g is the acceleration due 


to gravity. If the density of a fluid is not uniform, the pressure P 
varies with height y as 


- = pg. (4) 

Pascal’s principle says that an external pressure applied to a 
confined fluid is transmitted throughout the fluid. 

Pressure is measured using a manometer or other type 
of gauge. A barometer is used to measure atmospheric pres- 
sure. Standard atmospheric pressure (average at sea level) is 
1.013 x 10°N/m*. Gauge pressure is the total (absolute) 
pressure less atmospheric pressure. 

Archimedes’ principle states that an object submerged 
wholly or partially in a fluid is buoyed up by a force equal to the 
weight of fluid it displaces (F B = Mpg = prVadispl g). 
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Fluid flow can be characterized either as streamline (some- 
times called laminar), in which the layers of fluid move 
smoothly and regularly along paths called streamlines, or as 
turbulent, in which case the flow is not smooth and regular but 
is characterized by irregularly shaped whirlpools. 

Fluid flow rate is the mass or volume of fluid that passes a 
given point per unit time. The equation of continuity states that 
for an incompressible fluid flowing in an enclosed tube, the 
product of the velocity of flow and the cross-sectional area of 
the tube remains constant: 


Av = constant. (7b) 
Bernoulli’s principle tells us that where the velocity of a 


fluid is high, the pressure in it is low, and where the velocity is 
low, the pressure is high. For steady laminar flow of an incom- 
pressible and nonviscous fluid, Bernoulli’s equation, which is 
based on the law of conservation of energy, is 


Pi + zpvt + pgy, = Pa + 3p} + pgyr, (8) 
for two points along the flow. 
[*Viscosity refers to friction within a fluid and is essentially 
a frictional force between adjacent layers of fluid as they move 
past one another.] 
[*Liquid surfaces hold together as if under tension (surface 
tension), allowing drops to form and objects like needles and 
insects to stay on the surface.] 


J Answers to Exercises 


A: (d). 

B: The same. Pressure depends on depth, not on length. 
C: Lower. 

D: (a). 


E: (e). 
F: Increases. 
G: (b). 


Fluids 
Problem Set 


Questions 


1. If one material has a higher density than another, must the mole- 


2. 


10. 
11. 


12. 


13. 


14. 


From Chapter 13 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 


cules of the first be heavier than those of the second? Explain. 
Airplane travelers sometimes note that their cosmetics 
bottles and other containers have leaked during a flight. 
What might cause this? 


. The three containers in Fig. 43 are filled with water to the same 


height and have the same surface area at the base; hence the 
water pressure, and the total force on the base of each, is the 
same. Yet the total weight of water is different for each. Explain 
this “hydrostatic paradox.” 

(E 


FIGURE 43 
Question 3. = 


. Consider what happens when you push both a pin and the 


blunt end of a pen against your skin with the same force. 
Decide what determines whether your skin is cut—the net 
force applied to it or the pressure. 


. A small amount of water is boiled in a 1-gallon metal can. 


The can is removed from the heat and the lid put on. As the 
can cools, it collapses. Explain. 


e When blood pressure is measured, why must the cuff be 


held at the level of the heart? 


. An ice cube floats in a glass of water filled to the brim. 


What can you say about the density of ice? As the ice melts, 
will the water overflow? Explain. 


. Will an ice cube float in a glass of alcohol? Why or why not? 
. A submerged can of Coke® will sink, but a can of Diet 


Coke® will float. (Try it!) Explain. 

Why don’t ships made of iron sink? 

Explain how the tube in Fig. 44, known as a siphon, 
can transfer liquid from one 
container to a lower one even 
though the liquid must flow 
uphill for part of its journey. 
(Note that the tube must be 
filled with liquid to start with.) 


FIGURE 44 
Question 11. A siphon. 


A barge filled high with sand approaches a low bridge over 
the river and cannot quite pass under it. Should sand be 
added to, or removed from, the barge? [Hint: Consider 
Archimedes’ principle.] 

Explain why helium weather balloons, which are used to 
measure atmospheric conditions at high altitudes, are normally 
released while filled to only 10-20% of their maximum volume. 
A row boat floats in a swimming pool, and the level 
of the water at the edge of the pool is marked. Consider the 
following situations and explain whether the level of the 


15. 


16. 


17. 


18 


19. 


20. 


21. 
22. 


23. 


24. 


water will rise, fall, or stay the same. (a) The boat is removed 
from the water. (b) The boat in the water holds an iron 
anchor which is removed from the boat and placed on the 
shore. (c) The iron anchor is removed from the boat and 
dropped in the pool. 

Will an empty balloon have precisely the same 
apparent weight on a scale as a balloon filled with air? 
Explain. 

Why do you float higher in salt water than in fresh 
water? 

If you dangle two pieces of paper vertically, a few inches 
apart (Fig. 45), and blow between them, how do you think 
the papers will move? Try it and see. Explain. 


Douglas C. Giancoli 


FIGURE 46 
Question 18. Water 
coming from a faucet. 


FIGURE 45 
Question 17. 


. Why does the stream of water from a faucet become 


narrower as it falls (Fig. 46)? 

Children are told to avoid standing too close to a rapidly 
moving train because they might get sucked under it. Is this 
possible? Explain. 

A tall Styrofoam cup is filled with water. Two holes are 
punched in the cup near the bottom, and water begins 
rushing out. If the cup is dropped so it falls freely, will the 
water continue to flow from the holes? Explain. 

Why do airplanes normally take off into the wind? 

Two ships moving in parallel paths close to one another risk 
colliding. Why? 

Why does the canvas top of a convertible bulge out 
when the car is traveling at high speed? [Hint: The wind- 
shield deflects air upward, pushing streamlines closer 
together. ] 

Roofs of houses are sometimes “blown” off (or are they 
pushed off?) during a tornado or hurricane. Explain using 
Bernoulli’s principle. 


Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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[l Problems 


3 to 6 Pressure; Pascal's Principle 


[The Problems in this Section are ranked I, II, or III according to 
estimated difficulty, with (I) Problems being easiest. Level (II) 
Problems are meant mainly as a challenge for the best students, for 
“extra credit.” The Problems are arranged by Sections, meaning that 
the reader should have read up to and including that Section, but 
this Chapter also has a group of General Problems that are not 
arranged by Section and not ranked.] 


2 Density and Specific Gravity 
1. (I) The approximate volume of the granite monolith known 
as El Capitan in Yosemite National Park (Fig. 47) is about 
10° m°. What is its approximate mass? 


Adam Jones/Photo Researchers, Inc. 


FIGURE 47 Problem 1. 


2. (I) What is the approximate mass of air in a living room 
5.6m X 3.8m X 2.8m? 

3. (I) If you tried to smuggle gold bricks by filling your back- 
pack, whose dimensions are 56cm X 28cm X 22cm, what 
would its mass be? 

4. (I) State your mass and then estimate your volume. [Hint: 
Because you can swim on or just under the surface of the 
water in a swimming pool, you have a pretty good idea of 
your density. ] 

5. (II) A bottle has a mass of 35.00 g when empty and 98.44 g 
when filled with water. When filled with another fluid, the 
mass is 89.22 g. What is the specific gravity of this other fluid? 

6. (II) If 5.0L of antifreeze solution (specific gravity = 0.80) 
is added to 4.0 L of water to make a 9.0-L mixture, what is 
the specific gravity of the mixture? 

7. (III) The Earth is not a uniform sphere, but has regions of 
varying density. Consider a simple model of the Earth 
divided into three regions—inner core, outer core, and 
mantle. Each region is taken to have a unique constant 
density (the average density of that region in the real Earth): 


Radius Density 

Region (km) (kg/m?) 
Inner Core 0-1220 13,000 
Outer Core 1220-3480 11,100 
Mantle 3480-6371 4,400 


(a) Use this model to predict the average density of the entire 
Earth. (b) The measured radius of the Earth is 6371 km and 
its mass is 5.98 X 10%kg. Use these data to determine the 
actual average density of the Earth and compare it (as a 
percent difference) with the one you determined in (a). 


8. 


9 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


(1) Estimate the pressure needed to raise a column of water 
to the same height as a 35-m-tall oak tree. 

(1) Estimate the pressure exerted on a floor by (a) one pointed 
chair leg (66kg on all four legs) of area = 0.020 cm?, and 
(b) a 1300-kg elephant standing on one foot (area = 800 cm”). 
(I) What is the difference in blood pressure (mm-Hg) 
between the top of the head and bottom of the feet of a 
1.70-m-tall person standing vertically? 

(II) How high would the level be in an alcohol barometer at 
normal atmospheric pressure? 

(ID) In a movie, Tarzan evades his captors by hiding under- 
water for many minutes while breathing through a long, thin 
reed. Assuming the maximum pressure difference his lungs 
can manage and still breathe is —85 mm-Hg, calculate the 
deepest he could have been. 

(I) The maximum gauge pressure in a hydraulic lift is 
17.0 atm. What is the largest-size vehicle (kg) it can lift if the 
diameter of the output line is 22.5 cm? 

(IL) The gauge pressure in each of the four tires of an auto- 
mobile is 240 kPa. If each tire has a “footprint” of 220 cm’, 
estimate the mass of the car. 

(ID) (a) Determine the total force and the absolute pressure 
on the bottom of a swimming pool 28.0m by 8.5m whose 
uniform depth is 1.8 m. (b) What will be the pressure against 
the side of the pool near the bottom? 

(II) A house at the bottom of a hill is fed by a full tank of 
water 5.0m deep and connected to the house by a pipe 
that is 110m long at an angle of 58° from the horizontal 
(Fig. 48). (a) Determine the water gauge pressure at the 
house. (b) How + 

high could the 5.0m]) 

water shoot if it a 

came vertically 


out of a broken 110m 

pipe in front of 

the house? ee 
FIGURE 48 a + Jer 
Problem 16. — 


(I) Water and then oil (which don’t mix) are poured into a 
U-shaped tube, open at both ends. 

They come to equilibrium as shown 

in Fig. 49. What is the density of the 

oil? [Hint: Pressures at points a and Oil 
b are equal. Why?] 


FIGURE 49 
Problem 17. 


(II) In working out his principle, Pascal showed dramati- 
cally how force can be multiplied with fluid pressure. He 
placed a long, thin tube of radius r = 0.30cm vertically 
into a wine barrel of radius R = 21cm, Fig. 50. He found 
that when the barrel was filled with water and the tube 
filled to a height of 12m, the barrel burst. Calculate (a) 
the mass of water in the tube, and (b) the net force 
exerted by the water in the barrel on the lid just before 
rupture. 
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r= 0.30 cm 


FIGURE 50 
Problem 18 (not to scale). 


(II) What is the normal pressure of the atmosphere at the 
summit of Mt. Everest, 8850 m above sea level? 

(II) A hydraulic press for compacting powdered samples has a 
large cylinder which is 10.0cm in diameter, and a small 
cylinder with a diameter of 2.0 cm (Fig. 51). A lever is attached 
to the small cylinder as shown. The sample, which is placed on 
the large cylinder, has an area of 4.0 cm?. What is the pressure 
on the sample if 350 N is applied to Othe lever? 


350 N 


Sample 


Hydraulic 
fluid 


Small cylinder 
2.0 cm 


FIGURE 51 


Problem 20. 


(II) An open-tube mercury manometer is used to measure 
the pressure in an oxygen tank. When the atmospheric 
pressure is 1040 mbar, what is the absolute pressure (in Pa) 
in the tank if the height of the mercury in the open tube is 
(a) 21.0 cm higher, (b) 5.2 cm lower, than the mercury in the 
tube connected to the tank? 


(IIL) A beaker of liquid accelerates from rest, on a horizontal 
surface, with acceleration a to the right. (a) Show that the 
surface of the liquid makes an angle @ = tan! (a/g) with 
the horizontal. (b) Which edge of the water surface is higher? 
(c) How does the pressure vary with depth below the surface? 


(III) Water stands at a height h behind a vertical dam of 
uniform width b. (a) Use integration to show that the total 
force of the water on the dam is F = }pgh°b. (b) Show 
that the torque about the base of the dam due to this force 
can be considered to act with a lever arm equal to h/3. 
(c) For a freestanding concrete dam of uniform thickness t and 
height 4, what minimum thickness is needed to prevent 
overturning? Do you need to add in atmospheric pressure 
for this last part? Explain. 

(IIL) Estimate the density of the water 5.4km deep in the sea. 
By what fraction does it differ from the density at the surface? 
(OI) A cylindrical bucket of liquid (density p) is rotated 
about its symmetry axis, which is vertical. If the angular 
velocity is w, show that the pressure at a distance r from the 
rotation axis is 


P = Po + por, 


where Pois the pressure at r = 0. 


7 Buoyancy and Archimedes’ Principle 


26. 


27. 


28. 


29. 


30. 


3L 


(I) What fraction of a piece of iron will be submerged 
when it floats in mercury? 

(I) A geologist finds that a Moon rock whose mass is 9.28 kg 
has an apparent mass of 6.18 kg when submerged in water. 
What is the density of the rock? 

(II) A crane lifts the 16,000-kg steel hull of a sunken ship 
out of the water. Determine (a) the tension in the crane’s 
cable when the hull is fully submerged in the water, and 
(b) the tension when the hull is completely out of the water. 
(ID) A spherical balloon has a radius of 7.35 m and is filled 
with helium. How large a cargo can it lift, assuming that the 
skin and structure of the balloon have a mass of 930kg? 
Neglect the buoyant force on the cargo volume itself. 

(II) A 74-kg person has an apparent mass of 54 kg (because 
of buoyancy) when standing in water that comes up to the 
hips. Estimate the mass of each leg. Assume the body has 
SG = 1.00. 

(II) What is the likely identity of a metal (see Table 1) if a 
sample has a mass of 63.5 g when measured in air and an 
apparent mass of 55.4 g when submerged in water? 


TABLE 1 
Densities of Substancest 
Density, 
Substance p (kg/m?) 
Solids 
Aluminum 2.70 x 10° 
Tron and steel We Se Te 
Copper RO x 1G? 
Lead ile) See? 
Gold 19.3 x 10° 
Concrete Dey SET? 
Granite Da Sie 
Wood (typical) 0.3-0.9 x 10° 
Glass,common 2.4-2.8 x 10° 
Ice (H20) 0.917 x 10° 
Bone L720) SS 10? 
Liquids 
Water (4°C) 1.00 x 10° 
Blood, plasma 1.03 x 10° 
Blood, whole 1.05 x 10° 
Sea water 1.025 x 10° 
Mercury BO ic? 
Alcohol, ethyl 0.79 x 10° 
Gasoline 0.68 x 10° 
Gases 
Air 1.29 
Helium 0.179 
Carbon dioxide 1.98 
Steam 
(water, 100°C) 0.598 


‘Densities are given at 0°C and 1 atm 
pressure unless otherwise specified. 
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(II) Calculate the true mass (in vacuum) of a piece of 
aluminum whose apparent mass is 3.0000 kg when weighed 
in air. 

(II) Because gasoline is less dense than water, drums 
containing gasoline will float in water. Suppose a 230-L steel 
drum is completely full of gasoline. What total volume of 
steel can be used in making the drum if the gasoline-filled 
drum is to float in fresh water? 


(II) A scuba diver and her gear displace a volume of 65.0 L 
and have a total mass of 68.0 kg. (a) What is the buoyant force 
on the diver in seawater? (b) Will the diver sink or float? 


(II) The specific gravity of ice is 0.917, whereas that of 
seawater is 1.025. What percent of an iceberg is above the 
surface of the water? 


(11) Archimedes’ principle can be used not only to determine 
the specific gravity of a solid using a known liquid (Example 
10 of “Fluids”); the reverse can be done as well. (a) As an 
example, a 3.80-kg aluminum ball has an apparent mass of 
2.10 kg when submerged in a particular liquid: calculate the 
density of the liquid. (b) Derive a formula for determining 
the density of a liquid using this procedure. 


(I) (a) Show that the buoyant force Fg on a partially 
submerged object such as a ship acts at the center of gravity 
of the fluid before it is displaced. This point is called the 
center of buoyancy. (b) To ensure that a ship is in stable equi- 
librium, would it be better if its center of buoyancy was 
above, below, or at the same point 
as, its center of gravity? Explain. 
(See Fig. 52.) 


Fy 


FIGURE 52 mg 
Problem 37. 


(II) A cube of side length 10.0cm and made of unknown 
material floats at the surface between water and oil. The oil 
has a density of 810 kg/m’. If the cube floats so that it is 
72% in the water and 28% in the oil, what is the mass of the 
cube and what is the buoyant force on the cube? 


(I) How many helium-filled balloons would it take to lift a 
person? Assume the person has a mass of 75 kg and that each 
helium-filled balloon is spherical with a diameter of 33 cm. 


(ID) A scuba tank, when fully submerged, displaces 15.7 L of 
seawater. The tank itself has a mass of 14.0kg and, when 
“full,” contains 3.00 kg of air. Assuming only a weight and 
buoyant force act, determine the net force (magnitude and 
direction) on the fully submerged tank at the beginning of a 
dive (when it is full of air) and at the end of a dive (when it 
no longer contains any air). 

(IID) If an object floats in water, its density can be deter- 
mined by tying a sinker to it so that both the object and the 
sinker are submerged. Show that the specific gravity is given 
by w/(w; — w2), where w is the weight of the object alone 
in air, w4 is the apparent weight when a sinker is tied to it 
and the sinker only is submerged, and w, is the apparent 
weight when both the object and the sinker are submerged. 
(III) A 3.25-kg piece of wood (SG = 0.50) floats on water. 
What minimum mass of lead, hung from the wood by a 
string, will cause it to sink? 


8 to 10 Fluid Flow, Bernoulli's Equation 
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(1) A 15-cm-radius air duct is used to replenish the air of a 
room 8.2m X 5.0m X 3.5m every 12min. How fast does 
the air flow in the duct? 

(I) Using the data of Example 13 of “Fluids,” calculate the 
average speed of blood flow in the major arteries of the body 
which have a total cross-sectional area of about 2.0 cm?. 

(I) How fast does water flow from a hole at the bottom of a very 
wide, 5.3-m-deep storage tank filled with water? Ignore viscosity. 
(II) A fish tank has dimensions 36 cm wide by 1.0m long by 
0.60 m high. If the filter should process all the water in the 
tank once every 4.0h, what should the flow speed be in the 
3.0-cm-diameter input tube for the filter? 

(II) What gauge pressure in the water mains is necessary if a 
firehose is to spray water to a height of 18 m? 

(IL) A $in. (inside) diameter garden hose is used to fill a 
round swimming pool 6.1 m in diameter. How long will it 
take to fill the pool to a depth of 1.2 m if water flows from 
the hose at a speed of 0.40 m/s? 

(ID) A 180-km/h wind blowing over the flat roof of a house 
causes the roof to lift off the house. If the house is 
6.2m X 12.4m in size, estimate the weight of the roof. 
Assume the roof is not nailed down. 

(ID) A 6.0-cm-diameter horizontal pipe gradually narrows to 
4.5 cm. When water flows through this pipe at a certain rate, 
the gauge pressure in these two sections is 32.0kPa and 
24.0 kPa, respectively. What is the volume rate of flow? 

(ID) Estimate the air pressure inside a category 5 hurricane, 
where the wind speed is 300 km/h (Fig. 53). 


yi a 


National Oceanic and Atmospheric 


Administration NOAA 


FIGURE 53 Problem 51. 


(II) What is the lift (in newtons) due to Bernoulli’s principle on 
a wing of area 88 m° if the air passes over the top and bottom 
surfaces at speeds of 280 m/s and 150 m/s, respectively? 


(ID) Show that the power needed to drive a fluid through a 
pipe with uniform cross-section is equal to the volume rate 
of flow, Q, times the pressure difference, P4 — P2. 


(II) Water at a gauge pressure of 
3.8 atm at street level flows into an 
office building at a speed of 0.68 m/s 
through a pipe 5.0cm in diameter. 
The pipe tapers down to 2.8cm in 
diameter by the top floor, 18m above 
(Fig. 54), where the faucet has been 
left open. Calculate the flow velocity 
and the gauge pressure in the pipe 
on the top floor. Assume no branch 
pipes and ignore viscosity. 


FIGURE 54 
Problem 54. 
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(II) In Fig. 55, take into account the speed of the top surface 
of the tank and show that the speed of fluid leaving the 
opening at the bottom is 


2gh 
vu = E EE 
‘ (1 — A3/A3) 


where h = y} — y1, and A; and A, are the areas of the 
opening and of the top surface, respectively. Assume Ay << Aj 
so that the flow remains 
nearly steady and laminar. 


FIGURE 55 
Problems 55, 56, 58, 
and 59. 


(II) Suppose the top surface of the vessel in Fig. 55 is 
subjected to an external gauge pressure P. (a) Derive a 
formula for the speed, v4 , at which the liquid flows from the 
opening at the bottom into atmospheric pressure, Po. 
Assume the velocity of the liquid surface, v2, is approxi- 
mately zero. (b) If P, =0.85atm and y, — yı = 2.4m, 
determine vı for water. 


(II) You are watering your lawn with a hose when you put 
your finger over the hose opening to increase the distance 
the water reaches. If you are pointing the hose at the same 
angle, and the distance the water reaches increases by a 
factor of 4, what fraction of the hose opening did you block? 
(III) Suppose the opening in the tank of Fig. 55 is a height h, 
above the base and the liquid surface is a height hz above the 
base. The tank rests on level ground. (a) At what horizontal 
distance from the base of the 
tank will the fluid strike the 
ground? (b) At what other 
height, hj, can a hole be ) 
placed so that the emerging | 
liquid will have the same 
“range”? Assume v ~ 0. 

FIGURE 55 (repeated) 

Problems 55, 56, 58, and 59. 
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(II) (a) In Fig. 55, show that Bernoulli’s principle predicts 
that the level of the liquid, h = y2 — yı, drops at a rate 

dh 2ghA? 

d AB — Az 
where A, and Az are the areas of the opening and the top 
surface, respectively, assuming A;< A, and viscosity is 
ignored. (b) Determine A as a function of time by integrating. 
Let h = hy at t = 0. (c) How long would it take to empty 
a 10.6-cm-tall cylinder filled with 1.3L of water if the 
opening is at the bottom and has a 0.50-cm diameter? 
(III) (a) Show that the flow speed measured by a venturi 
meter (see Fig. 32) is given by the relation 

ve AP, = Ps) 

ON AA- 43) 

(b) A venturi meter is measuring the flow of water; it has a 
main diameter of 3.0cm tapering down to a throat diameter 
of 1.0 cm. If the pressure difference is measured to be 18 mm- 
Hg, what is the speed of the water entering the venturi 
throat? 
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FIGURE 32 an 
Venturi meter. A, 


(I) Thrust of a rocket. (a) Use Bernoulli’s equation and 
the equation of continuity to show that the emission speed 
of the propelling gases of a rocket is 

v = VAP — Po)/p, 
where p is the density of the gas, P is the pressure of the gas 
inside the rocket, and Pois atmospheric pressure just outside 
the exit orifice. Assume that the gas density stays approxi- 
mately constant, and that the area of the exit orifice, Ag, is 
much smaller than the cross-sectional area, A, of the inside 
of the rocket (take it to be a large cylinder). Assume also 
that the gas speed is not so high that significant turbulence 
or nonsteady flow sets in. (b) Show that the thrust force on 
the rocket due to the emitted gases is 

F = 2A((P — Po). 
(IIT) A fire hose exerts a force on the person holding it. This 
is because the water accelerates as it goes from the hose 
through the nozzle. How much force is required to hold 
a 7.0-cm-diameter hose delivering 450L/min through a 
0.75-cm-diameter nozzle? 
Viscosity 
(ID) A viscometer consists of two concentric cylinders, 10.20 cm 
and 10.60 cm in diameter. A liquid fills the space between them 
to a depth of 12.0cm. The outer cylinder is fixed, and a torque 
of 0.024 m: N keeps the inner cylinder turning at a steady rota- 
tional speed of 57 rev/min. What is the viscosity of the liquid? 
(M) A long vertical hollow tube with an inner diameter of 
1.00cm is filled with SAE 10 motor oil. A 0.900-cm-diameter, 
30.0-cm-long 150-g rod is dropped vertically through the oil in the 
tube. What is the maximum speed attained by the rod as it falls? 


Flow in Tubes; Poiseuille’s Equation 

(I) Engine oil (assume SAE 10, Table 3) passes through a 
fine 1.80-mm-diameter tube that is 8.6cm long. What pressure 
difference is needed to maintain a flow rate of 6.2 mL/min? 


TABLE 3 
Coefficients of Viscosity 
Fluid Coefficient 
(temperature of Viscosity, 
in °C) n (Pa: s) 
Water (0°) 1.8 x 103 
(20°) LO 1O 
(100°) 0.3 x 10-3 
Whole blood (37°) AAS 0 
Blood plasma (37°) © 1.5 x 10° 
Ethyl alcohol (20°) 1.2 x 10°3 
Engine oil (30°) 

(SAE 10) 200 x 10°3 
Glycerine (20°) 1500 x 10° 
Air (20°) 0.018 x 10° 
Hydrogen (0°) 0.009 x 103 
Water vapor (100°) 0.013 x 107° 


t1 Pa-s = 10P = 1000cP. 
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(T) A gardener feels it is taking too long to water a garden with 
a?-in.-diameter hose. By what factor will the time be cut using a 
3-in.-diameter hose instead? Assume nothing else is changed. 
(II) What diameter must a 15.5-m-long air duct have if the 
ventilation and heating system is to replenish the air in a 
room 8.0m X 14.0m X 4.0m every 12.0 min? Assume the 
pump can exert a gauge pressure of 0.710 X 10 atm. 
(II) What must be the pressure difference between the two ends 
of a 1.9-km section of pipe, 29 cm in diameter, if it is to transport 
oil (p = 950 kg/m, 7 = 0.20 Pas) at a rate of 650 cm3/s? 
(ID) Poiseuille’s equation does not hold if the flow velocity is 
high enough that turbulence sets in. The onset of turbulence 
occurs when the Reynolds number, Re, exceeds approxi- 
mately 2000. Re is defined as 
2urp 

n 
where v is the average speed of the fluid, p is its density, n 
is its viscosity, and r is the radius of the tube in which the fluid 
is flowing. (a) Determine if blood flow through the aorta is 
laminar or turbulent when the average speed of blood in the 
aorta (r = 0.80cm) during the resting part of the heart’s 
cycle is about 35 cm/s. (b) During exercise, the blood-flow 
speed approximately doubles. Calculate the Reynolds number 
in this case, and determine if the flow is laminar or turbulent. 
(II) Assuming a constant pressure gradient, if blood flow is 
reduced by 85%, by what factor is the radius of a blood 
vessel decreased? 
(III) A patient is to be given a blood transfusion. The blood 
is to flow through a tube from a raised bottle to a needle 
inserted in the vein (Fig. 56). The inside diameter of the 25- 
mm-long needle is 0.80 mm, 
and the required flow rate is 
2.0 cm} of blood per minute. 
How high h should the 
bottle be placed above the 
needle? Obtain p and 7 
from the Tables. Assume 
the blood pressure is 78 
torr above atmospheric 
pressure. 


Re = 


f 
FIGURE 56 X 
Problems 71 and 79. 
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(I) If the force F needed to move the wire in Fig. 35 is 
3.4 x 103 N, calculate the surface tension y of the 
enclosed fluid. Assume £ = 0.070 m. 


Y 


Liquid Y Wire 
(b) Edge view (magnified) 


(a) Top view 


FIGURE 35 U-shaped wire apparatus holding a film of 
liquid to measure surface tension (Y = F/24). 


(I) Calculate the force needed to move the wire in Fig. 35 if it 
is immersed in a soapy solution and the wire is 24.5 cm long. 
(II) The surface tension of a liquid can be determined by 
measuring the force F needed to just lift a circular platinum 
ring of radius r from the surface of the liquid. (a) Find a 
formula for y in terms of F and r. (b) At 30°C, if 
F =5.80 X 10°N and r=2.8cm, calculate Y for the 
tested liquid. 

(III) Estimate the diameter of a steel needle that can just 
“float” on water due to surface tension. 


(III) Show that inside a soap bubble, there must be a pressure 
AP in excess of that outside equal to AP = 4Y/r, where r is 
the radius of the bubble and y is the surface tension. [Hint: 
Think of the bubble as two hemispheres in contact with each 
other; and remember that there are two surfaces to the 
bubble. Note that this result applies to any kind of 
membrane, where 2Y is the tension per unit length in that 
membrane. ] 


(III) A common effect of surface tension is the ability of a 
liquid to rise up a narrow tube due to what is called capil- 
lary action. Show that for a narrow tube of radius r placed 
in a liquid of density p and surface tension Y, the liquid in 
the tube will reach a height h = 2Y/pgr above the level of 
the liquid outside the tube, where g is the gravitational 
acceleration. Assume that the liquid “wets” the capillary 
(the liquid surface is vertical at the contact with the inside 
of the tube). 


| General Problems 


78. 


79. 


80. 


A 2.8-N force is applied to the plunger of a hypodermic 
needle. If the diameter of the plunger is 1.3cm and that 
of the needle 0.20 mm, (a) with what force does the fluid leave 
the needle? (b) What force on the plunger would be needed to 
push fluid into a vein where the gauge pressure is 75 mm-Hg? 
Answer for the instant just before the fluid starts to move. 


Intravenous infusions are often made under gravity, as 
shown in Fig. 56. Assuming the fluid has a density of 
1.00 g/cm, at what height / should the bottle be placed so 
the liquid pressure is (a) 55 mm-Hg, and (b) 650 mm-H,0? 
(c) If the blood pressure is 78 mm-Hg above atmospheric 
pressure, how high should the bottle be placed so that the 
fluid just barely enters the vein? 


A beaker of water rests on an electronic balance that reads 
998.0 g. A 2.6-cm-diameter solid copper ball attached to a 
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string is submerged in the water, but does not touch the 
bottom. What are the tension in the string and the new 
balance reading? 


Estimate the difference in air pressure between the top and 
the bottom of the Empire State building in New York City. 
It is 380m tall and is located at sea level. Express as a 
fraction of atmospheric pressure at sea level. 


A hydraulic lift is used to jack a 920-kg car 42cm off the 
floor. The diameter of the output piston is 18cm, and the 
input force is 350 N. (a) What is the area of the input piston? 
(b) What is the work done in lifting the car 42 cm? (c) If the 
input piston moves 13 cm in each stroke, how high does the 
car move up for each stroke? (d) How many strokes are 
required to jack the car up 42 cm? (e) Show that energy is 
conserved. 
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When you ascend or descend a great deal when driving in a 
car, your ears “pop,” which means that the pressure behind 
the eardrum is being equalized to that outside. If this did 
not happen, what would be the approximate force on an 
eardrum of area 0.20 cm? if a change in altitude of 950m 
takes place? 


Giraffes are a wonder of cardiovascular engineering. Calcu- 
late the difference in pressure (in atmospheres) that the 
blood vessels in a giraffe’s head must accommodate as the 
head is lowered from a full upright position to ground level 
for a drink. The height of an average giraffe is about 6 m. 


Suppose a person can reduce the pressure in his lungs to 
—75 mm-Hg gauge pressure. How high can water then be 
“sucked” up a straw? 


Airlines are allowed to maintain a minimum air pressure 
within the passenger cabin equivalent to that at an altitude 
of 8000 ft (2400 m) to avoid adverse health effects among 
passengers due to oxygen deprivation. Estimate this 
minimum pressure (in atm). 


A simple model (Fig. 57) considers a continent as a block 
(density = 2800 kg/ m°) floating in the mantle rock around 
it (density ~ 3300 kg/m’). Assuming the continent is 35 km 
thick (the average thickness of the Earth’s continental 
crust), estimate the F 

height of the conti- B 
nent above the 
surrounding rock. 


Continent 
—— (density =~ 2800 kg/m3);—— 


mg 
FIGURE 57 Mantle rock (density ~ 3300 kg/m3) 


Problem 87. 


A ship, carrying fresh water to a desert island in the 
Caribbean, has a horizontal cross-sectional area of 2240 m? 
at the waterline. When unloaded, the ship rises 8.50m 
higher in the sea. How many cubic meters of water was 
delivered? 


During ascent, and especially during descent, volume changes 
of trapped air in the middle ear can cause ear discomfort 
until the middle-ear pressure and exterior pressure are 
equalized. (a) If a rapid descent at a rate of 7.0 m/s or 
faster commonly causes ear discomfort, what is the 
maximum rate of increase in atmospheric pressure (that is, 
dP/dt) tolerable to most people? (b) In a 350-m-tall 
building, what will be the fastest possible descent time for 
an elevator traveling from the top to ground floor, assuming 
the elevator is properly designed to account for human 
physiology? 


A raft is made of 12logs lashed together. Each is 45cm in 
diameter and has a length of 6.1 m. How many people can the 
raft hold before they start getting their feet wet, assuming the 
average person has a mass of 68 kg? Do not neglect the weight 
of the logs. Assume the specific gravity of wood is 0.60. 


Estimate the total mass of the Earth’s atmosphere, using 
the known value of atmospheric pressure at sea level. 


During each heartbeat, approximately 70cm? of blood is 
pushed from the heart at an average pressure of 105 mm-Hg. 
Calculate the power output of the heart, in watts, assuming 
70 beats per minute. 
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Four lawn sprinkler heads are fed by a 1.9-cm-diameter 
pipe. The water comes out of the heads at an angle of 35° 
to the horizontal and covers a radius of 7.0m. (a) What is 
the velocity of the water coming out of each sprinkler 
head? (Assume zero air resistance.) (b) If the output diam- 
eter of each head is 3.0 mm, how many liters of water do 
the four heads deliver per second? (c) How fast is the 
water flowing inside the 1.9-cm-diameter pipe? 


A bucket of water is accelerated upward at 1.8 g. What is 
the buoyant force on a 3.0-kg granite rock (SG = 2.7) 
submerged in the water? Will the rock float? Why or why not? 
The stream of water from a faucet decreases in diameter as it 
falls (Fig. 58). Derive an equation for the diameter of the 
stream as a function of the distance 

y below the faucet, given that the 

water has speed vp) when it leaves 

the faucet, whose diameter is d. 


FIGURE 58 Problem 95. 
Water coming from a faucet. 


You need to siphon water from a clogged sink. The sink has 
an area of 0.38 m? and is filled to a height of 4.0 cm. Your 
siphon tube rises 45cm above the bottom of the sink and 
then descends 85 cm to a pail as shown in Fig. 59. The siphon 
tube has a diameter of 2.0cm. (a) Assuming that the water 
level in the sink has almost zero velocity, estimate the 
water velocity when it enters the pail. (b) Estimate how 
long it will take to empty the sink. 


FIGURE 59 
Problem 96. 


An airplane has a mass of 1.7 X 10°kg, and the air flows 
past the lower surface of the wings at 95 m/s. If the wings 
have a surface area of 1200 m?, how fast must the air flow 
over the upper surface of the wing if the plane is to stay in 
the air? 

A drinking fountain shoots water about 14 cm up in the air 
from a nozzle of diameter 0.60 cm. The pump at the base of 
the unit (1.1 m below the nozzle) pushes water into a 1.2- 
cm-diameter supply pipe that goes up to the nozzle. What 
gauge pressure does the pump have to provide? Ignore the 
viscosity; your answer will therefore be an underestimate. 


A hurricane-force wind of 200 km/h blows across the face 
of a storefront window. Estimate the force on the 
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2.0m X 3.0 m window due to the difference in air pressure 
inside and outside the window. Assume the store is airtight so 
the inside pressure remains at 1.0 atm. (This is why you should 
not tightly seal a building in preparation for a hurricane). 
Blood from an animal is placed in a bottle 1.30 m above a 
3.8-cm-long needle, of inside diameter 0.40 mm, from 
which it flows at a rate of 4.1 cm/min. What is the 
viscosity of this blood? 
Three forces act significantly on a freely floating helium- 
filled balloon: gravity, air resistance (or drag force), and a 
buoyant force. Consider a spherical helium-filled balloon 
of radius r= 15cm rising upward through 0°C air, 
and m = 2.8g is the mass of the (deflated) balloon itself. 
For all speeds v, except the very slowest ones, the flow of 
air past a rising balloon is turbulent, and the drag force Fp 
is given by the relation 

Fp = 3Cp pair tv" 
where the constant Cp = 0.47 is the “drag coefficient” 
for a smooth sphere of radius r. If this balloon is released 
from rest, it will accelerate very quickly (in a few tenths 
of a second) to its terminal velocity vr, where the 
buoyant force is cancelled by the drag force and the 
balloon’s total weight. Assuming the balloon’s accelera- 
tion takes place over a negligible time and distance, how 
long does it take the released balloon to rise a distance 
h = 12m? 
If cholesterol buildup reduces the diameter of an artery by 
15%, by what % will the blood flow rate be reduced, 
assuming the same pressure difference? 
A two-component model used to determine percent body 
fat in a human body assumes that a fraction f (< 1) of the 


body’s total mass m is composed of fat with a density of 
0.90 g/em?, and that the remaining mass of the body is 
composed of fat-free tissue with a density of 1.10 g/cm’. If 
the specific gravity of the entire body’s density is X, show 
that the percent body fat (=f X 100) is given by 


495 
% Body fat = T 450. 
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*104. (IID) Air pressure decreases with altitude. The following data 


show the air pressure at different altitudes. 


Altitude (m) Pressure (kPa) 


0 101.3 
1000 89.88 
2000 79.50 
3000 70.12 
4000 61.66 
5000 54.05 
6000 47.22 
7000 41.11 
8000 35.65 
9000 30.80 

10,000 26.50 


(a) Determine the best-fit quadratic equation that shows 
how the air pressure changes with altitude. (b) Determine 
the best-fit exponential equation that describes the change 
of air pressure with altitude. (c) Use each fit to find the air 
pressure at the summit of the mountain K2 at 8611 m, and 
give the % difference. 


l Answers to Odd-Numbered Problems 


1. 3 X 10"! kg. 33. 1.1 X 10? m°. 73. 0.012 N. 
3. 6.7 X 10° kg. 35. 10.5%. 75. 1.5 mm. 
5. 0.8547. 37. (b) Above. 79. (a) 0.75 m; 
7. (a) 5510 kg/m’; 39. 3600 balloons. (b) 0.65 m; 
(b) 5520 kg/m3, 0.3%. 43. 2.8 m/s. (c) 1.1m. 
9. (a) 8.1 X 107 N/m: 45. 1.0 x 10' m/s. 81. 0.047 atm. 
(b) 2 X 10°N/m?. 47. 1.8 X 10° N/m?. 83. 0.24N. 
11. 13m. 49. 1.2 xX 10°N. 85. 1.0m. 
13. 6990 kg. 51. 9.7 x 10° Pa. 87. 5.3 km. 
15. (a) 2.8 X 107N, 1.2 X 10°N/m?; 57. 3. i 98 Paysi 
(b) 1.2 x 105 N/m. - ; (b) 5.0 X 10! s. 
17. 683 kg/m? 59. (b) h [va a | aa 
i 2(43 - Aq) 93. (a) 8.5 m/s; 
19. 3.35 X 10* N/m. (6) 92s. (b) 0.24L/s: 
21. (a) 1.32 x 10° Pa; 63. 7.9 X 1072 Pas. (c) 0.85 m/s. 
(b) 9.7 X 10" Pa. 65. 6.9 X 10° Pa. a y 
23. (c) 0.38h, no. 67. 0.10m. 95. d z ji 
vp + 2gy 
27. 2990 kg/m*. 69. (a) Laminar; 97. 170 m/s 
29. 920 kg. (b) turbulent. 99. 1.2 xX 10‘N. 
31. Iron or steel. 71. 1.0m. 101. 4.9s. 
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Oscillations 


CHAPTER-OPENING QUESTION— Guess now! 
[Don’t worry about getting the right answer now—the idea is to get your preconceived 
notions out on the table.| 

A simple pendulum consists of a mass m (the “bob”) hanging on the end of a thin 

string of length £ and negligible mass. The bob is pulled sideways so the string makes a 

5.0° angle to the vertical; when released, it oscillates back 

and forth at a frequency f. If the pendulum was raised to a 

10.0° angle instead, its frequency would be 


(a) twice as great. 

(b) half as great. 

(c) the same, or very close to it. 
(d) not quite twice as great. 

(e) a bit more than half as great. 


any objects vibrate or oscillate—an object on the end of a spring, a 

tuning fork, the balance wheel of an old watch, a pendulum, a plastic 

ruler held firmly over the edge of a table and gently struck, the strings 

of a guitar or piano. Spiders detect prey by the vibrations of their 
webs; cars oscillate up and down when they hit a bump; buildings and bridges 
vibrate when heavy trucks pass or the wind is fierce. Indeed, because most solids 
are elastic, they vibrate (at least briefly) when given an impulse. Electrical 
oscillations are necessary in radio and television sets. At the atomic level, atoms 
vibrate within a molecule, and the atoms of a solid vibrate about their relatively fixed 
positions. Because it is so common in everyday life and occurs in so many areas of 
physics, oscillatory motion is of great importance. Mechanical oscillations are fully 
described on the basis of Newtonian mechanics. 


An object attached to a coil spring 
can exhibit oscillatory motion. Many 
kinds of oscillatory motion are 
sinusoidal in time, or nearly so, and 
are referred to as being simple 
harmonic motion. Real systems 
generally have at least some friction, 
causing the motion to be damped. 
The automobile spring shown here 
has a shock absorber (yellow) that 
purposefully dampens the oscillation 
to make for a smooth ride. When an 
external sinusoidal force is exerted 
on a system able to oscillate, 
resonance occurs if the driving force 
is at or near the natural frequency of 
oscillation. 


CONTENTS 
1 Oscillations of a Spring 


2 Simple Harmonic Motion 


3 Energy in the Simple 
Harmonic Oscillator 


4 Simple Harmonic Motion 
Related to Uniform 
Circular Motion 


5 The Simple Pendulum 


x6 The Physical Pendulum and 
the Torsion Pendulum 


7 Damped Harmonic 
Motion 

8 Forced Oscillations; 
Resonance 


Note: Sections marked with an asterisk (*) may be considered optional by the instructor. 
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FIGURE 1 A mass oscillating at the 
end of a uniform spring. 


FIGURE 2 Force on, and velocity 
of, a mass at different positions of its 
oscillation cycle on a frictionless 
surface. 


—— F 


Oscillations 


l Oscillations of a Spring 


When an object vibrates or oscillates back and forth, over the same path, each 
oscillation taking the same amount of time, the motion is periodic. The simplest form 
of periodic motion is represented by an object oscillating on the end of a uniform 
coil spring. Because many other types of oscillatory motion closely resemble this 
system, we will look at it in detail. We assume that the mass of the spring can be 
ignored, and that the spring is mounted horizontally, as shown in Fig. 1a, so that 
the object of mass m slides without friction on the horizontal surface. Any spring 
has a natural length at which it exerts no force on the mass m. The position of the 
mass at this point is called the equilibrium position. If the mass is moved either to 
the left, which compresses the spring, or to the right, which stretches it, the spring 
exerts a force on the mass that acts in the direction of returning the mass to the 
equilibrium position; hence it is called a restoring force. We consider the common 
situation where we can assume the restoring force F is directly proportional to the 
displacement x the spring has been stretched (Fig. 1b) or compressed (Fig. 1c) 
from the equilibrium position: 


F = —kx. [force exerted by spring] (1) 


Note that the equilibrium position has been chosen at x = 0 and the minus sign 
in Eq. 1 indicates that the restoring force is always in the direction opposite to the 
displacement x. For example, if we choose the positive direction to the right in 
Fig. 1, x is positive when the spring is stretched (Fig. 1b), but the direction of the 
restoring force is to the left (negative direction). If the spring is compressed, x is 
negative (to the left) but the force F acts toward the right (Fig. 1c). 

Equation 1 is often referred to as Hooke’s law, and is accurate only if the spring 
is not compressed to where the coils are close to touching, or stretched beyond the 
elastic region. Hooke’s law works not only for springs but for other oscillating solids 
as well; it thus has wide applicability, even though it is valid only over a certain range 
of F and x values. 

The proportionality constant k in Eq. 1 is called the spring constant for that 
particular spring, or its spring stiffness constant. To stretch the spring a distance x, one 
has to exert an (external) force on the free end of the spring with a magnitude at least 
equal to 

Fey = +kx. [external force on spring] 


The greater the value of k, the greater the force needed to stretch a spring a given 
distance. That is, the stiffer the spring, the greater the spring constant k. 

Note that the force F in Eq. 1 is not a constant, but varies with position. There- 
fore the acceleration of the mass m is not constant, so we cannot use the equations 
for constant acceleration. 

Let us examine what happens when our uniform spring is initially compressed a 
distance x = — A, as shown in Fig. 2a, and then released on the frictionless surface. 
The spring exerts a force on the mass that pushes it toward the equilibrium position. 
But because the mass has inertia, it passes the equilibrium position with considerable 
speed. Indeed, as the mass reaches the equilibrium position, the force on it decreases 
to zero, but its speed at this point is a maximum, Vmax (Fig. 2b). As the mass moves 
farther to the right, the force on it acts to slow it down, and it stops for an instant at 
x = A (Fig. 2c). It then begins moving back in the opposite direction, accelerating 
until it passes the equilibrium point (Fig. 2d), and then slows down until it reaches 
zero speed at the original starting point, x = —A (Fig. 2e). It then repeats the 
motion, moving back and forth symmetrically between x = A and x = —A. 


EXERCISE A An object is oscillating back and forth. Which of the following statements are 
true at some time during the course of the motion? (a) The object can have zero velocity and, 
simultaneously, nonzero acceleration. (b) The object can have zero velocity and, simultane- 
ously, zero acceleration. (c) The object can have zero acceleration and, simultaneously, nonzero 
velocity. (d) The object can have nonzero velocity and nonzero acceleration simultaneously. 


EXERCISE B A mass is oscillating on a frictionless surface at the end of a horizontal spring. 
Where, if anywhere, is the acceleration of the mass zero (see Fig. 2)? (a) At x = —A; (b) at 
x = 0; (c) at x = +A; (d) at both x = —A and x = +A; (e) nowhere. 


Oscillations 


To discuss oscillatory motion, we need to define a few terms. The distance x of 
the mass from the equilibrium point at any moment is called the displacement. The 
maximum displacement—the greatest distance from the equilibrium point —is 
called the amplitude, A. One cycle refers to the complete to-and-fro motion from 
some initial point back to that same point — say, from x = —A to x = A and back 
to x = —A. The period, 7, is defined as the time required to complete one cycle. 
Finally, the frequency, f, is the number of complete cycles per second. Frequency is 
generally specified in hertz (Hz), where 1 Hz = 1 cycle per second (s”'). It is easy 
to see, from their definitions, that frequency and period are inversely related: 


f= z and T = —:; (2) 


for example, if the frequency is 5 cycles per second, then each cycle takes $s. 

The oscillation of a spring hung vertically is essentially the same as that of a hori- 
zontal spring. Because of gravity, the length of a vertical spring with a mass m on the 
end will be longer at equilibrium than when that same spring is horizontal, as shown 
in Fig. 3. The spring is in equilibrium when =F = 0 = mg — kxg, so the spring 
stretches an extra amount x) = mg/k to be in equilibrium. If x is measured from 
this new equilibrium position, Eq. 1 can be used directly with the same value of k. 


EXERCISE C If an oscillating mass has a frequency of 1.25 Hz, it makes 100 oscillations in 
(a) 12.55, (b) 125 s, (c) 80s, (d) 8.0 s. 


A CAUTION 


For vertical spring, measure 
displacement (x or y) from the 
vertical equilibrium position 


(a) Free spring, hung vertically. 
(b) Mass m attached to spring in new 
equilibrium position, which occurs when 


= 
< 
a 
SS 
Oz 
> 
SS 
i? oe ee ees FIGURE 3 
x now =F =0= mg — kxo. 
measured 
from here 
(a) (b) 


Car springs. When a family of four with a total mass of 200kg 
step into their 1200-kg car, the car’s springs compress 3.0cm. (a) What is the 
spring constant of the car’s springs (Fig. 4), assuming they act as a single spring? 
(b) How far will the car lower if loaded with 300 kg rather than 200 kg? 
APPROACH We use Hooke’s law: the weight of the people, mg, causes a 3.0-cm 
displacement. 

SOLUTION (a) The added force of (200kg)(9.8m/s’) = 1960N causes the 
springs to compress 3.0 X 10°? m. Therefore (Eq. 1), the spring constant is 


F 1960 N 
k = = = = 6.5 X 10° N/m. 
x 3.0 X 107m 
(b) If the car is loaded with 300 kg, Hooke’s law gives 
F (300 kg)(9.8 m/s”) 


k — (6.5 X 104N/m) 


‘= = 4.5 x 10?m, 


or 4.5 cm. 

NOTE In (b), we could have obtained x without solving for k: since x is proportional 
to F, if 200 kg compresses the spring 3.0 cm, then 1.5 times the force will compress 
the spring 1.5 times as much, or 4.5 cm. 


FIGURE 4 Photo of a car’s spring. 
(Also visible is the shock absorber, 


in blue — see Section 7.) 
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<=> +~— Paper motion 


FIGURE 5 Sinusoidal nature of 
SHM as a function of time. In this 
case, x = Acos(27t/T). 
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2 Simple Harmonic Motion 


Any oscillating system for which the net restoring force is directly proportional to 
the negative of the displacement (as in Eq. 1, F = —kx) is said to exhibit simple 
harmonic motion (SHM). Such a system is often called a simple harmonic oscil- 
lator (SHO). Most solid materials stretch or compress according to Eq. 1 as long as 
the displacement is not too great. Because of this, many natural oscillations are 
simple harmonic or close to it. 


EXERCISE D Which of the following represents a simple harmonic oscillator: (a) F = —0.5x?, 
(b) F = —2.3y, (c) F = 8.6x, (d) F = —40? 


Let us now determine the position x as a function of time for a mass attached 
to the end of a simple spring with spring constant k. To do so, we make use of 
Newton’s second law, F = ma. Since the acceleration a = d°x/dt’, we have 

ma = XF 
ax 
mez 
dt? 
where m is the mass’ which is oscillating. We rearrange this to obtain 
dx k 


P + m = 0, [SHM] (3) 


= eki 


which is known as the equation of motion for the simple harmonic oscillator. 
Mathematically it is called a differential equation, since it involves derivatives. We 
want to determine what function of time, x(t), satisfies this equation. We might guess 
the form of the solution by noting that if a pen were attached to an oscillating mass 
(Fig. 5) and a sheet of paper moved at a steady rate beneath it, the pen would trace 
the curve shown. The shape of this curve looks a lot like it might be sinusoidal (such 
as cosine or sine) as a function of time, and its height is the amplitude A. Let us then 
guess that the general solution to Eq. 3 can be written in a form such as 


x = Acos(wt + $), (4) 


where we include the constant œ in the argument to be general.* Let us now put 
this trial solution into Eq. 3 and see if it really works. We need to differentiate the 
x = x(t) twice: 


d. d 
= “[Acos(wt + &)] = —wAsin(ot + $) 
ax 
ae —w°Acos(wt + @). 
We now put the latter into Eq. 3, along with Eq. 4 for x: 
E k 
n +—x=0 
dt m 


k 
=a A cos(wt + p) + m Aslo + ¢) = 0 


or 


0. 


(£ - oF )Acos(t + ¢) 


m 


Our solution, Eq. 4, does indeed satisfy the equation of motion (Eq. 3) for any 


‘In the case of a mass, m', on the end of a spring, the spring itself also oscillates and at least a part of its mass 
must be included. It can be shown that approximately one-third the mass of the spring, ms, must be 
included, so then m = m' + 3m, in our equation. Often m, is small enough to be ignored. 

t Another possible way to write the solution is the combination x = acoswt + bsinwt, where a and b 
are constants. This is equivalent to Eq. 4 as can be seen using the trigonometric identity 
cos(A + B) = cos A cos B F sin Asin B. 
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time t, but only if (k/m — w’) = 0. Hence 
> k 


od, © 
m 


Equation 4 is the general solution to Eq. 3, and it contains two arbitrary 
constants A and œ, which we should expect because the second derivative in 
Eq. 3 implies that two integrations are needed, each yielding a constant. They are 
“arbitrary” only in a calculus sense, in that they can be anything and still satisfy the 
differential equation, Eq. 3. In real physical situations, however, A and ¢ are deter- 
mined by the initial conditions. Suppose, for example, that the mass is started at its 
maximum displacement and is released from rest. This is, in fact, what is shown in 
Fig. 5, and for this case x = A cos œt. Let us confirm it: we are given v = 0 at 
t = 0, where 


d. d 
v= = © [Acos(t + $)] = -wAsin(ot +6) =0. [att = 0] 
For v to be zero at t = 0, then sin(wt + ¢) = sin(0 + @) is zero if ¢=0 
(¢ could also be m, 277, etc.), and when ¢ = 0, then 


x = Acosat, 


as we expected. We see immediately that A is the amplitude of the motion, and it 
is determined initially by how far you pulled the mass m from equilibrium before 
releasing it. 

Consider another interesting case: at ¢ = 0, the mass m is at x = 0 and is 
struck, giving it an initial velocity toward increasing values of x. Then at t = 0, x = 0, 
so we can write x = Acos(wt + ¢) = Acos¢ = 0, which can happen only if 
p = +7/2 (or + 90°). Whether ¢ = +7/2 or —7/2 depends on v = dx/dt = 


—wAsin(ot + $) = —wAsing at t = 0, which we are given as positive (v > 0 at 
t = 0);hence ¢ = —7/2 because sin(—90°) = —1. Thus our solution for this case is 
T 
=A (= 
x cos (o 5 ) 
= Asinat, 


where we used cos(@ — 7/2) = sin@. The solution in this case is a pure sine 
wave, Fig. 6, where A is still the amplitude. 

Many other situations are possible, such as that shown in Fig. 7. The constant œ 
is called the phase angle, and it tells us how long after (or before) t = 0 the peak 
at x = A is reached. Notice that the value of @ does not affect the shape of the 
x(t) curve, but only affects the displacement at some arbitrary time, £ = 0. Simple 
harmonic motion is thus always sinusoidal. Indeed, simple harmonic motion is 
defined as motion that is purely sinusoidal. 

Since our oscillating mass repeats its motion after a time equal to its period T, 
it must be at the same position and moving in the same direction at t = T as it 
was at t = 0. Since a sine or cosine function repeats itself after every 27 radians, 
then from Eq. 4, we must have 


oT = 2r. 
Hence j 
w = T = 2rf, 


where f is the frequency of the motion. Strictly speaking, we call w the angular 
frequency (units are rad/s) to distinguish it from the frequency f (units are s = Hz); 
sometimes the word “angular” is dropped, so the symbol w or f needs to be specified. 
Because w = 27f = 27/T, we can write Eq. 4 as 


x= A cos( 2 + $) (6a) 
or 
x = Acos(2rft + @). (6b) 


FIGURE 6 Special case of SHM 
where the mass 7n starts, at t = 0, at 
the equilibrium position x = 0 and 
has initial velocity toward positive 
values of x (v > Oat t = 0). 


FIGURE 7 A plot of 


x = Acos(at + pġ) when ọ < 0. 


x=A cos (@t+ 0) 
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FIGURE 8 Displacement, x, 
velocity, dx/dt, and acceleration, 
d’x/dt?, of a simple harmonic 
oscillator when ¢ = 0. 
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Because w = 2rf = Vk/m (Eq. 5), then 


1 k 
Í = Nm (7a) 
T = 27 = (7b) 


Note that the frequency and period do not depend on the amplitude. Changing the 
amplitude of a simple harmonic oscillator does not affect its frequency. Equation 7a 
tells us that the greater the mass, the lower the frequency; and the stiffer the spring, 
the higher the frequency. This makes sense since a greater mass means more inertia 
and therefore a slower response (or acceleration); and larger k means greater 
force and therefore quicker response. The frequency f (Eq. 7a) at which a SHO 
oscillates naturally is called its natural frequency (to distinguish it from a frequency at 
which it might be forced to oscillate by an outside force, as discussed in Section 8). 

The simple harmonic oscillator is important in physics because whenever we 
have a net restoring force proportional to the displacement (F = —kx), which is 
at least a good approximation for a variety of systems, then the motion is simple 
harmonic — that is, sinusoidal. 


Car springs again. Determine the period and frequency of the 
car in Example 1a after hitting a bump. Assume the shock absorbers are poor, so 
the car really oscillates up and down. 


APPROACH We put m = 1400kg and k = 6.5 x 10'N/m from Example 1a 
into Eqs. 7. 
SOLUTION From Eq. 7b, 


m 1400 kg 
T = 29 = 20 = 0.92s, 
k 6.5 xX 10'N/m 


or slightly less than a second. The frequency f = 1/T = 1.09 Hz. 


EXERCISE E By how much should the mass on the end of a spring be changed to halve the 
frequency of its oscillations? (a) No change; (b) doubled; (c) quadrupled; (d) halved; 
(e) quartered. 
EXERCISE F The position of a SHO is given by x = (0.80m) cos(3.14f — 0.25). The 
frequency is (a) 3.14 Hz, (b) 1.0 Hz, (c) 0.50 Hz, (d) 9.88 Hz, (e) 19.8 Hz. 


Let us continue our analysis of a simple harmonic oscillator. The velocity and 
acceleration of the oscillating mass can be obtained by differentiation of Eq. 4, 
x = Acos(wt + ¢): 


v= = = —wAsin(ot + p) (8a) 
ax dv 5 
= **."°% 2 + $). 
a P F w Acos(wt + ¢) (8b) 


The velocity and acceleration of a SHO also vary sinusoidally. In Fig. 8 we plot the 
displacement, velocity, and acceleration of a SHO as a function of time for the case 
when ¢ = 0. As can be seen, the speed reaches its maximum 

k 


Vmax = wA = ,/—A (9a) 
m 


when the oscillating object is passing through its equilibrium point, x = 0. And 
the speed is zero at points of maximum displacement, x = + A. This is in accord 
with our discussion of Fig. 2. Similarly, the acceleration has its maximum value 


k 
amx = wA = —A (9b) 
m 


which occurs where x = + A; and a is zero at x = 0, as we expect, since 
ma = F = —kx. 
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For the general case when ¢ # 0, we can relate the constants A and ¢ to the 
initial values of x, v, and a by setting ¢ = 0 in Eqs. 4, 8, and 9: 


xo = x(0) = Acosd 
vw = v(0) = —-wAsing = —Vmax sind 
a = a(0) = -a° Acosh = —Amax COS Q. 


EXAMPLE 3 A vibrating floor. A large motor in a factory causes 
the floor to vibrate at a frequency of 10 Hz. The amplitude of the floor’s motion 
near the motor is about 3.0mm. Estimate the maximum acceleration of the floor 
near the motor. 


APPROACH Assuming the motion of the floor is roughly SHM we can make an 
estimate for the maximum acceleration using Eq. 9b. 


SOLUTION Given w = 2af = (27)(10s !) = 62.8 rad/s, then Eq. 9b gives 
Gmax = WA = (62.8 rad/s)?(0.0030m) = 12 m/s’. 


NOTE The maximum acceleration is a little over g, so when the floor accelerates ® PHYSICS APPLIED 
down, objects sitting on the floor will actually lose contact momentarily, which Unwanted floor vibrations 
will cause noise and serious wear. 


Loudspeaker. The cone of a loudspeaker (Fig. 9) oscillates in SHM 
at a frequency of 262 Hz (“middle C”). The amplitude at the center of the cone is 
A = 1.5 xX 10m, andat t = 0,x = A. (a) What equation describes the motion 
of the center of the cone? (b) What are the velocity and acceleration as a function 
of time? (c) What is the position of the cone at tf = 1.00 ms (= 1.00 x 10° s)? 


APPROACH The motion begins (t = 0) with the cone at its maximum displacement 
(x = A at t = 0). So we use the cosine function, x = A cos wt, with ¢ = 0. 


SOLUTION (a) The amplitude A = 1.5 x 10m and 
w = 2nf = (628rad)(262s') = 1650 rad/s. 


The motion is described as 


x = Acoswt = (1.5 x 10*m)cos(16507), 


Judith Collins/Alamy Images 


FIGURE9 Example 4. 
where f is in seconds. A loudspeaker cone. 


(b) The maximum velocity, from Eq. 9a, is 


Umax = WA = (1650 rad/s)(1.5 x 104m) = 0.25m/s, 


so 
v = —(0.25 m/s) sin(1650f). 
From Eq. 9b the maximum acceleration is Amax = w A = 
(1650 rad/s)(1.5 x 104m) = 410 m/s’, which is more than 40 g’s. Then 
a = —(410 m/s’) cos(1650f). 


(c) At t = 1.00 x 103s, 
x = Acoswt = (1.5 X 10m) cos| (1650 rad/s)(1.00 x 10°s)] 


= (1.5 x 10‘*m)cos(1.65rad) = —1.2 x 10°m. 
Ay CAUTION 
NOTE Be sure your calculator is set in RAD mode, not DEG mode, for these Always be sure your calculator is in 


cos wt calculations. the correct mode for angles 
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Spring calculations. A spring stretches 0.150 m when a 0.300-kg 
mass is gently attached to it as in Fig. 3b. The spring is then set up horizontally 
with the 0.300-kg mass resting on a frictionless table as in Fig. 2. The mass is 
pushed so that the spring is compressed 0.100 m from the equilibrium point, and 
released from rest. Determine: (a) the spring stiffness constant k and angular 
frequency w; (b) the amplitude of the horizontal oscillation A; (c) the magnitude 
of the maximum velocity Umax; (d) the magnitude of the maximum acceleration 
max Of the mass; (e) the period T and frequency f; (f) the displacement x as a 
function of time; and (g) the velocity at t = 0.150 s. 


APPROACH When the 0.300-kg mass hangs at rest from the spring as in Fig. 3b, we 
apply Newton’s second law for the vertical forces: XF = 0 = mg — kx, so 
k = mg/xy. For the horizontal oscillations, the amplitude is given, and the other 
quantities can be found from Eqs. 4, 5, 7, and 9. We choose x positive to the right. 


SOLUTION (a) The spring stretches 0.150 m due to the 0.300-kg load, so 
F mg _ (0.300 kg)(9.80 m/s”) 
x 0.150 m 


0 
19.6N/m 7 
V 030kg 7 28S 


(b) The spring is now horizontal (on a table). It is compressed 0.100 m from 
equilibrium and is given no initial speed, so A = 0.100 m. 


(c) From Eq. 9a, the maximum velocity has magnitude 
Umax = WA = (8.088 ')(0.100m) = 0.808 m/s. 
(d) Since F = ma, the maximum acceleration occurs where the force is 
greatest — that is, when x = + A = £0.100m. Thus its magnitude is 
F kA (19.6 N/m)(0.100 m) 
max © m m 0.300 kg 


[This result could also have been obtained directly from Eq. 9b, but it is often 
useful to go back to basics as we did here.] 


(e) Equations 7b and 2 give 


T 2 m > 0.300 kg 0777 
= ANE  AO6 Nim S 
1 


f= g = aoz 


(f) The motion begins at a point of maximum compression. If we take x positive 
to the right in Fig. 2, then at t= 0,x = —A = —0.100m. So we need a 
sinusoidal curve that has its maximum negative value at t = 0; this is just 
a negative cosine: 


k = = 19.6N/m. 


x 
From Eq. 5, 


0 
k 

o = = 

m 


= 6.53 m/s’. 


x = —Acosat. 
To write this in the form of Eq. 4 (no minus sign), recall that 
cos @ = —cos(@ — m). Then, putting in numbers, and recalling —cos@ = 
cos(7 — 0) = cos(@ — m), we have 

x = —(0.100m) cos 8.08¢ 

= (0.100 m) cos(8.08t — 7), 
where t is in seconds and x is in meters. Note that the phase angle (Eq. 4) is 
$ = —7 or —180°. 
(g) The velocity at any time t is dx/dt (see also part c): 
d 

v= = wAsinot = (0.808 m/s) sin 8.082. 

At t = 0.150s, v = (0.808 m/s) sin(1.21rad) = 0.756 m/s, and is to the right (+). 
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Spring is started with a push. Suppose the spring of Example 5 
is compressed 0.100m from equilibrium (xp = —0.100 m) but is given a shove to 
create a velocity in the +x direction of vp = 0.400 m/s. Determine (a) the phase 
angle ¢, (b) the amplitude A, and (c) the displacement x as a function of time, x(t). 
APPROACH We use Eq. 8a, at ¢ = 0, to write vy = —wAsindg, and Eq. 4 to 
write x) = Acos¢. Combining these, we can obtain ¢. We obtain A by using 
Eq. 4 again at t = 0. From Example 5, w = 8.08 s™!. 
SOLUTION (a) We combine Eqs. 8a and 4 at t = 0 and solve for the tangent: 
sing — (v/—@A) vo 0.400 m/s 
cos@ — (xọ/A) wXo (8.08 s~!)(—0.100 m) 
A calculator gives the angle as 26.3°, but we note from this equation that both the 
sine and cosine are negative, so our angle is in the third quadrant. Hence 

ġġ = 26.3° + 180° = 206.3° = 3.60 rad. 
(b) Again using Eq. 4 at t = 0, as given in the Approach above, 
Xo (—0.100 m) 

~ cos@  cos(3.60 rad) 

(c) x = Acos(wt + p) = (0.112 m) cos(8.08¢ + 3.60). 


tang = 0.495. 


= 0.112m. 


3 Energy in the Simple Harmonic 
Oscillator 


When forces are not constant, as is the case here with simple harmonic motion, it is 
often convenient and useful to use the energy approach. 

For a simple harmonic oscillator, such as a mass m oscillating on the end of a 
massless spring, the restoring force is given by 


F = —kx. 
The potential energy function is given by 
U = -|F dx = $kx’, 


where we set the constant of integration equal to zero so U = 0 at x = 0 (the 
equilibrium position). 
The total mechanical energy is the sum of the kinetic and potential energies, 
E = imè + $kx’, 
where v is the velocity of the mass m when it is a distance x from the equilibrium 
position. SHM can occur only if there is no friction, so the total mechanical energy E 
remains constant. As the mass oscillates back and forth, the energy continuously changes 
from potential energy to kinetic energy, and back again (Fig. 10). At the extreme 
points, x = A and x = —A, all the energy is stored in the spring as potential energy 
(and is the same whether the spring is compressed or stretched to the full amplitude). At 
these extreme points, the mass stops for an instant as it changes direction, so v = 0 and: 
E = 5m(0) + $kA® = $kA’ (10a) 
Thus, the total mechanical energy of a simple harmonic oscillator is proportional to the 
square of the amplitude. At the equilibrium point, x = 0, all the energy is kinetic: 
E = mè + $k(0P = moha, (10b) 
where Vmax is the maximum velocity during the motion. At intermediate points the 
energy is part kinetic and part potential, and because energy is conserved 


E = imè + tke. (10c) 
We can confirm Eqs. 10a and b explicitly by inserting Eqs. 4 and 8a into this last 
relation: 


E = mæ A si? (ot + p) + 5kA?cos*(wt + p). 
Substituting with w? = k/m, or kA? = mo? A? = mv x, and recalling the important 
trigonometric identity sin?(wt + ) + cos*(wt + p) = 1, we obtain Eqs. 10a and b: 
E = kÆ = imba. 
[Note that we can check for consistency by solving this equation for Vmax, and we 
do get Eq. 9a.] 


FIGURE 10 Energy changes from 
potential energy to kinetic energy 
and back again as the spring 
oscillates. 
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BB We can now obtain an equation for the velocity v as a function of x by solving 
2 for v in Eq. 10c: 
ü k 
= # pai Dito, 2 
Ua) Ut) v ty (A x”) (11a) 


or, Since Umax = AV k/m, 


x 


I I 

v= Ł Umax 1 PE (dib) 

! i. an Again we see that v is a maximum at x = 0, and is zero at x = tA. 

: Liy The potential energy, U = 4kx°, is plotted in Fig. 11. The upper horizontal line 

= 9 Rott represents a particular value of the total energy E = 4+kA*. The distance between 

FIGURE 11 Graph of the F line and the U curve represents the kinetic energy, K, and the motion is 
potential energy, U = }kx’. restricted to x values between —A and +A. These results are, of course, consistent 
K + U = E = constant for any with our full solution of the previous Section. 
point x where —A = x = A. Values Energy conservation is a convenient way to obtain v, for example, if x is given 
of K and U are indicated for an (or vice versa), without having to deal with time t. 


arbitrary position x. 

Energy calculations. For the simple harmonic oscillation of 
Example 5, determine (a) the total energy, (b) the kinetic and potential energies 
as a function of time, (c) the velocity when the mass is 0.050 m from equilibrium, 
(d) the kinetic and potential energies at half amplitude (x = + A/2). 


APPROACH We use conservation of energy for a spring—mass system, Eqs. 10 
and 11. 


SOLUTION (a) From Example 5, k = 19.6N/m and A = 0.100m, so the total 
energy E from Eq. 10a is 


E = kA? = 3(19.6N/m)(0.100m)* = 9.80 x 107J. 


(b) We have, from parts (f) and (g) of Example 5, x = — (0.100 m) cos 8.08f and 
v = (0.808 m/s) sin 8.08¢, so 


U = kx = 5(19.6N/m)(0.100 m)? cos? 8.08t = (9.80 x 107° J) cos? 8.08t 
K = $m = 4(0.300kg)(0.808 m/s)? sin? 8.08f = (9.80 x 10° J) sin? 8.087. 
(c) We use Eq. 11b and find 
V = Vmax1 — x°/A? = (0.808m/s)\/1 — G) = 0.70m/s. 
(d) At x = A/2 = 0.050m, we have 
U = kx = 3(19.6N/m)(0.050m)? = 2.5 x 10°J 
K = E -U =73X107J. 


Doubling the amplitude. Suppose the spring in 
Fig. 10 is stretched twice as far (to x = 2A). What happens to (a) the energy 
of the system, (b) the maximum velocity of the oscillating mass, (c) the maximum 
acceleration of the mass? 


RESPONSE (a) From Eq. 10a, the total energy is proportional to the square of the 
amplitude A, so stretching it twice as far quadruples the energy (2? = 4). You 
may protest, “I did work stretching the spring from x = 0 to x = A. Don’t Ido 
the same work stretching it from A to 2A?” No. The force you exert is proportional 
to the displacement x, so for the second displacement, from x = A to 2A, you do 
more work than for the first displacement (x = 0 to A). (b) From Eq. 10b, we can 
see that when the energy is quadrupled, the maximum velocity must be doubled. 
[Umax x VE x A.] (c) Since the force is twice as great when we stretch the spring 
twice as far, the acceleration is also twice as great: a x F x x. 


EXERCISE G Suppose the spring in Fig. 10 is compressed to x = —A, but is given a push to 
the right so that the initial speed of the mass m is vo. What effect does this push have on (a) 
the energy of the system, (b) the maximum velocity, (c) the maximum acceleration? 
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4 Simple Harmonic Motion Related to 
Uniform Circular Motion 


Simple harmonic motion has a simple relationship to a particle rotating in a 
circle with uniform speed. Consider a mass m rotating in a circle of radius A 
with speed vy on top of a table as shown in Fig. 12. As viewed from above, the 
motion is a circle. But a person who looks at the motion from the edge of the 
table sees an oscillatory motion back and forth, and this corresponds precisely 
to SHM as we shall now see. What the person sees, and what we are interested 
in, is the projection of the circular motion onto the x axis, Fig. 12. To see that 
this motion is analogous to SHM, let us calculate the x component of the 
velocity vy which is labeled v in Fig. 12. The two right triangles indicated in 
Fig. 12 are similar, so 


or 


2 
v = vyl E 


This is exactly the equation for the speed of a mass oscillating with SHM, 
Eq. 11b, where vy = Umax. Furthermore, we can see from Fig. 12 that if the 
angular displacement at t = 0 is ¢, then after a time t the particle will have 
rotated through an angle 0 = wt, and so 


x = Acos(@ + ¢) = Acos(wt + @). 


But what is w here? The linear velocity v,, of our particle undergoing rotational 
motion is related to w by vy = wA, where A is the radius of the circle (v = Rw). To 
make one revolution requires a time T, so we also have vy = 27A/T where 277A is 
the circle’s circumference. Hence 


o = rt = maT = 2n/T = 2nf 


where T is the time required for one rotation and f is the frequency. This 
corresponds precisely to the back-and-forth motion of a simple harmonic oscillator. 
Thus, the projection on the x axis of a particle rotating in a circle has the same 
motion as a mass undergoing SHM. Indeed, we can say that the projection of 
circular motion onto a straight line is simple harmonic motion. 

The projection of uniform circular motion onto the y axis is also simple 
harmonic. Thus uniform circular motion can be thought of as two simple harmonic 
motions operating at right angles. 


5 The Simple Pendulum 


A simple pendulum consists of a small object (the pendulum bob) suspended from 
the end of a lightweight cord, Fig. 13. We assume that the cord does not stretch and 
that its mass can be ignored relative to that of the bob. The motion of a simple 
pendulum moving back and forth with negligible friction resembles simple 
harmonic motion: the pendulum oscillates along the arc of a circle with equal 
amplitude on either side of its equilibrium point and as it passes through the 
equilibrium point (where it would hang vertically) it has its maximum speed. But is 
it really undergoing SHM? That is, is the restoring force proportional to its 
displacement? Let us find out. 


(a) 


= 


(b) 


FIGURE 12 Analysis of simple 
harmonic motion as a side view (b) of 
circular motion (a). 


FIGURE 13 Strobe-light photo of 
an oscillating pendulum 
photographed at equal time intervals. 


Paul Silverman/Fundamental Photographs, NYC 
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FIGURE 14 Simple pendulum. 


FIGURE 15 The swinging motion 
of this lamp, hanging by a very long 
cord from the ceiling of the 
cathedral at Pisa, is said to have 
been observed by Galileo and to 
have inspired him to the conclusion 
that the period of a pendulum does 
not depend on amplitude. 


Douglas C. Giancoli 


@® puysics APPLIED 
Pendulum clock 


Oscillations 


The displacement of the pendulum along the arc is given by x = £6, where 0 
is the angle (in radians) that the cord makes with the vertical and £ is the length of 
the cord (Fig. 14). If the restoring force is proportional to x or to 0, the motion will 
be simple harmonic. The restoring force is the net force on the bob, equal to the 
component of the weight, mg, tangent to the arc: 

F = —mgsing, 

where g is the acceleration of gravity. The minus sign here, as in Eq. 1, means that the 
force is in the direction opposite to the angular displacement 6. Since F is 
proportional to the sine of 0 and not to @ itself, the motion is not SHM. However, if 0 
is small, then sin 9 is very nearly equal to @ when the latter is specified in radians. This 
can be seen by looking at the series expansion’ of sin 0 (or by looking at a trigonom- 
etry table), or simply by noting in Fig. 14 that the arc length x (= £0) is nearly the 
same length as the chord (= £ sin 0) indicated by the straight dashed line, if 0 is small. 
For angles less than 15°, the difference between 6 (in radians) and sin @ is less than 
1%. Thus, to a very good approximation for small angles, 


F = -mgsin@ © —mgo. 
Substituting x = £6 or 0 = x/l, we have 
m 
Fx- q? 
Thus, for small displacements, the motion is essentially simple harmonic, since this 
equation fits Hooke’s law, F = —kx. The effective force constant is k = mg/£. 


Thus we can write 
0 = OmaxcOoslot + p) 
where Omax is the maximum angular displacement and w = 27f = 27r/T. To obtain w 


we use Eq. 5, where for k we substitute mg/£: that is," w = Vk/m = V(mg/®)/m, 
or 


JE F [0 small] (12a) 
Then the frequency f is 
a SO ee EG 
f= a= NT [0 small] (42b) 
and the period T is 
1 T 
T == = 2n,/-: 8 small] (412c) 
F : [ ] 


The mass m of the pendulum bob does not appear in these formulas for T and f. 
Thus we have the surprising result that the period and frequency of a simple 
pendulum do not depend on the mass of the pendulum bob. You may have noticed 
this if you pushed a small child and then a large one on the same swing. 

We also see from Eq. 12c that the period of a pendulum does not depend on 
the amplitude (like any SHM, Section 2), as long as the amplitude 0 is 
small. Galileo is said to have first noted this fact while watching a swinging lamp in 
the cathedral at Pisa (Fig. 15). This discovery led to the invention of the pendulum 
clock, the first really precise timepiece, which became the standard 
for centuries. 

Because a pendulum does not undergo precisely SHM, the period does depend 
slightly on the amplitude, the more so for large amplitudes. The accuracy of a 
pendulum clock would be affected, after many swings, by the decrease in 
amplitude due to friction. But the mainspring in a pendulum clock (or the falling 
weight in a grandfather clock) supplies energy to compensate for the friction and 
to maintain the amplitude constant, so that the timing remains precise. 

3 5 
TEER 
*Be careful not to think that w = d@/dt as in rotational motion. Here @ is the angle of the pendulum 


at any instant (Fig. 14), but we use w now to represent not the rate this angle @ changes, but rather a 
constant related to the period, w = 27f = Vg/2. 
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EXERCISE H If a simple pendulum is taken from sea level to the top of a high mountain 
and started at the same angle of 5°, it would oscillate at the top of the mountain 
(a) slightly slower, (b) slightly faster, (c) at exactly the same frequency, (d) not at all—it 
would stop, (e) none of these. 


EXERCISE! Return to the Chapter-Opening Question and answer it again now. 
Try to explain why you may have answered differently the first time. 


Measuring g. A geologist uses a simple pendulum that has a 
length of 37.10 cm and a frequency of 0.8190 Hz at a particular location on the 
Earth. What is the acceleration of gravity at this location? 


APPROACH We can use the length £ and frequency f of the pendulum in Eq. 12b, 
which contains our unknown, g. 


SOLUTION We solve Eq. 12b for g and obtain 
g = (20f)k = (6.283 x 0.8190 s')’(0.3710 m) = 9.824m/s’. 


EXERCISE J (a) Estimate the length of a simple pendulum that makes one swing back and 
forth per second. (b) What would be the period of a 1.0-m-long pendulum? 


“6 The Physical Pendulum and the 
Torsion Pendulum 
Physical Pendulum 


The term physical pendulum refers to any real extended object which oscillates back 
and forth, in contrast to the rather idealized simple pendulum where all the mass is 
assumed concentrated in the tiny pendulum bob. An example of a physical pendulum 
is a baseball bat suspended from the point O, as shown in Fig. 16. The force of gravity 
acts at the center of gravity (CG) of the object located a distance h from the pivot 
point O. The physical pendulum is best analyzed using the equations of rotational 
motion. The torque on a physical pendulum, calculated about point O, is 


t = —mghsiné. 
Newton’s second law for rotational motion states that 
dO 
Èr = la = I—> 
dt“ 


where Z is the moment of inertia of the object about the pivot point and œ = d’6/dt? is 
the angular acceleration. Thus we have 


a6 
I— = -mghsin@ 
dt 4 
or 
do mgh 
+ g sind = 0, 
dt’ I 


where J is calculated about an axis through point O. For small angular amplitude, 
sin@ ~ 0, so we have 


a0 mgh ‘ 
JË + a 0 = 0. [small angular displacement] (13) 


This is just the equation for SHM, Eq. 3, except that @ replaces x and mgh/I 


replaces k/m. Thus, for small angular displacements, a physical pendulum undergoes 
SHM, given by 


0 = Omaxcos(wt + ¢), 
where Omax is the maximum angular displacement and w = 27/T. The period, T, 
is (see Eq. 7b, replacing m/k with I/mgh): 


T = 27r,/——: [small angular displacement] (14) 


WH 
d\(=hsin 0) 


FIGURE 16 A physical pendulum 
suspended from point O. 
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FIGURE 17 Example 10. 


Wire 


+0 


Bama 
e'= 0 Equilibrium 
Imax 


FIGURE 18 A torsion pendulum. 
The disc oscillates in SHM between 
Omar aid —O max, 


FIGURE 19 Damped harmonic 
motion. The solid red curve represents 
a cosine times a decreasing exponential 
(the dashed curves). 


Oscillations 


Moment of inertia measurement. An easy way to measure the 
moment of inertia of an object about any axis is to measure the period of oscillation 
about that axis. (a) Suppose a nonuniform 1.0-kg stick can be balanced at a point 
42 cm from one end. If it is pivoted about that end (Fig. 17), it oscillates with a period 
of 1.6s. What is its moment of inertia about this end? (b) What is its moment of 
inertia about an axis perpendicular to the stick through its center of mass? 


APPROACH We put the given values into Eq. 14 and solve for I. For (b) we use 
the parallel-axis theorem. 


SOLUTION (a) Given T = 1.6s, and h = 0.42m, Eq. 14 gives 

I = mghT’/4n? = 0.27kg-m’. 
(b) We use the parallel-axis theorem. The cM is where the stick balanced, 42 cm 
from the end, so 


Io = I- mk = 0.27kg-m? — (1.0kg)(0.42m)? = 0.09kg-m’. 
NOTE Since an object does not oscillate about its CM, we cannot measure Icy directly, 
but the parallel-axis theorem provides a convenient method to determine Joy. 


Torsion Pendulum 


Another type of oscillatory motion is a torsion pendulum, in which a disc (Fig. 18) 
or a bar (as in Cavendish’s apparatus) is suspended from a wire. The twisting 
(torsion) of the wire serves as the elastic force. The motion here will be SHM since 
the restoring torque is very closely proportional to the negative of the angular 
displacement, 


7T = —Ké6, 
where K is a constant that depends on the wire stiffness. Then 
w = VK/I. 


There is no small angle restriction here, as there is for the physical pendulum (where 
gravity acts), as long as the wire responds linearly in accordance with Hooke’s law. 


7 Damped Harmonic Motion 


The amplitude of any real oscillating spring or swinging pendulum slowly decreases 
in time until the oscillations stop altogether. Figure 19 shows a typical graph of the 
displacement as a function of time. This is called damped harmonic motion. The 
damping’ is generally due to the resistance of air and to internal friction within 
the oscillating system. The energy that is dissipated to thermal energy is reflected in 
a decreased amplitude of oscillation. 

Since natural oscillating systems are damped in general, why do we even talk 
about (undamped) simple harmonic motion? The answer is that SHM is much 
easier to deal with mathematically. And if the damping is not large, the oscillations 
can be thought of as simple harmonic motion on which the damping is superposed, 
as represented by the dashed curves in Fig. 19. Although damping does alter the 
frequency of vibration, the effect is usually small if the damping is small. Let us 
look at this in more detail. 

The damping force depends on the speed of the oscillating object, and opposes 
the motion. In some simple cases the damping force can be approximated as being 
directly proportional to the speed: 


F damping a =bv, 
where b is a constant.* For a mass oscillating on the end of a spring, the restoring 
force of the spring is F = —kx; so Newton’s second law (ma = =F) becomes 
ma = -kx — bv. 


We bring all terms to the left side of the equation and substitute v = dx/dt and 


‘To “damp” means to diminish, restrain, or extinguish, as to “dampen one’s spirits.” 


*Review velocity-dependent forces if necessary. 
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a = d°x/dt* to obtain 


2 
me ap E ee Ky (15) 


which is the equation of motion. To solve this equation, we guess at a solution and 
then check to see if it works. If the damping constant b is small, x as a function 
of t is as plotted in Fig. 19, which looks like a cosine function times a factor (repre- 
sented by the dashed lines) that decreases in time. A simple function that does this 
is the exponential, e”, and the solution that satisfies Eq. 15 is 


x = Ae“ cosw't, (16) 


where A, Y, and w’ are assumed to be constants, and x = A at t = 0. We have 
called the angular frequency w’ (and not w) because it is not the same as the w for 
SHM without damping (œ = Vk/m). 

If we substitute Eq. 16 into Eq. 15 (we do this in the optional subsection 
below), we find that Eq. 16 is indeed a solution if y and w’ have the values 


b 

d 2m ae 
k b? 

o = PEE i (18) 


Thus x as a function of time t for a (lightly) damped harmonic oscillator is 
x = Ae)! cos w't. (19) 


Of course a phase constant, p, can be added to the argument of the cosine in 
Eq. 19. As it stands with œ = 0, it is clear that the constant A in Eq. 19 is simply 
the initial displacement, x = A at t = 0. The frequency f’ is 
wo! 1 jk b? 
f= = T (20) 


2T 2r Vm 4m 


The frequency is lower, and the period longer, than for undamped SHM. (In 
many practical cases of light damping, however, w’ differs only slightly from 
w = Vk/m. ) This makes sense since we expect damping to slow down the motion. 
Equation 20 reduces to Eq. 7a, as it should, when there is no damping 
(b = 0). The constant Y = b/2m is a measure of how quickly the oscillations 
decrease toward zero (Fig. 19). The time t; = 2m/b is the time taken for the oscil- 
lations to drop to 1/e of the original amplitude; t, is called the “mean lifetime” of the 
oscillations. Note that the larger b is, the more quickly the oscillations die away. 

The solution, Eq. 19, is not valid if b is so large that 


b? > 4mk 


since then w' (Eq. 18) would become imaginary. In this case the system does not 
oscillate at all but returns directly to its equilibrium position, as we now discuss. 

Three common cases of heavily damped systems are shown in Fig. 20. Curve C 
represents the situation when the damping is so large (b? >> 4mk) that it takes a 
long time to reach equilibrium; the system is overdamped. Curve A represents an 
underdamped situation in which the system makes several swings before coming to 
rest (b? < 4mk) and corresponds to a more heavily damped version of Eq. 19. 
Curve B represents critical damping: b? = 4mk; in this case equilibrium is 
reached in the shortest time. These terms all derive from the use of practical 
damped systems such as door-closing mechanisms and shock absorbers in a car 
(Fig. 21), which are usually designed to give critical damping. But as they wear out, 
underdamping occurs: a door slams and a car bounces up and down several times 
whenever it hits a bump. 

In many systems, the oscillatory motion is what counts, as in clocks and 
watches, and damping needs to be minimized. In other systems, oscillations are the 
problem, such as a car’s springs, so a proper amount of damping (i.e., critical) 
is desired. Well-designed damping is needed for all kinds of applications. Large 
buildings, especially in California, are now built (or retrofitted) with huge dampers 
to reduce earthquake damage. 


FIGURE 20 Underdamped (A), 
critically damped (B), and 
overdamped (C) motion. 

FIGURE 21 Automobile spring and 
shock absorber provide damping so 


that a car won’t bounce up and down 
endlessly. 


Attached to 
car frame 


Piston 


Viscous 
fluid 


Attached to 
car axle 
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Simple pendulum with damping. A simple pendulum has a 
length of 1.0 m (Fig. 22). It is set swinging with small-amplitude oscillations. After 


í 5.0 minutes, the amplitude is only 50% of what it was initially. (a) What is the 
value of y for the motion? (b) By what factor does the frequency, f’, differ from 
f, the undamped frequency? 
E 10m APPROACH We assume the damping force is proportional to angular speed, d6/dt. 
The equation of motion for damped harmonic motion is 
b k b? 
x = Ae” cosw't, where Y==— and wow’ =,/— - —> 
2m m 4m 


for motion of a mass on the end of a spring. For the simple pendulum without 
damping, we saw in Section 5 that 


F = -—mgé 
FIGURE 22 Example 11. for small 6. Since F = ma, where a can be written in terms of the angular 


acceleration a = d°0/dt? as a = la = Ld’6/dt’, then F = mld’6/dt*, and 


do 
L—~— + g0 = 0. 
ap E 
Introducing a damping term, b(d@/dt), we have 
ao do 
l + b = 0 
a EN 


which is the same as Eq. 15 with 6 replacing x, and £ and g replacing m and k. 
SOLUTION (a) We compare Eq. 15 with our equation just above and see that our 
equation x = Ae~” cos w't becomes an equation for 6 with 


b g P 
= — d ! = ee ae 

y J and w 2 40 
At t = 0, we rewrite Eq. 16 with 6 replacing x as 

0) = Ae” cosa':0 = A. 
Then at ¢ = 5.0min = 300s, the amplitude given by Eq. 16 has fallen to 
0.50 A, so 

0.50A = Ag UUs, 
We solve this for Y and obtain Y = In2.0/(300s) = 2.3 x 10° s™!. 
(b) We have £= 1.0m, so b = 2¥l = 2(2.3 x 103s ')(1.0m) = 4.6 X 10° m/s. 
Thus (b?/4@) is very much less than g/£ (= 9.8 s°), and the angular frequency of 
the motion remains almost the same as that of the undamped motion. Specifically 
(see Eq. 20), 


rth AG} bile) 
2rV e g 4E 2m V2 2 g 4e 
where we used the binomial expansion. Then, with f = (1/2 m) V g/t (Eq. 12b), 
=S Vel 
f 2g fe 
So f’ differs from f by less than one part in a million. 


) = 2.7 Xx 107. 


* Showing x = Ae™™” cos w't is a Solution 


We start with Eq. 16, to see if it is a solution to Eq. 15. First we take the first and 


second derivatives 
dx A 
w —YAe™ cos w't — w' Ae ™ sin w't 
dx 2 =Vt 1 UT ' $ i 1 12 =Y¥t ' 
a TAg cosw't + YAw'e “sinw't + w YAe "sin w't — w” Ae ” cos w't. 


We next substitute these relations back into Eq. 15 and reorganize to 
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obtain 
Ae"|(mY — mo" — bY + k) cosw't + (20'Ym — bo')sinw't] = 0. @ 


The left side of this equation must equal zero for all times f, but this can only be so 
for certain values of Y and w’. To determine Y and w’, we choose two values of t that 
will make their evaluation easy. At t = 0, sin w't = 0, so the above relation reduces 
to A(mY? — mw’? — bY + k) = 0, which means’ that 


mY — mo? — bY +k = 0. (ii) 
Then at t = 7/2w', cosw't = 0 so Eq. (i) can be valid only if 
2¥m — b = 0. (iii) 
From Eq. (iii) we have 
aii 
2m 


and from Eq. (ii) 


= fr bY k ne b 
z m m m 4m? 


Thus we see that Eq. 16 is a solution to the equation of motion for the damped 
harmonic oscillator as long as Y and w’ have these specific values, as already given 
in Eqs. 17 and 18. 


8 Forced Oscillations; Resonance 


When an oscillating system is set into motion, it oscillates at its natural frequency 
(Eqs. 7a and 12b). However, a system may have an external force applied to it that 
has its own particular frequency and then we have a forced oscillation. 

For example, we might pull the mass on the spring of Fig. 1 back and forth at 
a frequency f. The mass then oscillates at the frequency f of the external force, 
even if this frequency is different from the natural frequency of the spring, which 
we will now denote by fọ where (see Eqs. 5 and 7a) 


k 
@ = 27fy = m 
In a forced oscillation the amplitude of oscillation, and hence the energy transferred 
to the oscillating system, is found to depend on the difference between f and fọ as 
well as on the amount of damping, reaching a maximum when the frequency of the 
external force equals the natural frequency of the system—that is, when 
f = fo. The amplitude is plotted in Fig. 23 as a function of the external frequency 
f. Curve A represents light damping and curve B heavy damping. The amplitude 
can become large when the driving frequency f is near the natural frequency, 
f ~ fo, as long as the damping is not too large. When the damping is small, the 
increase in amplitude near f = fo is very large (and often dramatic). This effect is 
known as resonance. The natural frequency fo of a system is called its resonant 
frequency. 

A simple illustration of resonance is pushing a child on a swing. A swing, like 
any pendulum, has a natural frequency of oscillation that depends on its length £. 
If you push on the swing at a random frequency, the swing bounces around and 
reaches no great amplitude. But if you push with a frequency equal to the natural 
frequency of the swing, the amplitude increases greatly. At resonance, relatively 
little effort is required to obtain a large amplitude. 


‘It would also be satisfied by A = 0, but this gives the trivial and uninteresting solution x = 0 for 
all t— that is, no oscillation. 


> 


Amplitude of 
oscillating system 


t 
Jo 


External frequency f 
FIGURE 23 Resonance for lightly 
damped (A) and heavily damped 


(B) systems. (See Fig. 26 for a more 
detailed graph.) 
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AP Wide World Photos 


Paul X. Scott/Sygma/Corbis 


Martin Bough/Fundamental Photographs, NYC 


FIGURE 24 This goblet breaks as it 
vibrates in resonance to a trumpet 
call. 


FIGURE 25 (a) Large-amplitude 
oscillations of the Tacoma Narrows 
Bridge, due to gusty winds, led to its 
collapse (1940). (b) Collapse of a 
freeway in California, due to the 1989 
earthquake. 


Oscillations 


The great tenor Enrico Caruso was said to be able to shatter a crystal goblet 
by singing a note of just the right frequency at full voice. This is an example of 
resonance, for the sound waves emitted by the voice act as a forced oscillation on 
the glass. At resonance, the resulting oscillation of the goblet may be large enough 
in amplitude that the glass exceeds its elastic limit and breaks (Fig. 24). 

Since material objects are, in general, elastic, resonance is an important 
phenomenon in a variety of situations. It is particularly important in structural 
engineering, although the effects are not always foreseen. For example, it has been 
reported that a railway bridge collapsed because a nick in one of the wheels of a 
crossing train set up a resonant oscillation in the bridge. Indeed, marching soldiers 
break step when crossing a bridge to avoid the possibility that their normal 
rhythmic march might match a resonant frequency of the bridge. The famous 
collapse of the Tacoma Narrows Bridge (Fig. 25a) in 1940 occurred as a result of 
strong gusting winds driving the span into large-amplitude oscillatory motion. The 
Oakland freeway collapse in the 1989 California earthquake (Fig. 25b) involved 
resonant oscillation of a section built on mudfill that readily transmitted that 
frequency. 

We will meet important examples of resonance later. We will also see that 
vibrating objects often have not one, but many resonant frequencies. 


* Equation of Motion and Its Solution 


We now look at the equation of motion for a forced oscillation and its solution. 
Suppose the external force is sinusoidal and can be represented by 


Fext = Focos ot, 


where w = 2rf is the angular frequency applied externally to the oscillator. Then 
the equation of motion (with damping) is 


ma = —kx — bv + Focos ot. 


This can be written as 


m + b t kx = Focos ot. (21) 
The external force, on the right of the equation, is the only term that does not 
involve x or one of its derivatives. 

x = Apsin(wt + ġo) (22) 


is a solution to Eq. 21, by direct substitution, where 


Ay = 23 
mv\/(w — oh) + bo’ / m jäi 
and 
_ =j 0 — wo 
do = tan obim. (24) 


Actually, the general solution to Eq. 21 is Eq. 22 plus another term of the form 
of Eq. 19 for the natural damped motion of the oscillator; this second term 
approaches zero in time, so in many cases we need to be concerned only with 
Eq. 22. 

The amplitude of forced harmonic motion, Ap, depends strongly on the 
difference between the applied and the natural frequency. A plot of Ap (Eq. 23) as 
a function of the applied frequency, w, is shown in Fig. 26 (a more 
detailed version of Fig. 23) for three specific values of the damping constant b. 
Curve A (b = t Mw) represents light damping, curve B (b = imo) fairly heavy 
damping, and curve C (b = V2ma,) overdamped motion. The amplitude can 
become large when the driving frequency is near the natural frequency, w ~ wọ, 
as long as the damping is not too large. When the damping is small, the increase 
in amplitude near w = wọ is very large and, as we saw, is known as resonance. 


Oscillations 

The natural oscillating frequency fo (= 9/27) of a system is its resonant frequency. 
If b =0, resonance occurs at w = wọ and the resonant peak (of Aj) becomes 
infinite; in such a case, energy is being continuously transferred into the system and 
none is dissipated. For real systems, b is never precisely zero, and the resonant peak 
is finite. The peak does not occur precisely at w = wy (because of the term bw? /m? 
in the denominator of Eq. 23), although it is quite close to wọ unless the damping is 
very large. If the damping is large, there is little or no peak (curve C in Fig. 26). 


*Q value 


The height and narrowness of a resonant peak is often specified by its quality 
factor or Q value, defined as 


Q = May 25) 
~b 
In Fig. 26, curve A has Q = 6, curve B has Q = 2, and curve C has Q = 1/V2. 
The smaller the damping constant b, the larger the Q value becomes, and the higher 
the resonance peak. The Q value is also a measure of the width of the peak. To see 
why, let w; and w, be the frequencies where the square of the amplitude Ag has half its 
maximum value (we use the square because the power transferred to the system is 
proportional to Aj); then Aw = w, — œ, which is called the width of the resonance 
peak, is related to Q by 


Aw 1 

ZAS (26) 

wo Q 
This relation is accurate only for weak damping. The larger the Q value, the 
narrower will be the resonance peak relative to its height. Thus a large Q value, 
representing a system of high quality, has a high, narrow resonance peak. 


‘Sometimes the resonant frequency is defined as the actual value of w at which the amplitude has its 
maximum value, and this depends somewhat on the damping constant. Except for very heavy damping, 
this value is quite close to wo. 


Summary 


An oscillating object undergoes simple harmonic motion (SHM) 


FIGURE 26 Amplitude of a forced 
harmonic oscillator as a function of 
w. Curves A, B, and C correspond to 
light, heavy, and overdamped 
systems, respectively 

(Q = may/b = 6, 2, 0.71). 


if the restoring force is proportional to the displacement, 

F = ~kx. (1) 
The maximum displacement from equilibrium is called the 
amplitude. 

The period, 7, is the time required for one complete cycle 
(back and forth), and the frequency, f, is the number of cycles 
per second; they are related by 

1 
frp (2) 

The period of oscillation for a mass m on the end of an 

ideal massless spring is given by 


T= 2m | (7b) 


SHM is sinusoidal, which means that the displacement as a 
function of time follows a sine or cosine curve. The general solu- 
tion can be written 


x = Acos(ot + $) (4) 
where A is the amplitude, ¢ is the phase angle, and 
k 
w = 2nf = ,/—: (5) 


m 
The values of A and ¢ depend on the initial conditions (x and v 
at t=0). 


During SHM, the total energy E = $mv* + 3kx? is 
continually changing from potential to kinetic and back again. 

A simple pendulum of length £ approximates SHM if 
its amplitude is small and friction can be ignored. For small 
amplitudes, its period is given by 


T= om |, a20) 
g 


where g is the acceleration of gravity. 

When friction is present (for all real springs and pendulums), 
the motion is said to be damped. The maximum displacement 
decreases in time, and the mechanical energy is eventually all 
transformed to thermal energy. If the friction is very large, so no 
oscillations occur, the system is said to be overdamped. If the 
friction is small enough that oscillations occur, the system is 
underdamped, and the displacement is given by 


x = Ae cos w't, (16) 


where Y and w' are constants. For a critically damped system, no 
oscillations occur and equilibrium is reached in the shortest time. 

If an oscillating force is applied to a system capable of 
vibrating, the amplitude of vibration can be very large if the 
frequency of the applied force is near the natural (or resonant) 
frequency of the oscillator; this is called resonance. 
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J Answers to Exercises 


A: (a), (c), (d). G: All are larger. 

Be th); H: (a). 

a I: (c). 

D: (b), (d). 

E: = J: (a) 25cm; (b) 2.08. 
F: (c). 
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Problem Set 


| Questions 


1. 


Give some examples of everyday vibrating objects. Which 
exhibit SHM, at least approximately? 


. Is the acceleration of a simple harmonic oscillator ever 


zero? If so, where? 


. Explain why the motion of a piston in an automobile engine 


is approximately simple harmonic. 


. Real springs have mass. Will the true period and frequency be 


larger or smaller than given by the equations for a mass 
oscillating on the end of an idealized massless spring? Explain. 


. How could you double the maximum speed of a simple 


harmonic oscillator (SHO)? 


. A 5.0-kg trout is attached to the hook of a vertical spring 


scale, and then is released. Describe the scale reading as a 
function of time. 


. If a pendulum clock is accurate at sea level, will it gain or 


lose time when taken to high altitude? Why? 


. A tire swing hanging from a branch reaches nearly to the 


ground (Fig. 27). How could you estimate the height of the 
branch using only a stopwatch? 


Gallant, Andre/Image Bank/Getty Images 


FIGURE 27 Question 8. 


9. 


10. 


11. 


* 15. 


16. 


17. 


18. 
19. 
20. 


For a simple harmonic oscillator, when (if ever) are the 
displacement and velocity vectors in the same direction? 
When are the displacement and acceleration vectors in the 
same direction? 


A 100-g mass hangs from a long cord forming a pendulum. 
The mass is pulled a short distance to one side and released 
from rest. The time to swing over and back is carefully 
measured to be 2.0s. If the 100-g mass is replaced by a 
200-g mass, which is then pulled over the same distance 
and released from rest, the time will be (a) 1.0s, (b) 1.41s, 
(c) 2.0s, (d) 2.82s, (e) 4.0 s. 


Two equal masses are attached to separate identical springs 
next to one another. One mass is pulled so its spring 
stretches 20 cm and the other is pulled so its spring stretches 
only 10cm. The masses are released simultaneously. Which 
mass reaches the equilibrium point first? 


. Does a car bounce on its springs faster when it is empty or 


when it is fully loaded? 


. What is the approximate period of your walking step? 


. What happens to the period of a playground swing if you 


rise up from sitting to a standing position? 


A thin uniform rod of mass m is suspended from one end 
and oscillates with a frequency f. If a small sphere of mass 
2m is attached to the other end, does the frequency increase 
or decrease? Explain. 


A tuning fork of natural frequency 264 Hz sits on a table at 
the front of a room. At the back of the room, two tuning 
forks, one of natural frequency 260 Hz and one of 420 Hz 
are initially silent, but when the tuning fork at the front of 
the room is set into vibration, the 260-Hz fork sponta- 
neously begins to vibrate but the 420-Hz fork does not. 
Explain. 


Why can you make water slosh back and forth in a pan only 
if you shake the pan at a certain frequency? 

Give several everyday examples of resonance. 

Is a rattle in a car ever a resonance phenomenon? Explain. 


Over the years, buildings have been able to be built out of 
lighter and lighter materials. How has this affected the 
natural oscillation frequencies of buildings and the prob- 
lems of resonance due to passing trucks, airplanes, or by 
wind and other natural sources of vibration? 


l Problems 


the reader should have read up to and including that Section, but 


[The Problems in this Section are ranked I, II, or III according to 
estimated difficulty, with (I) Problems being easiest. Level (III) 
Problems are meant mainly as a challenge for the best students, for 
“extra credit.” The Problems are arranged by Sections, meaning that 


From Chapter 14 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 


this Chapter also has a group of General Problems that are not 
arranged by Section and not ranked.] 
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Oscillations: Problem Set 


1 and 2 Simple Harmonic Motion 
1. (I) If a particle undergoes SHM with amplitude 0.18m, 
what is the total distance it travels in one period? 


2. (J) An elastic cord is 65 cm long when a weight of 75 N hangs 
from it but is 85 cm long when a weight of 180 N hangs from 
it. What is the “spring” constant k of this elastic cord? 


3. (I) The springs of a 1500-kg car compress 5.0 mm when its 68-kg 
driver gets into the driver’s seat. If the car goes over a bump, 
what will be the frequency of oscillations? Ignore damping. 


4. (I) (a) What is the equation describing the motion of a mass 
on the end of a spring which is stretched 8.8 cm from equi- 
librium and then released from rest, and whose period is 
0.66 s? (b) What will be its displacement after 1.8 s? 

5. (II) Estimate the stiffness of the spring in a child’s pogo 
stick if the child has a mass of 35kg and bounces once 
every 2.0 seconds. 

6. (II) A fisherman’s scale stretches 3.6 cm when a 2.4-kg fish 
hangs from it. (a) What is the spring stiffness constant and 
(b) what will be the amplitude and frequency of oscillation 
if the fish is pulled down 2.5 cm more and released so that it 
oscillates up and down? 

7. (II) Tall buildings are designed to sway in the wind. In a 
100-km/h wind, for example, the top of the 110-story Sears 
Tower oscillates horizontally with an amplitude of 15cm. 
The building oscillates at its natural frequency, which has a 
period of 7.0s. Assuming SHM, find the maximum hori- 
zontal velocity and acceleration experienced by a Sears 
employee as she sits working at her desk located on the top 
floor. Compare the maximum acceleration (as a percentage) 
with the acceleration due to gravity. 


8. (II) Construct a Table indicating the position x of the mass 
in Fig. 2 at times t = 0,37,37,37,7, and }T7, where T is 


—— F FIGURE 2 Force on, 
and velocity of, a mass at 
different positions of its 
oscillation cycle on a 

(a) oA #20 frictionless surface. 


the period of oscillation. On a graph of x vs. t, plot these six 
points. Now connect these points with a smooth curve. 
Based on these simple considerations, does your curve 
resemble that of a cosine or sine wave? 


9. (IT) A small fly of mass 0.25 g is caught in a spider’s web. The 
web oscillates predominately with a frequency of 4.0 Hz. 
(a) What is the value of the effective spring stiffness constant k 
for the web? (b) At what frequency would you expect the web 
to oscillate if an insect of mass 0.50 g were trapped? 


10. (II) A mass m at the end of a spring oscillates with a 
frequency of 0.83 Hz. When an additional 680-g mass is 
added to m, the frequency is 0.60 Hz. What is the value 
of m? 

11. (II) A uniform meter stick of mass M is pivoted on a hinge 
at one end and held horizontal by a spring with spring 
constant k attached at the other end (Fig. 28). 
If the stick oscillates up and down slightly, what is its 
frequency? [Hint: Write a torque equation about the hinge.] 


1.25 | 
FIGURE 28 Š = 


Problem 11. 


12. (II) A balsa wood block of mass 55g floats on a lake, 
bobbing up and down at a frequency of 3.0 Hz. (a) What is 
the value of the effective spring constant of the water? 
(b) A partially filled water bottle of mass 0.25 kg and almost 
the same size and shape of the balsa block is tossed into the 
water. At what frequency would you expect the bottle to 
bob up and down? Assume SHM. 

13. (II) Figure 29 shows two examples of SHM, labeled A and 
B. For each, what is (a) the amplitude, (b) the frequency, and 
(c) the period? (d) Write the equations for both A and B in 
the form of a sine or cosine. 


x (m) 


t(s) 


FIGURE 29 Problem 13. 
14. (II) Determine the phase constant ¢ in Eq. 4 if, at t = 0, 
the oscillating mass is at (a) x =—A, (b) x= 0, 


(c)x = A, (d)x =4A, (e) x =—-4A, (f) x = A/ V2. 


x = Acos(wt + ¢) (4) 


15. 


16. 
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(II) A vertical spring with spring stiffness constant 305 N/m 
oscillates with an amplitude of 28.0 cm when 0.260 kg hangs 
from it. The mass passes through the equilibrium point 
(y = 0) with positive velocity at t = 0. (a) What equation 
describes this motion as a function of time? (b) At what 
times will the spring be longest and shortest? 


(II) The graph of displacement vs. time for a small 
mass m at the end of a spring is shown in Fig. 30. At 
t=0,x=043cm. (a) If m=9.5g, find the spring 
constant, k. (b) Write the equation for displacement x as a 
function of time. 


0.82 cm 0.82 cm 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


m 0.69 s 


FIGURE 30 Problem 16. 


(ID) The position of a SHO as a function of time is given by 
x = 3.8cos(Sat/4 + 7/6) where t is in seconds and x in 
meters. Find (a) the period and frequency, (b) the position 
and velocity at £ = 0, and (c) the velocity and acceleration 
at t = 2.0s. 


(II) A tuning fork oscillates at a frequency of 441 Hz and 
the tip of each prong moves 1.5 mm to either side of center. 
Calculate (a) the maximum speed and (b) the maximum 
acceleration of the tip of a prong. 


(I) An object of unknown mass m is hung from a vertical 
spring of unknown spring constant k, and the object is 
observed to be at rest when the spring has extended by 
14cm. The object is then given a slight push and executes 
SHM. Determine the period T of this oscillation. 


(II) A 1.25-kg mass stretches a vertical spring 0.215 m. 
If the spring is stretched an additional 0.130m and 
released, how long does it take to reach the (new) equilib- 
rium position again? 

(ID) Consider two objects, A and B, both undergoing SHM, 
but with different frequencies, as described by the equations 
xa = (2.0 m)sin(2.0t) and xg = (5.0m) sin(3.0 t), where t 
is in seconds. After t = 0, find the next three times t 
at which both objects simultaneously pass through the 
origin. 

(II) A 1.60-kg object oscillates from a vertically hanging 
light spring once every 0.55 s. (a) Write down the equation 
giving its position y (+ upward) as a function of time t, 
assuming it started by being compressed 16cm from the 
equilibrium position (where y = 0 ), and released. (b) How 
long will it take to get to the equilibrium position for the 
first time? (c) What will be its maximum speed? (d) What 
will be its maximum acceleration, and where will it first be 
attained? 

(ID) A bungee jumper with mass 65.0 kg jumps from a high 
bridge. After reaching his lowest point, he oscillates up and 
down, hitting a low point eight more times in 43.0s. He 


24. 


25. 


26. 


finally comes to rest 25.0m below the level of the bridge. 
Estimate the spring stiffness constant and the unstretched 
length of the bungee cord assuming SHM. 

(II) A block of mass m is supported by two identical 
parallel vertical springs, each with spring 

stiffness constant k (Fig. 31). What will be the 


frequency of vertical oscillation? k k 
FIGURE 31 
Problem 24. 

(II) A mass m is connected to two springs, with spring 


constants kų and kz, in two different ways as shown in 
Fig. 32a and b. Show that the period for the configuration 
shown in part (a) is given by 


1 1 
T =2 ee 
7 m( ky 3 
and for that in part (b) is given by 


m 
ne N ee 
TV K, + ky 


Ignore friction. 


FIGURE 32 
Problem 25. (b) 


(II) A mass m is at rest on the end of a spring of spring 
constant k. At t = 0 it is given an impulse J by a hammer. 
Write the formula for the subsequent motion in terms 
of m, k, J, and t. 


3 Energy in SHM 


27. 


28. 


29. 


(I) A 1.15-kg mass oscillates according to the equation 
x = 0.650 cos 7.40f where x is in meters and f in seconds. 
Determine (a) the amplitude, (b) the frequency, (c) the total 
energy, and (d) the kinetic energy and potential energy 
when x = 0.260 m. 

(I) (a) At what displacement of a SHO is the energy half 
kinetic and half potential? (b) What fraction of the total 
energy of a SHO is kinetic and what fraction potential when 
the displacement is one third the amplitude? 

(II) Draw a graph like Fig. 11 for a horizontal spring whose 
spring constant is 95 N/m and which has a mass of 55 g on 
the end of it. Assume the spring was started with an initial 
amplitude of 2.0 cm. Neglect the mass of the spring and any 
friction with the horizontal surface. Use your graph to 
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estimate (a) the potential energy, (b) the kinetic energy, and 
(c) the speed of the mass, for x = 1.5 cm. 


FIGURE 11 Graph of 
potential energy, 

U = 3kx’. 

K + U = E = constant 


Energy 


U(x) U(x) for any point x where 


—A =x < A. Values of 
K and U are indicated for 


an arbitrary position x. 


30. (II) A 0.35-kg mass at the end of a spring oscillates 2.5 times 


per second with an amplitude of 0.15 m. Determine (a) the 
velocity when it passes the equilibrium point, (b) the velocity 
when it is 0.10 m from equilibrium, (c) the total energy of the 
system, and (d) the equation describing the motion of the 
mass, assuming that at £ = 0, x was a maximum. 


31. (II) It takes a force of 95.0 N to compress the spring of a toy 


popgun 0.175 m to “load” a 0.160-kg ball. With what speed 
will the ball leave the gun if fired horizontally? 


32. (IT) A 0.0125-kg bullet strikes a 0.240-kg block attached 


to a fixed horizontal spring whose spring constant is 
2.25 x 10°N/m and sets it into oscillation with an ampli- 
tude of 12.4cm. What was the initial speed of the bullet if 
the two objects move together after impact? 


33. (II) If one oscillation has 5.0 times the energy of a second 


one of equal frequency and mass, what is the ratio of their 
amplitudes? 


34. (II) A mass of 240g oscillates on a horizontal frictionless 


35 


36 


ST, 


surface at a frequency of 3.0Hz and with amplitude 
of 45cm. (a) What is the effective spring constant 
for this motion? (b) How much energy is involved in 
this motion? 


. (II) A mass resting on a horizontal, frictionless surface is 
attached to one end of a spring; the other end is fixed to a 
wall. It takes 3.6 J of work to compress the spring by 0.13 m. 
If the spring is compressed, and the mass is released from 
rest, it experiences a maximum acceleration of 15 m/s”. Find 
the value of (a) the spring constant and (b) the mass. 

. (II) An object with mass 2.7 kg is executing simple harmonic 
motion, attached to a spring with spring constant 
k = 280 N/m. When the object is 0.020 m from its equilib- 
rium position, it is moving with a speed of 0.55 m/s. 
(a) Calculate the amplitude of the motion. (b) Calculate the 
maximum speed attained by the object. 

. (II) Agent Arlene devised the following method of 
measuring the muzzle velocity of a rifle (Fig. 33). She fires a 
bullet into a 4.648-kg wooden block resting on a smooth 
surface, and attached to a spring of spring constant 
k = 142.7 N/m. The bullet, whose mass is 7.870 g, remains 
embedded in the wooden block. She measures the 
maximum distance that the block compresses the spring to 
be 9.460 cm. What is the speed v of the bullet? 


FIGURE 33 Problem 37. 


38. (II) Obtain the displacement x as a function of time for the 
simple harmonic oscillator using the conservation of 
energy, Eqs. 10. [Hint: Integrate Eq. 11a with v = dx/dt. | 


E = 5m(0) + 5kA? = 3kA? 


(10a) 
E = 3m? + 3k(0) = ymvnax (10b) 
E = jm? + 5kx? (00) 


39. (II) At t = 0, a 785-g mass at rest on the end of a hori- 
zontal spring (k = 184 N/m) is struck by a hammer which 
gives it an initial speed of 2.26 m/s. Determine (a) the 
period and frequency of the motion, (b) the amplitude, 
(c) the maximum acceleration, (d) the position as a function 
of time, (e) the total energy, and (f) the kinetic energy when 
x = 0.40A where A is the amplitude. 

40. (IT) A pinball machine uses a spring launcher that is 
compressed 6.0 cm to launch a ball up a 15° ramp. Assume 
that the pinball is a solid uniform sphere of radius 
r = 1.0 cm and mass m = 25g. If it is rolling without slip- 
ping at a speed of 3.0 m/s when it leaves the launcher, what 
is the spring constant of the spring launcher? 


5 Simple Pendulum 

41. (I) A pendulum has a period of 1.35s on Earth. What is its 
period on Mars, where the acceleration of gravity is about 
0.37 that on Earth? 

42. (I) A pendulum makes 32 oscillations in exactly 50 s. What is 
its (a) period and (b) frequency? 

43. (II) A simple pendulum is 0.30m long. At t=0 it is 
released from rest starting at an angle of 13°. Ignoring fric- 
tion, what will be the angular position of the pendulum at 
(a) t = 0.35s, (b) t = 3.45s, and (c) t = 6.00 s? 

44. (II) What is the period of a simple pendulum 53cm long 
(a) on the Earth, and (b) when it is in a freely falling elevator? 

45. (II) A simple pendulum oscillates with an amplitude of 
10.0°. What fraction of the time does it spend between +5.0° 
and —5.0°? Assume SHM. 

46. (II) Your grandfather clock’s pendulum has a length of 
0.9930 m. If the clock loses 26s per day, how should you 
adjust the length of the pendulum? 

x47. (II) Derive a formula for the maximum speed Vmax of a 
simple pendulum bob in terms of g, the length £, and the 
maximum angle of swing Omax- 


*6 Physical Pendulum and Torsion Pendulum 


48. (11) A pendulum consists of a tiny bob of mass M and a 
uniform cord of mass m and length £. (a) Determine a 
formula for the period using the small angle approximation. 


* 49, 


*50. 


"Si. 


Oscillations: Problem Set 


(b) What would be the fractional error if you use the 
formula for a simple pendulum, Eq. 12c? 


1 ne 
T = = = m] 
f g 


(II) The balance wheel of a watch is a thin ring of radius 
0.95cm and oscillates with a frequency of 3.10 Hz. If a 
torque of 1.1 X 10~>m-N causes the wheel to rotate 45°, 
calculate the mass of the balance wheel. 

(II) The human leg can be compared to a physical 
pendulum, with a “natural” swinging period at which 
walking is easiest. Consider the leg as two rods joined 
rigidly together at the knee; the axis for the leg is the hip 
joint. The length of each rod is about the same, 55 cm. The 
upper rod has a mass of 7.0 kg and the lower rod has a mass 
of 4.0kg. (a) Calculate the natural swinging period of the 
system. (b) Check your answer by standing on a chair and 
measuring the time for one or more complete back-and- 
forth swings. The effect of a shorter leg is a shorter swinging 
period, enabling a faster “natural” stride. 

(II) (a) Determine the equation of motion (for @ as a 
function of time) for a torsion pendulum, Fig. 18, 
and show that the motion is simple harmonic. (b) Show 
that the period T is T = 27VI/K. [The balance wheel 
of a mechanical watch is an example of a torsion pendulum 
in which the restoring torque is applied by a coil spring.] 


[0 small] (12c) 


FIGURE 18 A torsion 


pendulum. The disc 

oscillates in SHM 

between Omax and — Omax - Wire 
+0 
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Z= max 
d- 0 Equilibrium 
I max 


(11) A student wants to use a meter stick as a pendulum. 
She plans to drill a small hole 
through the meter stick pin \ 
and suspend it from a smooth pin 
attached to the wall (Fig. 34). 
Where in the meter stick should she 
drill the hole to obtain the shortest 
possible period? How short an 
oscillation period can she obtain 
with a meter stick in this way? 
FIGURE 34 
Problem 52. l 


1.00 m 


(] 


. (II) A meter stick is hung at its center from a thin wire 


(Fig. 35a). It is twisted and oscillates with a period of 5.0s. 
The meter stick is sawed off to a length of 70.0cm. This 
piece is again balanced at its center and set in oscillation 
(Fig. 35b). With what period does it oscillate? 


(a) (b) 


FIGURE 35 Problem 53. 
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(II) An aluminum disk, 12.5cm in diameter and 375 g in 
mass, is mounted on a vertical shaft with very low friction 
(Fig. 36). One end of a flat coil spring is attached to the 
disk, the other end to the base of the apparatus. The disk is 
set into rotational oscillation and the frequency is 0.331 Hz. 
What is the torsional spring constant K (T = — K0)? 


FIGURE 36 Problem 54. 


. (II) A plywood disk of radius 20.0cm and mass 2.20 kg 


has a small hole drilled through 
it, 2.00cm from its edge 
(Fig. 37). The disk is hung from 
the wall by means of a metal 
pin through the hole, and is 
used as a pendulum. What is the 
period of this pendulum for 
small oscillations? 


FIGURE 37 
Problem 55. 
7 Damping 
56. (II) A 0.835-kg block oscillates on the end of a spring whose 


57. 


58. 


spring constant is k = 41.0N/m. The mass moves in a 
fluid which offers a resistive force F = —bv, where 
b = 0.662N-s/m. (a) What is the period of the motion? 
(b) What is the fractional decrease in amplitude per cycle? 
(c) Write the displacement as a function of time if at 
t= 0, x = 0, and at t = 1.00s, x = 0.120m. 

(lI) Estimate how the damping constant changes when a 
car’s shock absorbers get old and the car bounces three 
times after going over a speed bump. 

(II) A physical pendulum consists of an 85-cm-long, 240-g-mass, 
uniform wooden rod hung from a nail near one end (Fig. 38). 
The motion is damped because of friction in 

the pivot; the damping force is approximately yẹ 

proportional to d6/dt. The rod is set in \ 

oscillation by displacing it 15° from its equi- 
librium position and releasing it. After 8.0s, 
the amplitude of the oscillation has been 
reduced to 5.5°. If the angular displacement 
can be written as 6 = Ae” cos o't, find 
(a) Y, (b) the approximate period of the 
motion, and (c) how long it takes for the 
amplitude to be reduced to $ of its original 


value. 
FIGURE 38 
Problem 58. 
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(II) A damped harmonic oscillator loses 6.0% of its mechanical 
energy per cycle. (a) By what percentage does its frequency 
differ from the natural frequency fọ = (1/27)Vk/m? 
(b) After how many periods will the amplitude have 
decreased to 1/e of its original value? 
(II) A vertical spring of spring constant 115 N/m supports a 
mass of 75 g. The mass oscillates in a tube of liquid. If the 
mass is initially given an amplitude of 5.0cm, the mass is 
observed to have an amplitude of 2.0cm after 3.5s. Esti- 
mate the damping constant b. Neglect buoyant forces. 
(III) (a) Show that the total mechanical energy, 
E =}m? +4kx*, as a function of time for a lightly 
damped harmonic oscillator is 

E = i kA (im) = Eye hime, 
where Ep is the total mechanical energy at t = 0. (Assume 
w' >> b/2m.) (b) Show that the fractional energy lost per 
period is 

AE 2b 2r 


p , 


E mwg Q 


where wọ = Vk/m and Q = mwọ/b is called the quality 
factor or Q value of the system. A larger Q value means the 
system can undergo oscillations for a longer time. 

(II) A glider on an air track is connected by springs to 
either end of the track (Fig. 39). Both springs have the same 
spring constant, k, and the glider has mass M. 
(a) Determine the frequency of the oscillation, assuming no 
damping, if k =125N/m and M = 215g. (b) It is 
observed that after 55 oscillations, the amplitude of the 
oscillation has dropped to one-half of its initial value. Esti- 
mate the value of y, using Eq. 16. (c) How long does it take 
the amplitude to decrease to one-quarter of its initial value? 


x = Ae” coso't, (16) 
k k 
= M ANAAY’)YAAS 
FIGURE 39 1 NAN W- 
Problem 62. 


8 Forced Oscillations; Resonance 


63. 


(II) (a) For a forced oscillation at resonance (w = wọ), what 
is the value of the phase angle ġo in Eq. 22? (b) What, then, 


64. 


65. 


*66. 
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is the displacement at a time when the driving force Fy; is a 
maximum, and at a time when Fey = 0? (c) What is the 
phase difference (in degrees) between the driving force and 
the displacement in this case? 


x = Aysin(wt + po) (22) 
(II) Differentiate Eq. 23 to show that the resonant ampli- 
tude peaks at 


7 Fo 
m Vlo? — of + ba’ /m 


(II) An 1150 kg automobile has springs with k = 16,000 N/m. 
One of the tires is not properly balanced; it has a little extra 
mass on one side compared to the other, causing the car to 
shake at certain speeds. If the tire radius is 42cm, at 
what speed will the wheel shake most? 


(23) 


Ao 


(II) Construct an accurate resonance curve, from w = 0 to 
w = 2w, for Q = 6.0. 

(ID) The amplitude of a driven harmonic oscillator reaches a 
value of 23.7F)/k at a resonant frequency of 382 Hz. What is 
the Q value of this system? 

(HI) By direct substitution, show that Eq. 22, with 
Eqs. 23 and 24, is a solution of the equation of motion (Eq. 
21) for the forced oscillator. [Hint: To find sin dy and cos do 
from tan dy, draw a right triangle.] 


ax dx 
+ = 
m JP b dr kx F; cos wt (21) 
= tan a 24 
go) = tan w(b/m) (24) 


. (HI) Consider a simple pendulum (point mass bob) 0.50 m 


long with a Q of 350. (a) How long does it take for the 
amplitude (assumed small) to decrease by two-thirds? (b) If 
the amplitude is 2.0cm and the bob has mass 0.27 kg, what 
is the initial energy loss rate of the pendulum in watts? (c) If 
we are to stimulate resonance with a sinusoidal driving 
force, how close must the driving frequency be to the 
natural frequency of the pendulum (give Af = f — fo)? 


l General Problems 


70. 


71. 


72. 


A 62-kg person jumps from a window to a fire net 20.0m 
below, which stretches the net 1.1m. Assume that the net 
behaves like a simple spring. (a) Calculate how much it 
would stretch if the same person were lying in it. (b) How 
much would it stretch if the person jumped from 38 m? 


An energy-absorbing car bumper has a spring constant of 
430 kN/m. Find the maximum compression of the bumper if 
the car, with mass 1300 kg, collides with a wall at a speed of 
2.0 m/s (approximately 5 mi/h). 

The length of a simple pendulum is 0.63 m, the pendulum bob 
has a mass of 295 g, and it is released at an angle of 15° to the 
vertical. (a) With what frequency does it oscillate? (b) What is 
the pendulum bob’s speed when it passes through the lowest 
point of the swing? Assume SHM. (c) What is the total 
energy stored in this oscillation assuming no losses? 


13: 


74. 


75. 


A simple pendulum oscillates with frequency f. What is its 
frequency if the entire pendulum accelerates at 0.50g 
(a) upward, and (b) downward? 


A 0.650-kg mass oscillates according to the equation 
x = 0.25 sin(5.50f) where x is in meters and f is in seconds. 
Determine (a) the amplitude, (b) the frequency, (c) the 
period, (d) the total energy, and (e) the kinetic energy and 
potential energy when x is 15 cm. 

(a) A crane has hoisted a 1350-kg car at the junkyard. The 
crane’s steel cable is 20.0m long and has a diameter of 
6.4mm. If the car starts bouncing at the end of the cable, what 
is the period of the bouncing? [Hint: Refer to Table 1.] 
(b) What amplitude of bouncing will likely cause the cable 
to snap? (See Table 2, and assume Hooke’s law holds all the 
way up to the breaking point.) 


Oscillations: Problem Set 


TABLE 1 Elastic Moduli 


Young’s Modulus, Shear Modulus, Bulk Modulus, 
Material E (N/m’) G (N/m’) B (N/m’) 
Solids 
Tron, cast 100 x 10° 40 x 10° 90 x 10° 
Steel 200 x 10° 80 x 10° 140 x 10° 
Brass 100 x 10° 35 36 10? 80 x 10° 
Aluminum 70 X 10° De <1 70 x 10° 
Concrete 20 X 10° 
Brick 14 x 10° 
Marble 50 x 10° 70 x 10° 
Granite 45 x 10° 45 x 10° 
Wood (pine) (parallel to grain) 10 x 10° 
(perpendicular to grain) il < 16" 
Nylon 5 Se iy 
Bone (limb) i5 x 1107 80 x 10° 
Liquids 
Water PO) <1? 
Alcohol (ethyl) ox 107 
Mercury DES Se iO? 
Gases’ 
Air, Hy, He, CO, 1.01 x 10° 
‘At normal atmospheric pressure; no variation in temperature during process. 
TABLE 2 Ultimate Strengths of Materials (force/area) 
Compressive 
Tensile Strength Strength Shear Strength 
Material (N/m?) (N/m?) (N/m?) 
Iron, cast 170 x 10° 550 x 10° 170 x 10° 
Steel 500 x 10° 500 x 10° 250 x 10° 
Brass 250 X 10° 250 x 10° 200 x 10° 
Aluminum 200 x 10° 200 x 10° 200 x 10° 
Concrete 2 x 10° 20 x 10° 2 x 10° 
Brick 35 x 10° 
Marble 80 x 10° 
Granite 170 x 10° 
Wood (pine) (parallel to grain) 40 x 10° 35 x 10° S 1" 
(perpendicular to grain) 10 x 10° 
Nylon 500 x 10° 
Bone (limb) 130 x 10° 170 x 10° 


76. An oxygen atom at a particular site within a DNA molecule 


can be made to execute simple harmonic motion when illu- 
minated by infrared light. The oxygen atom is bound with a 
spring-like chemical bond to a phosphorus atom, which is 
rigidly attached to the DNA backbone. The oscillation of 
the oxygen atom occurs with frequency f = 3.7 x 10% Hz. 
If the oxygen atom at this site is chemically replaced 
with a sulfur atom, the spring constant of the bond is 
unchanged (sulfur is just below oxygen in the Periodic Table). 
Predict the frequency for a DNA molecule after the sulfur 
substitution. 


TT. 


78. 


A “seconds” pendulum has a period of exactly 2.000 s. That 
is, each one-way swing takes 1.000 s. What is the length of a 
seconds pendulum in Austin, Texas, where g = 9.793 m/s”? 
If the pendulum is moved to Paris, where g = 9.809 m/s’, 
by how many millimeters must we lengthen the pendulum? 
What is the length of a seconds pendulum on the Moon, 
where g = 1.62 m/s? 

A 320-kg wooden raft floats on a lake. When a 75-kg man 
stands on the raft, it sinks 3.5cm deeper into the water. 
When he steps off, the raft oscillates for a while. (a) What is 
the frequency of oscillation? (b) What is the total energy of 
oscillation (ignoring damping)? 
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80. 


81. 


82. 


83. 


84. 


85. 


Oscillations: Problem Set 


At what displacement from equilibrium is the speed of 
a SHO half the maximum value? 


A diving board oscillates with simple harmonic motion of 
frequency 2.5 cycles per second. What is the maximum 
amplitude with which the end of the board can oscillate in 
order that a pebble placed there (Fig. 40) does not lose 
contact with the board during the oscillation? 


ee 


A rectangular block of wood floats in a calm lake. Show 
that, if friction is ignored, when the block is pushed gently 
down into the water and then released, it will then oscillate 
with SHM. Also, determine an equation for the force constant. 
A 950-kg car strikes a huge spring at a speed of 25 m/s 
(Fig. 41), compressing the spring 5.0m. (a) What is the 
spring stiffness constant of the spring? (b) How long is 
the car in contact with the spring before it bounces off 
in the opposite direction? 


FIGURE 40 
Problem 80. 


FIGURE 41 
Problem 82. 


A 1.60-kg table is supported on four springs. A 0.80-kg 
chunk of modeling clay is held above the table and dropped 
so that it hits the table with a speed of 1.65 m/s (Fig. 42). 
The clay makes an inelastic collision with the table, and the 
table and clay oscillate up and down. After 

a long time the table comes to rest | 

6.0cm below its original position. |l 
(a) What is the effective 

spring constant of all four 
springs taken together? 
(b) With what maximum 
amplitude does the plat- 
form oscillate? 


FIGURE 42 
Problem 83. 


In some diatomic molecules, the force each atom exerts on 
the other can be approximated by F = —C/r? + D/P’, 
where r is the atomic separation and C and D are positive 
constants. (a) Graph F vs. r from r = 0.8D/C to r = 4D/C. 
(b) Show that equilibrium occurs at r = rọ = D/C. (c) Let 
Ar=r-—r be a small displacement from equilibrium, 
where Ar << rọ. Show that for such small displacements, 
the motion is approximately simple harmonic, and (d) deter- 
mine the force constant. (e) What is the period of such 
motion? [Hint: Assume one atom is kept at rest.] 

A mass attached to the end of a spring is stretched a 
distance xo from equilibrium and released. At what distance 
from equilibrium will it have (a) velocity equal to half 
its maximum velocity, and (b) acceleration equal to half its 
maximum acceleration? 


86. 


87. 


88. 


89. 


90. 


Carbon dioxide is a linear molecule. The carbon—oxygen bonds 
in this molecule act very much like springs. Figure 43 shows 
one possible way the oxygen atoms in this molecule can oscil- 
late: the oxygen atoms oscillate symmetrically in and out, while 
the central carbon atom remains at rest. Hence each oxygen 
atom acts like a simple harmonic oscillator with a mass equal 
to the mass of an oxygen atom. It is observed that this oscilla- 
tion occurs with a frequency of f = 2.83 x 10! Hz. What is 
the spring constant of the C—O bond? 


OMN ONWNMAE 


FIGURE 43 
Problem 86, the 
CO) molecule. 


Imagine that a 10-cm-diameter circular hole was drilled all 
the way through the center of the Earth (Fig. 44). At one 
end of the hole, you drop an apple into the hole. Show that, 
if you assume that the Earth has a 

constant density, the subs 
quent motion of the apple is 
simple harmonic. How long 
will the apple take to 
return? Assume that we 
can ignore all frictional 
effects. 


FIGURE 44 
Problem 87. 


A thin, straight, uniform rod of length £ = 1.00m and mass 
m = 215g hangs from a pivot at one end. (a) What is its 
period for small-amplitude oscillations? (b) What is the 
length of a simple pendulum that will have the same period? 


A mass m is gently placed on the end of a freely hanging 
spring. The mass then falls 32.0 cm before it stops and begins 
to rise. What is the frequency of the oscillation? 


A child of mass m sits on top of a rectangular slab of mass 
M = 35kg, which in turn rests on the frictionless horizontal 
floor at a pizza shop. The slab is attached to a horizontal 
spring with spring constant k = 430 N/m (the other end is 
attached to an immovable wall, Fig. 45). The coefficient of 
static friction between the child and the top of the slab is 
p = 0.40. The shop owner’s intention is that, when displaced 
from the equilibrium position and released, the slab and 
child (with no slippage between the two) execute SHM with 
amplitude A = 0.50m. Should there be 

a weight restriction 

for this ride? If so, 

what is it? a , ; 


= 0.40 

‘ k = 450 N/m 

FIGURE 45 AMMAN 
Problem 90. 


91. 
92. 


Oscillations: Problem Set 


Estimate the effective spring constant of a trampoline. 


In Section 5 of “oscillations,” the oscillation of a simple 
pendulum (Fig. 46) is viewed as linear motion along the arc 
length x and analyzed via F = ma. Alternatively, the 
pendulum’s movement can be regarded as rotational motion 
about its point of support and analyzed using 7 = Ia. 
Carry out this alternative analysis and show that 


a(t) = Onyx cos( | + $). 


where @(t) is the 
angular displacement 
of the pendulum 
from the vertical at 
time f, as long as 
its maximum value is 
less than about 15°. 


FIGURE 46 
Problem 92. 


*Numerical/Computer 


*93. 


(II) A mass m on a frictionless surface is attached to a 
spring with spring constant k as shown in Fig. 47. This 
mass-spring system is then observed to execute simple 
harmonic motion with a period T. The mass m is changed 
several times and the associated period T is measured in 
each case, generating the following data Table: 


Mass m (kg) Period T (s) 
0.5 0.445 
1.0 0.520 
2.0 0.630 
3.0 0.723 
4.5 0.844 


*94, 


(a) Starting with Eq. 7b, show why a graph of T? vs. m is 
expected to yield a straight line. How can k be determined 
from the straight line’s slope? What is the line’s y-intercept 
expected to be? (b) Using the data in the Table, plot T? vs. m 
and show that this graph yields a straight line. Determine 
the slope and (nonzero) y-intercept. (c) Show that a 
nonzero y-intercept can be expected in our plot theoretically 
if, rather than simply using m for the mass in Eq. 7b, we use 
m + mo, where mo is a constant. That is, repeat part (a) 
using m + mp for the mass in Eq. 7b. Then use the result of 
this analysis to determine k and mọ from your graph’s slope 
and y-intercept. (d) Offer a physical interpretation for mo, a 
mass that appears to be oscillating in addition to the 
attached mass m. 


(7b) 


FIGURE 47 Problem 93. 


(IH) Damping proportional to v*. Suppose the oscillator 
of Example 5 of “oscillations” is damped by a force 
proportional to the square of the velocity, 
F damping = —cv’, where c= 0.275kg/m is a constant. 
Numerically integrate the differential equation from t = 0 
to t = 2.00s to an accuracy of 2%, and plot your results. 


l Answers to Odd-Numbered Problems 


1. 0.72m. (b) tongest = 29. 
3. 1.5 Hz. 4.59 X 107s + n(0.183 s), 6.600 
5. 350 N/m. _ 0,1,2,3 söi 
2 oO shortest = = 
eal 0.12312; 1.38 X 1071s + n(0.1838), Sooo 
9. (a) 0.16 N/m; n=0,1,2,°". nis 
(b) 2.8 Hz. 17. (a) 1.6 s, $ Hz; ia 
V3k/M 7 T T 
i 3k/M (b) 3.3 m, —7.5 m/s; -20 -1.5 —1.0 —0.5 00 0.5 10 15 20 
2T (c) —13 m/s, 29 m/s”. ahem) 
13. (a) 2.5 m, 3.5 m; 19. 0.75s. (a) 0.011 J; 
(b) 0.25 Hz, 0.50 Hz; 21. 3.1 s, 6.3 s, 9.4 s. (b) 0.008 J; 
(c) 4.0s, 2.0 s; 23. 88.8 N/m, 17.8 m. (c) 0.5 m/s. 
(d) xa = (2.5m) sin(37t), 27. (a) 0.650 m; 31. 10.2 m/s. 
xB = (3.5 m) cos(7t). (b) 1.18 Hz; 33. Ahigh energy — V5 Atow energy ` 
15. (a) y(t) = (c) 13.3; 35. (a) 430 N/m; 


(0.280 m) sin[(34.3 rad/s)¢]; (d) 11.25,215. 


(b) 3.7 kg. 
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37. 
39. 


41. 
43. 


45. 
47. 
49. 


51. 


53. 
55. 
57. 
59. 


63. 


309.8 m/s. 

(a) 0.410 s, 2.44 Hz; 
(b) 0.148 m; 

(c) 34.6 m/s?; 

(d) x = (0.148 m) sin(4.87zt); 
(e) 2.00 J; 
(f)1.68J. 

228s 

(a) —5.4°; 

(b) 8.4°; 

(c) —13°. 

L 

V2gł(1 — cos0). 


0.41 g. 


(a) 0 = bcos(ot + p), w = eS 


2.958. 

1.08 s. 

Decreased by a factor of 6. 
(a) (-1.21 x 1075)%; 

(b) 32.3 periods. 

(a) 0°; 

(b) 0, +A; 

(c) $7 or 90°. 


65. 
67. 
69. 


71. 
73. 


75. 


77. 
79. 


81. 
83. 


85. 


87. 
89. 
91. 


Oscillations: Problem Set 


3.1 m/s. 

23.7. 

(a) 170s; 

(b) 1.3 x 10> W; 

(c) 1.0 X 10° Bz on either side. 
0.11 m. 

(a) 1.22 f; 

(b) 0.71 f. 

(a) 0.41 s; 

(b) 9mm. 

0.9922 m, 1.6 mm, 0.164 m. 


V3A 


x=t 7 = + 0.866A. 


Pwater g(areapotiom side) 
(a) 130 N/m; 
(b) 0.096 m. 


(a)x= + 


(b) x = +4xo. 
84.5 min. 

1.25 Hz. 

~ 3000 N/m. 


2 


4 
93. (a) k = ae y-intercept = 0; 


lope’ 
(b) slope = 0.13 s?/kg, 
y-intercept = 0.14 s? 


0.8 1 i 
0.7 y = 0.13x + 0.14 
0.1 

0 

0.0 1.0 2.0 3.0 4.0 5.0 
Mass (kg) 
An? 
(c) k = —— = 310N/m, 
slope 
4a?mo 


-int t= 
y-intercep k 


mo = 1.1 kg; 
(d) portion of spring’s mass that is 
effectively oscillating. 


Douglas C. Giancoli 


Waves—such as these water waves—spread outward from a source. The source in 
this case is a small spot of water oscillating up and down briefly where a rock 
was thrown in (left photo). Other kinds of waves include waves on a cord or 
string, which also are produced by a vibration. Waves move away from their 
source, but we also study waves that seem to stand still (“standing waves”). 
Waves reflect, and they can interfere with each other when they pass through 
any point at the same time. 


Wave Motion 


CHAPTER-OPENING QUESTION— Guess now! 
[Don’t worry about getting the right answer now—the idea is to get your preconceived 
notions out on the table.| 
You drop a rock into a pond, and water waves spread out in circles. 
(a) The waves carry water outward, away from where the rock hit. That moving 
water carries energy outward. 
(b) The waves only make the water move up and down. No energy is carried 
outward from where the rock hit. 
(c) The waves only make the water move up and down, but the waves do carry 
energy outward, away from where the rock hit. 


hen you throw a stone into a lake or pool of water, circular waves form 
and move outward, as shown in the photos above. Waves will also travel 
along a cord that is stretched out flat on a table if you vibrate one end 
back and forth as shown in Fig. 1. Water waves and waves on a cord are 
two common examples of mechanical waves, which propagate as oscillations of matter. 


FIGURE 1 Wave traveling on a cord. The wave travels to 
the right along the cord. Particles of the cord oscillate back 
and forth on the tabletop. 
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FIGURE 1 (repeated) 

Wave traveling on a cord. The wave 
travels to the right along the cord. ( fi 
Particles of the cord oscillate back | 
and forth on the tabletop. 


FIGURE 2 Motion of a wave pulse 
to the right. Arrows indicate velocity 
of cord particles. 


(d) 
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Wave Motion 


If you have ever watched ocean waves moving toward shore before they break, 
you may have wondered if the waves were carrying water from far out at sea onto 
the beach. They don’t.‘ Water waves move with a recognizable velocity. But each 
particle (or molecule) of the water itself merely oscillates about an equilibrium 
point. This is clearly demonstrated by observing leaves on a pond as waves move by. 
The leaves (or a cork) are not carried forward by the waves, but simply oscillate 
about an equilibrium point because this is the motion of the water itself. 


CONCEPTUAL EXAMPLE 1| Wave vs. particle velocity. Is the velocity of a wave 
moving along a cord the same as the velocity of a particle of the cord? See 
Fig. 1. 


RESPONSE No. The two velocities are different, both in magnitude and direction. 
The wave on the cord of Fig. 1 moves to the right along the tabletop, but each 
piece of the cord only vibrates to and fro. (The cord clearly does not travel in the 
direction that the wave on it does.) 


f 4 Velocity of cord particle 


Velocity of wave 


g 


Waves can move over large distances, but the medium (the water or the cord) 
itself has only a limited movement, oscillating about an equilibrium point as in 
simple harmonic motion. Thus, although a wave is not matter, the wave pattern can 
travel in matter. A wave consists of oscillations that move without carrying matter 
with them. 

Waves carry energy from one place to another. Energy is given to a water wave, 
for example, by a rock thrown into the water, or by wind far out at sea. The energy is 
transported by waves to the shore. The oscillating hand in Fig. 1 transfers energy to 
the cord, and that energy is transported down the cord and can be transferred to an 
object at the other end. All forms of traveling waves transport energy. 


EXERCISE A Return to the Chapter-Opening Question and answer it again now. Try to 
explain why you may have answered differently the first time. 


] Characteristics of Wave Motion 


Let us look a little more closely at how a wave is formed and how it comes to 
“travel.” We first look at a single wave bump, or pulse. A single pulse can be formed 
on a cord by a quick up-and-down motion of the hand, Fig. 2. The hand pulls up on 
one end of the cord. Because the end section is attached to adjacent sections, 
these also feel an upward force and they too begin to move upward. As each 
succeeding section of cord moves upward, the wave crest moves outward along the 
cord. Meanwhile, the end section of cord has been returned to its original position 
by the hand. As each succeeding section of cord reaches its peak position, it too is 
pulled back down again by tension from the adjacent section of cord. Thus the 
source of a traveling wave pulse is a disturbance, and cohesive forces between 
adjacent sections of cord cause the pulse to travel. Waves in other media are created 


‘Do not be confused by the “breaking” of ocean waves, which occurs when a wave interacts with the 
ground in shallow water and hence is no longer a simple wave. 


Wave Motion 


and propagate outward in a similar fashion. A dramatic example of a wave pulse is a 
tsunami or tidal wave that is created by an earthquake in the Earth’s crust under the 
ocean. The bang you hear when a door slams is a sound wave pulse. 

A continuous or periodic wave, such as that shown in Fig. 1, has as its source a 
disturbance that is continuous and oscillating; that is, the source is a vibration or 
oscillation. In Fig. 1, a hand oscillates one end of the cord. Water waves may be 
produced by any vibrating object at the surface, such as your hand; or the water 
itself is made to vibrate when wind blows across it or a rock is thrown into it. A 
vibrating tuning fork or drum membrane gives rise to sound waves in air. And we 
will see later that oscillating electric charges give rise to light waves. Indeed, almost 
any vibrating object sends out waves. 

The source of any wave, then, is a vibration. And it is a vibration that propagates 
outward and thus constitutes the wave. If the source vibrates sinusoidally in SHM, 
then the wave itself—if the medium is perfectly elastic—will have a sinusoidal shape 
both in space and in time. (1) In space: if you take a picture of the wave in space at 
a given instant of time, the wave will have the shape of a sine or cosine as a function 
of position. (2) In time: if you look at the motion of the medium at one place over a 
long period of time—for example, if you look between two closely spaced posts of a 
pier or out of a ship’s porthole as water waves pass by—the up-and-down motion of 
that small segment of water will be simple harmonic motion. The water moves up 
and down sinusoidally in time. 

Some of the important quantities used to describe a periodic sinusoidal wave 
are shown in Fig. 3. The high points on a wave are called crests; the low points, 
troughs. The amplitude, A, is the maximum height of a crest, or depth of a trough, 
relative to the normal (or equilibrium) level. The total swing from a crest to a 
trough is twice the amplitude. The distance between two successive crests is called 
the wavelength, à (the Greek letter lambda). The wavelength is also equal to the 
distance between any two successive identical points on the wave. The frequency, f, 
is the number of crests—or complete cycles—that pass a given point per unit time. 
The period, T, equals 1/f and is the time elapsed between two successive crests 
passing by the same point in space. 


Crest = A = 


The wave velocity, v, is the velocity at which wave crests (or any other part of 
the waveform) move forward. The wave velocity must be distinguished from the 
velocity of a particle of the medium itself as we saw in Example 1. 

A wave crest travels a distance of one wavelength, A, in a time equal to one 
period, T. Thus the wave velocity is v = A/T. Then, since 1/T = f, 


v = Af. (1) 


For example, suppose a wave has a wavelength of 5m and a frequency of 3 Hz. 
Since three crests pass a given point per second, and the crests are 5 m apart, the first 
crest (or any other part of the wave) must travel a distance of 15m during the 1s. 
So the wave velocity is 15 m/s. 


EXERCISE B You notice a water wave pass by the end of a pier with about 0.5s between 
crests. Therefore (a) the frequency is 0.5 Hz; (b) the velocity is 0.5 m/s; (c) the wavelength is 
0.5 m; (d) the period is 0.5s. 


FIGURE 3 Characteristics of a 
single-frequency continuous wave 
moving through space. 
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FIGURE 4 (a) Transverse wave; 
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2 Types of Waves: 
Transverse and Longitudinal 


When a wave travels down a cord—say, from left to right as in Fig. 1—the parti- 
cles of the cord vibrate up and down in a direction transverse (that is, perpendic- 
ular) to the motion of the wave itself. Such a wave is called a transverse wave 
(Fig. 4a). There exists another type of wave known as a longitudinal wave. In a 
longitudinal wave, the vibration of the particles of the medium is along the direc- 
tion of the wave’s motion. Longitudinal waves are readily formed on a stretched 
spring or Slinky by alternately compressing and expanding one end. This is 
shown in Fig. 4b, and can be compared to the transverse wave in Fig. 4a. 


a (a) H— Wavelength —+ 
| a 


(b) longitudinal wave. 


FIGURE 5 Production of a sound 
wave, which is longitudinal, shown at 
two moments in time about a half 
period (4T) apart. 


Drum 
membrane 


Compression 


FIGURE 6 (a) A longitudinal wave with (b) 


Expansion 


Compression Expansion 


k— Wavelength —| 
(b) 


A series of compressions and expansions propagate along the spring. The compressions 
are those areas where the coils are momentarily close together. Expansions (some- 
times called rarefactions) are regions where the coils are momentarily far apart. 
Compressions and expansions correspond to the crests and troughs of a transverse 
wave. 

An important example of a longitudinal wave is a sound wave in air. A vibrating 
drumhead, for instance, alternately compresses and rarefies the air in contact with it, 
producing a longitudinal wave that travels outward in the air, as shown in Fig. 5. 

As in the case of transverse waves, each section of the medium in which a 
longitudinal wave passes oscillates over a very small distance, whereas the wave 
itself can travel large distances. Wavelength, frequency, and wave velocity all 
have meaning for a longitudinal wave. The wavelength is the distance between 
successive compressions (or between successive expansions), and frequency is the 
number of compressions that pass a given point per second. The wave velocity is 
the velocity with which each compression appears to move; it is equal to the 
product of wavelength and frequency, v = Af (Eq. 1). 

A longitudinal wave can be represented graphically by plotting the density of 
air molecules (or coils of a Slinky) versus position at a given instant, as shown in 
Fig. 6. Such a graphical representation makes it easy to illustrate what is 
happening. Note that the graph looks much like a transverse wave. 


its graphical representation at a particular 


instant in time. 


High 


Normal x 


(b) 


Density of air 


Low 
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Velocity of Transverse Waves 


The velocity of a wave depends on the properties of the medium in which it travels. 
The velocity of a transverse wave on a stretched string or cord, for example, depends 
on the tension in the cord, Fy, and on the mass per unit length of the cord, u 
(the Greek letter mu, where here p = m/f). For waves of small amplitude, the 
relationship is 


v= utd transverse (2) 
m wave on a cord 


Before giving a derivation of this formula, it is worth noting that at least qualitatively 
it makes sense on the basis of Newtonian mechanics. That is, we do expect the 
tension to be in the numerator and the mass per unit length in the denominator. 
Why? Because when the tension is greater, we expect the velocity to be greater since 
each segment of cord is in tighter contact with its neighbor. And, the greater the 
mass per unit length, the more inertia the cord has and the more slowly the wave 
would be expected to propagate. 


EXERCISE C A wave starts at the left end of a long cord (see Fig. 1) when someone shakes 
the cord back and forth at the rate of 2.0 Hz. The wave is observed to move to the right at 
4.0 m/s. If the frequency is increased from 2.0 to 3.0 Hz, the new speed of the wave is (a) 
1.0 m/s, (b) 2.0 m/s, (c) 4.0 m/s, (d) 8.0 m/s, (e) 16.0 m/s. 


(a) FIGURE 7 Diagram of simple wave pulse on a cord 
for derivation of Eq. 2. The vector shown in (b) as the 
resultant of Fp + F, has to be directed along the 
cord because the cord is flexible. (Diagram is not to 
scale: we assume v’ << v; the upward angle of the 
cord is exaggerated for visibility.) 


We can make a simple derivation of Eq. 2 using a simple model of a cord 
under a tension Fras shown in Fig. 7a. The cord is pulled upward at a speed v’ by 
the force F,.As shown in Fig. 7b all points of the cord to the left of point C move 
upward at the speed v’, and those to the right are still at rest. The speed 
of propagation, v, of this wave pulse is the speed of point C, the leading edge of 
the pulse. Point C moves to the right a distance vt in a time t, whereas the 
end of the cord moves upward a distance v't. By similar triangles we have the 
approximate relation 

Fr u v 

Fy v't v’ 
which is accurate for small displacements (v't << vt) so that Fr does not change 
appreciably. The impulse given to an object is equal to its change in momentum. 
During the time ¢ the total upward impulse is Ft = (v'/v)Frt. The change in 
momentum of the cord, Ap, is the mass of cord moving upward times its velocity. 
Since the upward moving segment of cord has mass equal to the mass per unit 
length u times its length vt we have 


Fyt = Ap 


> 


! 


v 
er Fryt = (motyw. 


Solving for v we find v = VFr/u which is Eq. 2. Although it was derived for a 
special case, it is valid for any wave shape since other shapes can be considered to 
be made up of many tiny such lengths. But it is valid only for small displacements 
(as was our derivation). Experiment is in accord with this result derived from 
Newtonian mechanics. 
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@® puysics APPLIED 
Space perception 
by animals, using sound waves 


Wave Motion 


Pulse on a wire. An 80.0-m-long, 2.10-mm-diameter copper wire is 
stretched between two poles. A bird lands at the center point of the wire, sending a 
small wave pulse out in both directions. The pulses reflect at the ends and arrive back 
at the bird’s location 0.750 seconds after it landed. Determine the tension in the wire. 


APPROACH From Eq. 2, the tension is given by Fy = wv’. The speed v is 
distance divided by the time. The mass per unit length u is calculated from the 
density of copper and the dimensions of the wire. 
SOLUTION Each wave pulse travels 40.0 m to the pole and back again (= 80.0 m) in 
0.750s. Thus their speed is v = (80.0 m)/(0.750s) = 107 m/s. We take the density 
of copper as 8.90 xX 10° kg/m°. The volume of copper in the wire is the cross- 
sectional area (zr’) times the length £, and the mass of the wire is the volume times 
the density: m = p(ar’) £ for a wire of radius r and length £. Then u = m/E is 

u = parl/L = par? = (8.90 x 10°kg/m*)n(1.05 x 10° mÝ = 0.0308 kg/m. 


Thus, the tension is Fy = wv? = (0.0308 kg/m) (107 m/s)? = 353 N. 


Velocity of Longitudinal Waves 


The velocity of a longitudinal wave has a form similar to that for a transverse wave 
on a cord (Eq. 2); that is, 


_  Jelastic force factor 
inertia factor 
In particular, for a longitudinal wave traveling down a long solid rod, 
E Seog’ 
epe | AA pea | (3) 
p wave in a long rod 


where E is the elastic modulus of the material and p is its density. For a longitu- 
dinal wave traveling in a liquid or gas, 


_ B longitudinal wave 
on > fees | (4) 


where B is the bulk modulus and p again is the density. 


Echolocation. Echolocation is a form of sensory perception 
used by animals such as bats, toothed whales, and dolphins. The animal emits a 
pulse of sound (a longitudinal wave) which, after reflection from objects, returns 
and is detected by the animal. Echolocation waves can have frequencies of about 
100,000 Hz. (a) Estimate the wavelength of a sea animal’s echolocation wave. (b) If 
an obstacle is 100m from the animal, how long after the animal emits a wave is 
its reflection detected? 


APPROACH We first compute the speed of longitudinal (sound) waves in sea 
water, using Eq. 4. The wavelength is A = v/f. 


SOLUTION (a) The speed of longitudinal waves in sea water, which is slightly 
more dense than pure water, is 


B 2.0 X 10° N/m? 
v= - A Saak iPas: 
P 1.025 X 10° kg/m” 


Then, using Eq. 1, we find 
v (1.4 x 10 m/s) 


E a! = 14mm. 
f (1.0 x 10°Hz) ii 


(b) The time required for the round-trip between the animal and the object is 
_ distance — —-2(100 m) 
speed 1.4 x 10° m/s 


NOTE We shall see later that waves can be used to “resolve” (or detect) objects 
only if the wavelength is comparable to or smaller than the object. Thus, a 
dolphin can resolve objects on the order of a centimeter or larger in size. 


= 0.14s. 
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* Deriving Velocity of Wave in a Fluid 


We now derive Eq. 4. Consider a wave pulse traveling in a fluid in a long tube, so 
that the wave motion is one dimensional. The tube is fitted with a piston at the 
end and is filled with a fluid which, at ¢ = 0, is of uniform density p and at 
uniform pressure Po, Fig. 8a. At this moment the piston is abruptly made to start 
moving to the right with speed v’, compressing the fluid in front of it. In the 
(short) time t the piston moves a distance v't. The compressed fluid itself also 
moves with speed v’, but the leading edge of the compressed region moves to the 
right at the characteristic speed v of compression waves in that fluid; we assume 
the wave speed v is much larger than the piston speed v’. The leading edge of the 
compression (which at t = 0 was at the piston face) thus moves a distance vt in 
time ¢ as shown in Fig. 8b. Let the pressure in the compression be Py + AP, which 
is AP higher than in the uncompressed fluid. To move the piston to the right 
requires an external force (Py) + AP)S acting to the right, where S is 
the cross-sectional area of the tube. (S for “surface area”; we save A for amplitude.) 
The net force on the compressed region of the fluid is 


Fret = (Po + AP)S — PiS = SAP 
since the uncompressed fluid exerts a force PoS to the left at the leading edge. 


Hence the impulse given to the compressed fluid, which equals its change in 
momentum, is 


Fyet = Amv’ 
SAPt = (pSvt)v', 
where (pSvt) represents the mass of fluid which is given the speed v’ (the compressed 


fluid of area S moves a distance vt, Fig. 8, so the volume moved is Svt). Hence we 
have 


AP = pw. 
From the definition of the bulk modulus, B: 
AP pvu’ 
B = = g 
AV/Vo AV/Vo 


where AV/Vois the fractional change in volume due to compression. The original 
volume of the compressed fluid is Vy = Svt (see Fig. 8), and it has been 
compressed by an amount AV = —Sv’t (Fig. 8b). Thus 


pvu’ Svt ) A 
B = = vv’ = pv’, 
4 (= P 


and so 


which is what we set out to show, Eq. 4. 
The derivation of Eq. 3 follows similar lines, but takes into account the expan- 
sion of the sides of a rod when the end of the rod is compressed. 


Other Waves 


Both transverse and longitudinal waves are produced when an earthquake occurs. 
The transverse waves that travel through the body of the Earth are called S waves 
(S for shear), and the longitudinal waves are called P waves (P for pressure) or 
compression waves. Both longitudinal and transverse waves can travel through a 
solid since the atoms or molecules can vibrate about their relatively fixed positions 
in any direction. But only longitudinal waves can propagate through a fluid, because 
any transverse motion would not experience any restoring force since a fluid is readily 
deformable. This fact was used by geophysicists to infer that a portion of the 
Earth’s core must be liquid: after an earthquake, longitudinal waves are detected 
diametrically across the Earth, but not transverse waves. 


ot Leading edge 
evt of compression 


(b) after time t 


FIGURE 8 Determining the speed 
of a one-dimensional longitudinal 
wave in a fluid contained in a long 
narrow tube. 
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FIGURE 9 A water wave is an 
example of a surface wave, which is 
a combination of transverse and 
longitudinal wave motions. 


FIGURE 10 Howa wave breaks. 
The green arrows represent the local 
velocity of water molecules. 


FIGURE 11 Calculating the energy 
carried by a wave moving with 
velocity v. 


Wave Motion 


Besides these two types of waves that can pass through the body of the Earth 
(or other substance), there can also be surface waves that travel along the 
boundary between two materials. A wave on water is actually a surface wave that 
moves on the boundary between water and air. The motion of each particle of 
water at the surface is circular or elliptical (Fig. 9), so it is a combination of trans- 
verse and longitudinal motions. Below the surface, there is also transverse plus 
longitudinal wave motion, as shown. At the bottom, the motion is only 
longitudinal. (When a wave approaches shore, the water drags at the bottom and is 
slowed down, while the crests move ahead at higher speed (Fig. 10) and “spill” 
over the top.) 

Surface waves are also set up on the Earth when an earthquake occurs. The 
waves that travel along the surface are mainly responsible for the damage caused 
by earthquakes. 

Waves which travel along a line in one dimension, such as transverse waves on 
a stretched string, or longitudinal waves in a rod or fluid-filled tube, are linear or 
one-dimensional waves. Surface waves, such as the water waves pictured at the 
start of this Chapter, are two-dimensional waves. Finally, waves that move out 
from a source in all directions, such as sound from a loudspeaker or earthquake waves 
through the Earth, are three-dimensional waves. 


3 Energy Transported by Waves 


Waves transport energy from one place to another. As waves travel through a 
medium, the energy is transferred as vibrational energy from particle to particle 
of the medium. For a sinusoidal wave of frequency f, the particles move in 
simple harmonic motion as a wave passes, and each particle has energy E = 5k A? 
where A is the maximum displacement (amplitude) of its motion, either trans- 
versely or longitudinally. We can write k = 4m°mf*, where m is the mass of a 
particle (or small volume) of the medium. Then in terms of the frequency f and 
amplitude A, 


E = k£ = mmf A. 


For three-dimensional waves traveling in an elastic medium, the mass m = pV, 
where p is the density of the medium and V is the volume of a small slice 
of the medium. The volume V = S£ where S is the cross-sectional area through 
which the wave travels (Fig. 11), and we can write as the distance the 
wave travels in a time ź as = vt, where v is the speed of the wave. Thus 
m = pV = pS = pSvt and 


E = 2n’pSvtf? A’. (5) 
From this equation we have the important result that the energy transported by a 


wave is proportional to the square of the amplitude, and to the square of the 
frequency. The average rate of energy transferred is the average power P: 


= E 
P = — = 2n°pSvf?A?. (6) 


Finally, the intensity, 7, of a wave is defined as the average power transferred 
across unit area perpendicular to the direction of energy flow: 


= 2r wpf A’. (7) 


If a wave flows out from the source in all directions, it is a three-dimensional wave. 
Examples are sound traveling in the open air, earthquake waves, and light waves. 
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If the medium is isotropic (same in all directions), the wave from a point source is 
a spherical wave (Fig. 12). As the wave moves outward, the energy it carries 
is spread over a larger and larger area since the surface area of a sphere of 
radius r is 47r’. Thus the intensity of a wave is 

P P 
S 


4rr? 


If the power output P is constant, then the intensity decreases as the inverse 
square of the distance from the source: 


Ta [spherical wave] (8a) 
If we consider two points at distances r; and r, from the source, as in Fig. 12, then 
I, = P/4ari and I, = P/4mr3, so 


I, P/40r3 rt (8b) 
I, P/4ar7 r3 


Thus, for example, when the distance doubles (r2/r; = 2); then the intensity is 
reduced to } of its earlier value: I,/I, = GF =}, 

The amplitude of a wave also decreases with distance. Since the intensity is 
proportional to the square of the amplitude (Eq. 7), J « A’, the amplitude A must 
decrease as 1/r, so that J can be proportional to 1/r? (Eq. 8a). Hence 


1 
Ax: 
7 


To see this directly from Eq. 6, consider again two different distances from the 
source, r; and rz. For constant power output, S; Af = S, A3 where A, and A, are 
the amplitudes of the wave at r, and r3, respectively. Since S; = 4rrî and 
S, = 4mr3, we have (Ajrj) = (A373), or 


When the wave is twice as far from the source, the amplitude is half as large, and 
so on (ignoring damping due to friction). 


Earthquake intensity. The intensity of an earthquake P wave 
traveling through the Earth and detected 100 km from the source is 1.0 X 10° W/m’. 
What is the intensity of that wave if detected 400 km from the source? 


APPROACH We assume the wave is spherical, so the intensity decreases as the 
square of the distance from the source. 

SOLUTION At 400km the distance is 4 times greater than at 100km, so the 
intensity will be GF = of its value at 100km, or (1.0 x 10° W/m’)/16 = 
6.3 X 104 W/m’. 

NOTE Using Eq. 8b directly gives 


L, = Lr?/r} = (1.0 X 10° W/m2)(100 km)?/(400 km)? = 6.3 x 10 W/m2, 


The situation is different for a one-dimensional wave, such as a transverse wave 
on a string or a longitudinal wave pulse traveling down a thin uniform metal rod. 
The area remains constant, so the amplitude A also remains constant (ignoring 
friction). Thus the amplitude and the intensity do not decrease with distance. 

In practice, frictional damping is generally present, and some of the energy is 
transformed into thermal energy. Thus the amplitude and intensity of a one- 
dimensional wave decrease with distance from the source. For a three-dimensional 
wave, the decrease will be greater than that discussed above, although the effect 
may often be small. 


BE 


Source 


FIGURE 12 Wave traveling 
outward from a point source has 
spherical shape. Two different crests 
(or compressions) are shown, 

of radius r; and r2. 
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wave at 
wave at timet 


FIGURE 13 A traveling wave. In 
time f, the wave moves a distance vt. 


1-D wave moving in 
positive x direction 


1-D wave 
moving in 
positive x 


direction 


Ay CAUTION 


Don’t confuse wave number k 
with spring constant k 


Wave Motion 


4 Mathematical Representation of a 
Traveling Wave 


Let us now consider a one-dimensional wave traveling along the x axis. It could be, 
for example, a transverse wave on a cord or a longitudinal wave traveling in a rod or 
in a fluid-filled tube. Let us assume the wave shape is sinusoidal and has a particular 
wavelength A and frequency f. At t = 0, suppose the wave shape is given by 


D(x) = Asin = x, (9) 


as shown by the solid curve in Fig. 13: D(x) is the displacement’ of the wave (be it 
a longitudinal or transverse wave) at position x, and A is the amplitude (maximum 
displacement) of the wave. This relation gives a shape that repeats itself every 
wavelength, which is needed so that the displacement is the same at 
x =0, x =A, x = 2A, and so on (since sin4a7 = sin2z7 = sin 0). 

Now suppose the wave is moving to the right with velocity v. Then, after a 
time t, each part of the wave (indeed, the whole wave “shape”) has moved to the 
right a distance vt; see the dashed curve in Fig. 13. Consider any point on the wave 
at t = 0: say, a crest which is at some position x. After a time t, that crest will have 
traveled a distance vt so its new position is a distance vt greater than its old posi- 
tion. To describe this same point on the wave shape, the argument of the sine func- 
tion must be the same, so we replace x in Eq. 9 by (x — vf): 


D(x,t) = Asin Z G= o); (10a) 


Said another way, if you are riding on a crest, the argument of the sine function, 
(2m/A)(x — vt), remains the same ( = 7/2, 57r/2,and so on); as t increases, x must 
increase at the same rate so that (x — vt) remains constant. 

Equation 10a is the mathematical representation of a sinusoidal wave traveling 
along the x axis to the right (increasing x). It gives the displacement D(x, t) of the 
wave at any chosen point x at any time t. The function D(x, t) describes a curve that 
represents the actual shape of the wave in space at time t. Since v = Af (Eq. 1) we 
can write Eq. 10a in other ways that are often convenient: 


D(x,t) = Asin( 22 at), (10b) 
where T = 1/f = A/v is the period; and 
D(x,t) = Asin(kx — of), (10c) 
where w = 27f = 27/T is the angular frequency and 
2r 
k = Da (11) 


is called the wave number. (Do not confuse the wave number k with the spring 
constant k; they are very different quantities.) All three forms, Eqs. 10a, b, and c, are 
equivalent; Eq. 10c is the simplest to write and is perhaps the most common. The 
quantity (kx — of), and its equivalent in the other two equations, is called the 
phase of the wave. The velocity v of the wave is often called the phase velocity, 
since it describes the velocity of the phase (or shape) of the wave and it can be 
written in terms of w and k: 


oar GE- m 


*Some texts use y(x) in place of D(x). To avoid confusion, we reserve y (and z) for the coordinate posi- 
tions of waves in two or three dimensions. Our D(x) can stand for pressure (in longitudinal waves), 
position displacement (transverse mechanical waves), or electric or magnetic fields (for electromag- 
netic waves). 
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For a wave traveling along the x axis to the left (decreasing values of x), we 
start again with Eq. 9 and note that the velocity is now —v. A particular point on 
the wave changes position by —vt in a time t, so x in Eq. 9 must be replaced by 
(x + vt). Thus, for a wave traveling to the left with velocity v, 


D(x,t) = Asin| > (x + »)| (13a) 
. (20x 2t 

= Asin( po ze) (13b) 

= Asin(kx + of). (13c) 


In other words, we simply replace v in Eqs. 10 by —v. 
Let us look at Eq. 13c (or, just as well, at Eq. 10c). At t = 0 we have 


D(x,0) = Asinkx, 


which is what we started with, a sinusoidal wave shape. If we look at the wave 
shape in space at a particular later time ¢,, then we have 


D(x, ti) = Asin(kx + ot). 


That is, if we took a picture of the wave at t = t}, we would see a sine wave with 
a phase constant wt. Thus, for fixed t = t,, the wave has a sinusoidal shape in 
space. On the other hand, if we consider a fixed point in space, say x = 0, we can 
see how the wave varies in time: 


D(0,t) = Asinwt 


where we used Eq. 13c. This is just the equation for simple harmonic motion. For 
any other fixed value of x, say x = xı, D = Asin(wt + kx,) which differs only 
by a phase constant kx,. Thus, at any fixed point in space, the displacement under- 
goes the oscillations of simple harmonic motion in time. Equations 10 and 13 
combine both these aspects to give us the representation for a traveling sinusoidal 
wave (also called a harmonic wave). 

The argument of the sine in Eqs. 10 and 13 can in general contain a phase 
angle œ, which for Eq. 10c is 


D(x,t) = Asin(kx — wt + ¢), 
to adjust for the position of the wave at t = 0, x = 0. If the displacement is zero at 
t = 0, x = 0 (Fig. 13), then $ = 0. 
Now let us consider a general wave (or wave pulse) of any shape. If frictional 
losses are small, experiment shows that the wave maintains its shape as it travels. 


Thus we can make the same arguments as we did right after Eq. 9. Suppose our 
wave has some shape at t = 0, given by 


D(x,0) = D(x) 


where D(x) is the displacement of the wave at x and is not necessarily sinusoidal. 
At some later time, if the wave is traveling to the right along the x axis, the wave 
will have the same shape but all parts will have moved a distance vt where v is the 
phase velocity of the wave. Hence we must replace x by x — vt to obtain the 
amplitude at time t: 


D(x,t) = D(x — vt). (14) 
Similarly, if the wave moves to the left, we must replace x by x + vt, so 

D(x,t) = D(x + vt). (15) 
Thus, any wave traveling along the x axis must have the form of Eq. 14 or 15. 


EXERCISE D A wave is given by D(x,t) = (5.0mm) sin(2.0x — 20.0) where x is in 
meters and ¢ is in seconds. What is the speed of the wave? (a) 10m/s, (b) 0.10 m/s, 
(c) 40 m/s, (d) 0.005 m/s, (e) 2.5 x 1074 m/s. 


1-D wave 
moving in 
negative x 
direction 
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y 
===> Wave velocity 


A traveling wave. The left-hand end of a long horizontal 
stretched cord oscillates transversely in SHM with frequency f = 250Hz and 
amplitude 2.6 cm. The cord is under a tension of 140 N and has a linear density 
pw = 0.12kg/m. At t = 0, the end of the cord has an upward displacement of 
1.6cm and is falling (Fig. 14). Determine (a) the wavelength of waves produced 
and (b) the equation for the traveling wave. 


Hand 


APPROACH We first find the phase velocity of the transverse wave from Eq. 2; 


FIGURE 14 E le 5.Th 
an oe A then A = v/f. In (b), we need to find the phase ¢ using the initial conditions. 


at t = 0 (the hand is falling). Not to 


scale. SOLUTION (a) The wave velocity is 
Fr ` 140 N 
= = = 34 : 
7 J F 0.12 kg/m m/s 
Then 
v 34 m/s 
à=- = 0.14 14 cm. 
F 250 Hz m or cm 
(b) Let x = 0 at the left-hand end of the cord. The phase of the wave at t = 0 
is not zero in general as was assumed in Eqs. 9, 10, and 13. The general form for 
a wave traveling to the right is 
D(x,t) = Asin(kx — wt + ¢), 
where œ is the phase angle. In our case, the amplitude A = 2.6cm; and at 
t = 0, x = 0, we are given D = 1.6cm. Thus 
1.6 = 2.6sind, 
so œ = sin '(1.6/2.6) = 38° = 0.66rad. We also have w = 2rf = 1570s! 
and k = 27/\ = 27/0.14m = 45m. Hence 
D = (0.026m) sin[(45m™)x — (1570s)t + 0.66] 
which we can write more simply as 
D = 0.026 sin(45x — 1570t + 0.66), 
and we specify clearly that D and x are in meters and f¢ in seconds. 
$ . 
5 The Wave Equation 
Many types of waves satisfy an important general equation that is the equivalent 
of Newton’s second law of motion for particles. This “equation of motion for a 
wave” is called the wave equation, and we derive it now for waves traveling on a 
FIGURE 15 Deriving the wave stretched horizontal string. 
equation from Newton’s second law: We assume the amplitude of the wave is small compared to the wavelength so 
a segment of string under tension Fp. that each point on the string can be assumed to move only vertically and the 
y tension in the string, Fr, does not vary during a vibration. We apply Newton’s 


second law, =F = ma, to the vertical motion of a tiny section of the string as 
shown in Fig. 15. The amplitude of the wave is small, so the angles 0; and 0, that 
the string makes with the horizontal are small. The length of this section is then 
approximately Ax, and its mass is u Ax, where u is the mass per unit length of the 
string. The net vertical force on this section of string is F;sin@, — Fy sin 0; .So 
Newton’s second law applied to the vertical (y) direction gives 


XF, = ma 


¥ 
aD 


Frysiné, — Frsind; = (u At) 


(i) 


We have written the acceleration as a y= D / ať? since the motion is only vertical, and we 
use the partial derivative notation because the displacement D is a function of both x and t. 
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Because the angles 6, and 0, are assumed small, sin@ ~ tan 0 and tan is equal to 


the slope s of the string at each point: 
; aD 
sinô ~ tand = — = s 
Ox 


Thus our equation (i) at the bottom of the previous page becomes 


#D 
Fy(s. — sı) = u Ax—- 
( 2 1) u a2 
or 
F As D (ii) 
“= ; ii 
Tax "ar 


where As = s) — sı is the difference in the slope between the two ends of our 
tiny section. Now we take the limit of Ax — 0, so that 


. As ðs 
Primas Ta 
= r4 (2) -r2 
T ox \ ax T 9x2 


since the slope s = dD/dx, as we wrote above. Substituting this into the equation 
labeled (ii) above gives 
aD aD 
Pr ax? Ek 
or 
D _ uD 


ax? Fr at? 


We saw earlier in this Chapter (Eq. 2) that the velocity of waves on a string is 
given by v = VFy/p, so we can write this last equation as 


D  1#D 
ax? vw at? 


(16) 


This is the one-dimensional wave equation, and it can describe not only small 
amplitude waves on a stretched string, but also small amplitude longitudinal waves 
(such as sound waves) in gases, liquids, and elastic solids, in which case D can refer 
to the pressure variations. In this case, the wave equation is a direct consequence 
of Newton’s second law applied to a continuous elastic medium. The wave 
equation also describes electromagnetic waves for which D refers to the electric or 
magnetic field. Equation 16 applies to waves traveling in one dimension only. For 
waves spreading out in three dimensions, the wave equation is the same, with the 
addition of d°D/dy” and °D/dz’ to the left side of Eq. 16. 

The wave equation is a linear equation: the displacement D appears singly 
in each term. There are no terms that contain D’, or D(aD/dx), or the like in 
which D appears more than once. Thus, if D;(x,t) and D,(x,t) are two different 
solutions of the wave equation, then the linear combination 


D3(x,t) = aD,(x,t) + bD,(x,t), 


where a and b are constants, is also a solution. This is readily seen by direct 
substitution into the wave equation. This is the essence of the superposition 
principle, which we discuss in the next Section. Basically it says that if two waves 
pass through the same region of space at the same time, the actual displacement 
is the sum of the separate displacements. For waves on a string, or for sound 
waves, this is valid only for small-amplitude waves. If the amplitude is not small 
enough, the equations for wave propagation may become nonlinear and the 
principle of superposition would not hold and more complicated effects may occur. 
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FIGURE 16 The superposition 
principle for one-dimensional waves. 
The composite wave formed from three 
sinusoidal waves of different 
amplitudes and frequencies 

(fo, 2fo, 3fo) is shown at the 

bottom at a certain instant in time. 
The displacement of the composite 
wave at each point in space, at any 
time, is the algebraic sum of the 
displacements of the component waves. 
Amplitudes are shown exaggerated; 
for the superposition principle to 
hold, they must be small compared 
to the wavelengths. 


D(x, £) 


D(x, 1) =D (x, t) + Do(x, t) + D3(x, t) 


Sum of all three 
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Wave equation solution. Verify that the sinusoidal wave of 
Eq. 10c, D(x, t) = Asin(kx — ot), satisfies the wave equation. 
APPROACH We substitute Eq. 10c into the wave equation, Eq. 16. 
SOLUTION We take the derivative of Eq. 10c twice with respect to t: 


aD 
— = —wAcos(kx — at) 
ot 
8D 
— = -w*Asin(kx — of). 
ot 
With respect to x, the derivatives are 
aD 
— = kAcos(kx — ot) 
Ox 
aD 
> = —kAsin(kx — of). 
Ox 


If we now divide the second derivatives we get 
aD/at? —w°’Asin(kx — of) w 
PD/axr E 


-kK Asin(kx — ot) k 


From Eq. 12 we have œ?/k? = v’, so we see that Eq. 10 does satisfy the wave 
equation (Eq. 16). 


6 The Principle of Superposition 


When two or more waves pass through the same region of space at the same time, 
it is found that for many waves the actual displacement is the vector (or algebraic) 
sum of the separate displacements. This is called the principle of superposition. It is 
valid for mechanical waves as long as the displacements are not too large and there 
is a linear relationship between the displacement and the restoring force of the 
oscillating medium.’ If the amplitude of a mechanical wave, for example, is so large 
that it goes beyond the elastic region of the medium, and Hooke’s law is no longer 
operative, the superposition principle is no longer accurate.* For the most part, we 
will consider systems for which the superposition principle can be assumed to hold. 

One result of the superposition principle is that if two waves pass through 
the same region of space, they continue to move independently of one another. 
You may have noticed, for example, that the ripples on the surface of water 
(two-dimensional waves) that form from two rocks striking the water at different 
places will pass through each other. 

Figure 16 shows an example of the superposition principle. In this case there 
are three waves present on a stretched string, each of different amplitude and 
frequency. At any time, such as at the instant shown, the actual displacement at any 
position x is the algebraic sum of the displacements of the three waves at that posi- 
tion. The actual wave is not a simple sinusoidal wave and is called a composite (or 
complex) wave. (Amplitudes are exaggerated in Fig. 16.) 

It can be shown that any complex wave can be considered as being composed of 
many simple sinusoidal waves of different amplitudes, wavelengths, and frequencies. 
This is known as Fourier’s theorem. A complex periodic wave of period T can be 
represented as a sum of pure sinusoidal terms whose frequencies are integral 
multiples of f = 1/T. If the wave is not periodic, the sum becomes an integral 
(called a Fourier integral). Although we will not go into the details here, we see the 
importance of considering sinusoidal waves (and simple harmonic motion): because 
any other wave shape can be considered a sum of such pure sinusoidal waves. 


‘For electromagnetic waves in vacuum, the superposition principle always holds. 


*Intermodulation distortion in high-fidelity equipment is an example of the superposition principle not 
holding when two frequencies do not combine linearly in the electronics. 
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Making a square wave. At ¢ = 0, three waves are 
given by D, = Acoskx, D, = —}Acos3kx, and D,=%Acos5kx, where 
A = 1.0m and k = 10 m™. Plot the sum of the three waves from x = —0.4m to 
+0.4 m. (These three waves are the first three Fourier components of a “square wave.”) 


RESPONSE The first wave, Dı, has amplitude of 1.0m and wavelength 
A = 2m/k = (27/10) m = 0.628m. The second wave, D,, has amplitude of 
0.33 m and wavelength A = 27/3k = (27/30) m = 0.209 m. The third wave, D3, 
has amplitude of 0.20m and wavelength A = 27/5k = (27/50) m = 0.126 m. 
Each wave is plotted in Fig. 17a. The sum of the three waves is shown in 
Fig. 17b. The sum begins to resemble a “square wave,” shown in blue in Fig. 17b. 


When the restoring force is not precisely proportional to the displacement for 
mechanical waves in some continuous medium, the speed of sinusoidal waves 
depends on the frequency. The variation of speed with frequency is called dispersion. 
The different sinusoidal waves that compose a complex wave will travel with slightly 
different speeds in such a case. Consequently, a complex wave will change shape as it 
travels if the medium is “dispersive.” A pure sine wave will not change shape under 
these conditions, however, except by the influence of friction or dissipative forces. If 
there is no dispersion (or friction), even a complex linear wave does not change shape. 


7 Reflection and Transmission 


When a wave strikes an obstacle, or comes to the end of the medium in which it is 
traveling, at least a part of the wave is reflected. You have probably seen water 
waves reflect off a rock or the side of a swimming pool. And you may have heard 
a shout reflected from a distant cliff—which we call an “echo.” 

A wave pulse traveling down a cord is reflected as shown in Fig. 18. The 
reflected pulse returns inverted as in Fig. 18a if the end of the cord is fixed; it 
returns right side up if the end is free as in Fig. 18b. When the end is fixed to a 
support, as in Fig. 18a, the pulse reaching that fixed end exerts a force (upward) on 
the support. The support exerts an equal but opposite force downward on the cord 
(Newton’s third law). This downward force on the cord is what “generates” the 
inverted reflected pulse. 


to move. 


wu, 
EUW, 


(a) (b) 


Consider next a pulse that travels down a cord which consists of a light section 
and a heavy section, as shown in Fig. 19. When the wave pulse reaches the 
boundary between the two sections, part of the pulse is reflected and part is 
transmitted, as shown. The heavier the second section of the cord, the less the 
energy that is transmitted. (When the second section is a wall or rigid support, very 
little is transmitted and most is reflected, as in Fig. 18a.) For a periodic wave, the 
frequency of the transmitted wave does not change across the boundary since the 
boundary point oscillates at that frequency. Thus if the transmitted wave has a 
lower speed, its wavelength is also less (A = v/f 
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FIGURE 17 Example 7. Making a 
square wave. 


FIGURE 18 Reflection of a wave pulse on 
a cord lying on a table. (a) The end of the cord 
is fixed to a peg. (b) The end of the cord is free 


FIGURE 19 When a wave pulse 
traveling to the right along a thin 
cord (a) reaches a discontinuity 
where the cord becomes thicker and 
heavier, then part is reflected and 
part is transmitted (b). 
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FIGURE 20 Rays, signifying the 
direction of motion, are always 
perpendicular to the wave fronts 
(wave crests). (a) Circular or 
spherical waves near the source. 

(b) Far from the source, the wave 
fronts are nearly straight or flat, and 
are called plane waves. 


FIGURE 21 
Law of reflection: 0, = 6;. 
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For a two- or three-dimensional wave, such as a water wave, we are concerned 
with wave fronts, by which we mean all the points along the wave forming the 
wave crest (what we usually refer to simply as a “wave” at the seashore). A line 
drawn in the direction of motion, perpendicular to the wave front, is called a ray, 
as shown in Fig. 20. Wave fronts far from the source have lost almost all their 
curvature (Fig. 20b) and are nearly straight, as ocean waves often are; they are 
then called plane waves. 

For reflection of a two- or three-dimensional plane wave, as shown in Fig. 21, 
the angle that the incoming or incident wave makes with the reflecting surface is 
equal to the angle made by the reflected wave. This is the law of reflection: 


the angle of reflection equals the angle of incidence. 


The “angle of incidence” is defined as the angle (6;) the incident ray makes with 
the perpendicular to the reflecting surface (or the wave front makes with a tangent 
to the surface), and the “angle of reflection” is the corresponding angle (6,) for the 
reflected wave. 
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ray 
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ray 


8 Interference 


Interference refers to what happens when two waves pass through the same region 
of space at the same time. Consider, for example, the two wave pulses on a cord 
traveling toward each other as shown in Fig. 22. In Fig. 22a the two pulses have the 
same amplitude, but one is a crest and the other a trough; in Fig. 22b they are both 
crests. In both cases, the waves meet and pass right by each other. However, in the 
region where they overlap, the resultant displacement is the algebraic sum of their 
separate displacements (a crest is considered positive and a trough negative). This is 
another example of the principle of superposition. In Fig. 22a, the two waves have 
opposite displacements at the instant they pass one another, and they add to zero. 
The result is called destructive interference. In Fig. 22b, at the instant the two pulses 
overlap, they produce a resultant displacement that is greater than the displacement 
of either separate pulse, and the result is constructive interference. 


(a) (b) 


a ail pe = 
Pulses far apart, 1 I 
approaching 


each other. Where they overlap, 


FIGURE 22 Two wave pulses pass << 
Time 
interference occurs: (a) destructive, Pulses overlap 


and (b) constructive. 


precisely 
(for an instant) 


— — — 
Pulses far apart, I 1 
receding 
d= 


[You may wonder where the energy is at the moment of destructive interference in 
Fig. 22a; the cord may be straight at this instant, but the central parts of it are still 
moving up or down.] 


Douglas C. Giancoli 
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Constructive 
interference 


Destructive 
interference 
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FIGURE 23 (a) Interference of water waves. (b) Constructive interference occurs where one wave’s maximum (a crest) 
meets the other’s maximum. Destructive interference (“flat water”) occurs where one wave’s maximum (a crest) 


meets the other’s miminum (a trough). 


When two rocks are thrown into a pond simultaneously, the two sets of 
circular waves interfere with one another as shown in Fig. 23a. In some areas of 
overlap, crests of one wave repeatedly meet crests of the other (and troughs meet 
troughs), Fig. 23b. Constructive interference is occurring at these points, and the 
water continuously oscillates up and down with greater amplitude than either 
wave separately. In other areas, destructive interference occurs where the water 
does not move up and down at all over time. This is where crests of one wave meet 
troughs of the other, and vice versa. Figure 24a shows the displacement 
of two identical waves graphically as a function of time, as well as their sum, for 
the case of constructive interference. For constructive interference (Fig. 24a), the 
two waves are in phase. At points where destructive interference occurs 
(Fig. 24b) crests of one wave repeatedly meet troughs of the other wave and the 
two waves are out of phase by one-half wavelength or 180°. The crests of one wave 
occur a half wavelength behind the crests of the other wave. The relative phase of 
the two water waves in Fig. 23 in most areas is intermediate between these two 
extremes, resulting in partially destructive interference, as illustrated 
in Fig. 24c. If the amplitudes of two interfering waves are not equal, fully destruc- 
tive interference (as in Fig. 24b) does not occur. 


FIGURE 24 Graphs showing two identical waves, and their sum, as a function of time at three locations. 
In (a) the two waves interfere constructively, in (b) destructively, and in (c) partially destructively. 
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FIGURE 25 Standing waves 
corresponding to three resonant 
frequencies. 
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9 Standing Waves; Resonance 


If you shake one end of a cord and the other end is kept fixed, a continuous wave will 
travel down to the fixed end and be reflected back, inverted, as we saw in 
Fig. 18a. As you continue to vibrate the cord, waves will travel in both directions, and 
the wave traveling along the cord, away from your hand, will interfere with the 
reflected wave coming back. Usually there will be quite a jumble. But if you vibrate the 
cord at just the right frequency, the two traveling waves will interfere in such a way that 
a large-amplitude standing wave will be produced, Fig. 25. It is called a “standing 
wave” because it does not appear to be traveling. The cord simply appears to have 
segments that oscillate up and down in a fixed pattern. The points of destructive 
interference, where the cord remains still at all times, are called nodes. Points of 
constructive interference, where the cord oscillates with maximum amplitude, are called 
antinodes. The nodes and antinodes remain in fixed positions for a particular frequency. 

Standing waves can occur at more than one frequency. The lowest frequency of 
vibration that produces a standing wave gives rise to the pattern shown in 
Fig. 25a. The standing waves shown in Figs. 25b and 25c are produced at precisely 
twice and three times the lowest frequency, respectively, assuming the tension in 
the cord is the same. The cord can also vibrate with four loops (four antinodes) at 
four times the lowest frequency, and so on. 

The frequencies at which standing waves are produced are the natural frequencies 
or resonant frequencies of the cord, and the different standing wave patterns shown 
in Fig. 25 are different “resonant modes of vibration.” A standing wave on a cord is 
the result of the interference of two waves traveling in opposite directions. 
A standing wave can also be considered a vibrating object at resonance. Standing waves 
represent the same phenomenon as the resonance of a vibrating spring or pendulum. 
However, a spring or pendulum has only one resonant frequency, whereas the cord 
has an infinite number of resonant frequencies, each of which is a whole-number 
multiple of the lowest resonant frequency. 

Consider a string stretched between two supports that is plucked like a guitar or 
violin string, Fig. 26a. Waves of a great variety of frequencies will travel in both 
directions along the string, will be reflected at the ends, and will travel back in the 
opposite direction. Most of these waves interfere with each other and quickly die 
out. However, those waves that correspond to the resonant frequencies of the string 
will persist. The ends of the string, since they are fixed, will be nodes. There may be 
other nodes as well. Some of the possible resonant modes of vibration (standing 
waves) are shown in Fig. 26b. Generally, the motion will be a combination of these 
different resonant modes, but only those frequencies that correspond to a resonant 
frequency will be present. 


FIGURE 26 (a) A string is plucked. (b) Only standing waves corresponding to resonant frequencies persist for long. 
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To determine the resonant frequencies, we first note that the wavelengths of the 
standing waves bear a simple relationship to the length £ of the string. The lowest 
frequency, called the fundamental frequency, corresponds to one antinode (or loop). 
And as can be seen in Fig. 26b, the whole length corresponds to one-half wavelength. 
Thus £ = 5A,, where A, stands for the wavelength of the fundamental frequency. The 
other natural frequencies are called overtones; for a vibrating string they are whole- 
number (integral) multiples of the fundamental, and then are also called harmonics, 
with the fundamental being referred to as the first harmonic.’ The next mode of vibra- 
tion after the fundamental has two loops and is called the second harmonic (or first 
overtone), Fig. 26b. The length of the string £ at the second harmonic corresponds to 
one complete wavelength: £ = ,. For the third and fourth harmonics, £ = 3;, and 


£ = 2A,, respectively, and so on. In general, we can write 
NÀn 
[= z” wheren = 1,2,3,:°°. 
The integer n labels the number of the harmonic: n = 1 for the fundamental, 
n = 2 for the second harmonic, and so on. We solve for A,, and find 


_ at i string fixed 
An = n’ BS yka, f both ends (17a) 
To find the frequency f of each vibration we use Eq. 1, f = v/A, and we see that 
v v 
fa = 1 "a nfi, n = 1,2,3,7, (17b) 


where fı = v/à = v/2 is the fundamental frequency. We see that each resonant 
frequency is an integer multiple of the fundamental frequency. 

Because a standing wave is equivalent to two traveling waves moving in opposite 
directions, the concept of wave velocity still makes sense and is given by Eq. 2 in 
terms of the tension Frin the string and its mass per unit length (u = m/l). That 
is, v = VF,/p for waves traveling in both directions. 


DGV Piano string. A piano string is 1.10 m long and has a mass of 9.00 g. 
(a) How much tension must the string be under if it is to vibrate at a fundamental 
frequency of 131 Hz? (b) What are the frequencies of the first four harmonics? 
APPROACH To determine the tension, we need to find the wave speed using 
Eq. 1 (v = Af), and then use Eq. 2, solving it for Fr. 

SOLUTION (a) The wavelength of the fundamental is A = 2 = 2.20m 
(Eq. 17a with n = 1). The speed of the wave on the string is v = àf = 
(2.20 m)(131s"') = 288 m/s. Then we have (Eq. 2) 


m 4 9.00 x 10° kg 
Qo T 1.10m 

(b) The frequencies of the second, third, and fourth harmonics are two, three, and 
four times the fundamental frequency: 262, 393, and 524 Hz, respectively. 


NOTE The speed of the wave on the string is not the same as the speed of the 
sound wave that the piano string produces in the air. 


Fy = pv = Jess m/s) = 679N. 


A standing wave does appear to be standing in place (and a traveling wave 
appears to move). The term “standing” wave is also meaningful from the point of view 
of energy. Since the string is at rest at the nodes, no energy flows past these points. 
Hence the energy is not transmitted down the string but “stands” in place in the string. 

Standing waves are produced not only on strings, but on any object that is 
struck, such as a drum membrane or an object made of metal or wood. The resonant 
frequencies depend on the dimensions of the object, just as for a string they 
depend on its length. Large objects have lower resonant frequencies than small 
objects. All musical instruments, from stringed instruments to wind instruments (in 
which a column of air vibrates as a standing wave) to drums and other percussion 
instruments, depend on standing waves to produce their particular musical sounds. 


‘The term “harmonic” comes from music, because such integral multiples of frequencies “harmonize.” 
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FIGURE 27 Example 9: possible 
lengths for the string. 


f=1.57m 


£=3.14m 


L= (n77/2.0) m = n(1.57 m) 
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Mathematical Representation of a Standing Wave 
As we saw, a standing wave can be considered to consist of two traveling waves that 
move in opposite directions. These can be written (see Eqs. 10c and 13c) 


D,(x,t) = Asin(kx — wt) and D,(x,t) = Asin(kx + at) 
since, assuming no damping, the amplitudes are equal as are the frequencies and 


wavelengths. The sum of these two traveling waves produces a standing wave 
which can be written mathematically as 


D = D, + D, = Alsin(kx — of) + sin(kx + of)]. 
From the trigonometric identity sin 6, + sin 0, = 2 sin} (0, + 02) cos3(0; = 02), we 
can rewrite this as 

D = 2Asinkx cos of. (18) 
If we let x = 0 at the left-hand end of the string, then the right-hand end is at 
x = l where £ is the length of the string. Since the string is fixed at its two ends 
(Fig. 26), D(x, t) must be zero at x = 0 and at x = £. Equation 18 already satis- 


fies the first condition (D = 0 at x = 0) and satisfies the second condition if 
sin kê = 0 which means 


kl = w,27,37,°++,n7,°* 


where n = aninteger. Since k = 27/A, then A = 2/n, which is just Eq. 17a. 

Equation 18, with the condition A = 2£/n, is the mathematical representation of a 
standing wave. We see that a particle at any position x vibrates in simple harmonic 
motion (because of the factor cos wf). All particles of the string vibrate with the same 
frequency f = w/27, but the amplitude depends on x and equals 2A sin kx. 
(Compare this to a traveling wave for which all particles vibrate 
with the same amplitude.) The amplitude has a maximum, equal to 2A, when 
kx = m/2, 37/2, 52/2, and so on—that is, at 


Wave forms. Two waves traveling in opposite directions on a 
string fixed at x = 0 are described by the functions 


D, = (0.20m)sin(2.0x — 4.0t) and D, = (0.20m)sin(2.0x + 4.0r) 


(where x is in m, t is in s), and they produce a standing wave pattern. Determine (a) 
the function for the standing wave, (b) the maximum amplitude at x = 0.45 m, 
(c) where the other end is fixed (x > 0), (d) the maximum amplitude, and where 
it occurs. 


APPROACH We use the principle of superposition to add the two waves. The 
given waves have the form we used to obtain Eq. 18, which we thus can use. 


SOLUTION (a) The two waves are of the form D = Asin(kx + œt), so 
k = 20m! and w = 4.05s”. 
These combine to form a standing wave of the form of Eq. 18: 
D = 2Asinkxcoswt = (0.40 m) sin(2.0x) cos(4.0f), 
where x is in meters and ¢ in seconds. 
(b) At x = 0.45 m, 
D = (0.40 m) sin(0.90) cos(4.0t) = (0.31 m) cos(4.0f). 
The maximum amplitude at this point is D = 0.31m and occurs when cos(4.0t) = 1. 


(c) These waves make a standing wave pattern, so both ends of the string must be 
nodes. Nodes occur every half wavelength, which for our string is 


À 127 T n 
2 2k 2.0 
If the string includes only one loop, its length is £ = 1.57m. But without more 


information, it could be twice as long, £ = 3.14m, or any integral number times 
1.57 m, and still provide a standing wave pattern, Fig. 27. 


1.57 m. 
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(d) The nodes occur at x = 0,x = 1.57m, and, if the string is longer than 
£=1.57m, at x =314m, 4.71m, and so on. The maximum amplitude 
(antinode) is 0.40 m [from part (b) above] and occurs midway between the nodes. 
For £ = 1.57 m, there is only one antinode, at x = 0.79 m. 


“10 Refraction 


When any wave strikes a boundary, some of the energy is reflected and some is 
transmitted or absorbed. When a two- or three-dimensional wave traveling in one 
medium crosses a boundary into a medium where its speed is different, the trans- 
mitted wave may move in a different direction than the incident wave, as shown in 
Fig. 28. This phenomenon is known as refraction. One example is a water wave; the 
velocity decreases in shallow water and the waves refract, as shown in 
Fig. 29 below. [When the wave velocity changes gradually, as in Fig. 29, without a 
sharp boundary, the waves change direction (refract) gradually.] 

In Fig. 28, the velocity of the wave in medium 2 is less than in medium 1. In 
this case, the wave front bends so that it travels more nearly parallel to the 
boundary. That is, the angle of refraction, 0,, is less than the angle of incidence, 6;. 
To see why this is so, and to help us get a quantitative relation between 0, and 6;, 
let us think of each wave front as a row of soldiers. The soldiers are marching from 
firm ground (medium 1) into mud (medium 2) and hence are slowed down after 
the boundary. The soldiers that reach the mud first are slowed down first, and the 
row bends as shown in Fig. 30a. Let us consider the wave front (or row of soldiers) 
labeled A in Fig. 30b. In the same time ź that A, moves a distance 
lL = vt, we see that A, moves a distance £, = v,t. The two right triangles in 
Fig. 30b, shaded yellow and green, have the side labeled a in common. Thus 


. £ uit 
sin, = a 
a a 
since a is the hypotenuse, and 
£ nt 
sin, = 2.4. 
a a 


Dividing these two equations, we obtain the law of refraction: 
smn = (49) 
sin 0; vı 
Since 6; is the angle of incidence (6;), and 6, is the angle of refraction (6,), Eq. 19 
gives the quantitative relation between the two. If the wave were going in the opposite 
direction, the geometry would not change; only 0, and 6, would change roles: 6, would 
be the angle of refraction and 0, the angle of incidence. Clearly then, if the wave 
travels into a medium where it can move faster, it will bend the opposite way, 6, > 0;. 
We see from Eq. 19 that if the velocity increases, the angle increases, and vice versa. 
Earthquake waves refract within the Earth as they travel through rock layers of 
different densities (and therefore the velocity is different) just as water waves do. Light 
waves refract as well, and when we discuss light, we shall find Eq. 19 very useful. 


FIGURE 28 Refraction of waves 
passing a boundary. 


FIGURE 29 Water waves refract 
gradually as they approach the 
shore, as their velocity decreases. 
There is no distinct boundary, as in 
Fig. 28, because the wave velocity 
changes gradually. 


FIGURE 30 (a) Soldier analogy to 
derive (b) law of refraction for 
waves. 
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Refraction of an earthquake wave. An earthquake P wave 
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FIGURE 31 Wave diffraction. 
The waves are coming from the 
upper left. Note how the waves, as 


passes across a boundary in rock where its velocity increases from 6.5 km/s to 
8.0 km/s. If it strikes this boundary at 30°, what is the angle of refraction? 
APPROACH We apply the law of refraction, Eq. 19, sin 6;/sin 6, = v;/v,. 
SOLUTION Since sin 30° = 0.50, Eq. 19 yields 

(8.0 m/s) 
(6.5 m/s) 
So 6, = sin™ (0.62) = 38°. 
NOTE Be careful with angles of incidence and refraction. As we discussed in 
Section 7 (Fig. 21), these angles are between the wave front and the boundary 
line, or—equivalently—between the ray (direction of wave motion) and the line 
perpendicular to the boundary. Inspect Fig. 30b carefully. 


Earthquake wave refraction 


sin 0) (0.50) = 0.62. 


“11 Diffraction 


Waves spread as they travel. When they encounter an obstacle, they bend around it 
somewhat and pass into the region behind it, as shown in Fig. 31 for water waves. 
This phenomenon is called diffraction. 

The amount of diffraction depends on the wavelength of the wave and on 
the size of the obstacle, as shown in Fig. 32. If the wavelength is much 
larger than the object, as with the grass blades of Fig. 32a, the wave bends 
around them almost as if they are not there. For larger objects, parts (b) and (c), 
there is more of a “shadow” region behind the obstacle where we might not 
expect the waves to penetrate—but they do, at least a little. Then notice in 
part (d), where the obstacle is the same as in part (c) but the wavelength is 
longer, that there is more diffraction into the shadow region. As a rule of thumb, 
only if the wavelength is smaller than the size of the object will there be a 


they pass the obstacle, bend around significant shadow region. This rule applies to reflection from an obstacle as well. 
it, into the “shadow region” behind Very little of a wave is reflected unless the wavelength is smaller than the size of 
the obstacle. the obstacle. 


A rough guide to the amount of diffraction is 
À 
(radians) ~ T 


where 0 is roughly the angular spread of waves after they have passed through an 
opening of width £ or around an obstacle of width £. 


FIGURE 32 Water waves passing objects of various sizes. Note that the longer the wavelength 
compared to the size of the object, the more diffraction there is into the “shadow region.” 
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(a) Water waves passing (b) Stick in water (c) Short-wavelength (d) Long-wavelength 
blades of grass waves passing log waves passing log 


That waves can bend around obstacles, and thus can carry energy to areas 
behind obstacles, is very different from energy carried by material particles. 
A clear example is the following: if you are standing around a corner on one side 
of a building, you cannot be hit by a baseball thrown from the other side, but you 
can hear a shout or other sound because the sound waves diffract around the 
edges of the building. 
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| Summary 


Vibrating objects act as sources of waves that travel outward 
from the source. Waves on water and on a string are examples. 
The wave may be a pulse (a single crest) or it may be continuous 
(many crests and troughs). 

The wavelength of a continuous wave is the distance 
between two successive crests (or any two identical points on 
the wave shape). 

The frequency is the number of full wavelengths (or crests) 
that pass a given point per unit time. 

The wave velocity (how fast a crest moves) is equal to the 
product of wavelength and frequency, 


v = Af. (1) 


The amplitude of a wave is the maximum height of a crest, or 
depth of a trough, relative to the normal (or equilibrium) level. 

In a transverse wave, the oscillations are perpendicular to 
the direction in which the wave travels. An example is a wave on 
a string. 

In a longitudinal wave, the oscillations are along (parallel 
to) the line of travel; sound is an example. 

The velocity of both longitudinal and transverse waves in 
matter is proportional to the square root of an elastic force 
factor divided by an inertia factor (or density). 

Waves carry energy from place to place without matter 
being carried. The intensity of a wave (energy transported 
across unit area per unit time) is proportional to the square of 
the amplitude of the wave. 

For a wave traveling outward in three dimensions from a 
point source, the intensity (ignoring damping) decreases with 
the square of the distance from the source, 


1 


lo z (8a) 
r 


The amplitude decreases linearly with distance from the source. 

A one-dimensional transverse wave traveling in a medium 
to the right along the x axis (x increasing) can be represented by 
a formula for the displacement of the medium from equilibrium 
at any point x as a function of time as 


D(x,t) = Asin| (22) ¢x = »| (10a) 
= Asin(kx — of) (10c) 
where 
2ar 
k= oa (11) 


and 
w = 2rf. 
If a wave is traveling toward decreasing values of x, 
D(x,t) = Asin(kx + af). (13c) 


[*Waves can be described by the wave equation, which in 
one dimension is @*D/dx* = (1/v’) #D/at?, Eq. 16.] 

When two or more waves pass through the same region of 
space at the same time, the displacement at any given point will 
be the vector sum of the displacements of the separate waves. 
This is the principle of superposition. It is valid for mechanical 
waves if the amplitudes are small enough that the restoring 
force of the medium is proportional to displacement. 

Waves reflect off objects in their path. When the wave front 
of a two- or three-dimensional wave strikes an object, the angle of 
reflection equals the angle of incidence, which is the law of reflection. 
When a wave strikes a boundary between two materials in which 
it can travel, part of the wave is reflected and part is transmitted. 

When two waves pass through the same region of space 
at the same time, they interfere. From the superposition 
principle, the resultant displacement at any point and time is 
the sum of their separate displacements. This can result in 
constructive interference, destructive interference, or something 
in between depending on the amplitudes and relative phases of 
the waves. 

Waves traveling on a cord of fixed length interfere with 
waves that have reflected off the end and are traveling back in 
the opposite direction. At certain frequencies, standing waves 
can be produced in which the waves seem to be standing still 
rather than traveling. The cord (or other medium) is vibrating as 
a whole. This is a resonance phenomenon, and the frequencies at 
which standing waves occur are called resonant frequencies. The 
points of destructive interference (no vibration) are called 
nodes. Points of constructive interference (maximum amplitude 
of vibration) are called antinodes. On a cord of length £ fixed at 
both ends, the wavelengths of standing waves are given by 

An = 28/n (17a) 
where n is an integer. 

[*Waves change direction, or refract, when traveling from 
one medium into a second medium where their speed is 
different. Waves spread, or diffract, as they travel and encounter 
obstacles. A rough guide to the amount of diffraction is 
0 ~ A/£, where A is the wavelength and £ the width of an 
opening or obstacle. There is a significant “shadow region” only 
if the wavelength A is smaller than the size of the obstacle.] 


| Answers to Exercises 


A: (c). 
B: (d). 


C: (c). 
D: (a). 
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Wave Motion 
Problem Set 


| Questions 


1. Is the frequency of a simple periodic wave equal to the 
frequency of its source? Why or why not? 

2. Explain the difference between the speed of a transverse wave 
traveling down a cord and the speed of a tiny piece of the cord. 

3. You are finding it a challenge to climb from one boat up 
onto a higher boat in heavy waves. If the climb varies from 
2.5m to 4.3m, what is the amplitude of the wave? Assume 
the centers of the two boats are a half wavelength apart. 

4. What kind of waves do you think will travel down a hori- 
zontal metal rod if you strike its end (a) vertically from 
above and (b) horizontally parallel to its length? 

5. Since the density of air decreases with an increase in 
temperature, but the bulk modulus B is nearly independent 
of temperature, how would you expect the speed of sound 
waves in air to vary with temperature? 

6. Describe how you could estimate the speed of water waves 
across the surface of a pond. 

7. The speed of sound in most solids is somewhat greater than in 
air, yet the density of solids is much greater (10° to 10* times). 
Explain. 

8. Give two reasons why circular water waves decrease in 
amplitude as they travel away from the source. 

9. Two linear waves have the same amplitude and speed, and 
otherwise are identical, except one has half the wavelength 
of the other. Which transmits more energy? By what factor? 


10. Will any function of (x — vt)—see Eq. 14—represent a 
wave motion? Why or why not? If not, give an example. 


D(x,t) = D(x — vt) (14) 


11. When a sinusoidal wave crosses the boundary between two 
sections of cord as in Fig. 19, the frequency does not change 
(although the wavelength and velocity do change). Explain why. 


Light Heavy 
section /  \ section 
eo 
FIGURE 19 When a wave 
pulse traveling to the right (a) 
along a thin cord (a) reaches pulse 
a discontinuity where the a 
cord becomes thicker and — Â 
heavier, then part is reflected Reflected 
and part is transmitted (b). pulse (b) 


Transmitted 


12. If a sinusoidal wave on a two-section cord (Fig. 19) is 
inverted upon reflection, does the transmitted wave have a 
longer or shorter wavelength? 


13. Is energy always conserved when two waves interfere? 
Explain. 

14. If a string is vibrating as a standing wave in three segments, 
are there any places you could touch it with a knife blade 
without disturbing the motion? 


15. When a standing wave exists on a string, the vibrations of 
incident and reflected waves cancel at the nodes. Does this 
mean that energy was destroyed? Explain. 

16. Can the amplitude of the standing waves in Fig. 25 be 
greater than the amplitude of the vibrations that cause them 
(up and down motion of the hand)? 


Node Antinode 


f Antinode 
Node 
ai | 
(a) 
| Antinode 
Node 
ve 
(b) 


FIGURE 25 Standing waves corresponding to three resonant 
frequencies. 


17. When a cord is vibrated as in Fig. 25 by hand or by a 
mechanical oscillator, the “nodes” are not quite true nodes 
(at rest). Explain. [Hint: Consider damping and energy flow 
from hand or oscillator.] 

*18. AM radio signals can usually be heard behind a hill, but FM 
often cannot. That is, AM signals bend more than FM. 
Explain. (Radio signals, as we shall see, are carried by elec- 
tromagnetic waves whose wavelength for AM is typically 
200 to 600 m and for FM about 3 m.) 

*19. If we knew that energy was being transmitted from one place 
to another, how might we determine whether the energy was 
being carried by particles (material objects) or by waves? 


l Problems 


[The Problems in this Section are ranked I, II, or HI according 
to estimated difficulty, with (I) Problems being easiest. Level 
(III) Problems are meant mainly as a challenge for the best 
students, for “extra credit.” The Problems are arranged by 


From Chapter 15 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 


Sections, meaning that the reader should have read up to and 
including that Section, but this Chapter also has a group of 
General Problems that are not arranged by Section and not 
ranked.] 


Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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Wave Motion: Problem Set 


1 and 2 Characteristics of Waves 


1. 


10. 


11. 


13. 


(1) A fisherman notices that wave crests pass the bow of his 
anchored boat every 3.0 s. He measures the distance between 
two crests to be 8.0 m. How fast are the waves traveling? 


. (I) A sound wave in air has a frequency of 262 Hz and 


travels with a speed of 343 m/s. How far apart are the wave 
crests (compressions)? 


. (I) Calculate the speed of longitudinal waves in (a) water, 


(b) granite, and (c) steel. 


. (I) AM radio signals have frequencies between 550 kHz and 


1600 kHz (kilohertz) and travel with a speed of 3.0 x 10° m/s. 
What are the wavelengths of these signals? On FM the 
frequencies range from 88 MHz to 108 MHz (megahertz) and 
travel at the same speed. What are their wavelengths? 


. (I) Determine the wavelength of a 5800-Hz sound wave 


traveling along an iron rod. 


. (II) A cord of mass 0.65 kg is stretched between two supports 


8.0 m apart. If the tension in the cord is 140 N, how long will it 
take a pulse to travel from one support to the other? 


. (ID) A 0.40-kg cord is stretched between two supports, 7.8 m 


apart. When one support is struck by a hammer, a transverse 
wave travels down the cord and reaches the other support 
in 0.85 s. What is the tension in the cord? 


. (II) A sailor strikes the side of his ship just below the 


surface of the sea. He hears the echo of the wave reflected 
from the ocean floor directly below 2.8 s later. How deep is the 
ocean at this point? 


. (II) A ski gondola is connected to the top of a hill by a steel 


cable of length 660m and diameter 1.5cm. As the gondola 
comes to the end of its run, it bumps into the terminal and 
sends a wave pulse along the cable. It is observed that it 
took 17s for the pulse to return. (a) What is the speed of the 
pulse? (b) What is the tension in the cable? 

(II) P and S waves from an earthquake travel at different 
speeds, and this difference helps locate the earthquake 
“epicenter” (where the disturbance took place). (a) Assuming 
typical speeds of 8.5 km/s and 5.5 km/s for P and S waves, 
respectively, how far away did the earthquake occur if a 
particular seismic station detects the arrival of these two 
types of waves 1.7 min apart? (b) Is one seismic station suffi- 
cient to determine the position of the epicenter? Explain. 
(II) The wave on a string shown in Fig. 33 is moving to the 
right with a speed of 1.10m/s. (a) Draw the shape of the 
string 1.00s later and indicate which parts of the string are 
moving up and which down at that instant. (b) Estimate the 
vertical speed of point A on the string at the instant shown 
in the Figure. 


2cm 
lcm 
A 0 
-lcm 
-2cm 
0 lm 2m 3m 


FIGURE 33 Problem 11. 


. (II) A 5.0kg ball hangs from a steel wire 1.00mm in 


diameter and 5.00m long. What would be the speed of a 
wave in the steel wire? 

(II) Two children are sending signals along a cord of total 
mass 0.50 kg tied between tin cans with a tension of 35N. It 
takes the vibrations in the string 0.50 s to go from one child 
to the other. How far apart are the children? 


*14. 


(11) Dimensional analysis. Waves on the surface of the ocean 
do not depend significantly on the properties of water such 
as density or surface tension. The primary “return force” for 
water piled up in the wave crests is due to the gravitational 
attraction of the Earth. Thus the speed v (m/s) of ocean 
waves depends on the acceleration due to gravity g. It is 
reasonable to expect that v might also depend on water 
depth h and the wave’s wavelength A. Assume the wave 
speed is given by the functional form v = Cgh’,”’, where 
a, B, Y, and C are numbers without dimension. (a) In deep 
water, the water deep below does not affect the motion of 
waves at the surface. Thus v should be independent of 
depth h (i.e. B = 0). Using only dimensional analysis, 
determine the formula for the speed of surface waves in deep 
water. (b) In shallow water, the speed of surface waves is 
found experimentally to be independent of the wavelength 
(i.e. Y = 0). Using only dimensional analysis, determine the 
formula for the speed of waves in shallow water. 


3 Energy Transported by Waves 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


(I) Two earthquake waves of the same frequency travel 
through the same portion of the Earth, but one is carrying 
3.0 times the energy. What is the ratio of the amplitudes of 
the two waves? 
(ID) What is the ratio of (a) the intensities, and (b) the ampli- 
tudes, of an earthquake P wave passing through the Earth 
and detected at two points 15 km and 45 km from the source? 
(II) Show that if damping is ignored, the amplitude A of 
circular water waves decreases as the square root of the 
distance r from the source: A « 1/Vr. 
(1I) The intensity of an earthquake wave passing through 
the Earth is measured to be 3.0 X 10°J/m?-s at a distance 
of 48 km from the source. (a) What was its intensity when it 
passed a point only 1.0km from the source? (b) At what 
rate did energy pass through an area of 2.0 m? at 1.0 km? 
(II) A small steel wire of diameter 1.0 mm is connected to an 
oscillator and is under a tension of 7.5 N. The frequency of 
the oscillator is 60.0 Hz and it is observed that the amplitude 
of the wave on the steel wire is 0.50cm. (a) What is the 
power output of the oscillator, assuming that the wave is not 
reflected back? (b) If the power output stays constant but 
the frequency is doubled, what is the amplitude of the wave? 
(II) Show that the intensity of a wave is equal to the energy 
density (energy per unit volume) in the wave times the 
wave speed. 
(II) (a) Show that the average rate with which energy is 
transported along a cord by a mechanical wave of frequency f 
and amplitude A is 

P = 27’ prf?A’, 
where v is the speed of the wave and yp is the mass per unit 
length of the cord. (b) If the cord is under a tension 
Fr = 135N and has mass per unit length 0.10 kg/m, what 
power is required to transmit 120-Hz transverse waves of 
amplitude 2.0 cm? 


4 Mathematical Representation of Traveling Wave 


22. 


(I) A transverse wave on a wire is given by D(x,t) = 
0.015 sin(25x — 1200t) where D and x are in meters and t is 
in seconds. (a) Write an expression for a wave with the same 
amplitude, wavelength, and frequency but traveling in the 
opposite direction. (b) What is the speed of either wave? 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


Wave Motion: Problem Set 


(I) Suppose at t= 0, a wave shape is represented by 
D = Asin(2mx/à + ); that is, it differs from Eq. 9 by a 
constant phase factor ġ. What then will be the equation for 
a wave traveling to the left along the x axis as a function of 
x and t? 
(ID) A transverse traveling wave on a cord is represented by 
D = 0.22 sin(5.6x + 34t) where D and x are in meters and t 
is in seconds. For this wave determine (a) the wavelength, 
(b) frequency, (c) velocity (magnitude and direction), 
(d) amplitude, and (e) maximum and minimum speeds of 
particles of the cord. 
(II) Consider the point x= 1.00m on the cord of 
Example 5 of “Wave Motion.” Determine (a) the maximum 
velocity of this point, and (b) its maximum acceleration. 
(c) What is its velocity and acceleration at t = 2.50 s? 
(II) A transverse wave on a cord is given by D(x,t) = 
0.12 sin(3.0x — 15.0f), where D and x are in m and f is ins. 
At t = 0.20s, what are the displacement and velocity of the 
point on the cord where x = 0.60 m? 
(II) A transverse wave pulse travels to the right along a 
string with a speed v = 2.0m/s. At t = 0 the shape of the 
pulse is given by the function 

D = 045 cos(2.6x + 1.2), 
where D and x are in meters. (a) Plot D vs. x at t = 0. 
(b) Determine a formula for the wave pulse at any time t 
assuming there are no frictional losses. (c) Plot D(x, t) vs. x 
at t =1.0s. (d) Repeat parts (b) and (c) assuming the 
pulse is traveling to the left. Plot all 3 graphs on the same 
axes for easy comparison. 
(II) A 524-Hz longitudinal wave in air has a speed of 
345 m/s. (a) What is the wavelength? (b) How much time is 
required for the phase to change by 90° at a given point in 
space? (c) At a particular instant, what is the phase differ- 
ence (in degrees) between two points 4.4 cm apart? 
(ID) Write the equation for the wave in Problem 28 traveling 
to the right, if its amplitude is 0.020cm, and D = —0.020 cm, 
at f=0 and x =0. 
(II) A sinusoidal wave traveling on a string in the negative x 
direction has amplitude 1.00cm, wavelength 3.00cm, and 
frequency 245 Hz. At t = 0, the particle of string at x = 0 is 
displaced a distance D = 0.80cm above the origin and is 
moving upward. (a) Sketch the shape of the wave at t = 0 and 
(b) determine the function of x and t that describes the wave. 


*5 The Wave Equation 


*ON, 


*32, 


*33. 


(II) Determine if the function D = Asinkxcoswt is a 
solution of the wave equation. 

(1D) Show by direct substitution that the following functions 
satisfy the wave equation: (a) D(x,t) = Aln(x + vf); 
(b) D(x, t) = (x — vt)’. 

(II) Show that the wave forms of Eqs. 13 and 15 satisfy the 
wave equation, Eq. 16. 


D(x,t) = A sin| 2 (x + »)| (13a) 
. (27x l 2rt 

= Asin( tT ) (13b) 

= Asin(kx + of) (13c) 

D(x,t) = D(x + vt) (15) 


*34. 


*35, 


*36. 


RO (16) 


(II) Let two linear waves be represented by D, = f;(x, t) 
and D, = f2(x,t). If both these waves satisfy the wave 
equation (Eq. 16), show that any combination 
D = Cı Dı + CD, does as well, where Cı and C, are 
constants. 
(II) Does the function D(x, t) = gey satisfy the wave 
equation? Why or why not? 
(I) In deriving Eq. 2, v = VFy/p, for the speed of 
a transverse wave on a string, it was assumed that the 
wave’s amplitude A is much less than its wavelength À. 
Assuming a sinusoidal wave shape D = Asin(kx — at), 
show via the partial derivative v' = dD/dt that the 
assumption A < A implies that the maximum transverse 
speed Umax Of the string itself is much less than the wave 
velocity. If A = A/100 determine the ratio Vvmax/v. 

a Fr tees | (2) 

Vp wave on a cord 


7 Reflection and Transmission 


37. 


38. 


39. 


(II) A cord has two sections with linear densities of 
0.10 kg/m and 0.20 kg/m, Fig. 34. An incident wave, given 
by D = (0.050 m) sin(7.5x — 12.0f), where x is in meters 
and ź in seconds, travels along the lighter cord. 
(a) What is the wavelength on the lighter section of the 
cord? (b) What is the tension in the cord? (c) What is the 
wavelength when the wave travels on the heavier section? 


pı=0.10kg/m m= 0.20 kg/m 
FIGURE 34 
Problem 37. D = (0.050 m) sin(7.5 x - 12.0 ® 
(II) Consider a sine wave traveling down the stretched two- 


part cord of Fig. 19. Determine a formula (a) for the ratio of 
the speeds of the wave in the two sections, v/v, and (b) 
for the ratio of the wavelengths in the two sections. (The 
frequency is the same in both sections. Why?) (c) Is the 
wavelength larger in the heavier cord or the lighter? 

(II) Seismic reflection prospecting is commonly used to map 
deeply buried formations containing oil. In this technique, a 
seismic wave generated on the Earth’s surface (for example, 
by an explosion or falling weight) reflects from the subsurface 
formation and is detected upon its return to ground level. By 
placing ground-level detectors at a variety of locations relative 
to the source, and observing the variation in the source-to- 
detector travel times, the depth of the subsurface formation 
can be determined. (a) Assume a ground-level detector is 
placed a distance x away from a seismic-wave source and that 
a horizontal boundary between overlying rock and a subsur- 
face formation exists at depth D (Fig. 35a). Determine an 
expression for the time ¢ taken by the reflected wave to travel 
from source to detector, assuming the seismic wave propagates 
at constant speed v. (b) Suppose several detectors are placed 
along a line at different distances x from the source as in 
Fig. 35b. Then, when a seismic wave is generated, the different 
travel times ¢ for each detector are measured. Starting with 
your result from part (a), explain how a graph of t? vs. x? can 
be used to determine D. 
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Problem 39. (b) 


40. (II) A cord stretched to a tension Frconsists of two sections 
(as in Fig. 19) whose linear densities are u and u2. Take 
x = 0 to be the point (a knot) where they are joined, with 1, 
referring to that section of cord to the left and u that to the 
right. A sinusoidal wave, D = A sin[k,(x = vıt)], starts at 
the left end of the cord. When it reaches the knot, part of it is 
reflected and part is transmitted. Let the equation of the 
reflected wave be Dp = Ap sin[k,(x + vy t)] and that for 
the transmitted wave be Dr = Ar sin[ k2(x — V2 t)]. Since the 
frequency must be the same in both sections, we have @, = wz 
or k,v, = k2v2. (a) Because the cord is continuous, a point 
an infinitesimal distance to the left of the knot has the same 
displacement at any moment (due to incident plus reflected 
waves) as a point just to the right of the knot (due to 
the transmitted wave). Thus show that A = Ar + Ap. 
(b) Assuming that the slope (@D/dx) of the cord just to the left 
of the knot is the same as the slope just to the right of the knot, 
show that the amplitude of the reflected wave is given by 


A vı M2) 4 kao- kija 
s v + V2 ky + kı) ` 


(c) What is Ar in terms of A? 


8 Interference 

41. (I) The two pulses shown in Fig. 36 are moving toward each 
other. (a) Sketch the shape of the string at the moment they 
directly overlap. (b) Sketch the shape of the string a few 
moments later. (c) In Fig. 22a, at the moment the pulses pass 
each other, the string is straight. What has happened to the 
energy at this moment? 


p= 


FIGURE 36 
Problem 41. 


42. (II) Suppose two linear waves of equal amplitude and 
frequency have a phase difference ¢@ as they travel in the 
same medium. They can be represented by 


D, = Asin(kx — ot) 
D, = Asin(kx — of + ¢). 
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FIGURE 22 Two wave pulses pass each other. Where they 
overlap, interference occurs: (a) destructive, and (b) constructive. 


(a) Use the trigonometric identity sin@,; + sin, = 
2sin}(0, + 02) cos3(6, — 62) to show that the resultant 
wave is given by 


D= (24 .cos$) sin(x — ot + $), 
2 2 


(b) What is the amplitude of this resultant wave? Is the wave 
purely sinusoidal, or not? (c) Show that constructive interfer- 
ence occurs if ġ = 0,27, 4r, and so on, and destructive 
interference occurs if ¢@ = m, 3m, 5m, etc. (d) Describe the 
resultant wave, by equation and in words, if @ = 7/2. 


9 Standing Waves; Resonance 

43. (1) A violin string vibrates at 441 Hz when unfingered. At 
what frequency will it vibrate if it is fingered one-third of 
the way down from the end? (That is, only two-thirds of the 
string vibrates as a standing wave.) 

44. (I) If a violin string vibrates at 294Hz as its fundamental 
frequency, what are the frequencies of the first four harmonics? 


45. (1) In an earthquake, it is noted that a footbridge oscillated 
up and down in a one-loop (fundamental standing wave) 
pattern once every 1.5s. What other possible resonant 
periods of motion are there for this bridge? What frequencies 
do they correspond to? 

46. (1) A particular string resonates in four loops at a frequency 
of 280 Hz. Name at least three other frequencies at which it 
will resonate. 


47. (IT) A cord of length 1.0m has two equal-length sections 
with linear densities of 0.50 kg/m and 1.00 kg/m. The tension 
in the entire cord is constant. The ends of the cord are 
oscillated so that a standing wave is set up in the cord with a 
single node where the two sections meet. What is the ratio 
of the oscillatory frequencies? 

48. (II) The velocity of waves on a string is 96m/s. If the 
frequency of standing waves is 445 Hz, how far apart are the 
two adjacent nodes? 

49. (II) If two successive harmonics of a vibrating string are 
240 Hz and 320 Hz, what is the frequency of the fundamental? 


50. (IT) A guitar string is 90.0 cm long and has a mass of 3.16 g. 
From the bridge to the support post (= £) is 60.0 cm and the 
string is under a tension of 520 N. What are the frequencies 
of the fundamental and first two overtones? 

51. (IT) Show that the frequency of standing waves on a cord of 
length £ and linear density u, which is stretched to a 
tension Fy, is given by 


pa as 
UNV u 


where n is an integer. 


52. 


FIGURE 37 
Problems 52 and 53. 


53. 


54. 


55, 


56. 


57. 


58. 


59. 


60. 
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(II) One end of a horizontal string of linear density 
6.6 X 10-*kg/m is attached to a small-amplitude mechan- 
ical 120-Hz oscillator. The string passes over a pulley, a 
distance £ = 1.50m away, and weights are hung from this 
end, Fig. 37. What mass m must be hung from this end of the 
string to produce (a) one loop, (b) two loops, and 
(c) five loops of a standing wave? Assume the string at the 
oscillator is a node, which is nearly true. 


Oscillator 


(II) In Problem 52, Fig. 37, the length of the string may be 
adjusted by moving the pulley. If the hanging mass m is 
fixed at 0.070 kg, how many different standing wave patterns 
may be achieved by varying £ between 10 cm and 1.5 m? 
(ID) The displacement of a standing wave on a string is given 
by D = 2.4sin(0.60x) cos(42t), where x and D are in 
centimeters and ź is in seconds. (a) What is the distance (cm) 
between nodes? (b) Give the amplitude, frequency, and 
speed of each of the component waves. (c) Find the speed of 
a particle of the string at x = 3.20cm when t = 2.5s. 

(II) The displacement of a transverse wave traveling on a 
string is represented by D, = 4.2 sin(0.84x — 47t + 2.1), 
where D; and x are in cm and fins. (a) Find an equation that 
represents a wave which, when traveling in the opposite 
direction, will produce a standing wave when added to this 
one. (b) What is the equation describing the standing wave? 
(II) When you slosh the water back and forth in a tub at just 
the right frequency, the water alternately rises and falls at each 
end, remaining relatively calm at the center. Suppose the 
frequency to produce such a standing wave in a 45-cm-wide 
tub is 0.85 Hz. What is the speed of the water wave? 

(II) A particular violin string plays at a frequency of 294 Hz. If 
the tension is increased 15%, what will the new frequency be? 


(II) Two traveling waves are described by the functions 


D; Asin(kx — ot) 
D, = Asin(kx + af), 


where A = 0.15m, k = 3.5m, and œw =1.8s "1. (a) Plot 
these two waves, from x = 0 to a point x(> 0) that includes 
one full wavelength. Choose t = 1.0s. (b) Plot the sum of 
the two waves and identify the nodes and antinodes in 
the plot, and compare to the analytic (mathematical) 
representation. 

(II) Plot the two waves given in Problem 58 and their sum, 
as a function of time from t= 0 to t =T (one period). 
Choose (a) x = 0 and (b) x = A/4. Interpret your results. 
(II) A standing wave on a 1.64-m-long horizontal string 
displays three loops when the string vibrates at 120 Hz. The 
maximum swing of the string (top to bottom) at the center 
of each loop is 8.00 cm. (a) What is the function describing 
the standing wave? (b) What are the functions describing 
the two equal-amplitude waves traveling in opposite 
directions that make up the standing wave? 


61. 


62. 


63. 


64. 


*10 
*65, 


* 66. 


* 67, 


* 68. 


(II) On an electric guitar, a “pickup” under each string trans- 
forms the string’s vibrations directly into an electrical 
signal. If a pickup is placed 16.25 cm from one of the fixed ends 
of a 65.00-cm-long string, which of the harmonics from 
n = 1 to n = 12 will not be “picked up” by this pickup? 

(II) A 65-cm guitar string is fixed at both ends. In the 
frequency range between 1.0 and 2.0 kHz, the string is found 
to resonate only at frequencies 1.2, 1.5, and 1.8 kHz. What is 
the speed of traveling waves on this string? 

(II) Two oppositely directed traveling waves given by 
D, = (5.0mm) cos[(2.0m™!)x — (3.0rad/s)t] and D, = 
(5.0mm) cos[(2.0 m~!)x + (3.0rad/s)t] form a standing 
wave. Determine the position of nodes along the x axis. 

(I) A wire is composed of aluminum with length 
£; = 0.600m and mass per unit length m = 2.70 g/m 
joined to a steel section with length £, = 0.882 m and mass 
per unit length w = 7.80 g/m. This composite wire is fixed 
at both ends and held at a uniform tension of 135 N. Find 
the lowest frequency standing wave that can exist on this 
wire, assuming there is a node at the joint between 
aluminum and steel. How many nodes (including the two at 
the ends) does this standing wave possess? 


Refraction 


(I) An earthquake P wave traveling 8.0km/s strikes a 
boundary within the Earth between two kinds of material. If 
it approaches the boundary at an incident angle of 52° and 
the angle of refraction is 31°, what is the speed in the second 
medium? 
(I) Water waves approach an underwater “shelf” where the 
velocity changes from 2.8m/s to 2.5m/s. If the incident 
wave crests make a 35° angle with the shelf, what will be the 
angle of refraction? 
(ID) A sound wave is traveling in warm air (25°C) when it hits a 
layer of cold (—15°C) denser air. If the sound wave hits the 
cold air interface at an angle of 33°, what is the angle of refrac- 
tion? The speed of sound as a function of temperature can be 
approximated by v = (331 + 0.607) m/s, where T is in °C. 
(II) Any type of wave that reaches a boundary beyond 
which its speed is increased, there is a maximum incident 
angle if there is to be a transmitted refracted wave. This 
maximum incident angle im corresponds to an angle of 
refraction equal to 90°. If 0; > @jy,, all the wave is reflected 
at the boundary and none is refracted, because this would 
correspond to sin 0; > 1 (where 0, is the angle of refraction), 
which is impossible. This phenomenon is referred to as total 
internal reflection. (a) Find a formula for ĝi using the law 
of refraction, Eq. 19. (b) How far from the bank should a 
trout fisherman stand (Fig. 38) so trout won’t be frightened 
by his voice (1.8 m above the ground)? The speed of sound 
is about 343 m/s in air and 1440 m/s in water. 

sin 02 Vy 


= = 19 
sin 6; Vy a9) 


FIGURE 38 
Problem 68b. 
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* 69. 


Wave Motion: Problem Set 


(II) A longitudinal earthquake wave strikes a boundary 
between two types of rock at a 38° angle. As the wave 
crosses the boundary, the specific gravity of the rock 
changes from 3.6 to 2.8. Assuming that the elastic modulus 
is the same for both types of rock, determine the angle of 
refraction. 


*11 Diffraction 


*70. 


(II) A satellite dish is about 0.5 m in diameter. According to 
the user’s manual, the dish has to be pointed in the direction 
of the satellite, but an error of about 2° to either side is allowed 
without loss of reception. Estimate the wavelength of the elec- 
tromagnetic waves (speed = 3 X 10°m/s) received by the dish. 


| General Problems 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


A sinusoidal traveling wave has frequency 880 Hz and phase 
velocity 440 m/s. (a) At a given time, find the distance 
between any two locations that correspond to a difference 
in phase of 7/6 rad. (b) At a fixed location, by how much 
does the phase change during a time interval of 1.0 x 104s? 
When you walk with a cup of coffee (diameter 8 cm) at just 
the right pace of about one step per second, the coffee 
sloshes higher and higher in your cup until eventually it 
starts to spill over the top, Fig 39. Estimate the speed of the 
waves in the coffee. 


Richard Megna/Fundamental 


Photographs, NYC 


FIGURE 39 Problem 72. 


Two solid rods have the same bulk modulus but one is 
2.5 times as dense as the other. In which rod will the speed 
of longitudinal waves be greater, and by what factor? 


Two waves traveling along a stretched string have the same 
frequency, but one transports 2.5 times the power of the 
other. What is the ratio of the amplitudes of the two waves? 


A bug on the surface of a pond is observed to move up and 
down a total vertical distance of 0.10 m, lowest to highest 
point, as a wave passes. (a) What is the amplitude of the 
wave? (b) If the amplitude increases to 0.15m, by what 
factor does the bug’s maximum kinetic energy change? 


A guitar string is supposed to vibrate at 247 Hz, but is measured 
to actually vibrate at 255 Hz. By what percentage should the 
tension in the string be changed to get the frequency to the 
correct value? 


An earthquake-produced surface wave can be approxi- 
mated by a sinusoidal transverse wave. Assuming a 
frequency of 0.60 Hz (typical of earthquakes, which actually 
include a mixture of frequencies), what amplitude is needed 
so that objects begin to leave contact with the ground? 
[Hint: Set the acceleration a > g.] 

A uniform cord of length £ and mass m is hung vertically 
from a support. (a) Show that the speed of transverse waves 
in this cord is Vgh, where h is the height above the lower 
end. (b) How long does it take for a pulse to travel upward 
from one end to the other? 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


A transverse wave pulse travels to the right along a string 
with a speed v = 2.4m/s. At t = 0 the shape of the pulse 
is given by the function 


4.0 m? 
x? + 2.0m? 


where D and x are in meters. (a) Plot D vs. x at t=0 
from x = —10m to x = +10m. (b) Determine a formula 
for the wave pulse at any time £ assuming there are no 
frictional losses. (c) Plot D(x,t) vs. x at t= 1.00s. 
(d) Repeat parts (b) and (c) assuming the pulse is traveling 
to the left. 

(a) Show that if the tension in a stretched string is changed by 
a small amount AFy, the frequency of the fundamental is 
changed by an amount Af = 3(AF;/Fr)f. (b) By what 
percent must the tension in a piano string be increased or 
decreased to raise the frequency from 436Hz to 442 Hz. 
(c) Does the formula in part (a) apply to the overtones as well? 


Two strings on a musical instrument are tuned to play at 
392 Hz (G) and 494 Hz (B). (a) What are the frequencies of 
the first two overtones for each string? (b) If the two strings 
have the same length and are under the same tension, what 
must be the ratio of their masses (mg/m)? (c) If the 
strings, instead, have the same mass per unit length and are 
under the same tension, what is the ratio of their lengths 
(€¢/lp)? (d) If their masses and lengths are the same, what 
must be the ratio of the tensions in the two strings? 


The ripples in a certain groove 10.8 cm from the center of a 
33-rpm phonograph record have a wavelength of 1.55 mm. 
What will be the frequency of the sound emitted? 


A 10.0-m-long wire of mass 152g is stretched under a 
tension of 255N. A pulse is generated at one end, and 
20.0ms later a second pulse is generated at the opposite 
end. Where will the two pulses first meet? 


A wave with a frequency of 220Hz and a wavelength 
of 10.0 cm is traveling along a cord. The maximum speed of 
particles on the cord is the same as the wave speed. What is 
the amplitude of the wave? 


A string can have a “free” end if that end is attached to a 
ring that can slide without friction on a vertical pole 
(Fig. 40). Determine the wavelengths of the resonant vibra- 
tions of such a string with one end fixed and the 
other free. 


FIGURE 40 
Problem 85. 


Wave Motion: Problem Set 


86. A highway overpass was observed to resonate as one full 
loop (5A) when a small earthquake shook the ground 
vertically at 3.0 Hz. The highway department put a support 
at the center of the overpass, anchoring it to the ground as 
shown in Fig. 41. What resonant frequency would you now 
expect for the overpass? It is noted that earthquakes rarely 
do significant shaking above 5 or 6 Hz. Did the modifica- 
tions do any good? Explain. 


i pan 1 | 
SRN 


Before modification 


Added support 


| ee = ~ 


After modification 


FIGURE 41 Problem 86. 


87. Figure 42 shows the wave shape at two instants of time for a 
sinusoidal wave traveling to the right. What is the mathe- 
matical representation of this wave? 


y (cm) 


FIGURE 42 Problem 87. 


88. Estimate the average power of a water wave when it hits the 
chest of an adult standing in the water at the seashore. 
Assume that the amplitude of the wave is 0.50 m, the wave- 
length is 2.5 m, and the period is 4.0 s. 

89. A tsunami of wavelength 215km and velocity 550 km/h 
travels across the Pacific Ocean. As it approaches Hawaii, 
people observe an unusual decrease of sea level in the 
harbors. Approximately how much time do they have to run 
to safety? (In the absence of knowledge and warning, 


people have died during tsunamis, some of them attracted 
to the shore to see stranded fishes and boats.) 

90. Two wave pulses are traveling in opposite directions with 
the same speed of 7.0cm/s as shown in Fig. 43. At 
t = 0, the leading edges of the two pulses are 15 cm apart. 
Sketch the wave pulses at £ = 1.0,2.0 and 3.0s. 


S N 7.0 cm/s 7.0 cm/s AN 
=. = 


[_ pt 
0 10 20 30 40 


Distance (cm) 
FIGURE 43 Problem 90. 


91. For a spherical wave traveling uniformly away from a point 
source, show that the displacement can be represented by 


D = L Nisin =u. 
(ass 


where r is the radial distance from the source and A is a 
constant. 


92. What frequency of sound would have a wavelength the 
same size as a 1.0-m-wide window? (The speed of sound is 
344 m/s at 20°C.) What frequencies would diffract through 
the window? 


* Numerical/Computer 


*93, (II) Consider a wave generated by the periodic vibration of a 
source and given by the expression D(x, t) = Asin?k(x — ct), 
where x represents position (in meters), £ represents time 
(in seconds), and c is a positive constant. We choose 
A=5.0m, k = 1.0m™', and c = 0.50m/s. Use a spread- 
sheet to make a graph with three curves of D(x, t) from 
x = —5.0m to +5.0m in steps of 0.050 m at times t = 0.0, 
1.0, and 2.0s. Determine the speed, direction of motion, 
period, and wavelength of the wave. 


*94, (II) The displacement of a bell-shaped wave pulse is described 
by a relation that involves the exponential function: 


D(x,t) = Aeneas? 


where the constants A = 10.0m, a = 2.0 m’, and 
v = 3.0m/s. (a) Over the range —10.0m = x = +10.0 m, 
use a graphing calculator or computer program to plot 
D(x,t) at each of the three times t= 0, t= 1.0, and 
t = 2.0s. Do these three plots demonstrate the wave-pulse 
shape shifting along the x axis by the expected amount over 
the span of each 1.0-s interval? (b) Repeat part (a) but 
assume D(x, t) = Aee +o), 


l Answers to Odd-Numbered Problems 


(b) —4 cm/s. 
—— Earlier 13. 18m. 


=== Later 
15. Amore energy / Aiess energy 7 V3. 


19. (a) 0.38 W; 


(b) 0.25 cm. 


21. (b) 420 W. 


1. 2.7m/s. 11. (a) 
3. (a) 1400 m/s; 

(b) 4100 m/s; 2cm 

(c) 5100 m/s. 1cm 
5. 0.62 m. 0 
7. 43N. n 

—2 cm 

9. (a) 78 m/s; 0 

(b) 8300 N. iya 


F t 
a fe e 23. D = Asin| 2x(* + £) + e|. 
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25. (a) 41 m/s; 
(b) 6.4 X 10* m/s’; 
(c) 35 m/s, 3.2 X 10*m/s?. 
27. (b) D = 
(0.45 m) cos[2.6(x — 2.0t) + 1.2]; 
(a) D = 
(0.45 m) cos[2.6(x + 2.0t) + 1.2]. 


—1=0 


——=ls, 
right 

-=---/= ls, 
left 


29. D = (0.020 cm) x 
sin|(9.54 m7!)x — (3290 rad/s)t + $ 7] 
31. Yes, it is a solution. 


35. Yes, it is a solution. 
37. (a) 0.84 m; 


(b) 0.26 N; 
(c) 0.59m. 
_2 2 xV. 
39. (a)i = D + (3) ; 
(b) slope = =. 
v 


4 2 
y-intercept = — D^. 


vw 
Al. (a) 
(b) 


(c) all kinetic energy. 
43. 662 Hz. 


(1.5s) 
45. Ta = ——, n= 1,2,3,, 


fn = n(0.67 Hz), n = 1,23 
47. foso/fioo = V2. 
49. 80 Hz. 
§3. 11, 


Wave Motion: Problem Set 


55. (a) D = 4.2 sin(0.84x + 47t + 2.1); 
(b) 8.4 sin(0.84x + 2.1) cos(47t). 
57. 315 Hz. 


59. (a) 

0.3 

D. Dı +D 

02 2. 1+ Dp 
a ol Oo ee 
Z 0 
Aai N 1 ae Sw 25 is 

0.2 < 

-03 Dj 


t (s) 


t(s) 
6l. n = 4,n = 8, and n = 12. 
63. x= +(n4 Fm, n= 0,1,2, 
65. 5.2 km/s. 
67. (3.0 x 10!)°. 
69. 44°. 


71. (a) 0.042 m; 
(b) 0.55 radians. 


73. The speed is greater in the less 
dense rod, by a factor of 
V2.5 = 1.6. 


75. (a) 0.05 m; 
(b) 2.25. 

77. 0.69 m. 

79. (a) t = Os; 


D (m) 


x(m) 


4.0 m3 
(x — 2.4t)? + 2.0 m? 


(b) D 


(c) t = 1.0 s, moving right; 


D (m) 


x(m) 


4.0 m3 
(x + 24t)? + 2.0m?’ 


(d) D 


t = 1.0s, moving left. 


D (m) 


x(m) 


81. (a) G: 784 Hz, 1180 Hz, B: 988 Hz, 
1480 Hz; 


(b) 1.59; 
(c) 1.26; 
(d) 0.630. 
83. 6.3 m from the end where the first 
pulse originated. 
£ 
rae n= 122, 3.2, 
87. D(x, t) = 
(3.5 cm) cos(0.107x — 1.57), with 
xincmandtins. 
89. 12 min. 
93. speed = 0.50 m/s; direction 
of motion = +x, period = 27s, 
wavelength = m m. 


85. A = 


t=Os\hy 1 I 
T T 
HE H H ha i 
peA 1 | 
7 1 
E hos VE YE 
i Wr Wu 
1 
\r Wd Ni 
t=|2.0s 7 
-6 —4 2 0 2 4 6 
x (m) 
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“Tf music be the food of physics, play on.” 
[See Shakespeare, Twelfth Night, line 1.] 
Stringed instruments depend on 
transverse standing waves on strings to 
produce their harmonious sounds. The 
sound of wind instruments originates in 
longitudinal standing waves of an air 
column. Percussion instruments create 
more complicated standing waves. 
Besides examining sources of sound, 
we also study the decibel scale of sound 
level, sound wave interference and beats, 
the Doppler effect, shock waves and 
sonic booms, and ultrasound imaging. 


CONTENTS 
nT Characteristics of Sound 


2 Mathematical 
Representation of 
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3 Intensity of Sound: 
Decibels 

4 Sources of Sound: Vibrating 
Strings and Air Columns 


25 Quality of Sound, and 
Noise; Superposition 
6 Interference of Sound 
Waves; Beats 
7 Doppler Effect 


*8 Shock Waves and the 
Sonic Boom 


#9 Applications: Sonar, 


Fra Angelico (1387-1455), Music-making angel with violin. Linaioli altarpiece, detail. Museo di San Marco, Florence, Italy. Scala/ 


Art Resource, N.Y. 


Sound 


CHAPTER-OPENING QUESTION— Guess now! 


[Don't worry about getting the right answer now—the idea is to get your preconceived notions out on 
the table.] 

A pianist plays the note “middle C.” The sound is made by the vibration of the 
piano string and is propagated outward as a vibration of the air (which can reach 
your ear). Comparing the vibration on the string to the vibration in the air, which 
of the following is true? 

(a) The vibration on the string and the vibration in the air have the same wavelength. 
(b) They have the same frequency. 

(c) They have the same speed. 

(d) Neither wavelength, frequency, nor speed are the same in the air as on the string. 


ound is associated with our sense of hearing and, therefore, with the 
physiology of our ears and the psychology of our brain, which interprets the 
sensations that reach our ears. The term sound also refers to the physical 
sensation that stimulates our ears: namely, longitudinal waves. 

We can distinguish three aspects of any sound. First, there must be a source for 
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Ultrasound, and Medical 
Imaging 


a sound; as with any mechanical wave, the source of a sound wave is a vibrating 
object. Second, the energy is transferred from the source in the form of longitudinal 
sound waves. And third, the sound is detected by an ear or by a microphone. We 
start this Chapter by looking at some aspects of sound waves themselves. 


Note: Sections marked with an asterisk (*) may be considered optional by the instructor. 


Sound 


1 Characteristics of Sound 


Recall how a vibrating drumhead produces a sound wave in air. Indeed, we 
usually think of sound waves traveling in the air, for normally it is the vibrations 
of the air that force our eardrums to vibrate. But sound waves can also travel in 
other materials. 

Two stones struck together under water can be heard by a swimmer beneath 
the surface, for the vibrations are carried to the ear by the water. When you put 
your ear flat against the ground, you can hear an approaching train or truck. In this 
case the ground does not actually touch your eardrum, but the longitudinal wave 
transmitted by the ground is called a sound wave just the same, for its vibrations 
cause the outer ear and the air within it to vibrate. Sound cannot travel in the 
absence of matter. For example, a bell ringing inside an evacuated jar cannot be 
heard, nor does sound travel through the empty reaches of outer space. 

The speed of sound is different in different materials. In air at 0°C and 1 atm, 
sound travels at a speed of 331 m/s. We saw (v = VB/p) that the speed depends 
on the elastic modulus, B, and the density, p, of the material. Thus for helium, 
whose density is much less than that of air but whose elastic modulus is not greatly 
different, the speed is about three times as great as in air. In liquids and solids, 
which are much less compressible and therefore have much greater elastic moduli, 
the speed is larger still. The speed of sound in various materials is given in Table 1. 
The values depend somewhat on temperature, but this is significant mainly for 
gases. For example, in air at normal (ambient) temperatures, the speed increases 
approximately 0.60 m/s for each Celsius degree increase in temperature: 


v ~ (331 + 0.607) m/s, [speed of sound in air] 


where T is the temperature in °C. Unless stated otherwise, we will assume in this 
Chapter that T = 20°C, so that’ v = [331 + (0.60)(20)| m/s = 343 m/s. 


Distance from a lightning strike. A rule of thumb 
that tells how close lightning has struck is, “one mile for every five seconds before the 
thunder is heard.” Explain why this works, noting that the speed of light is so high 
(3 X 10°m/s, almost a million times faster than sound) that the time for light to 
travel to us is negligible compared to the time for the sound. 


RESPONSE The speed of sound in air is about 340 m/s, so to travel 1 km = 1000 m 
takes about 3 seconds. One mile is about 1.6 kilometers, so the time for the thunder 
to travel a mile is about (1.6)(3) ~ 5 seconds. 


| EXERCISE A What would be the rule used in Example 1 in terms of kilometers? 


Two aspects of any sound are immediately evident to a human listener: “loudness” 
and “pitch.” Each refers to a sensation in the consciousness of the listener. But to each 
of these subjective sensations there corresponds a physically measurable quantity. 
Loudness is related to the intensity (energy per unit time crossing unit area) in the 
sound wave, and we shall discuss it in Section 3. 

The pitch of a sound refers to whether it is high, like the sound of a piccolo or 
violin, or low, like the sound of a bass drum or string bass. The physical quantity 
that determines pitch is the frequency, as was first noted by Galileo. The lower the 
frequency, the lower the pitch; the higher the frequency, the higher the pitch.* The 
best human ears can respond to frequencies from about 20 Hz to almost 20,000 Hz. 
(Recall that 1 Hz is 1 cycle per second.) This frequency range is called the audible 
range. These limits vary somewhat from one individual to another. One general 
trend is that as people age, they are less able to hear high frequencies, so the 
high-frequency limit may be 10,000 Hz or less. 


*We treat the 20°C (“room temperature”) as accurate to 2 significant figures. 


+ Although pitch is determined mainly by frequency, it also depends to a slight extent on loudness. For 
example, a very loud sound may seem slightly lower in pitch than a quiet sound of the same frequency. 


TABLE 1 Speed of Sound in 


Various Materials (20°C and 


1 atm) 

Material Speed (m/s) 
Air 343 
Air (0°C) 331 
Helium 1005 
Hydrogen 1300 
Water 1440 
Sea water 1560 
Tron and steel = 5000 
Glass = 4500 
Aluminum ~5100 
Hardwood = 4000 
Concrete = 3000 


@® puysics APPLIED 


How far away is the lightning? 


491 


492 


Ay CAUTION 
Do not confuse 
ultrasonic (high frequency) 
with supersonic (high speed) 


@® puysics APPLIED 
Autofocusing camera 


FIGURE 1 Example 2. 
Autofocusing camera emits an 
ultrasonic pulse. Solid lines 
represent the wave front of the 
outgoing wave pulse moving to the 
right; dashed lines represent the 
wave front of the pulse reflected off 
the person’s face, returning to the 
camera. The time information allows 
the camera mechanism to adjust the 
lens to focus at the proper distance. 


FIGURE 2 Longitudinal sound 
wave traveling to the right, and its 
graphical representation in terms of 
pressure. 
Expansion Compression 
(pressure lower) (pressure higher) 


Pressure 


Sound 


Sound waves whose frequencies are outside the audible range may reach the 
ear, but we are not generally aware of them. Frequencies above 20,000 Hz are 
called ultrasonic (do not confuse with supersonic, which is used for an object 
moving with a speed faster than the speed of sound). Many animals can hear 
ultrasonic frequencies; dogs, for example, can hear sounds as high as 50,000 Hz, 
and bats can detect frequencies as high as 100,000 Hz. Ultrasonic waves have 
many useful applications in medicine and other fields, which we discuss later in 
this Chapter. 


Autofocusing with sound waves. Older autofocusing cameras 
determine the distance by emitting a pulse of very high frequency (ultrasonic) 
sound that travels to the object being photographed, and include a sensor that 
detects the returning reflected sound, as shown in Fig. 1. To get an idea of the 
time sensitivity of the detector, calculate the travel time of the pulse for an object 
(a) 1.0m away, and (b) 20 m away. 


APPROACH If we assume the temperature is about 20°C, then the speed of 
sound is 343 m/s. Using this speed v and the total distance d back and forth in 
each case, we can obtain the time (v = d/t). 

SOLUTION (a) The pulse travels 1.0m to the object and 1.0 m back, for a total of 
2.0m. We solve for t in v = d/t: 


d 2.0m 
= = = 0.0058s = 5.8 ms. 
v 343 m/s ù a 
(b) The total distance now is 2 X 20m = 40m, so 
40m 
= = 0.12s = 120 ms. 
343 m/s j ES 


NOTE Newer autofocus cameras use infrared light (v = 3 xX 10°m/s) instead of 
ultrasound, and/or a digital sensor array that detects light intensity differences between 
adjacent receptors as the lens is automatically moved back and forth, choosing the 
lens position that provides maximum intensity differences (sharpest focus). 


Sound waves whose frequencies are below the audible range (that is, less than 
20 Hz) are called infrasonic. Sources of infrasonic waves include earthquakes, 
thunder, volcanoes, and waves produced by vibrating heavy machinery. This last 
source can be particularly troublesome to workers, for infrasonic waves—even 
though inaudible—can cause damage to the human body. These low-frequency 
waves act in a resonant fashion, causing motion and irritation of the body’s organs. 


2 Mathematical Representation of 
Longitudinal Waves 


A one-dimensional sinusoidal wave traveling along the x axis can be represented 
by the relation 


D = Asin(kx — ot), (60) 


where D is the displacement of the wave at position x and time t, and A is its 
amplitude (maximum value). The wave number k is related to the wavelength A by 
k = 2m/A, and w = 27f where f is the frequency. For a transverse wave—such 
as a wave on a string—the displacement D is perpendicular to the direction of wave 
propagation along the x axis. But for a longitudinal wave the displacement D is 
along the direction of wave propagation. That is, D is parallel to x and represents the 
displacement of a tiny volume element of the medium from its equilibrium position. 

Longitudinal (sound) waves can also be considered from the point of view of 
variations in pressure rather than displacement. Indeed, longitudinal waves are 
often called pressure waves. The pressure variation is usually easier to measure 
than the displacement (see Example 7). As can be seen in Fig. 2, in a wave 
“compression” (where molecules are closest together), the pressure is higher than 
normal, whereas in an expansion (or rarefaction) the pressure is less than normal. 


Sound 


Figure 3 shows a graphical representation of a sound wave in air in terms of 
(a) displacement and (b) pressure. Note that the displacement wave is a quarter 
wavelength, or 90° (7/2 rad), out of phase with the pressure wave: where the 
pressure is a maximum or minimum, the displacement from equilibrium is zero; and 
where the pressure variation is zero, the displacement is a maximum or minimum. 


Pressure Wave Derivation 


Let us now derive the mathematical representation of the pressure variation in a 
traveling longitudinal wave. From the definition of the bulk modulus, B, 


AP = —B(AV/V), 


where AP represents the pressure difference from the normal pressure Po (no wave 
present) and AV/V is the fractional change in volume of the medium due to the 
pressure change AP. The negative sign reflects the fact that the volume decreases 
(AV < 0) if the pressure is increased. Consider now a layer of fluid through which 
the longitudinal wave is passing (Fig. 4). If this layer has thickness Ax and area S, 
then its volume is V = S Ax. As a result of pressure variation in the wave, the volume 
will change by an amount AV = S AD, where AD is the change in thickness of this 
layer as it compresses or expands. (Remember that D represents the displacement of 
the medium.) Thus we have 


SAD 
AP = -B : 
S Ax 
To be precise, we take the limit of Ax — 0, so we obtain 
aD 
AP = -B—> (2) 
Ox 


where we use the partial derivative notation since D is a function of both x and t. If the 
displacement D is sinusoidal as given by Eq. 1, then we have from Eq. 2 that 


AP = —(BAk) cos(kx — wt). (3) 
(Here A is the displacement amplitude, not area which is S.) Thus the pressure varies 
sinusoidally as well, but is out of phase from the displacement by 90° or a quarter 
wavelength, as in Fig. 3. The quantity BAk is called the pressure amplitude, A Py. It 
represents the maximum and minimum amounts by which the pressure varies from 
the normal ambient pressure. We can thus write 


AP = —APycos(kx — at), (4) 
where, using v = VB/p, and k = w/v = 27f/v, then 
APy = BAk 
= pu’ Ak 
= 2apv Af. (5) 


3 Intensity of Sound: Decibels 


Loudness is a sensation in the consciousness of a human being and is related to a 
physically measurable quantity, the intensity of the wave. Intensity is defined as the 
energy transported by a wave per unit time across a unit area perpendicular to 
the energy flow. Intensity is proportional to the square of the wave amplitude. Inten- 
sity has units of power per unit area, or watts/meter” (W/m’). 

The human ear can detect sounds with an intensity as low as 10°! W/m” and as 
high as 1 W/m? (and even higher, although above this it is painful). This is an incredibly 
wide range of intensity, spanning a factor of 10’? from lowest to highest. Presumably 
because of this wide range, what we perceive as loudness is not directly proportional to 
the intensity. To produce a sound that sounds about twice as loud requires a sound 
wave that has about 10 times the intensity. This is roughly valid at any sound level for 
frequencies near the middle of the audible range. For example, a sound wave of 
intensity 10? W/m? sounds to an average human being like it is about twice as loud as 
one whose intensity is 10° W/m”, and four times as loud as 10° W/m?. 
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FIGURE 3 Representation of a 
sound wave in space at a given instant 
in terms of (a) displacement, 

and (b) pressure. 


FIGURE 4 Longitudinal wave in a 
fluid moves to the right. A thin layer 
of fluid, in a thin cylinder of area S$ 
and thickness Ax, changes in volume 
as a result of pressure variation as 
the wave passes. At the moment 
shown, the pressure will increase as 
the wave moves to the right, so the 
thickness of our layer will decrease, 
by an amount AD. 
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A CAUTION 


0 dB does not mean zero intensity 


TABLE 2 
Intensity of Various Sounds 
Sound 
Source Level Intensity 
of the Sound (dB) (W/m?) 
Jet plane at 30m 140 100 
Threshold of pain 120 1 
Loud rock concert 120 1 
Siren at 30m 100 1x 107 
Truck traffic 90 1x 10% 
Busy street traffic 80 1x 1074 
Noisy restaurant 7m 1 10* 
Talk, at 50 cm ® ISO 
Quiet radio AOE sos: 
Whisper wW il Selo 
Rustle of leaves i ix io" 
Threshold of hearing 0 1 x 10° 
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Sound 


Sound Level 


Because of this relationship between the subjective sensation of loudness and the 
physically measurable quantity “intensity,” sound intensity levels are usually 
specified on a logarithmic scale. The unit on this scale is a bel, after the inventor 
Alexander Graham Bell, or much more commonly, the decibel (dB), which is 
jp bel (10dB = 1 bel). The sound level, B, of any sound is defined in terms 
of its intensity, Z, as 


B (in dB) = 10 log (6) 
0 


where J) is the intensity of a chosen reference level, and the logarithm 
is to the base 10. J) is usually taken as the minimum intensity audible to a 
good ear—the “threshold of hearing,” which is J) = 1.0 x 10° W/m*. Thus, 
for example, the sound level of a sound whose intensity J = 1.0 x 10! W/m? 
will be 


1.0 x 107° W/m? 
1.0 x 10°? W/m? 


B= log = 10log 100 = 204B, 


since log 100 is equal to 2.0. Notice that the sound level at the threshold of hearing 
is 0 dB. That is, B = 10log 10°/10° = 10log1 = 0 since log1 = 0. Notice too 
that an increase in intensity by a factor of 10 corresponds to a sound level increase 
of 10 dB. An increase in intensity by a factor of 100 corresponds to a sound level 
increase of 20dB. Thus a 50-dB sound is 100 times more intense than a 30-dB 
sound, and so on. 

Intensities and sound levels for a number of common sounds are listed in 
Table 2. 


Sound intensity on the street. At a busy street corner, the 
sound level is 75 dB. What is the intensity of sound there? 


APPROACH We have to solve Eq. 6 for intensity I, remembering that 
Ip = 1.0 x 10°! W/m’. 


SOLUTION From Eq. 6 


ie, a É 
ST, 10° 

so 
— = 108/19, 


With B = 75, then 
I = 1,108 = (1.0 x 10°? W/m?)(107°) = 3.2 x 10° W/m’. 


NOTE Recall that x = logy is the same as y = 10*. 


Loudspeaker response. A high-quality loudspeaker is adver- 
tised to reproduce, at full volume, frequencies from 30 Hz to 18,000 Hz with 
uniform sound level + 3 dB. That is, over this frequency range, the sound level 
output does not vary by more than 3 dB for a given input level. By what factor 
does the intensity change for the maximum change of 3dB in output 
sound level? 


APPROACH Let us call the average intensity /, and the average sound level 64. 
Then the maximum intensity, /,, corresponds to a level B, = B, + 3dB. We 
then use the relation between intensity and sound level, Eq. 6. 


Sound 


SOLUTION Equation 6 gives 


l A 
R2 — Bı = 10log 10 log 
Tp Tp 


3dB tl log 2 = log ” 
= os, T logy 


h 
10log 7 
il 


because (loga — log b) = log a/b. This last equation gives 


h, 
log = = 0.30, 
q 
or 
I 
2 = 10% = 20. 
l 


So + 3 dB corresponds to a doubling or halving of the intensity. 


It is worth noting that a sound-level difference of 3 dB (which corresponds to 
a doubled intensity, as we just saw) corresponds to only a very small change in the 
subjective sensation of apparent loudness. Indeed, the average human can distin- 
guish a difference in sound level of only about 1 or 2 dB. 


EXERCISE B If an increase of 3 dB means “twice as intense,” what does an increase of 
6 dB mean? 


CONCEPTUAL EXAMPLE 5 | Trumpet players. A trumpeter plays at a sound 
level of 75 dB. Three equally loud trumpet players join in. What is the new sound 
level? 


RESPONSE The intensity of four trumpets is four times the intensity of one 
trumpet (= I,) or 47,.The sound level of the four trumpets would be 


4], L 
B = 10log— = 10log4 + 10log — 
Io Io 


= 60dB + 75dB = 81dB. 


EXERCISE C From Table 2, we see that ordinary conversation corresponds to a sound level 
of about 65dB. If two people are talking at once, the sound level is (a) 65 dB, 
(b) 68 dB, (c) 75 dB, (d) 130 dB, (e) 62 dB. 


Normally, the loudness or intensity of a sound decreases as you get farther 
from the source of the sound. In interior rooms, this effect is altered because of 
reflections from the walls. However, if a source is in the open so that sound can 
radiate out freely in all directions, the intensity decreases as the inverse square of 
the distance, 

I 1 
odor?) 
P 
Over large distances, the intensity decreases faster than 1/7? because some of the 
energy is transferred into irregular motion of air molecules. This loss happens 
more for higher frequencies, so any sound of mixed frequencies will be less 
“bright” at a distance. 


495 


496 


Yoav Levy/Phototake, NYC 


@® puysics APPLIED 
Jet plane noise 


FIGURE5 Example 6. Airport 
worker with sound-intensity- 
reducing ear covers (headphones). 
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Airplane roar. The sound level measured 30m from a jet plane is 
140 dB. What is the sound level at 300 m? (Ignore reflections from the ground.) 
APPROACH Given the sound level, we can determine the intensity at 30m using 
Eq. 6. Because intensity decreases as the square of the distance, ignoring reflections, 
we can find Z at 300 m and again apply Eq. 6 to obtain the sound level. 
SOLUTION The intensity J at 30 m is 


I 
140dB = 10lo 
e( 102 z) 
or 


I 
14 = log| rai 
of 10-2 asl 
We raise both sides of this equation to the power 10 (recall 10!°2* = x) and have 
104 = E 
10? W/m? 


so I = (10'4)(10- W/m?) = 10 W/m?. At 300 m, 10 times as far, the intensity will 
be ($) = 1/100 as much, or 1 W/m’. Hence, the sound level is 


1 W/m? 
= 101 
B ox 10-2 W/m? 


Even at 300m, the sound is at the threshold of pain. This is why workers at 
airports wear ear covers to protect their ears from damage (Fig. 5). 

NOTE Here is a simpler approach that avoids Eq. 6. Because the intensity 
decreases as the square of the distance, at 10 times the distance the intensity 
decreases by (AY = 7m We can use the result that 10dB corresponds to 
an intensity change by a factor of 10 (see text just before Example 3). Then an 
intensity change by a factor of 100 corresponds to a sound-level change of 
(2)(10 dB) = 20dB. This confirms our result above: 140 dB — 20dB = 120 dB. 


= 120dB. 


Intensity Related to Amplitude 


The intensity / of a wave is proportional to the square of the wave amplitude. We 
can therefore relate the amplitude quantitatively to the intensity Z or level B, as 
the following Example shows. 


How tiny the displacement is. (a) Calculate the displacement of 
air molecules for a sound having a frequency of 1000 Hz at the threshold of 
hearing. (b) Determine the maximum pressure variation in such a sound wave. 


APPROACH Recall, there is a relation between intensity 7 and displacement ampli- 
tude A of a wave. The amplitude of oscillation of air molecules is what we want to 
solve for, given the intensity. The pressure is found from Eq. 5. 

SOLUTION (a) At the threshold of hearing, J = 1.0 x 10°? W/m? (Table 2). We 
solve for the amplitude A in: 


1 I 


A = oF N 2pe 


1 T 1.0 x 10-2 W/m? 
g (3.14)(1.0 x 10° s™!) V (2)(1.29 kg/m°)(343 m/s) 
= 11x 10m; 
where we have taken the density of air to be 1.29 kg/m? and the speed of sound 
in air (assumed 20°C) as 343 m/s. 


NOTE We see how incredibly sensitive the human ear is: it can detect displacements 
of air molecules which are actually less than the diameter of atoms (about 107!’ m). 


(b) Now we are dealing with sound as a pressure wave (Section 2). From Eq. 5, 
APyy = 2a7pvAf 
= 2n(1.29 kg/m3)(343 m/s)(1.1 x 107!! m)(1.0 x 10° s~!) = 3.1 x 10° Pa 


or 3.1 X 10°!’ atm. Again we see that the human ear is incredibly sensitive. 


Sound 


By combining the amplitude Eq. in the solution and Eq. 5, we can write the 
intensity in terms of the pressure amplitude, AP): 


APy \? 
I = 2Wupf?A = anoppi 


2apouf 
(AP) 


ae ae (7) 


The intensity, when given in terms of pressure amplitude, thus does not depend on 
frequency. 


The Ear’s Response 


The ear is not equally sensitive to all frequencies. To hear the same loudness for 
sounds of different frequencies requires different intensities. Studies averaged over 
large numbers of people have produced the curves shown in Fig. 6. On this graph, 
each curve represents sounds that seemed to be equally loud. The number labeling 
each curve represents the loudness level (the units are called phons), which is 
numerically equal to the sound level in dB at 1000 Hz. For example, the curve 
labeled 40 represents sounds that are heard by an average person to have the same 
loudness as a 1000-Hz sound with a sound level of 40 dB. From this 40-phon curve, 
we see that a 100-Hz tone must be at a level of about 62 dB to be perceived as 
loud as a 1000-Hz tone of only 40 dB. 

The lowest curve in Fig. 6 (labeled 0) represents the sound level, as a function of 
frequency, for the threshold of hearing, the softest sound that is just audible by a 
very good ear. Note that the ear is most sensitive to sounds of frequency between 
2000 and 4000 Hz, which are common in speech and music. Note too that whereas 
a 1000-Hz sound is audible at a level of 0 dB, a 100-Hz sound must be nearly 40 dB 
to be heard. The top curve in Fig. 6, labeled 120 phons, represents the threshold of 
pain. Sounds above this level can actually be felt and cause pain. 

Figure 6 shows that at lower sound levels, our ears are less sensitive to the high 
and low frequencies relative to middle frequencies. The “loudness” control on 
some stereo systems is intended to compensate for this low-volume insensitivity. 
As the volume is turned down, the loudness control boosts the high and low 
frequencies relative to the middle frequencies so that the sound will have a more 
“normal-sounding” frequency balance. Many listeners, however, find the sound 
more pleasing or natural without the loudness control. 


4 Sources of Sound: 
Vibrating Strings and Air Columns 


The source of any sound is a vibrating object. Almost any object can vibrate 
and hence be a source of sound. We now discuss some simple sources of 
sound, particularly musical instruments. In musical instruments, the source 
is set into vibration by striking, plucking, bowing, or blowing. Standing 
waves are produced and the source vibrates at its natural resonant frequencies. 
The vibrating source is in contact with the air (or other medium) and pushes on it to 
produce sound waves that travel outward. The frequencies of the waves are the same 
as those of the source, but the speed and wavelengths can be different. A drum has a 
stretched membrane that vibrates. Xylophones and marimbas have metal or wood 
bars that can be set into vibration. Bells, cymbals, and gongs also make use of a 
vibrating metal. Many instruments make use of vibrating strings, such as the violin, 
guitar, and piano, or make use of vibrating columns of air, such as the flute, trumpet, 
and pipe organ. We have already seen that the pitch of a pure sound is determined 
by the frequency. Typical frequencies for musical notes on the “equally tempered 
chromatic scale” are given in Table 3 for the octave beginning with middle C. Note 
that one octave corresponds to a doubling of frequency. For example, middle C has 
frequency of 262 Hz whereas C’ (C above middle C) has twice that frequency, 
524 Hz. [Middle C is the C or “do” note at the middle of a piano keyboard.] 


Sound 
level (dB) 
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Intensity 
(W/m?) 


Thresifold of pain 120 phons L 
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FIGURE 6 Sensitivity of the human 


ear as a function of frequency (see 
text). Note that the frequency scale 
is “logarithmic” in order to cover a 


wide range of frequencies. 


TABLE 3 Equally Tempered 
Chromatic Scale‘ 


Note Frequency (Hz) 
€ 262 
C# or D> 277 
D 294 
D# or Eb 311 
E 330 
F 349 
F# or G> 370 
G 392 
G# or Ab 415 
A 440 
A# or Bb 466 
B 494 
C 524 


‘Only one octave is included. 
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FIGURE 7 Standing waves on a string — 
only the lowest three frequencies are 


shown. 
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(b) 


FIGURE 8 The wavelength of (a) 
an unfingered string is longer than 
that of (b) a fingered string. Hence, 
the frequency of the fingered string 
is higher. Only one string is shown 
on this guitar, and only the simplest 
standing wave, the fundamental, is 
shown. 


Sound 


Second overtone or third harmonic, f3 = 3f; 


Stringed Instruments 


We see how standing waves are established on a string in Fig. 7. Such standing waves 
are the basis for all stringed instruments. The pitch is normally determined by the 
lowest resonant frequency, the fundamental, which corresponds to nodes occurring 
only at the ends. The string vibrating up and down as a whole corresponds to a half 
wavelength as shown at the top of Fig. 7; so the wavelength of the fundamental on the 
string is equal to twice the length of the string. Therefore, the fundamental frequency 
is f; = v/A = v/2£, where v is the velocity of the wave on the string (not in the 
air). The possible frequencies for standing waves on a stretched string are whole- 
number multiples of the fundamental frequency: 
v 


fa = nfi = na n= 1,2,3,°% 
where n = 1 refers to the fundamental and n = 2,3,:-- are the overtones. All of 
the standing waves, n = 1, 2,3,---, are called harmonics.’ 


When a finger is placed on the string of a guitar or violin, the effective length of 
the string is shortened. So its fundamental frequency, and pitch, is higher since the 
wavelength of the fundamental is shorter (Fig. 8). The strings on a guitar or violin 
are all the same length. They sound at a different pitch because the strings have 
different mass per unit length, u, which affects the velocity on the string, 


v = V Fru. [stretched string] 


Thus the velocity on a heavier string is lower and the frequency will be lower for the 
same wavelength. The tension Fy may also be different. Adjusting the tension is 
the means for tuning the pitch of each string. In pianos and harps the strings are of 
different lengths. For the lower notes the strings are not only longer, but heavier as 
well, and the reason is illustrated in the following Example. 


GW SSE Piano strings. The highest key on a piano corresponds to a 

frequency about 150 times that of the lowest key. If the string for the highest note 

is 5.0 cm long, how long would the string for the lowest note have to be if it had 

the same mass per unit length and was under the same tension? 

APPROACH Since v = \/ Fr/p, the velocity would be the same on each string. So 

the frequency is inversely proportional to the length £ of the string (f = v/A = v/28). 

SOLUTION We can write, for the fundamental frequencies of each string, the ratio 
& _ fa 
la fi 

where the subscripts L and H refer to the lowest and highest notes, respectively. 

Thus & = ly(fu/fL) = (5.0 cm)(150) = 750 cm, or 7.5m. This would be ridicu- 

lously long (~ 25 ft) for a piano. 

NOTE The longer strings of lower frequency are made heavier, of higher mass 

per unit length, so even on grand pianos the strings are less than 3 m long. 


*When the resonant frequencies above the fundamental (that is, the overtones) are integral multiples 
of the fundamental, as here, they are called harmonics. But if the overtones are not integral multiples of 
the fundamental, as is the case for a vibrating drumhead, for example, they are not harmonics. 


Sound 


EXERCISE D Two strings have the same length and tension, but one is more massive than 
the other. Which plays the higher note? 


Frequencies and wavelengths in the violin. A 0.32-m-long 
violin string is tuned to play A above middle C at 440 Hz. (a) What is the 
wavelength of the fundamental string vibration, and (b) what are the frequency 
and wavelength of the sound wave produced? (c) Why is there a difference? 


APPROACH The wavelength of the fundamental string vibration equals twice the 
length of the string (Fig. 7). As the string vibrates, it pushes on the air, which is 
thus forced to oscillate at the same frequency as the string. 


SOLUTION (a) From Fig. 7 the wavelength of the fundamental is 
A = 2 = 2(0.32m) = 0.64m = 64cm. 
This is the wavelength of the standing wave on the string. 


(b) The sound wave that travels outward in the air (to reach our ears) has the 
same frequency, 440 Hz. Its wavelength is 


A= ee 0.78m = 78cm, 
f 440 Hz 


where v is the speed of sound in air (assumed at 20°C), Section 1. 

(c) The wavelength of the sound wave is different from that of the standing wave 
on the string because the speed of sound in air (343 m/s at 20°C) is different from 
the speed of the wave on the string (= fA = 440 Hz x 0.64m = 280 m/s) 
which depends on the tension in the string and its mass per unit length. 

NOTE The frequencies on the string and in the air are the same: the string and air 
are in contact, and the string “forces” the air to vibrate at the same frequency. 
But the wavelengths are different because the wave speed on the string is 
different than that in air. 


Stringed instruments would not be very loud if they relied on their vibrating 
strings to produce the sound waves since the strings are too thin to compress and 
expand much air. Stringed instruments therefore make use of a kind of mechanical 
amplifier known as a sounding board (piano) or sounding box (guitar, violin), which 
acts to amplify the sound by putting a greater surface area in contact with the air 
(Fig. 9). When the strings are set into vibration, the sounding board or box is set 
into vibration as well. Since it has much greater area in contact with the air, it can 
produce a more intense sound wave. On an electric guitar, the sounding box is not 
so important since the vibrations of the strings are amplified electronically. 


Wind Instruments 


Instruments such as woodwinds, the brasses, and the pipe organ produce sound 
from the vibrations of standing waves in a column of air within a tube (Fig. 10). 
Standing waves can occur in the air of any cavity, but the frequencies present are 
complicated for any but very simple shapes such as the uniform, narrow tube of a 
flute or an organ pipe. In some instruments, a vibrating reed or the vibrating lip of 
the player helps to set up vibrations of the air column. In others, a stream of air is 
directed against one edge of the opening or mouthpiece, leading to turbulence 
which sets up the vibrations. Because of the disturbance, whatever its source, the 
air within the tube vibrates with a variety of frequencies, but only frequencies that 
correspond to standing waves will persist. 

For a string fixed at both ends, Fig. 7, we saw that the standing waves have nodes 
(no movement) at the two ends, and one or more antinodes (large amplitude of 
vibration) in between. A node separates successive antinodes. The lowest-frequency 
standing wave, the fundamental, corresponds to a single antinode. The higher- 
frequency standing waves are called overtones or harmonics. Specifically, the first 
harmonic is the fundamental, the second harmonic (= first overtone) has twice the 
frequency of the fundamental, and so on. 


A CAUTION 


Speed of standing wave on string 
+ speed of sound wave in air 


Ben Clark/Photonica Amana America, 
Inc./Getty Images 
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(b) 
FIGURE 9 (a) Piano, showing 


sounding board to which the strings 


are attached; (b) sounding box 
(guitar). 


FIGURE 10 Wind instruments: 
flute (left) and clarinet. 
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(a) Displacement of air 


Sound 


TUBE OPEN AT BOTH ENDS 


(b) Pressure variation in the air 
i 


|. l 


A 
node gata 
antinode = 9 1 
B f= I 


First harmonic = fundamental 


B 


we 


—e— -e -o © -e -e> -e ~-{motion of air molecules] 


B h= =2f, 


A Third harmonic 
3 
B f= FP =3f 


FIGURE 11 Graphs of the three 
simplest modes of vibration (standing 
waves) for a uniform tube open at both 
ends (“open tube”). These simplest 
modes of vibration are graphed in (a), 
on the left, in terms of the motion of the 
air (displacement), and in (b), on the 
right, in terms of air pressure. Each 
graph shows the wave format at two 
times, A and B, a half period apart. The 
actual motion of molecules for one 
case, the fundamental, is shown just 
below the tube at top left. 
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The situation is similar for a column of air in a tube of uniform diameter, but 
we must remember that it is now air itself that is vibrating. We can describe the 
waves either in terms of the flow of the air—that is, in terms of the displacement of 
air—or in terms of the pressure in the air (see Figs. 2 and 3). In terms of displace- 
ment, the air at the closed end of a tube is a displacement node since the air is not 
free to move there, whereas near the open end of a tube there will be an antinode 
because the air can move freely in and out. The air within the tube vibrates in the 
form of longitudinal standing waves. The possible modes of vibration for a tube 
open at both ends (called an open tube) are shown graphically in Fig. 11. They are 
shown for a tube that is open at one end but closed at the other (called a closed 
tube) in Fig. 12. [A tube closed at both ends, having no connection to the outside air, 
would be useless as an instrument.] The graphs in part (a) of each Figure (left-hand 
sides) represent the displacement amplitude of the vibrating air in the tube. Note 
that these are graphs, and that the air molecules themselves oscillate horizontally, 
parallel to the tube length, as shown by the small arrows in the top diagram of 
Fig. 11a (on the left). The exact position of the antinode near the open end of a tube 
depends on the diameter of the tube, but if the diameter is small compared to the 
length, which is the usual case, the antinode occurs very close to the end as shown. 
We assume this is the case in what follows. (The position of the antinode may also 
depend slightly on the wavelength and other factors.) 

Let us look in detail at the open tube, in Fig. 11a, which might be an organ 
pipe or a flute. An open tube has displacement antinodes at both ends since the air 
is free to move at open ends. There must be at least one node within an open tube 
if there is to be a standing wave at all. A single node corresponds to the 
fundamental frequency of the tube. Since the distance between two successive 
nodes, or between two successive antinodes, is 5A, there is one-half of a wavelength 
within the length of the tube for the simplest case of the fundamental (top 
diagram in Fig. 11a): £=4A, or A=2£ So the fundamental frequency is 
fı = v/A = v/24, where v is the velocity of sound in air (the air in the tube). The 
standing wave with two nodes is the first overtone or second harmonic and has half 
the wavelength (£ = A) and twice the frequency of the fundamental. Indeed, in a 
uniform tube open at both ends, the frequency of each overtone is an integral 
multiple of the fundamental frequency, as shown in Fig. 11a. This is just what is 
found for a string. 

For a closed tube, shown in Fig. 12a, which could be an organ pipe, there is 
always a displacement node at the closed end (because the air is not free 
to move) and an antinode at the open end (where the air can move freely). Since 
the distance between a node and the nearest antinode is +A, we see that the 
fundamental in a closed tube corresponds to only one-fourth of a wavelength 
within the length of the tube: 2 = A/4, and A = 4l. The fundamental frequency is 
thus fı = v/4@, or half that for an open pipe of the same length. There is another 
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TUBE CLOSED AT ONE END 


(a) Displacement of air (b) Pressure variation in the air 


E : 4 È 


A First harmonic = fundamental 


; : 


B fla 


A Third harmonic >) a 


B B= =3f, 


> Overtones < 
A Fifth harmonic 


tis (CXX 
B f= 79 =5f 


difference, for as we can see from Fig. 12a, only the odd harmonics are present in a 
closed tube: the overtones have frequencies equal to 3,5,7,... times the funda- 
mental frequency. There is no way for waves with 2, 4, 6, ... times the fundamental 
frequency to have a node at one end and an antinode at the other, and thus they 
cannot exist as standing waves in a closed tube. 

Another way to analyze the vibrations in a uniform tube is to consider a 
description in terms of the pressure in the air, shown in part (b) of Figs. 11 and 12 
(right-hand sides). Where the air in a wave is compressed, the pressure is higher, 
whereas in a wave expansion (or rarefaction), the pressure is less than normal. The 
open end of a tube is open to the atmosphere. Hence the pressure variation at an 
open end must be a node: the pressure does not alternate, but remains at the outside 
atmospheric pressure. If a tube has a closed end, the pressure at that closed end can 
readily alternate to be above or below atmospheric pressure. Hence there is a pressure 
antinode at a closed end of a tube. There can be pressure nodes and antinodes within 
the tube. Some of the possible vibrational modes in terms of pressure for an open 
tube are shown in Fig. 11b, and for a closed tube are shown in Fig. 12b. 


Organ pipes. What will be the fundamental frequency and first 
three overtones for a 26-cm-long organ pipe at 20°C if it is (a) open and (b) closed? 
APPROACH All our calculations can be based on Figs. 11a and 12a. 

SOLUTION (a) For the open pipe, Fig. 11a, the fundamental frequency is 


v 343 m/s 
=2 -= = 660 Hz. 
fi = 99 = 3(026m) 


The speed v is the speed of sound in air (the air vibrating in the pipe). The 
overtones include all harmonics: 1320 Hz, 1980 Hz, 2640 Hz, and so on. 
(b) For a closed pipe, Fig. 12a, the fundamental frequency is 
v 343 m/s 
fi = a = 4(0.26 m) 
Only odd harmonics are present: the first three overtones are 990 Hz, 1650 Hz, 
and 2310 Hz. 


NOTE The closed pipe plays 330 Hz, which, from Table 3, is E above middle C, 
whereas the open pipe of the same length plays 660 Hz, an octave higher. 


= 330 Hz. 


Pipe organs use both open and closed pipes, with lengths from a few centimeters 
to 5m or more. A flute acts as an open tube, for it is open not only where you blow 
into it, but also at the opposite end. The different notes on a flute are obtained by 
shortening the length of the vibrating air column, by uncovering holes along the tube 
(so a displacement antinode can occur at the hole). The shorter the length of the 
vibrating air column, the higher the fundamental frequency. 


FIGURE 12 Modes of vibration 
(standing waves) for a tube closed at 
one end (“closed tube”). See caption 
for Fig. 11. 
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Sum of all three 


FIGURE 13 The displacements of the 
fundamental and first two overtones 
are added at each point to get the 
“sum,” or composite waveform. 


FIGURE 14 Sound spectra for 
different instruments. The spectra 
change when the instruments play 
different notes. The clarinet is a bit 
complicated: it acts like a closed tube 
at lower frequencies, having only odd 
harmonics, but at higher frequencies all 
harmonics occur as for an open tube. 
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Sound 


Flute. A flute is designed to play middle C (262 Hz) as the 
fundamental frequency when all the holes are covered. Approximately how long 
should the distance be from the mouthpiece to the far end of the flute? (This is 
only approximate since the antinode does not occur precisely at the mouthpiece.) 
Assume the temperature is 20°C. 

APPROACH When all holes are covered, the length of the vibrating air column is 
the full length. The speed of sound in air at 20°C is 343 m/s. Because a flute is 
open at both ends, we use Fig. 11: the fundamental frequency f; is related to the 
length £ of the vibrating air column by f = v/28. 

SOLUTION Solving for £, we find 
v 343 m/s 


t= oF 2(262 s7) 


= 0.655m =~ 0.66m. 


will be in tune), determine the fundamental frequency of the flute of Example 11 when all 


EXERCISE E To see why players of wind instruments “warm up” their instruments (so they 
holes are covered and the temperature is 10°C instead of 20°C. 


EXERCISE F Return to the Chapter-Opening Question and answer it again now. Try to 
explain why you may have answered differently the first time. 


*5 Quality of Sound, and Noise; 
Superposition 


Whenever we hear a sound, particularly a musical sound, we are aware of its loud- 
ness, its pitch, and also of a third aspect called its timbre or “quality.” For example, 
when a piano and then a flute play a note of the same loudness and pitch (say, 
middle C), there is a clear difference in the overall sound. We would never mistake 
a piano for a flute. This is what is meant by the timbre or quality of a sound. For 
musical instruments, the term tone color is also used. 

Just as loudness and pitch can be related to physically measurable quantities, so 
too can quality. The quality of a sound depends on the presence of overtones—their 
number and their relative amplitudes. Generally, when a note is played on a musical 
instrument, the fundamental as well as overtones are present simultaneously. 
Figure 13 illustrates how the principle of superposition applies to three wave forms, in 
this case the fundamental and first two overtones (with particular amplitudes): they 
add together at each point to give a composite waveform (by which we mean the 
displacement as a function of position at a given time). Normally, more than two 
overtones are present. [Any complex wave can be analyzed into a superposition of 
sinusoidal waves of appropriate amplitudes, wavelengths, and frequencies. Such an 
analysis is called a Fourier analysis.] 

The relative amplitudes of the overtones for a given note are different for 
different musical instruments, which is what gives each instrument its characteristic 
quality or timbre. A bar graph showing the relative amplitudes of the harmonics for a 
given note produced by an instrument is called a sound spectrum. Several typical 
examples for different musical instruments are shown in Fig. 14. The fundamental 
usually has the greatest amplitude, and its frequency is what is heard as the pitch. 

The manner in which an instrument is played strongly influences the sound 
quality. Plucking a violin string, for example, makes a very different sound than 
pulling a bow across it. The sound spectrum at the very start (or end) of a note (as 
when a hammer strikes a piano string) can be very different from the subsequent 
sustained tone. This too affects the subjective tone quality of an instrument. 

An ordinary sound, like that made by striking two stones together, is a noise 
that has a certain quality, but a clear pitch is not discernible. Such a noise is a 
mixture of many frequencies which bear little relation to one another. A sound 
spectrum made of that noise would not show discrete lines like those of Fig. 14. 
Instead it would show a continuous, or nearly continuous, spectrum of frequencies. 
Such a sound we call “noise” in comparison with the more harmonious sounds 
which contain frequencies that are simple multiples of the fundamental. 


Sound 


6 Interference of Sound Waves; Beats 


Interference in Space 


When two waves simultaneously pass through the same region of space, they inter- 
fere with one another. Interference also occurs with sound waves. 

Consider two large loudspeakers, A and B, a distance d apart on the stage of an 
auditorium as shown in Fig. 15. Let us assume the two speakers are emitting sound 
waves of the same single frequency and that they are in phase: that is, when one speaker 
is forming a compression, so is the other. (We ignore reflections from walls, floor, etc.) 
The curved lines in the diagram represent the crests of sound waves from each speaker 
at one instant in time. We must remember that for a sound wave, a crest is a compression 
in the air whereas a trough—which falls between two crests—is a rarefaction. A human 
ear or detector at a point such as C, which is the same distance from each speaker, will 
experience a loud sound because the interference will be constructive—two crests 
reach it at one moment, two troughs reach it a moment later. On the other hand, at a 
point such as D in the diagram, little if any sound will be heard because destructive 
interference occurs—compressions of one wave meet rarefactions of the other and 
vice versa. 

An analysis of this situation is perhaps clearer if we graphically represent the 
waveforms as in Fig. 16. In Fig. 16a, it can be seen that at point C, constructive inter- 
ference occurs since both waves simultaneously have crests or simultaneously have 
troughs when they arrive at C. In Fig. 16b we see that, to reach point D, the wave 
from speaker B must travel a greater distance than the wave from A. Thus 
the wave from B lags behind that from A. In this diagram, point E is chosen so that 
the distance ED is equal to AD. Thus we see that if the distance BE is equal to 
precisely one-half the wavelength of the sound, the two waves will be exactly out of 
phase when they reach D, and destructive interference occurs. This then is the 
criterion for determining at what points destructive interference occurs: destructive 
interference occurs at any point whose distance from one speaker is one-half wave- 
length greater than its distance from the other speaker. Notice that if this extra 
distance (BE in Fig. 16b) is equal to a whole wavelength (or 2, 3, ... wavelengths), 
then the two waves will be in phase and constructive interference occurs. If the 
distance BE equals 5, 14,25,... wavelengths, destructive interference occurs. 

It is important to realize that a person at point D in Fig. 15 or 16 hears nothing 
at all (or nearly so), yet sound is coming from both speakers. Indeed, if one of the 
speakers is turned off, the sound from the other speaker will be clearly heard. 

If a loudspeaker emits a whole range of frequencies, only specific wavelengths 
will destructively interfere completely at a given point. 


Loudspeakers’ interference. Two loudspeakers are 1.00m 
apart. A person stands 4.00m from one speaker. How far must this person be 
from the second speaker to detect destructive interference when the speakers 
emit an 1150-Hz sound? Assume the temperature is 20°C. 


APPROACH To sense destructive interference, the person must be one-half 
wavelength closer to or farther from one speaker than from the other—that is, at 
a distance = 4.00m + A/2. We can determine A since we know f and v. 
SOLUTION The speed of sound at 20°C is 343 m/s, so the wavelength of this 
sound is 


v 343 m/s 
== = 030m. 
f  1150Hz m 


For destructive interference to occur, the person must be one-half wavelength 
farther from one loudspeaker than from the other, or 0.15m. Thus the person 
must be 3.85 m or 4.15 m from the second speaker. 

NOTE If the speakers are less than 0.15m apart, there will be no point that is 
0.15 m farther from one speaker than the other, and there will be no point where 
destructive interference could occur. 


FIGURE 15 Sound waves from two 
loudspeakers interfere. 


FIGURE 16 Sound waves 

of a single frequency from 
loudspeakers A and B (see 

Fig. 15) constructively interfere at C 
and destructively interfere at D. 
[Shown here are graphical 
representations, not the actual 
longitudinal sound waves.] 
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FIGURE 17 Beats occur as a 
result of the superposition of two 
sound waves of slightly different 
frequency. 
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beat period (0.10 s) ———————__—__+, 


Beats — Interference in Time 


We have been discussing interference of sound waves that takes place in space. 
An interesting and important example of interference that occurs in time is the 
phenomenon known as beats: If two sources of sound—say, two tuning forks—are 
close in frequency but not exactly the same, sound waves from the two sources interfere 
with each other. The sound level at a given position alternately rises and falls in time, 
because the two waves are sometimes in phase and sometimes out of phase due to 
their different wavelengths. The regularly spaced intensity changes are called beats. 
To see how beats arise, consider two equal-amplitude sound waves of frequency 
fa =50Hz and fg = 60 Hz, respectively. In 1.00s, the first source makes 50 
vibrations whereas the second makes 60. We now examine the waves at one point in 
space equidistant from the two sources. The waveforms for each wave as a function 
of time, at a fixed position, are shown on the top graph of Fig. 17; the red line repre- 
sents the 50-Hz wave, and the blue line represents the 60-Hz wave. The lower graph 
in Fig. 17 shows the sum of the two waves as a function of time. At time t = 0 the 
two waves are shown to be in phase and interfere constructively. Because the two 
waves vibrate at different rates, at time t£ = 0.05s they are completely out of phase 
and interfere destructively. At £ = 0.10s, they are again in phase and the resultant 
amplitude again is large. Thus the resultant amplitude is large every 0.10 s and drops 
drastically in between. This rising and falling of the intensity is what is heard as 
beats.’ In this case the beats are 0.10s apart. That is, the beat frequency is ten per 
second, or 10 Hz. This result, that the beat frequency equals the difference in 
frequency of the two waves, is valid in general, as we now show. 
Let the two waves, of frequencies fı and f,, be represented at a fixed point in 

space by 

D, = Asin2zf;t 
and 

D, = Asin2rfit. 
The resultant displacement, by the principle of superposition, is 

D = D, + D, = A(sin 2mfıt + sin 2r fat). 


Using the trigonometric identity sin 6; + sin 0, = 2 sin; (0 + 02) cos3(0; = b), 


we have 
D= [2A cosa > 2) | sinze( 2): (8) 


We can interpret Eq. 8 as follows. The superposition of the two waves results in a wave 
that vibrates at the average frequency of the two components, (f4 + f2)/2.This vibra- 
tion has an amplitude given by the expression in brackets, and this amplitude varies in 
time, from zero to a maximum of 2A (the sum of the separate amplitudes), with a 
frequency of (f4 — f2)/2.A beat occurs whenever cos 2n|( fi- fa) 2] tequals +1 or 
—1 (see Fig. 17); that is, two beats occur per cycle, so the beat frequency is twice 
(fi — f2)/2which is just f4 — f2,the difference in frequency of the component waves. 


‘Beats will be heard even if the amplitudes are not equal, as long as the difference in amplitude is not great. 


Sound 


The phenomenon of beats can occur with any kind of wave and is a very 
sensitive method for comparing frequencies. For example, to tune a piano, a piano 
tuner listens for beats produced between his standard tuning fork and that of a 
particular string on the piano, and knows it is in tune when the beats disappear. The 
members of an orchestra tune up by listening for beats between their instruments 
and that of a standard tone (usually A above middle C at 440 Hz) produced by a 
piano or an oboe. A beat frequency is perceived as an intensity modulation (a wavering 
between loud and soft) for beat frequencies below 20 Hz or so, and as a separate low 
tone for higher beat frequencies (audible if the tones are strong enough). 


Beats. A tuning fork produces a steady 400-Hz tone. When this 
tuning fork is struck and held near a vibrating guitar string, twenty beats are counted 
in five seconds. What are the possible frequencies produced by the guitar string? 
APPROACH For beats to occur, the string must vibrate at a frequency different 
from 400 Hz by whatever the beat frequency is. 

SOLUTION The beat frequency is 


foeat = 20vibrations/5s = 4Hz. 


This is the difference of the frequencies of the two waves. Because one wave is 
known to be 400 Hz, the other must be either 404 Hz or 396 Hz. 


7 Doppler Effect 


You may have noticed that you hear the pitch of the siren on a speeding fire truck 
drop abruptly as it passes you. Or you may have noticed the change in pitch of a 
blaring horn on a fast-moving car as it passes by you. The pitch of the engine noise 
of a racecar changes as the car passes an observer. When a source of sound is moving 
toward an observer, the pitch the observer hears is higher than when the source is at 
rest; and when the source is traveling away from the observer, the pitch is lower. This 
phenomenon is known as the Doppler effect’ and occurs for all types of waves. Let 
us now see why it occurs, and calculate the difference between the perceived and 
source frequencies when there is relative motion between source and observer. 

Consider the siren of a fire truck at rest, which is emitting sound of a particular 
frequency in all directions as shown in Fig. 18a. The sound waves are moving at the 
speed of sound in air, Ys,q, Which is independent of the velocity of the source or 
observer. If our source, the fire truck, is moving, the siren emits sound at the same 
frequency as it does at rest. But the sound wavefronts it emits forward, in front of it, 
are closer together than when the fire truck is at rest, as shown in Fig. 18b. This is 
because the fire truck, as it moves, is “chasing” the previously emitted wavefronts, 
and emits each crest closer to the previous one. Thus an observer on the sidewalk in 
front of the truck will detect more wave crests passing per second, so the frequency 
heard is higher. The wavefronts emitted behind the truck, on the other hand, are 
farther apart than when the truck is at rest because the truck is speeding away from 
them. Hence, fewer wave crests per second pass by an observer behind the moving 
truck (Fig. 18b) and the perceived pitch is lower. 
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Tuning a piano 


} FIGURE 18 (a) Both observers on 
i ‘pea ; the sidewalk hear the same 
IL i frequency from a fire truck at rest. 


(a) At rest (b) Doppler effect: observer toward 
whom the fire truck moves hears a 


(b) Fire truck moving 


‘After J. C. Doppler (1803-1853). 


higher-frequency sound, and 
observer behind the fire truck hears 
a lower-frequency sound. 
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Source e>} d=À 


(a) Source fixed 


Crest emitted 
when source 
was at point 1. 


Crest emitted 
when source 
was at point 2. 


1 v, 5 
source e X 


d v, 


source ~ “source 


(b) Source moving 


FIGURE 19 Determination of the 
frequency shift in the Doppler effect 
(see text). The red dot is the source. 
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We can calculate the frequency shift perceived by making use of Fig. 19, and 
we assume the air (or other medium) is at rest in our reference frame. (The 
stationary observer is off to the right.) In Fig. 19a, the source of the sound is shown 
as a red dot, and is at rest. Two successive wave crests are shown, the second of 
which has just been emitted and so is still near the source. The distance between 
these crests is A, the wavelength. If the frequency of the source is f, then the time 
between emissions of wave crests is 


1 À 
f Usnd 
In Fig. 19b, the source is moving with a velocity V,ouree toward the observer. 
In a time T (as just defined), the first wave crest has moved a distance 
d = Vna T = A, where Vna is the velocity of the sound wave in air (which is the 
same whether the source is moving or not). In this same time, the source has 
moved a distance dyource = Vsource T. Then the distance between successive wave 
crests, which is the wavelength X’ the observer will perceive, is 
Sa source 
= A — VUsource T 
À 


= À — VUsource 
snd 


af 1- Usource i 
Usnd 


We subtract A from both sides of this equation and find that the shift in wavelength, 
AA, is 


Vsource 


Av = X A = -A 


Usnd 
So the shift in wavelength is directly proportional to the source speed Vsource. The 
frequency f’ that will be perceived by our stationary observer on the ground is given by 


' Usnd Usnd 
f= = mo. 
N 1 ma source 
Usnd 
Since Vgnq/A = f, then 
— f source moving toward 
fi = 7—=_ ae $ (9a) 
(1 = Sam stationary observer 
Usnd 


Because the denominator is less than 1, the observed frequency f’ is greater than 
the source frequency f. That is, f’ > f. For example, if a source emits a sound of 
frequency 400 Hz when at rest, then when the source moves toward a fixed 
observer with a speed of 30 m/s, the observer hears a frequency (at 20°C) of 
; 400 Hz 
f= 30m/s 438 Hz. 
343 m/s 

Now consider a source moving away from the stationary observer at a speed Vource - 
Using the same arguments as above, the wavelength A’ perceived by our observer 
will have the minus sign on d,ource (second equation on this page) changed to plus: 


A Sd A source 


a rs Vsource 
Usnd 


The difference between the observed and emitted wavelengths will be AA = A’ — A = 
+A(Vsource/ Vsna). The observed frequency of the wave, f’ = Vsna/A', will be 


pa f f source moving away from 
7 (1 n “am: stationary observer (9b) 
Usnd 


If a source emitting at 400 Hz is moving away from a fixed observer at 30 m/s, the 
observer hears a frequency f’ = (400 Hz)/[1 + (30 m/s)/(343 m/s)| = 368 Hz. 


Sound 


Observer FIGURE 20 Observer moving with 
Source T speed Vops toward a stationary 
e <—A = E = _ - source detects wave crests passing at 
Vsource = 0 Ysnd Yobs © - speed v! = Vnd + Vobs Where Vna iS 
the speed of the sound waves in air. 


The Doppler effect also occurs when the source is at rest and the observer is in 
motion. If the observer is traveling toward the source, the pitch heard is higher than 
that of the emitted source frequency. If the observer is traveling away from the 
source, the pitch heard is lower. Quantitatively the change in frequency is different 
than for the case of a moving source. With a fixed source and a moving observer, the 
distance between wave crests, the wavelength A, is not changed. But the velocity of 
the crests with respect to the observer is changed. If the observer is moving toward 
the source, Fig. 20, the speed v’ of the waves relative to the observer is a simple 
addition of velocities: v’ = Vna + Vobs, Where Usna is the velocity of sound in air 
(we assume the air is still) and up, is the velocity of the observer. Hence, the 
frequency heard is 


Vv Usna + Vobs - 


Ten z 


Because À = V,na/f, then 


(Usna + vobs) 


p e, 
Usnd 
or 
v ; 
falis obs f. observer moving toward (10a) 
i Und)” stationary source 


If the observer is moving away from the source, the relative velocity is 
v= Usnd T Vobs> SO 


rŠ _ vobs observer moving away 
p= (1 wae ` Be stationary | (10b) 


A moving siren. The siren of a police car at rest emits at a 
predominant frequency of 1600 Hz. What frequency will you hear if you are at 
rest and the police car moves at 25.0 m/s (a) toward you, and (b) away from you? 


APPROACH The observer is fixed, and the source moves, so we use Eqs. 9. The 
frequency you (the observer) hear is the emitted frequency f divided by 
the factor (1 E Win teal Usna) where Vsource IS the speed of the police car. Use the 
minus sign when the car moves toward you (giving a higher frequency); use 
the plus sign when the car moves away from you (lower frequency). 


SOLUTION (a) The car is moving toward you, so (Eq. 9a) 
f 1600 Hz 


ee = = 1726Hz ~ 1730 Hz. 
f bz Usoütcé i 25.0 m/s 
Usnd 343 m/s 
(b) The car is moving away from you, so (Eq. 9b) 
1600 H. 
f= f = Z = 1491 Hz ~ 1490 Hz. 
i Deciiice i4 25.0 m/s 
Usnd 343 m/s 


frequency would you hear if you were moving at 25.0m/s (a) toward it, and 


EXERCISE G Suppose the police car of Example 14 is at rest and emits at 1600 Hz. What 
(b) away from it? 
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\ \ 3.50 m/s 
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FIGURE 21 Example 15. 
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Doppler blood-flow meter 
and other medical uses 


PROBLEM SOLVING 
Getting the signs right 


Sound 


When a sound wave is reflected from a moving obstacle, the frequency of the 
reflected wave will, because of the Doppler effect, be different from that of 
the incident wave. This is illustrated in the following Example. 


Two Doppler shifts. A 5000-Hz sound wave is emitted by a 
stationary source. This sound wave reflects from an object moving 3.50 m/s 
toward the source (Fig. 21). What is the frequency of the wave reflected by the 
moving object as detected by a detector at rest near the source? 


APPROACH There are actually two Doppler shifts in this situation. First, the 
moving object acts like an observer moving toward the source with speed 
Vops = 3.50 m/s (Fig. 21a) and so “detects” a sound wave of frequency (Eq. 10a) 
f =f [1 + (Vobs/Usna)|- Second, reflection of the wave from the moving object 
is equivalent to the object reemitting the wave, acting effectively as a moving 
source with speed Ugource = 3.50 m/s (Fig. 21b). The final frequency detected, f”, 
is given by f” = rare = Vsource/ Vanal» Eq. 9a. 

SOLUTION The frequency f’ that is “detected? by the moving object is 
(Eq. 10a): 


Vobs 3.50 m/s 
'= ' = + = f 
f e a ) f (1 Gai J soo Hz) = 5051 Hz 


f = 2051 Hz = 5103 Hz. 


PT tae) ~ 7, _ 350m/8 
Usnd 343 m/s 
Thus the frequency shifts by 103 Hz. 


NOTE Bats use this technique to be aware of their surroundings. This is also the 
principle behind Doppler radar as speed-measuring devices for vehicles and 
other objects. 


The incident wave and the reflected wave in Example 15, when mixed together 
(say, electronically), interfere with one another and beats are produced. The beat 
frequency is equal to the difference in the two frequencies, 103 Hz. This Doppler 
technique is used in a variety of medical applications, usually with ultrasonic waves 
in the megahertz frequency range. For example, ultrasonic waves reflected from 
red blood cells can be used to determine the velocity of blood flow. Similarly, the 
technique can be used to detect the movement of the chest of a young fetus and to 
monitor its heartbeat. 

For convenience, we can write Eqs. 9 and 10 as a single equation that covers all 
cases of both source and observer in motion: 


fl=f Usnd = Vobs source and 
i ` observer moving 


| ap 


Usnd + Vsource 


To get the signs right, recall from your own experience that the frequency is 
higher when observer and source approach each other, and lower when they 
move apart. Thus the upper signs in numerator and denominator apply if 
source and/or observer move toward each other; the lower signs apply if they are 
moving apart. 


EXERCISE H How fast would a source have to approach an observer for the observed 
frequency to be one octave above (twice) the produced frequency? (a) 5Vsna, (b) Usna, 


(c) 2Usnd > (d) 4Usnd- 


Sound 


Doppler Effect for Light 


The Doppler effect occurs for other types of waves as well. Light and other types 
of electromagnetic waves (such as radar) exhibit the Doppler effect: although the 
formulas for the frequency shift are not identical to Eqs. 9 and 10, the effect is 
similar. One important application is for weather forecasting using radar. The time 
delay between the emission of radar pulses and their reception after being 
reflected off raindrops gives the position of precipitation. Measuring the Doppler 
shift in frequency (as in Example 15) tells how fast the storm is moving and in 
which direction. 

Another important application is to astronomy, where the velocities of distant 
galaxies can be determined from the Doppler shift. Light from distant galaxies is 
shifted toward lower frequencies, indicating that the galaxies are moving away 
from us. This is called the redshift since red has the lowest frequency of visible 
light. The greater the frequency shift, the greater the velocity of recession. It is 
found that the farther the galaxies are from us, the faster they move away. This 
observation is the basis for the idea that the universe is expanding, and is one basis 
for the idea that the universe began as a great explosion, affectionately called the 
“Big Bang.” 


“8 Shock Waves and the Sonic Boom 


An object such as an airplane traveling faster than the speed of sound is said 
to have a supersonic speed. Such a speed is often given as a Mach’ number, 
which is defined as the ratio of the speed of the object to the speed of 
sound in the surrounding medium. For example, a plane traveling 600 m/s high 
in the atmosphere, where the speed of sound is only 300 m/s, has a speed of 
Mach 2. 
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Redshift in cosmology 


FIGURE 22 Sound waves emitted by an object (a) at rest or (b, c, and d) moving. (b) If the object’s 
velocity is less than the velocity of sound, the Doppler effect occurs; (d) if its velocity is greater than 


the velocity of sound, a shock wave is produced. 


When a source of sound moves at subsonic speeds (less than the speed of 
sound), the pitch of the sound is altered as we have seen (the Doppler effect); see 
also Fig. 22a and b. But if a source of sound moves faster than the speed of sound, 
a more dramatic effect known as a shock wave occurs. In this case, the source is 
actually “outrunning” the waves it produces. As shown in Fig. 22c, when the source 
is traveling at the speed of sound, the wave fronts it emits in the forward direction 
“pile up” directly in front of it. When the object moves faster, at a supersonic 
speed, the wave fronts pile up on one another along the sides, as shown in Fig. 22d. 
The different wave crests overlap one another and form a single very large crest 
which is the shock wave. Behind this very large crest there is usually a very large 
trough. A shock wave is essentially the result of constructive interference of a large 
number of wave fronts. A shock wave in air is analogous to the bow wave of a boat 
traveling faster than the speed of the water waves it produces, Fig. 23. 


‘After the Austrian physicist Ernst Mach (1838-1916). 


FIGURE 23 Bow waves produced 
by a boat. 


Bill Bachmann/PhotoEdit, Inc. 
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Settles, Gary S./Photo Researchers, Inc. 


(b) 


FIGURE 24 (a) The (double) sonic boom has already been heard by person A on the left. The front shock wave is just being 
heard by person B in the center. And it will shortly be heard by person C on the right. (b) Special photo of supersonic aircraft 
showing shock waves produced in the air. (Several closely spaced shock waves are produced by different parts of the aircraft.) 
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Sonar: depth finding, Earth 
soundings 


When an airplane travels at supersonic speeds, the noise it makes and its 
disturbance of the air form into a shock wave containing a tremendous amount of 
sound energy. When the shock wave passes a listener, it is heard as a loud 
sonic boom. A sonic boom lasts only a fraction of a second, but the energy it 
contains is often sufficient to break windows and cause other damage. Actually, a 
sonic boom is made up of two or more booms since major shock waves can form at 
the front and the rear of the aircraft, as well as at the wings, etc. (Fig. 24). Bow 
waves of a boat are also multiple, as can be seen in Fig. 23. 

When an aircraft approaches the speed of sound, it encounters a barrier of 
sound waves in front of it (see Fig. 22c). To exceed the speed of sound, the aircraft 
needs extra thrust to pass through this “sound barrier.” This is called “breaking the 
sound barrier.” Once a supersonic speed is attained, this barrier no longer impedes 
the motion. It is sometimes erroneously thought that a sonic boom is produced 
only at the moment an aircraft is breaking through the sound barrier. Actually, a 
shock wave follows the aircraft at all times it is traveling at supersonic speeds. A 
series of observers on the ground will each hear a loud “boom” as the shock wave 
passes, Fig. 24. The shock wave consists of a cone whose apex is at the aircraft. The 
angle of this cone, 0 (see Fig. 22d), is given by 


v 
sing = 1$, (12) 
Vobj 
where Vopj is the velocity of the object (the aircraft) and Vna is the velocity of 
sound in the medium. 


*Q Applications: Sonar, Ultrasound, 
and Medical Imaging 


* Sonar 


The reflection of sound is used in many applications to determine distance. The 
sonar’ or pulse-echo technique is used to locate underwater objects. A transmitter 
sends out a sound pulse through the water, and a detector receives its reflection, or 
echo, a short time later. This time interval is carefully measured, and from it the 
distance to the reflecting object can be determined since the speed of sound in water 
is known. The depth of the sea and the location of reefs, sunken ships, submarines, or 
schools of fish can be determined in this way. The interior structure of the Earth is 
studied in a similar way by detecting reflections of waves traveling through the 
Earth whose source was a deliberate explosion (called “soundings”). An analysis of 
waves reflected from various structures and boundaries within the Earth reveals 
characteristic patterns that are also useful in the exploration for oil and minerals. 


‘Sonar stands for “sound navigation ranging.” 


Sound 


Sonar generally makes use of ultrasonic frequencies: that is, waves whose 
frequencies are above 20 kHz, beyond the range of human detection. For sonar, 
the frequencies are typically in the range 20 kHz to 100 kHz. One reason for using 
ultrasound waves, other than the fact that they are inaudible, is that for shorter 
wavelengths there is less diffraction so the beam spreads less and smaller objects 
can be detected. 


*Ultrasound Medical Imaging 


The diagnostic use of ultrasound in medicine, in the form of images (sometimes 
called sonograms), is an important and interesting application of physical principles. 
A pulse-echo technique is used, much like sonar, except that the frequencies used 
are in the range of 1 to 10 MHz (1 MHz = 10°Hz). A high-frequency sound pulse 
is directed into the body, and its reflections from boundaries or interfaces between 
organs and other structures and lesions in the body are then detected. Tumors and 
other abnormal growths, or pockets of fluid, can be distinguished; the action of 
heart valves and the development of a fetus can be examined; and information 
about various organs of the body, such as the brain, heart, liver, and kidneys, can be 
obtained. Although ultrasound does not replace X-rays, for certain kinds of 
diagnosis it is more helpful. Some kinds of tissue or fluid are not detected in X-ray 
photographs, but ultrasound waves are reflected from their boundaries. “Real-time” 
ultrasound images are like a movie of a section of the interior of the body. 

The pulse-echo technique for medical imaging works as follows. A brief pulse 
of ultrasound is emitted by a transducer that transforms an electrical pulse into a 
sound-wave pulse. Part of the pulse is reflected as echoes at each interface in the 
body, and most of the pulse (usually) continues on, Fig. 25a. The detection of 
reflected pulses by the same transducer can then be displayed on the screen of a 
display terminal or monitor. The time elapsed from when the pulse is emitted to when 
each reflection (echo) is received is proportional to the distance to the reflecting 
surface. For example, if the distance from transducer to the vertebra is 25cm, the 
pulse travels a round-trip distance of 2 X 25cm = 0.50m. The speed of sound in 
human tissue is about 1540 m/s (close to that of sea water), so the time taken is 

d (0.50 m) 
= a (eae 0S 

The strength of a reflected pulse depends mainly on the difference in density of the 
two materials on either side of the interface and can be displayed as a pulse or as a dot 
(Figs. 25b and c). Each echo dot (Fig. 25c) can be represented as a point whose position is 
given by the time delay and whose brightness depends on the strength of the echo. 


Vertebra 
Transducer l 


Abdominal | !\| Echoes 


wall — 


Organs 
inside 


1 
l 

l 

I 

l 

l 

I 

! 

l 
the body ı 
l 

l 
I 
I 


Strength of 
reflected pulse 


Time —> 


@-------4- 


@® puysics APPLIED 


Ultrasound medical imaging 


FIGURE 25 (a) Ultrasound pulse 
passes through the abdomen, 
reflecting from surfaces in its path. 
(b) Reflected pulses plotted as a 
function of time when received by 
transducer. The vertical dashed lines 
point out which reflected pulse goes 
with which surface. (c) Dot display 
for the same echoes: brightness of 
each dot is related to signal strength. 
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FIGURE 26 (a) Ten traces are made across 
the abdomen by moving the transducer, or by 
using an array of transducers. (b) The echoes 
are plotted as dots to produce the image. More 
closely spaced traces would give a more 
detailed image. 


FIGURE 27 Ultrasound image of a 
human fetus within the uterus. 


shown in Fig. 27. 


GE Medical Systems/Photo 


Researchers, Inc. 
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A two-dimensional image can then be formed out of these dots from a series of 
scans. The transducer is moved, or an array of transducers is used, each of which 
sends out a pulse at each position and receives echoes as shown in Fig. 26a. Each 
trace can be plotted, spaced appropriately one below the other, to form an image 
on a monitor screen as shown in Fig. 26b. Only 10 lines are shown in Fig. 26, so the 
image is crude. More lines give a more precise image.’ An ultrasound image is 


* Radar used for aircraft involves a similar pulse-echo technique except that it uses electromagnetic (EM) 
waves, which, like light, travel with a speed of 3 x 108 m/s. 


| Summary 


Sound travels as a longitudinal wave in air and other materials. 
In air, the speed of sound increases with temperature; at 20°C, it 
is about 343 m/s. 

The pitch of a sound is determined by the frequency; the 
higher the frequency, the higher the pitch. 

The audible range of frequencies for humans is roughly 
20 Hz to 20,000 Hz (1 Hz = 1 cycle per second). 

The loudness or intensity of a sound is related to the ampli- 
tude squared of the wave. Because the human ear can detect 
sound intensities from 1071? W/m? to over 1 W/m’, sound levels 
are specified on a logarithmic scale. The sound level £, specified 
in decibels, is defined in terms of intensity J as 


B(indB) = 10 toe), (6) 
0 

where the reference intensity Jọ is usually taken to be 

107? W/m’. 

Musical instruments are simple sources of sound in which 
standing waves are produced. 

The strings of a stringed instrument may vibrate as a whole 
with nodes only at the ends; the frequency at which this standing 
wave occurs is called the fundamental. The fundamental 
frequency corresponds to a wavelength equal to twice the length 
of the string, A, = 24. The string can also vibrate at higher 
frequencies, called overtones or harmonics, in which there are 


one or more additional nodes. The frequency of each harmonic 
is a whole-number multiple of the fundamental. 

In wind instruments, standing waves are set up in the 
column of air within the tube. 

The vibrating air in an open tube (open at both ends) has 
displacement antinodes at both ends. The fundamental 
frequency corresponds to a wavelength equal to twice the tube 
length: A; = 2. The harmonics have frequencies that are 
1,2,3,4,... times the fundamental frequency, just as for strings. 

For a closed tube (closed at one end), the fundamental 
corresponds to a wavelength four times the length of the tube: 
A, = 4. Only the odd harmonics are present, equal to 
1,3,5,7,... times the fundamental frequency. 

Sound waves from different sources can interfere with each 
other. If two sounds are at slightly different frequencies, beats 
can be heard at a frequency equal to the difference in frequency 
of the two sources. 

The Doppler effect refers to the change in pitch of a sound 
due to the motion either of the source or of the listener. If source 
and listener are approaching each other, the perceived pitch is 
higher; if they are moving apart, the perceived pitch is lower. 

[*Shock waves and a sonic boom occur when an object 
moves at a supersonic speed—faster than the speed of sound. 
Ultrasonic-frequency (higher than 20 kHz) sound waves are used 
in many applications, including sonar and medical imaging. ] 


Sound 


l Answers to Exercises 


A: 1km for every 3s before the thunder is heard. E: 257 Hz, 

B: 4 times as intense. F: (b). 

C: (b). G: (a) 1717 Hz, (b) 1483 Hz. 
D: The less-massive one. H: (a). 
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| Questions 


10. 


11. 


12. 


13. 


14. 


. What is the evidence that sound travels as a wave? 
. What is the evidence that sound is a form of energy? 
. Children sometimes play with a homemade “telephone” by 


attaching a string to the bottoms of two paper cups. When the 
string is stretched and a child speaks into one cup, the sound 
can be heard at the other cup (Fig. 28). Explain clearly how 
the sound wave travels from one cup to the other. 


FIGURE 28 Question 3. 


è 


. When a sound wave passes from air into water, do you 


expect the frequency or wavelength to change? 


. What evidence can you give that the speed of sound in air 


does not depend significantly on frequency? 


. The voice of a person who has inhaled helium sounds very 


high-pitched. Why? 


. What is the main reason the speed of sound in hydrogen is 


greater than the speed of sound in air? 


. Two tuning forks oscillate with the same amplitude, but one 


has twice the frequency. Which (if either) produces the more 
intense sound? 


. How will the air temperature in a room affect the pitch of 


organ pipes? 

Explain how a tube might be used as a filter to reduce the 
amplitude of sounds in various frequency ranges. (An 
example is a car muffler.) 


Why are the frets on a guitar (Fig. 29) spaced closer 
together as you move up 
the fingerboard toward Bridge 
: Frets 
the bridge? 


FIGURE 29 
Question 11. 


A noisy truck approaches you from behind a building. 
Initially you hear it but cannot see it. When it emerges and 
you do see it, its sound is suddenly “brighter”—you hear 
more of the high-frequency noise. Explain. [Hint: Recall 
diffraction. ] 

Standing waves can be said to be due to “interference in 
space,” whereas beats can be said to be due to “interference 
in time.” Explain. 

In Fig. 15, if the frequency of the speakers is lowered, would 
the points D and C (where destructive and constructive inter- 
ference occur) move farther apart or closer together? 


15. 


16. 


FIGURE 15 Sound waves 
from two loudspeakers 
interfere. 


Traditional methods of protecting the hearing of people who 
work in areas with very high noise levels have consisted 
mainly of efforts to block or reduce noise levels. With a 
relatively new technology, headphones are worn that do not 
block the ambient noise. Instead, a device is used which 
detects the noise, inverts it electronically, then feeds it to the 
headphones in addition to the ambient noise. How could 
adding more noise reduce the sound levels reaching the ears? 
Consider the two waves shown in Fig. 30. Each wave can be 
thought of as a superposition of two sound waves with slightly 
different frequencies, as in Fig. 17. In which of the waves, (a) or 
(b), are the two component frequencies farther apart? Explain. 


(b) 
FIGURE 30 Question 16. 


From Chapter 16 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 


Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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fa=50Hz fg=60H2 | 


t=0 


JU AI 


1 
t=0.10s t=0.15s 


beat period (0.10 s) 


FIGURE 17 Beats occur as a result of the superposition of two 
sound waves of slightly different frequency. 


17. 


18. 


19. 


Is there a Doppler shift if the source and observer move in 
the same direction, with the same velocity? Explain. 

If a wind is blowing, will this alter the frequency of the 
sound heard by a person at rest with respect to the source? 
Is the wavelength or velocity changed? 

Figure 31 shows various positions of a child on a swing moving 
toward a person on the ground who is blowing a whistle. At 
which position, A through E, will the child hear the highest 
frequency for the sound of the whistle? Explain your reasoning. 


Problems 


20. 


21. 


hjstl 


FIGURE 31 


Question 19. 


Approximately how many octaves are there in the human 
audible range? 

At a race track, you can estimate the speed of cars just by 
listening to the difference in pitch of the engine noise 
between approaching and receding cars. Suppose the sound 
of a certain car drops by a full octave (frequency halved) as 
it goes by on the straightaway. How fast is it going? 


[The Problems in this Section are ranked I, II, or III according to 
estimated difficulty, with (I) Problems being easiest. Level (IID) 
Problems are meant mainly as a challenge for the best students, for 
“extra credit.” The Problems are arranged by Sections, meaning that 
the reader should have read up to and including that Section, but 
this Chapter also has a group of General Problems that are not 
arranged by Section and not ranked.] 


[Unless stated otherwise, assume T = 20°C and Vsound = 343 m/s 
in air.] 


1 


Characteristics of Sound 


1. (I) A hiker determines the length of a lake by listening for 


the echo of her shout reflected by a cliff at the far end 
of the lake. She hears the echo 2.0s after shouting. Estimate 
the length of the lake. 


. (T) A sailor strikes the side of his ship just below the waterline. 


He hears the echo of 
the sound reflected 
from the ocean floor 
directly below 2.5s 


TABLE 1 Speed of Sound in 
Various Materials 
(20°C and 1 atm) 


later. How deep isthe Material Speed (m/s) 
ocean at this point? - 

Assume the speed of Air Ža 
sound in sea water is Air (0°C) 331 
1560m/s (Table 1) Helium 1005 
and does not vary Hydrogen 1300 
significantly with Wa 1440 
depth. 

. (I) (a) Calculate the Sea weier ie 
wavelengths in air at TON and steel ~5000 
20°C for sounds in Glass = 4500 
the maximum range Aluminum =~ 5100 
of human hearing, Hardwood = 4000 
20Hz to 20,000 Hz. Garr ~ 3000 


(b) What is the wavelength of a 15-MHz ultrasonic wave? 


. (I) On a warm summer day (27°C), it takes 4.70 s for an echo 


to return from a cliff across a lake. On a winter day, it takes 
5.20 s. What is the temperature on the winter day? 


. (II) A motion sensor can accurately measure the distance d 


to an object repeatedly via the sonar technique used in 
Example 2 of “Sound”. A short ultrasonic pulse is emitted 
and reflects from any objects it encounters, creating echo 
pulses upon their arrival back at the sensor. The sensor 
measures the time interval £ between the emission of the 
original pulse and the arrival of the first echo. (a) The 
smallest time interval ¢ that can be measured with high 
precision is 1.0ms. What is the smallest distance (at 20°C) 
that can be measured with the motion sensor? (b) If the 
motion sensor makes 15 distance measurements every 
second (that is, it emits 15 sound pulses per second at evenly 
spaced time intervals), the measurement of f must be 
completed within the time interval between the emissions of 
successive pulses. What is the largest distance (at 20°C) that 
can be measured with the motion sensor? (c) Assume that 
during a lab period the room’s temperature increases from 
20°C to 23°C. What percent error will this introduce into the 
motion sensor’s distance measurements? 


. (II) An ocean fishing boat is drifting just above a school of 


tuna on a foggy day. Without warning, an engine backfire 
occurs on another 
boat 1.35km away 
(Fig. 32). How much 
time elapses before 
the backfire is heard 1 i (b) fi 


k ms 
mh —— 


(a) by the fish, and ey = 
(b) by the fishermen? : E g em 


> (a) 
FIGURE 32 > 
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7. (II) A stone is dropped from the top of a cliff. The splash it 
makes when striking the water below is heard 3.0s later. 
How high is the cliff? 

8. (II) A person, with his ear to the ground, sees a huge stone 
strike the concrete pavement. A moment later two sounds 
are heard from the impact: one travels in the air and the 
other in the concrete, and they are 0.75 s apart. How far away 
did the impact occur? See Table 1. 

9. (II) Calculate the percent error made over one mile of distance 
by the “5S-second rule” for estimating the distance from a 
lightning strike if the temperature is (a) 30°C, and (b) 10°C. 


2 Mathematical Representation of Waves 

10. (I) The pressure amplitude of a sound wave in air 
(p = 1.29kg/m*) at 0°C is 3.0 x 10°? Pa. What is the 
displacement amplitude if the frequency is (a) 150 Hz and 
(b) 15 kHz? 

11. (1) What must be the pressure amplitude in a sound wave in 
air (0°C) if the air molecules undergo a maximum displace- 
ment equal to the diameter of an oxygen molecule, about 
3.0 x 107!° m? Assume a sound-wave frequency of (a) 55 Hz 
and (b) 5.5 kHz. 

12. (ID) Write an expression that describes the pressure variation 
as a function of x and t for the waves described in Problem 11. 

13. (II) The pressure variation in a sound wave is given by 

AP = 0.0035 sin(0.387x — 13507t), 
where AP is in pascals, x in meters, and f in seconds. Deter- 
mine (a) the wavelength, (b) the frequency, (c) the speed, 
and (d) the displacement amplitude of the wave. Assume 
the density of the medium to be p = 2.3 X 10° kg/m*. 


3 Intensity of Sound; Decibels 

14. (I) What is the intensity of a sound at the pain level of 
120 dB? Compare it to that of a whisper at 20 dB. 

15. (I) What is the sound level of a sound whose intensity is 
2.0 x 10°° W/m?? 

16. (1) What are the lowest and highest frequencies that an ear 
can detect when the sound level is 40 dB? (See Fig. 6.) 

17. (II) Your auditory system can accommodate a huge range of 


sound levels. What is the ratio of highest to lowest intensity 
at (a) 100 Hz, (b) 5000 Hz? (See Fig. 6.) 


Sound Intensity 
level (dB) (W/m?) 
| reshold of pain 120 phons { 
120 1 
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100 10-2 
80 
80 10-4 
60 al 10-6 
40 = = 10-8 
Q 20 
20 Lor 10-10 
Gine 0 
0 10-12 
1} Litt EN ee Litt Lani 
20 50 100 500 1000 5000 10,000 


Frequency (Hz) 


FIGURE 6 Sensitivity of the human ear as a function of 
frequency. Note that the frequency scale is “logarithmic” in 
order to cover a wide range of frequencies. 


18. (ID) You are trying to decide between two new stereo ampli- 
fiers. One is rated at 100 W per channel and the other is 
rated at 150W per channel. In terms of dB, how much 
louder will the more powerful amplifier be when both are 
producing sound at their maximum levels? 


19. (II) At a painfully loud concert, a 120-dB sound wave travels 
away from a loudspeaker at 343 m/s. How much sound 
wave energy is contained in each 1.0-cm? volume of air in 
the region near this loudspeaker? 

20. (II) If two firecrackers produce a sound level of 95 dB when 
fired simultaneously at a certain place, what will be the sound 
level if only one is exploded? 

21. (II) A person standing a certain distance from an airplane 
with four equally noisy jet engines is experiencing a sound 
level of 130 dB. What sound level would this person experi- 
ence if the captain shut down all but one engine? 

22. (II) A cassette player is said to have a signal-to-noise ratio 
of 62 dB, whereas for a CD player it is 98 dB. What is the 
ratio of intensities of the signal and the background noise 
for each device? 

23. (II) (a) Estimate the power output of sound from a person 
speaking in normal conversation. Use Table 2. Assume the 
sound spreads roughly uniformly over a sphere centered on 
the mouth. (b) How many people would it take to produce a 
total sound output of 75 W of ordinary conversation? [Hint: 
Add intensities, not dBs.] 


TABLE 2 
Intensity of Various Sounds 
Sound 
Source Level Intensity 
of the Sound (dB) (W/m?) 
Jet plane at 30m 140 100 
Threshold of pain 120 1 
Loud rock concert 120 1 
Siren at 30m 100 1x 107? 
Truck traffic Ot sei 
Busy street traffic 80 1 x 10 
Noisy restaurant WO 1 io 
Talk, at 50 cm G S ie 
Quiet radio 40 1x 10° 
Whisper a0 il se i 
Rustle of leaves w 1 Sto 
Threshold of hearing 0 1 x 10° 


24. (II) A 50-dB sound wave strikes an eardrum whose area is 
5.0 X 10> m*. (a) How much energy is received by the 
eardrum per second? (b) At this rate, how long would it 
take your eardrum to receive a total energy of 1.0 J? 

25. (IL) Expensive amplifier A is rated at 250 W, while the more 
modest amplifier B is rated at 45 W. (a) Estimate the sound 
level in decibels you would expect at a point 3.5m from a 
loudspeaker connected in turn to each amp. (b) Will the 
expensive amp sound twice as loud as the cheaper one? 

26. (II) At a rock concert, a dB meter registered 130 dB when 
placed 2.2 m in front of a loudspeaker on the stage. (a) What 
was the power output of the speaker, assuming uniform 
spherical spreading of the sound and neglecting absorption 
in the air? (b) How far away would the sound level be a 
somewhat reasonable 85 dB? 

27. (II) A fireworks shell explodes 100m above the ground, 
creating a colorful display of sparks. How much greater is the 
sound level of the explosion for a person standing at a point 
directly below the explosion than for a person a horizontal 
distance of 200 m away (Fig. 33)? 
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28. 


29. 


30. 


31. 


32. 
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FIGURE 33 
Problem 27. 


(II) If the amplitude of a sound wave is made 2.5 times greater, 
(a) by what factor will the intensity increase? (b) By how 
many dB will the sound level increase? 

(II) Two sound waves have equal displacement amplitudes, 
but one has 2.6 times the frequency of the other. (a) Which 
has the greater pressure amplitude and by what factor is it 
greater? (b) What is the ratio of their intensities? 

(II) What would be the sound level (in dB) of a sound wave 
in air that corresponds to a displacement amplitude of 
vibrating air molecules of 0.13 mm at 380 Hz? 

(II) (a) Calculate the maximum displacement of air mole- 
cules when a 330-Hz sound wave passes whose intensity is 
at the threshold of pain (120 dB). (b) What is the pressure 
amplitude in this wave? 

(II) A jet plane emits 5.0 xX 10°J of sound energy per 
second. (a) What is the sound level 25 m away? Air absorbs 
sound at a rate of about 7.0dB/km; calculate what the 
sound level will be (b) 1.00 km and (c) 7.50 km away from this 
jet plane, taking into account air absorption. 


4 Sources of Sound: Strings and Air Columns 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


(I) What would you estimate for the length of a bass clar- 
inet, assuming that it is modeled as a closed tube and that 
the lowest note that it can play is a D> whose frequency is 
69.3 Hz? 

(I) The A string on a violin has a fundamental frequency of 
440 Hz. The length of the vibrating portion is 32 cm, and it has 
a mass of 0.35 g. Under what tension must the string be placed? 
(1) An organ pipe is 124 cm long. Determine the fundamental 
and first three audible overtones if the pipe is (a) closed at 
one end, and (b) open at both ends. 

(I) (a) What resonant frequency would you expect from 
blowing across the top of an empty soda bottle that is 21 cm 
deep, if you assumed it was a closed tube? (b) How would 
that change if it was one-third full of soda? 

(1) If you were to build a pipe organ with open-tube pipes 
spanning the range of human hearing (20 Hz to 20kHz), 
what would be the range of the lengths of pipes required? 
(II) Estimate the frequency Nation Wong/Zefa/Corbis 
of the “sound of the ocean” >>, 
when you put your ear very k N 
near a 20-cm-diameter 
seashell (Fig. 34). 


FIGURE 34 
Problem 38. 


(II) An unfingered guitar string is 0.73 m long and is tuned 
to play E above middle C (330 Hz). (a) How far from the 
end of this string must a fret (and your finger) be placed to 
play A above middle C (440 Hz)? (b) What is the wave- 
length on the string of this 440-Hz wave? (c) What are the 
frequency and wavelength of the sound wave produced in 
air at 25°C by this fingered string? 


40. 


41. 


42. 


43. 


44. 


45. 


47. 


49. 


50. 


(II) (a) Determine the length of an open organ pipe that 
emits middle C (262 Hz) when the temperature is 15°C. 
(b) What are the wavelength and frequency of the funda- 
mental standing wave in the tube? (c) What are A and f in 
the traveling sound wave produced in the outside air? 


(IT) An organ is in tune at 22.0°C. By what percent will the 
frequency be off at 5.0°C? 

(I) How far from the mouthpiece of the flute in 
Example 11 of “Sound” should the hole be that must be 
uncovered to play F above middle C at 349 Hz? 


(II) A bugle is simply a tube of fixed length that behaves as 
if it is open at both ends. A bugler, by adjusting his lips 
correctly and blowing with proper air pressure, can cause a 
harmonic (usually other than the fundamental) of the air 
column within the tube to sound loudly. Standard military 
tunes like Taps and Reveille require only four musical notes: 
G4 (392 Hz), C5 (523 Hz), ES (659 Hz), and G5 (784 Hz). 
(a) For a certain length £, a bugle will have a sequence of 
four consecutive harmonics whose frequencies very nearly 
equal those associated with the notes G4, C5, E5, and G5. 
Determine this . (b) Which harmonic is each of the 
(approximate) notes G4, C5, E5, and G5 for the bugle? 

(II) A particular organ pipe can resonate at 264 Hz, 440 Hz, 
and 616 Hz, but not at any other frequencies in between. 
(a) Show why this is an open or a closed pipe. (b) What is 
the fundamental frequency of this pipe? 


(II) When a player’s finger presses a guitar string down onto 
a fret, the length of the vibrating portion of the string is 
shortened, thereby increasing the string’s fundamental 
frequency (see Fig. 35). The string’s tension and mass per 
unit length remain unchanged. If the unfingered length of the 
string is £ = 65.0 cm, determine the positions x of the first six 
frets, if each fret raises the pitch of the fundamental by one 
musical note in comparison to the neighboring fret. On 
the equally tempered chromatic scale, the ratio of frequen- 
cies of neighboring 


notes is 2'/1?, _4 
by f 
—y 
FIGURE 35 | 
Problem 45. £ = 65.0 cm 


. (II) A uniform narrow tube 1.80 m long is open at both ends. 


It resonates at two successive harmonics of frequencies 
275 Hz and 330 Hz. What is (a) the fundamental frequency, 
and (b) the speed of sound in the gas in the tube? 

(II) A pipe in air at 23.0°C is to be designed to produce two 
successive harmonics at 240 Hz and 280 Hz. How long must 
the pipe be, and is it open or closed? 


. (II) How many overtones are present within the audible 


range for a 2.48-m-long organ pipe at 20°C (a) if it is open, 
and (b) if it is closed? 

(II) Determine the fundamental and first overtone frequen- 
cies for an 8.0-m-long hallway with all doors closed. Model 
the hallway as a tube closed at both ends. 

(I) In a quartz oscillator, used as a stable clock in electronic 
devices, a transverse (shear) standing sound wave is excited 
across the thickness d of a quartz disk and its frequency f is 
detected electronically. The parallel faces of the disk are unsup- 
ported and so behave as “free ends” when the sound wave 
reflects from them (see Fig. 36). If the oscillator is designed to 
operate with the first harmonic, determine the required disk 
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thickness if f = 12.0 MHz. The density and shear modulus of 
quartz are p = 2650 kg/m? and G = 2.95 x 10!°N/m’. 


KE 


FIGURE 36 Problem 50. 


Ís Air 


Quartz 


Air 


(II) The human ear canal is approximately 2.5 cm long. It is 
open to the outside and is closed at the other end by the 
eardrum. Estimate the frequencies (in the audible range) of 
the standing waves in the ear canal. What is the relationship 
of your answer to the information in the graph of Fig. 6? 


*5 Quality of Sound, Superposition 


*52. 


(II) Approximately what are the intensities of the first two 
overtones of a violin compared to the fundamental? How 
many decibels softer than the fundamental are the first and 
second overtones? (See Fig. 14.) 


6 Interference; Beats 
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(1) A piano tuner hears one beat every 2.0 s when trying to 
adjust two strings, one of which is sounding 370 Hz. How far 
off in frequency is the other string? 


(I) What is the beat frequency if middle C (262 Hz) and C# 
(277 Hz) are played together? What if each is played two 
octaves lower (each frequency reduced by a factor of 4)? 


(II) A guitar string produces 4 beats/s when sounded with 
a 350-Hz tuning fork and 9 beats/s when sounded with a 
355-Hz tuning fork. What is the vibrational frequency of the 
string? Explain your reasoning. 

(II) The two sources of sound in Fig. 15 face each other and 
emit sounds of equal amplitude and equal frequency 
(294 Hz) but 180° out of phase. For what minimum separa- 
tion of the two speakers will there be some point at which 
(a) complete constructive interference occurs and (b) complete 
destructive interference occurs. (Assume T = 20°C.) 


(I) How many beats will be heard if two identical flutes, 
each 0.66 m long, try to play middle C (262 Hz), but one is at 
5.0°C and the other at 28°C? 


(II) Two loudspeakers are placed 3.00 m apart, as shown in 
Fig. 37. They emit 494-Hz sounds, in phase. A microphone is 
placed 3.20 m distant from a point midway between the two 
speakers, where an intensity maximum is recorded. (a) How 
far must the microphone be moved to the right to find the 
first intensity minimum? 
(b) Suppose the speakers 
are reconnected so that the 
494-Hz sounds they emit are 
exactly out of phase. At what 
positions are the intensity 
maximum and minimum 
now? 


FIGURE 37 
Problem 58. 
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(II) Two piano strings are supposed to be vibrating at 
220 Hz, but a piano tuner hears three beats every 2.0 s when 
they are played together. (a) If one is vibrating at 220.0 Hz, 
what must be the frequency of the other (is there only one 
answer)? (b) By how much (in percent) must the tension be 
increased or decreased to bring them in tune? 


. (II) A source emits sound of wavelengths 2.64m and 


2.72 m in air. (a) How many beats per second will be heard? 
(Assume T = 20°C.) (b) How far apart in space are the 
regions of maximum intensity? 


7 Doppler Effect 
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(I) The predominant frequency of a certain fire truck’s siren 
is 1350 Hz when at rest. What frequency do you detect if 
you move with a speed of 30.0 m/s (a) toward the fire truck, 
and (b) away from it? 

(I) A bat at rest sends out ultrasonic sound waves at 
50.0 kHz and receives them returned from an object moving 
directly away from it at 30.0m/s. What is the received 
sound frequency? 

(ID) (a) Compare the shift in frequency if a 2300-Hz source 
is moving toward you at 18 m/s, versus you moving toward 
it at 18 m/s. Are the two frequencies exactly the same? Are 
they close? (b) Repeat the calculation for 160 m/s and then 
again (c) for 320m/s. What can you conclude about the 
asymmetry of the Doppler formulas? (d) Show that at low 
speeds (relative to the speed of sound), the two formulas— 
source approaching and detector approaching—yield the 
same result. 

(II) Two automobiles are equipped with the same single- 
frequency horn. When one is at rest and the other is moving 
toward the first at 15 m/s, the driver at rest hears a beat 
frequency of 4.5 Hz. What is the frequency the horns emit? 
Assume T = 20°C. 

(II) A police car sounding a siren with a frequency of 
1280 Hz is traveling at 120.0km/h. (a) What frequencies 
does an observer standing next to the road hear as the car 
approaches and as it recedes? (b) What frequencies are 
heard in a car traveling at 90.0 km/h in the opposite direc- 
tion before and after passing the police car? (c) The police 
car passes a car traveling in the same direction at 80.0 km/h. 
What two frequencies are heard in this car? 

(II) A bat flies toward a wall at a speed of 7.0 m/s. As it flies, 
the bat emits an ultrasonic sound wave with frequency 30.0 kHz. 
What frequency does the bat hear in the reflected wave? 

(II) In one of the original Doppler experiments, a tuba was 
played on a moving flat train car at a frequency of 75 Hz, 
and a second identical tuba played the same tone while at 
rest in the railway station. What beat frequency was heard 
in the station if the train car approached the station at a 
speed of 12.0 m/s? 


. (II) If a speaker mounted on an automobile broadcasts a 


song, with what speed (km/h) does the automobile have to 
move toward a stationary listener so that the listener hears 
the song with each musical note shifted up by one note in 
comparison to the song heard by the automobile’s driver? 
On the equally tempered chromatic scale, the ratio of 
frequencies of neighboring notes is 2!/!?. 

(II) A wave on the surface of the ocean with wavelength 
44m is traveling east at a speed of 18 m/s relative to the 
ocean floor. If, on this stretch of ocean surface, a powerboat 
is moving at 15 m/s (relative to the ocean floor), how often 
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does the boat encounter a wave crest, if the boat is traveling 
(a) west, and (b) east? 

(III) A factory whistle emits sound of frequency 720 Hz. When 
the wind velocity is 15.0 m/s from the north, what frequency 
will observers hear who are located, at rest, (a) due north, 
(b) due south, (c) due east, and (d) due west, of the whistle? 
What frequency is heard by a cyclist heading (e) north or 
(f) west, toward the whistle at 12.0 m/s? Assume T = 20°C. 
(III) The Doppler effect using ultrasonic waves of frequency 
2.25 X 10° Hz is used to monitor the heartbeat of a fetus. A 
(maximum) beat frequency of 260 Hz is observed. Assuming 
that the speed of sound in tissue is 1.54 X 10° m/s, calculate 
the maximum velocity of the surface of the beating heart. 


*8 Shock Waves; Sonic Boom 
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(II) An airplane travels at Mach 2.0 where the speed of sound 
is 310 m/s. (a) What is the angle the shock wave makes with 
the direction of the airplane’s motion? (b) If the plane is 
flying at a height of 6500 m, how long after it is directly over- 
head will a person on the ground hear the shock wave? 

(II) A space probe enters the thin atmosphere of a planet 
where the speed of sound is only about 45 m/s. (a) What is 
the probe’s Mach number if its initial speed is 15,000 km/h? 
(b) What is the angle of the shock wave relative to the 
direction of motion? 

(I) A meteorite traveling 8800m/s strikes the ocean. 
Determine the shock wave angle it produces (a) in the air 
just before entering the ocean, and (b) in the water just 
after entering. Assume T = 20°C. 

(II) Show that the angle @ a sonic boom makes with the 
path of a supersonic object is given by Eq. 12. 


ae (12) 


*76. 
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(II) You look directly overhead and see a plane exactly 
1.25km above the ground flying faster than the speed of 
sound. By the time you hear the sonic boom, the plane has 
traveled a horizontal distance of 2.0 km. See Fig. 38. Deter- 
mine (a) the angle of the shock cone, 0, and (b) the speed of 
the plane (the Mach number). Assume the speed of sound is 
330 m/s. 


FIGURE 38 
Problem 76. 


(ID) A supersonic jet traveling at Mach 2.2 at an altitude of 
9500m passes directly over an observer on the ground. 
Where will the plane be relative to the observer when the 
latter hears the sonic boom? (See Fig. 39.) 


Observer 


l 
] 
i 
] 
Observer | 
(a) (b) 
FIGURE 39 Problem 77. 
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A fish finder uses a sonar device that sends 20,000-Hz sound 
pulses downward from the bottom of the boat, and then 
detects echoes. If the maximum depth for which it is 
designed to work is 75m, what is the minimum time 
between pulses (in fresh water)? 

A science museum has a display called a sewer pipe symphony. 
It consists of many plastic pipes of various lengths, which are 
open on both ends. (a) If the pipes have lengths of 3.0 m, 2.5 m, 
2.0m, 1.5m and 1.0m, what frequencies will be heard by a 
visitor’s ear placed near the ends of the pipes? (b) Why does 
this display work better on a noisy day than on a quiet day? 

A single mosquito 5.0 m from a person makes a sound close 
to the threshold of human hearing (0 dB). What will be the 
sound level of 100 such mosquitoes? 

What is the resultant sound level when an 82-dB sound and 
an 89-dB sound are heard simultaneously? 

The sound level 9.00m from a loudspeaker, placed in the 
open, is 115 dB. What is the acoustic power output (W) of 
the speaker, assuming it radiates equally in all directions? 
A stereo amplifier is rated at 175 W output at 1000 Hz. The 
power output drops by 12 dB at 15 kHz. What is the power 
output in watts at 15 kHz? 

Workers around jet aircraft typically wear protective 
devices over their ears. Assume that the sound level 
of a jet airplane engine, at a distance of 30m, is 130 dB, 
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and that the average human ear has an effective radius 
of 2.0cm. What would be the power intercepted by 
an unprotected ear at a distance of 30m from a jet 
airplane engine? 

In audio and communications systems, the gain, B, in 
decibels is defined as 


B= 1010g( £2"), 
Pin 

where Pinis the power input to the system and Poy is 
the power output. A particular stereo amplifier puts out 
125 W of power for an input of 1.0 mW. What is its gain 
in dB? 

For large concerts, loudspeakers are sometimes used to 
amplify a singer’s sound. The human brain interprets sounds 
that arrive within 50 ms of the original sound as if they came 
from the same source. Thus if the sound from a loudspeaker 
reaches a listener first, it would sound as if the loudspeaker 
is the source of the sound. Conversely, if the singer is heard 
first and the loudspeaker adds to the sound within 50 ms, 
the sound would seem to come from the singer, who would 
now seem to be singing louder. The second situation is 
desired. Because the signal to the loudspeaker travels at the 
speed of light (3 x 108 m/s), which is much faster than 
the speed of sound, a delay is added to the signal sent to 
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the loudspeaker. How much delay must be added if the 
loudspeaker is 3.0 m behind the singer and we want its sound 
to arrive 30 ms after the singer’s? 


Manufacturers typically offer a particular guitar string in a 
choice of diameters so that players can tune their instruments 
with a preferred string tension. For example, a nylon 
high-E string is available in a low- and high-tension model 
with diameter 0.699 mm and 0.724 mm, respectively. Assuming 
the density p of nylon is the same for each model, compare 
(as a ratio) the tension in a tuned high- and low-tension 
string. 

The high-E string on a guitar is fixed at both ends with length 
£ = 65.0 cm and fundamental frequency fı = 329.6 Hz. On 
an acoustic guitar, this string typically has a diameter of 
0.33mm and is commonly made of brass (7760 kg/m‘), 
while on an electric guitar it has a diameter of 0.25 mm and 
is made of nickel-coated steel (7990 kg/m*). Compare (as a 
ratio) the high-E string tension on an acoustic versus an 
electric guitar. 


The A string of a violin is 32 cm long between fixed points 
with a fundamental frequency of 440 Hz and a mass per unit 
length of 7.2 X 10~4kg/m. (a) What are the wave speed and 
tension in the string? (b) What is the length of the tube of a 
simple wind instrument (say, an organ pipe) closed at one 
end whose fundamental is also 440 Hz if the speed of sound 
is 343 m/s in air? (c) What is the frequency of the first over- 
tone of each instrument? 


A tuning fork is set into vibration above a vertical open 
tube filled with water (Fig. 40). The water level is allowed to 
drop slowly. As it does so, the air in the tube above the 


water level is heard to resonate with = 
the tuning fork when the distance a 
from the tube opening to the water = 
level is 0.125m and again at 


A 0.125 mf 
0.395 m. What is the frequency of 


the tuning fork? 


0.395 m 


FIGURE 40 p7 
Problem 90. 


Two identical tubes, each closed at one end, have a 
fundamental frequency of 349Hz at 25.0°C. The air 
temperature is increased to 30.0°C in one tube. If the two 
pipes are sounded together now, what beat frequency results? 


Each string on a violin is tuned to a frequency 14 times that 
of its neighbor. The four equal-length strings are to be placed 
under the same tension; what must be the mass per unit 
length of each string relative to that of the lowest string? 


The diameter D of a tube does affect the node at the open end 
of a tube. The end correction can be roughly approximated as 
adding D/3 to the effective length of the tube. For a closed 
tube of length 0.60m and diameter 3.0 cm, what are the first 
four harmonics, taking the end correction into consideration? 

A person hears a pure tone in the 500 to 1000-Hz range 
coming from two sources. The sound is loudest at points 
equidistant from the two sources. To determine exactly what 
the frequency is, the person moves about and finds that the 
sound level is minimal at a point 0.28m farther from one 
source than the other. What is the frequency of the sound? 
The frequency of a steam train whistle as it approaches you 
is 552 Hz. After it passes you, its frequency is measured as 
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100. 


101. 


102. 


103. 


104. 


486 Hz. How fast was the train moving (assume constant 
velocity)? 

Two trains emit 516-Hz whistles. One train is stationary. 
The conductor on the stationary train hears a 3.5-Hz beat 
frequency when the other train approaches. What is the 
speed of the moving train? 

Two loudspeakers are at opposite ends of a railroad car as 
it moves past a stationary observer at 10.0 m/s, as shown in 
Fig. 41. If the speakers have identical sound frequencies of 
348 Hz, what is the beat frequency heard by the observer 
when (a) he listens from the position A, in front of the car, 
(b) he is between the speakers, at B, and (c) he hears the 
speakers after they have passed him, at C? 


FIGURE 41 Problem 97. 


Two open organ pipes, sounding together, produce a beat 
frequency of 8.0 Hz. The shorter one is 2.40m long. How 
long is the other? 

A bat flies toward a moth at speed 7.5 m/s while the moth 
is flying toward the bat at speed 5.0 m/s. The bat emits a 
sound wave of 51.35 kHz. What is the frequency of the wave 
detected by the bat after that wave reflects off the moth? 
If the velocity of blood flow in the aorta is normally about 
0.32m/s, what beat frequency would you expect if 
3.80-MHz ultrasound waves were directed along the flow 
and reflected from the red blood cells? Assume that the 
waves travel with a speed of 1.54 X 10° m/s. 

A bat emits a series of high-frequency sound pulses as it 
approaches a moth. The pulses are approximately 70.0 ms 
apart, and each is about 3.0 ms long. How far away can the 
moth be detected by the bat so that the echo from one 
pulse returns before the next pulse is emitted? 

(a) Use the binomial expansion to show that Eqs. 9a and 
10a become essentially the same for small relative velocity 
between source and observer. (b) What percent error 
would result if Eq. 10a were used instead of 
Eq. 9a for a relative velocity of 18.0 m/s? 


f= f source moving toward (9a) 
: ( 1 “su stationary observer 
Usnd 


f (1 4 2a) Bae moving cial (10a) 


Usnd stationary source 


Two loudspeakers face each other at opposite ends of a 
long corridor. They are connected to the same source 
which produces a pure tone of 282 Hz. A person walks 
from one speaker toward the other at a speed of 1.4 m/s. 
What “beat” frequency does the person hear? 

A Doppler flow meter is used to measure the speed of blood 
flow. Transmitting and receiving elements are placed on the 
skin, as shown in Fig. 42. Typical sound-wave frequencies of 
about 5.0 MHz are used, which have a reasonable chance of 
being reflected from red blood cells. By measuring the 
frequency of the reflected waves, which are Doppler-shifted 
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because the red blood cells are moving, the speed of the 
blood flow can be deduced. “Normal” blood flow speed is 
about 0.1 m/s. Suppose that an artery is partly constricted, 
so that the speed of the blood flow is increased, and the flow 
meter measures a Doppler shift of 780 Hz. What is the speed 
of blood flow in the constricted region? The effective angle 
between the sound waves (both transmitted and reflected) 
and the direction of blood flow is 45°. Assume the velocity 
of sound in tissue is 1540 m/s. 


Transmitter Receiver 


Red blood cells 2G ==> V 


FIGURE 42 Problem 104. 


The wake of a speedboat is 15° in a lake where the speed of 
the water wave is 2.2 km/h. What is the speed of the boat? 


A source of sound waves (wavelength A) is a distance £ 
from a detector. Sound reaches the detector directly, and 
also by reflecting off an obstacle, as shown in Fig. 43. The 
obstacle is equidistant from source and detector. When the 
obstacle is a distance d to the right of the line of sight 
between source and detector, as shown, the two waves 
arrive in phase. How much farther to the right must the 
obstacle be moved if the two waves are to be out of phase 
by 3; wavelength, so destructive interference occurs? 
(Assume A < £, d.) 


Detector 
zS 


L Obstacle 


Y 


Source 


FIGURE 43 Problem 106. 


A dramatic demonstration, called “singing rods,” involves a 
long, slender aluminum rod held in the hand near the rod’s 
midpoint. The rod is stroked with the other hand. With a 
little practice, the rod can be made to “sing,” or emit a 
clear, loud, ringing sound. For a 75-cm-long rod, (a) what is 
the fundamental frequency of the sound? (b) What is its 
wavelength in the rod, and (c) what is the wavelength of 
the sound in air at 20°C? 


340 m. 5. (a) 0.17 m; 
(a) 1.7cm to 17m; (b) 1l; 

(c) 0.5%. 
(b) 2.3 X 10> m. 7. 41 m. 


108. Assuming that the maximum displacement of the air 


molecules in a sound wave is about the same as that of the 
speaker cone that produces the sound (Fig. 44), estimate 
by how much a loudspeaker cone moves for a fairly loud 
(105dB) sound of 
(a) 8.0 kHz, and (b) 


35 Hz. a 


FIGURE 44 To 
Problem 108. 


Rarefaction Compression 


y 
-— Motion of speaker cone 
(exaggerated) 
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*109. (III) The manner in which a string is plucked determines 


the mixture of harmonic amplitudes in the resulting wave. 
Consider a string exactly 3-m longthat is fixed at both its ends 
located at x = 0.0 and x = 4m. The first five harmonics 
of this string have wavelengths A, = 1.0m, A, =4m, 
à3 = įm, Ay = 4m, and As; = $m. According to Fourier’s 
theorem, any shape of this string can be formed by a sum 
of its harmonics, with each harmonic having its own unique 
amplitude A. We limit the sum to the first five harmonics 
in the expression 


D(x) = Asin M + Asin M 
À Ag 


2 2 2 
+ A; sin 7 + Asin Ty + As sin Ty ; 
j À3 Ay j As 


and D is the displacement of the string at a time f = 0. 
Imagine plucking this string at its midpoint (Fig. 45a) or at a 
point two-thirds from the left end (Fig. 45b). Using a 
graphing calculator or computer program, show that 
the above expression 
can fairly accurately 
represent the shape 
in: (a) Fig. 45a, if 


A, = 1.00, 

A, = 0.00, 

A; = —0.11, 
A4 = 0.00, and 


As = 0.040; and in 
(b) Fig. 45b, if 


A, = 0.87, 

A = —0.22, 

A; = 0.00, 

A4 = 0.054, and 

As = —0.035. 
FIGURE 45 


Problem 109. (b) 


nswers to Odd-Numbered Problems 


9. (a) 8%; 
(b) 4%. 

11. (a) 4.4 x 10> Pa; 
(b) 4.4 X 1073 Pa. 


13. 


15. 
17. 


19. 


21. 


23. 


25. 
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29. 


31. 


33. 
35. 


37. 
39. 


41. 
43. 
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(a) 5.3m; 

(b) 675 Hz; 

(c) 3600 m/s; 

(d) 1.0 x 10-8 m. 

63 dB. 

(a) 10°; 

(b) 10". 

2.9 x 10°°J. 

124 dB. 

(a) 9.4 X 10° W; 

(b) 8.0 X 10° people. 

(a) 122 dB, 115 dB; 

(b) no. 

7 dB. 

(a) The higher frequency wave, 2.6; 
(b) 6.8. 

(a) 3.2 X 10> m; 

(b) 3.0 X 10! Pa. 

1.24 m. 

(a) 69.2 Hz, 207 Hz, 346 Hz, 484 Hz; 
(b) 138 Hz, 277 Hz, 415 Hz, 553 Hz. 
8.6 mm to 8.6 m. 

(a) 0.18 m; 

(b) 1.1m; 

(c) 440 Hz, 0.78 m. 

—3.0%. 

(a) 1.31 m; 

(b) 3, 4, 5, 6. 

3.65 cm, 7.09 cm, 10.3 cm, 13.4 cm, 
16.3 cm, 19.0 cm. 

4.3 m, open. 

21.4 Hz, 42.8 Hz. 
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3430 Hz, 10,300 Hz, 17,200 Hz, 
relatively sensitive frequencies. 


+ 0.50 Hz. 

346 Hz. 

10 beats/s. 

(a) 221.5 Hz or 218.5 Hz; 

(b) 1.4% increase, 1.3% decrease. 
(a) 1470 Hz; 

(b) 1230 Hz. 


(a) 2430 Hz, 2420 Hz, difference of 
10 Hz; 


(b) 4310 Hz, 3370 Hz, difference of 
940 Hz; 

(c) 34,300 Hz, 4450 Hz, difference 
of 29,900 Hz; 


(d) fSource moving ~ observer moving 


_ s(i Fi nm) 


Vsound 
(a) 1420 Hz, 1170 Hz; 
(b) 1520 Hz, 1080 Hz; 
(c) 1330 Hz, 1240 Hz. 
3 Hz. 

(a) Every 1.3s; 

(b) every 15s. 

8.9 cm/s. 

(a) 93; 

(b) 0.62°. 

19km. 


(a) 57 Hz, 69 Hz, 86 Hz, 110 Hz, 
170 Hz. 


90 dB. 
11 W. 
51 dB. 
1.07. 


89. (a) 280 m/s, 57 N; 
(b) 0.19 m; 
(c) 880 Hz, 1320 Hz. 


91. 3 Hz. 


93. 141 Hz, 422 Hz, 703 Hz, 984 Hz. 


95. 22 m/s. 


97. (a) No beats; 


(b) 20 Hz; 


(c) no beats. 


99. 55.2 kHz 
101. 11.5 m. 
103. 2.3 Hz. 
105. 17 km/h. 


107. (a) 3400 Hz; 


(b) 1.50 m; 
(c) 0.10 m. 


109. (a) 
12 


1.0 


08 


= 0.6 


Q 


0.4 
0.2 


0.0 


x(m) 


0.5 


0.1 


x(m) 
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Heating the air inside a “hot-air” balloon raises the 
air’s temperature, causing it to expand, and forces air 
out the opening at the bottom. The reduced amount of 
air inside means its density is lower than the outside 
air, so there is a net buoyant force upward on the 
balloon. In this Chapter we study temperature and its 
effects on matter: thermal expansion and the gas laws. 
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CHAPTER-OPENING QUESTION— Guess now! 
[Don’t worry about getting the right answer now—the idea is to get your preconceived 
notions out on the table.| 


A hot-air balloon, open at one end (see photos above), rises when the air inside is 
heated by a flame. For the following properties, is the air inside the balloon higher, 
lower, or the same as for the air outside the balloon? 

(i) Temperature, 

(ii) Pressure, 

(iii) Density. 


e will often consider a particular system, by which we mean a particular 
object or set of objects; everything else in the universe is called the 
“environment.” We can describe the state (or condition) of a particular 
system—such as a gas in a container—from either a microscopic or 

macroscopic point of view. A microscopic description would involve details of the motion 
of all the atoms or molecules making up the system, which could be very complicated. A 
macroscopic description is given in terms of quantities that are detectable directly by our 
senses and instruments, such as volume, mass, pressure, and temperature. 


Note: Sections marked with an asterisk (*) may be considered optional by the instructor. 
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The description of processes in terms of macroscopic quantities is the field of 
thermodynamics. Quantities that can be used to describe the state of a system are 
called state variables. To describe the state of a pure gas in a container, for 
example, requires only three state variables, which are typically the volume, the 
pressure, and the temperature. More complex systems require more than three 
state variables to describe them. 

The emphasis in this Chapter is on the concept of temperature. We begin, 
however, with a brief discussion of the theory that matter is made up of atoms and 
that these atoms are in continual random motion. This theory is called kinetic 
theory (“kinetic,” you may recall, is Greek for “moving”). 


] Atomic Theory of Matter 


The idea that matter is made up of atoms dates back to the ancient Greeks. 
According to the Greek philosopher Democritus, if a pure substance—say, a piece 
of iron—were cut into smaller and smaller bits, eventually a smallest piece of that 
substance would be obtained which could not be divided further. This smallest 
piece was called an atom, which in Greek means “indivisible.”* 

Today the atomic theory is universally accepted. The experimental evidence in 
its favor, however, came mainly in the eighteenth, nineteenth, and twentieth 
centuries, and much of it was obtained from the analysis of chemical reactions. 

We will often speak of the relative masses of individual atoms and 
molecules—what we call the atomic mass or molecular mass, respectively.* 
These are based on arbitrarily assigning the abundant carbon atom, °C, 
the atomic mass of exactly 12.0000 unified atomic mass units (u). In terms 
of kilograms, 


1u = 1.6605 x 10” kg. 


The atomic mass of hydrogen is then 1.0078 u, and the values for other atoms are 
as listed in the Periodic Table. The molecular mass of a compound is the sum of 
atomic masses of the atoms making up the molecules of that compound.‘ 

An important piece of evidence for the atomic theory is called Brownian 
motion, named after the biologist Robert Brown, who is credited with its discovery 
in 1827. While he was observing tiny pollen grains suspended in water under his 
microscope, Brown noticed that the tiny grains moved about in tortuous paths 
(Fig. 1), even though the water appeared to be perfectly still. The atomic theory 
easily explains Brownian motion if the further reasonable assumption is made that 
the atoms of any substance are continually in motion. Then Brown’s tiny pollen 
grains are jostled about by the vigorous barrage of rapidly moving molecules of 
water. 

In 1905, Albert Einstein examined Brownian motion from a theoretical point 
of view and was able to calculate from the experimental data the approximate size 
and mass of atoms and molecules. His calculations showed that the diameter of a 
typical atom is about 1071? m. 


‘Today we do not consider the atom as indivisible, but rather as consisting of a nucleus (containing 
protons and neutrons) and electrons. 


+The terms atomic weight and molecular weight are sometimes used for these quantities, but properly 
speaking we are comparing masses. 

‘An element is a substance, such as gold, iron, or copper, that cannot be broken down into simpler 
substances by chemical means. Compounds are substances made up of elements, and can be broken 
down into them; examples are carbon dioxide and water. The smallest piece of an element is an atom; 
the smallest piece of a compound is a molecule. Molecules are made up of atoms; a molecule of 
water, for example, is made up of two atoms of hydrogen and one of oxygen; its chemical formula 
is H20. 


FIGURE 1 Path of a tiny particle 
(pollen grain, for example) 
suspended in water. The straight 
lines connect observed positions of 
the particle at equal time intervals. 
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FIGURE 2 

Atomic arrangements in 

(a) a crystalline solid, (b) a liquid, 
and (c) a gas. 


FIGURE 3 Expansion joint ona 
bridge. 


David R. Frazier Photolibrary, Inc./Alamy 
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In general terms, there are three common phases (or states) of matter—solid, 
liquid, gas—based on macroscopic, or “large-scale,” properties. Now let us see how 
these three phases of matter differ, from the atomic or microscopic point of view. 
Clearly, atoms and molecules must exert attractive forces on each other. For how 
else could a brick or a block of aluminum hold together in one piece? The attrac- 
tive forces between molecules are of an electrical nature. When molecules come 
too close together, the force between them must become repulsive (electric repul- 
sion between their outer electrons), for how else could matter take up space? Thus 
molecules maintain a minimum distance from each other. In a solid material, the 
attractive forces are strong enough that the atoms or molecules move only slightly 
(oscillate) about relatively fixed positions, often in an array known as a crystal 
lattice, as shown in Fig. 2a. In a liquid, the atoms or molecules are moving more 
rapidly, or the forces between them are weaker, so that they are sufficiently free to 
pass around one another, as in Fig. 2b. In a gas, the forces are so weak, or the 
speeds so high, that the molecules do not even stay close together. They move 
rapidly every which way, Fig. 2c, filling any container and occasionally colliding 
with one another. On average, the speeds are sufficiently high in a gas that when 
two molecules collide, the force of attraction is not strong enough to keep them 
close together and they fly off in new directions. 


2 GW 25S ESTIMATE | Distance between atoms. The density of copper is 
8.9 X 10° kg/m’, and each copper atom has a mass of 63 u. Estimate the average 
distance between the centers of neighboring copper atoms. 


APPROACH We consider a cube of copper 1 m on a side. From the given density p 
we can calculate the mass m of a cube of volume V = 1 m° (m = pV). We divide 
this by the mass of one atom (63u) to obtain the number of atoms in 1 m°. We 
assume the atoms are in a uniform array, and we let N be the number of atoms in 
a 1-m length; then (N)(N)(N) = N? equals the total number of atoms in 1 m°. 
SOLUTION The mass of 1 copper atom is 63u = 63 X 1.66 xX 10” kg = 
1.05 x 10° kg. This means that in a cube of copper 1m ona side (volume = 1 m°), 
there are 

8.9 xX 10° kg/m? 


1.05 x 10” kg/atom 


The volume of a cube of side £ is V = Ë, so on one edge of the 1-m-long cube 
there are (8.5 x 10°5)3 atoms = 4.4 X 10° atoms. Hence the distance between 
neighboring atoms is 


1m 
4.4 X 10° atoms 


NOTE Watch out for units. Even though “atoms” is not a unit, it is helpful to 
include it to make sure you calculate correctly. 


= 8.5 x 10” atoms/m*. 


= 23x 10" m. 


2 Temperature and Thermometers 


In everyday life, temperature is a measure of how hot or cold something is. A hot 
oven is said to have a high temperature, whereas the ice of a frozen lake is said to 
have a low temperature. 

Many properties of matter change with temperature. For example, most materials 
expand when their temperature is increased.’ An iron beam is longer when hot than 
when cold. Concrete roads and sidewalks expand and contract slightly according to 
temperature, which is why compressible spacers or expansion joints (Fig. 3) are placed 
at regular intervals. The electrical resistance of matter changes with temperature. So 
too does the color radiated by objects, at least at high temperatures: you may have 
noticed that the heating element of an electric stove glows with a red color when hot. 


*Most materials expand when their temperature is raised, but not all. Water, for example, in the range 
0°C to 4°C contracts with an increase in temperature. 
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Franca Principe/Istituto e Museo di Storia [i 
della Scienza, Florence, Italy H 


At higher temperatures, solids such as iron glow orange or even white. The white light 
from an ordinary incandescent lightbulb comes from an extremely hot tungsten wire. 
The surface temperatures of the Sun and other stars can be measured by the predom- 
inant color (more precisely, wavelengths) of light they emit. 

Instruments designed to measure temperature are called thermometers. There 
are many kinds of thermometers, but their operation always depends on some 
property of matter that changes with temperature. Many common thermometers rely 
on the expansion of a material with an increase in temperature. The first idea for a 
thermometer, by Galileo, made use of the expansion of a gas. Common thermometers 
today consist of a hollow glass tube filled with mercury or with alcohol colored with a 
red dye, as were the earliest usable thermometers (Fig. 4). 

Inside a common liquid-in-glass thermometer, the liquid expands more than 
the glass when the temperature is increased, so the liquid level rises in the tube 
(Fig. 5a). Although metals also expand with temperature, the change in length of a 
metal rod, say, is generally too small to measure accurately for ordinary changes in 
temperature. However, a useful thermometer can be made by bonding together 
two dissimilar metals whose rates of expansion are different (Fig. 5b). When the 
temperature is increased, the different amounts of expansion cause the bimetallic 
strip to bend. Often the bimetallic strip is in the form of a coil, one end of which is 
fixed while the other is attached to a pointer, Fig. 6. This kind of thermometer is 
used as ordinary air thermometers, oven thermometers, automatic off switches in 
electric coffeepots, and in room thermostats for determining when the heater or 
air conditioner should go on or off. Very precise thermometers make use of 
electrical properties, such as resistance thermometers, thermocouples, and thermis- 
tors, often with a digital readout. 


Temperature Scales 


In order to measure temperature quantitatively, some sort of numerical scale must 
be defined. The most common scale today is the Celsius scale, sometimes called 
the centigrade scale. In the United States, the Fahrenheit scale is also common. The 
most important scale in scientific work is the absolute, or Kelvin, scale, and it will 
be discussed later in this Chapter. 

One way to define a temperature scale is to assign arbitrary values to two 
readily reproducible temperatures. For both the Celsius and Fahrenheit scales these 
two fixed points are chosen to be the freezing point and the boiling point’ of water, 
both taken at standard atmospheric pressure. On the Celsius scale, the freezing point 
of water is chosen to be 0°C (“zero degrees Celsius”) and the boiling point 100°C. 
On the Fahrenheit scale, the freezing point is defined as 32°F and the boiling point 
212°F. A practical thermometer is calibrated by placing it in carefully prepared 
environments at each of the two temperatures and marking the position of the liquid 
or pointer. For a Celsius scale, the distance between the two marks is divided into 
one hundred equal intervals representing each degree between 0°C and 100°C (hence 
the name “centigrade scale” meaning “hundred steps”). For a Fahrenheit scale, the 
two points are labeled 32°F and 212°F and the distance between them is divided into 
180 equal intervals. For temperatures below the freezing point of water and above 
the boiling point of water, the scales may be extended using the same equally spaced 
intervals. However, thermometers can be used only over a limited temperature 
range because of their own limitations—for example, the liquid mercury in a 
mercury-in-glass thermometer solidifies at some point, below which the thermometer 
will be useless. It is also rendered useless above temperatures where the fluid, 
such as alcohol, vaporizes. For very low or very high temperatures, specialized 
thermometers are required, some of which we will mention later. 


‘The freezing point of a substance is defined as that temperature at which the solid and liquid phases 
coexist in equilibrium—that is, without any net liquid changing into the solid or vice versa. Experimen- 
tally, this is found to occur at only one definite temperature, for a given pressure. Similarly, the boiling 
point is defined as that temperature at which the liquid and gas coexist in equilibrium. Since these 
points vary with pressure, the pressure must be specified (usually it is 1 atm). 


FIGURE 4 Thermometers built by the 
Accademia del Cimento (1657-1667) in 
Florence, Italy, are among the earliest 
known. These sensitive and exquisite 
instruments contained alcohol, sometimes 
colored, like many thermometers today. 


FIGURE 5 (a) Mercury- or 
alcohol-in-glass thermometer; 
(b) bimetallic strip. 


Tube 


Bulb (acts as 
a reservoir) 


(a) (b) 


FIGURE 6 Photograph of a ther- 
mometer using a coiled bimetallic strip. 


Leonard Lessin/Peter Arnold, Inc. 
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FIGURE 7 Celsius and Fahrenheit 


scales compared. 


A CAUTION 


Convert temperature by 
remembering 0°C = 32°F anda 
9F° 


change of 5C° = 


FIGURE 8 Constant-volume gas 


thermometer. 


T 
h 
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Every temperature on the Celsius scale corresponds to a particular temperature on 
the Fahrenheit scale, Fig. 7. It is easy to convert from one to the other if you 
remember that 0°C corresponds to 32°F and that a range of 100° on the Celsius scale 
corresponds to a range of 180° on the Fahrenheit scale. Thus, one Fahrenheit degree 
(1 F°) corresponds to 100/180 = $ of a Celsius degree (1 C°). That is, 1 F° = 3C°. 
(Notice that when we refer to a specific temperature, we say “degrees Celsius,” as in 
20°C; but when we refer to a change in temperature or a temperature interval, we 
say “Celsius degrees,” as in “2 C°.”) The conversion between the two temperature 
scales can be written 


T(°C) = 3[T(°F) - 32] 
or 


T(°F) = 3T(°C) + 32. 


Rather than memorizing these relations (it would be easy to confuse them), it 
is usually easier simply to remember that 0°C = 32°F and that a change of 
5 C° = a change of 9 F°. 


Taking your temperature. Normal body temperature is 98.6°F. 
What is this on the Celsius scale? 


APPROACH We recall that 0°C = 32°F and 5C° = 9F°. 

SOLUTION First we relate the given temperature to the freezing point of water 
(0°C). That is, 98.6°F is 98.6 — 32.0 = 66.6F° above the freezing point of 
water. Since each F° is equal to 3 C°, this corresponds to 66.6 X 3 = 37.0 Celsius 


degrees above the freezing point. The freezing point is 0°C, so the temperature 
is 37.0°C. 


EXERCISE A Determine the temperature at which both scales give the same numerical 
reading (Tc = Tp). 


Different materials do not expand in quite the same way over a wide 
temperature range. Consequently, if we calibrate different kinds of thermometers 
exactly as described above, they will not usually agree precisely. Because of how 
we calibrate them, they will agree at 0°C and at 100°C. But because of different 
expansion properties, they may not agree precisely at intermediate temperatures 
(remember we arbitrarily divided the thermometer scale into 100 equal divisions 
between 0°C and 100°C). Thus a carefully calibrated mercury-in-glass thermometer 
might register 52.0°C, whereas a carefully calibrated thermometer of another 
type might read 52.6°C. Discrepancies below 0°C and above 100°C can also be 
significant. 

Because of such discrepancies, some standard kind of thermometer must be 
chosen so that all temperatures can be precisely defined. The chosen stan-dard for 
this purpose is the constant-volume gas thermometer. As shown in the simplified 
diagram of Fig. 8, this thermometer consists of a bulb filled with a dilute gas 
connected by a thin tube to a mercury manometer. The volume of the gas is kept 
constant by raising or lowering the right-hand tube of the manometer so that the 
mercury in the left-hand tube coincides with the reference mark. An increase in 
temperature causes a proportional increase in pressure in the bulb. Thus the tube 
must be lifted higher to keep the gas volume constant. The height of the mercury 
in the right-hand column is then a measure of the temperature. This thermometer 
gives the same results for all gases in the limit of reducing the gas pressure in the 
bulb toward zero. The resulting scale serves as a basis for the standard tempera- 
ture scale (Section 10). 
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3 Thermal Equilibrium and the 
Zeroth Law of Thermodynamics 


We are all familiar with the fact that if two objects at different temperatures are 
placed in thermal contact (meaning thermal energy can transfer from one to the 
other), the two objects will eventually reach the same temperature. They are then 
said to be in thermal equilibrium. For example, you leave a fever thermometer in 
your mouth until it comes into thermal equilibrium with that environment, and 
then you read it. Two objects are defined to be in thermal equilibrium if, when 
placed in thermal contact, no net energy flows from one to the other, and their 
temperatures don’t change. Experiments indicate that 


if two systems are in thermal equilibrium with a third system, then they are in 
thermal equilibrium with each other. 


This postulate is called the zeroth law of thermodynamics. It has this unusual name 
because it was not until after the great first and second laws of thermodynamics 
were worked out that scientists realized that this apparently obvious 
postulate needed to be stated first. 

Temperature is a property of a system that determines whether the system will 
be in thermal equilibrium with other systems. When two systems are in thermal 
equilibrium, their temperatures are, by definition, equal, and no net thermal 
energy will be exchanged between them. This is consistent with our everyday 
notion of temperature, since when a hot object and a cold one are put into contact, 
they eventually come to the same temperature. Thus the importance of the zeroth 
law is that it allows a useful definition of temperature. 


4 Thermal Expansion 


Most substances expand when heated and contract when cooled. However, the 
amount of expansion or contraction varies, depending on the material. 


Linear Expansion 


Experiments indicate that the change in length A£ of almost all solids is, to a good 
approximation, directly proportional to the change in temperature AT, as long as 
AT is not too large. The change in length is also proportional to the original length 
of the object, £). That is, for the same temperature increase, a 4-m-long iron rod 
will increase in length twice as much as a 2-m-long iron rod. We can write this 
proportionality as an equation: 


Al = ah AT, (la) 
where a, the proportionality constant, is called the coefficient of linear expansion 
for the particular material and has units of (C°)'. We write 2 = + Ag, 
Fig. 9, and rewrite this equation as £ = ły + Al = h + af) AT, or 

£ = £(1 + aAT), (1b) 
where £, is the length initially, at temperature T), and £ is the length after heating 
or cooling to a temperature T. If the temperature change AT =T -Tọ is 


negative, then Af = £ — b is also negative; the length shortens as the temperature 
decreases. 


hb 
at To ) FIGURE 9 A thin rod of length & at 
Ae | temperature Tọ is heated to a new 


uniform temperature T and acquires 


at T length £, where £ = lọ + Af. 
; t : 
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Expansion in structures 


FIGURE 10 Example 4. 
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TABLE 1 Coefficients of Expansion, near 20°C 


Coefficient of Linear 


Coefficient of Volume 


Material Expansion, œ (Cin Expansion, 6 (C)! 
Solids 
Aluminum 25 $< i TS 6 10° 
Brass 19 x 10°° 55 10 
Copper 7% 10° S05 10° 
Gold OS EOS 
Iron or steel PRENK a5 x 10° 
Lead 29 0S EU S< O 
Glass (Pyrex®) 3 10° Dx 107 
Glass (ordinary) 9 x 10° Dy NO 
Quartz OA 10° il 10 
Concrete and brick i) Sr? 236 x 108° 
Marble IAS S10 ALi) $< 10° 
Liquids 
Gasoline 950 x 10°° 
Mercury 180 x 10° 
Ethyl alcohol 1100 x 10°¢ 
Glycerin 500 x 10°° 
Water MO 1? 
Gases 
Air (and most other gases 
at atmospheric pressure) 3400 x 10°° 


The values of «æ for various materials at 20°C are listed in Table 1. Actually, œ 
does vary slightly with temperature (which is why thermometers made of different 
materials do not agree precisely). However, if the temperature range is not too 
great, the variation can usually be ignored. 


Bridge expansion. The steel bed of a suspension bridge is 200 m 
long at 20°C. If the extremes of temperature to which it might be exposed are 
—30°C to +40°C, how much will it contract and expand? 


APPROACH We assume the bridge bed will expand and contract linearly with 
temperature, as given by Eq. la. 
SOLUTION From Table 1, we find that a = 12 x 10°°(C°)?! for steel. The 
increase in length when it is at 40°C will be 
Al = al AT = (12 x 10°°/C°)(200 m)(40°C — 20°C) = 4.8 x 10°m, 
or 4.8 cm. When the temperature decreases to —30°C, AT = —50 C°. Then 
Ag = (12 x 10°°/C°)(200 m)(—50C°) = —12.0 x 10° m, 


or a decrease in length of 12cm. The total range the expansion joints must 
accommodate is 12cm + 4.8cm ~ 17cm (Fig. 3). 


CONCEPTUAL EXAMPLE 4| Do holes expand or contract? If you heat a thin, 
circular ring (Fig. 10a) in the oven, does the ring’s hole get larger or smaller? 


RESPONSE You might guess that the metal expands into the hole, making the 
hole smaller. But it is not so. Imagine the ring is solid, like a coin (Fig. 10b). Draw 
a circle on it with a pen as shown. When the metal expands, the material inside 
the circle will expand along with the rest of the metal; so the circle expands. 
Cutting the metal where the circle is makes clear to us that the hole 
in Fig. 10a increases in diameter. 
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Ring on a rod. An iron ring is to fit snugly on a cylindrical iron 
rod. At 20°C, the diameter of the rod is 6.445 cm and the inside diameter of the 
ring is 6.420 cm. To slip over the rod, the ring must be slightly larger than the rod 
diameter by about 0.008 cm. To what temperature must the ring be brought if its 
hole is to be large enough so it will slip over the rod? 

APPROACH The hole in the ring must be increased from a diameter of 6.420 cm 
to 6.445cm + 0.008cm = 6.453cm. The ring must be heated since the hole 
diameter will increase linearly with temperature (Example 4). 

SOLUTION We solve for AT in Eq. 1a and find 


AT = Af 6.453 su — 6420cm | 430 C°. 
aly (12 x 10°°/C°)(6.420 cm) 
So it must be raised at least to T = (20°C + 430 C°) = 450°C. 


NOTE In doing Problems, do not forget the last step, adding in the initial 
temperature (20°C here). 


Opening a tight jar lid. When the lid of a glass jar 
is tight, holding the lid under hot water for a short time will often make it easier to 
open (Fig. 11). Why? 

RESPONSE The lid may be struck by the hot water more directly than the glass 
and so expand sooner. But even if not, metals generally expand more than 
glass for the same temperature change (a is greater—see Table 1). 

NOTE If you put a hard-boiled egg in cold water immediately after cooking it, it 
is easier to peel: the different thermal expansions of the shell and egg cause the 
egg to separate from the shell. 


Volume Expansion 


The change in volume of a material which undergoes a temperature change is 
given by a relation similar to Eq. 1a, namely, 

AV = BV,AT, (2) 
where AT is the change in temperature, Vois the original volume, AV is the change 
in volume, and £ is the coefficient of volume expansion. The units of B are (C°). 

Values of 6 for various materials are given in Table 1. Notice that for solids, B 
is normally equal to approximately 3a. To see why, consider a rectangular solid of 
length £), width Wọ, and height Ho. When its temperature is changed by AT, its 
volume changes from Vo = 4 Wo Hoto 

V = &(1 + aAT)W,(1 + a AT)H (1 + a AT), 


using Eq. 1b and assuming a is the same in all directions. Thus, 


AV =V - Vo = Vo(1 + a AT) — Vo = Vol3a AT + 3(@ AT)? + (@ ATP]. 


If the amount of expansion is much smaller than the original size of the object, 
then a AT < 1 and we can ignore all but the first term and obtain 


AV ~ (3a)VQ AT. 
This is Eq. 2 with B ~ 3a. For solids that are not isotropic (having the same properties 


in all directions), however, the relation B ~ 3a is not valid. Note also that linear 
expansion has no meaning for liquids and gases since they do not have fixed shapes. 


EXERCISE B A long thin bar of aluminum at 0°C is 1.0m long and has a volume of 
1.0000 x 107° m°. When heated to 100°C, the length of the bar becomes 1.0025 m. What is 
the approximate volume of the bar at 100°C? (a) 1.0000 x 107° m?; (b) 1.0025 x 1073 m; 
(c) 1.0050 x 10-3 mî; (d) 1.0075 x 107° mî; (e) 2.5625 x 107° m°. 


Equations 1 and 2 are accurate only if Af (or AV) is small compared 
to l (or Vò. This is of particular concern for liquids and even more so for gases 
because of the large values of 6. Furthermore, $ itself varies substantially with 
temperature for gases. Therefore, a more convenient way of dealing with gases is 
needed, and will be discussed starting in Section 6. 


@® puysics APPLIED 


Opening a tight lid 


@ puysics APPLIED 
Peeling a hard-boiled egg 


FIGURE 11 


Example 6. 


Sorapop Udomsri/Shutterstock 
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Life under ice 


FIGURE 12 Behavior of water as a 
function of temperature near 4°C. 
(a) Volume of 1.00000 g of water, as 
a function of temperature. 

(b) Density vs. temperature. 

[Note the break in each axis.] 


Gas tank in the Sun. The 70-liter (L) steel gas tank of a car is 
filled to the top with gasoline at 20°C. The car sits in the Sun and the tank 
reaches a temperature of 40°C (104°F). How much gasoline do you expect to 
overflow from the tank? 


APPROACH Both the gasoline and the tank expand as the temperature increases, 
and we assume they do so linearly as described by Eq. 2. The volume of over- 
flowing gasoline equals the volume increase of the gasoline minus the increase in 
volume of the tank. 
SOLUTION The gasoline expands by 

AV = BV, AT = (950 x 10°°/C°)(70L)(40°C — 20°C) = 1.3L. 
The tank also expands. We can think of it as a steel shell that undergoes volume 
expansion (8 ~ 3a = 36 X 10°°/C°). If the tank were solid, the surface layer 
(the shell) would expand just the same. Thus the tank increases in volume by 


AV = (36 x 10°°/C°)(70L)(40°C — 20°C) = 0.050L, 
so the tank expansion has little effect. More than a liter of gas could spill out. 
NOTE Want to save a few pennies? You pay for gas by volume, so fill your gas 


tank when it is cool and the gas is denser—more molecules for the same price. 
But don’t fill the tank quite all the way. 


Anomalous Behavior of Water Below 4°C 


Most substances expand more or less uniformly with an increase in temperature, as 
long as no phase change occurs. Water, however, does not follow the usual pattern. 
If water at 0°C is heated, it actually decreases in volume until it reaches 4°C. Above 
4°C water behaves normally and expands in volume as the temperature is 
increased, Fig. 12. Water thus has its greatest density at 4°C. This anomalous 
behavior of water is of great importance for the survival of aquatic life during cold 
winters. When the water in a lake or river is above 4°C and begins to cool by 
contact with cold air, the water at the surface sinks because of its greater density. It 
is replaced by warmer water from below. This mixing continues until the tempera- 
ture reaches 4°C. As the surface water cools further, it remains on the surface 
because it is less dense than the 4°C water below. Water then freezes first at the 
surface, and the ice remains on the surface since ice (specific gravity = 0.917) is less 
dense than water. The water at the bottom remains liquid unless it is so cold that 
the whole body of water freezes. If water were like most substances, becoming more 
dense as it cools, the water at the bottom of a lake would be frozen first. Lakes 
would freeze solid more easily since circulation would bring the warmer water to the 
surface to be efficiently cooled. The complete freezing of a lake would cause severe 
damage to its plant and animal life. Because of the unusual behavior of water below 
4°C, it is rare for any large body of water to freeze completely, and this is helped by 
the layer of ice on the surface which acts as an insulator to reduce the flow of heat 
out of the water into the cold air above. Without this peculiar but wonderful property 
of water, life on this planet as we know it might not have been possible. 

Not only does water expand as it cools from 4°C to 0°C, it expands even more 
as it freezes to ice. This is why ice cubes float in water and pipes break when water 
inside them freezes. 


(a) (b) 
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*5 Thermal Stresses 


In many situations, such as in buildings and roads, the ends of a beam or slab of material 
are rigidly fixed, which greatly limits expansion or contraction. If the temperature 
should change, large compressive or tensile stresses, called thermal stresses, will occur. 
The magnitude of such stresses can be calculated using the concept of elastic modulus. 
To calculate the internal stress, we can think of this process as occurring in two steps: (1) 
the beam tries to expand (or contract) by an amount Af given by Eq. 1; (2) the solid in 
contact with the beam exerts a force to compress (or expand) it, keeping it at its 
original length. The force F required is given: 

Eh, 

EA 

where E is Young’s modulus for the material. To calculate the internal stress, F/A, 
we then set Af in Eq. 1a equal to Af in the equation above and find 


1F 
al, AT = EA” 


Al = 


Hence, the stress 


4 = aE AT. 
A 


2 GWigS 3 Stress in concrete on a hot day. A highway is to be made of 
blocks of concrete 10m long placed end to end with no space between them to 
allow for expansion. If the blocks were placed at a temperature of 10°C, what 
compressive stress would occur if the temperature reached 40°C? The contact 
area between each block is 0.20 m’. Will fracture occur? 

APPROACH We use the expression for the stress F/A we just derived, and find 
the value of E (elastic modulus). To see if fracture occurs, we compare this stress 
to the ultimate strength of concrete. 

SOLUTION 


— = aE AT = (12 x 10°°/C°)(20 x 10°N/m)(30C°) = 7.2 x 10°N/m?. 


This stress is not far from the ultimate strength of concrete under compression and 
exceeds it for tension and shear. If the concrete is not perfectly aligned, part of the 
force will act in shear, and fracture is likely. This is why soft spacers or expansion joints 
(Fig. 3) are used in concrete sidewalks, highways, and bridges. 


EXERCISE C How much space would you allow between the 10-m-long concrete blocks if 
you expected a temperature range of 0°F to 110°F? 


6 The Gas Laws and 
Absolute Temperature 


Equation 2 is not very useful for describing the expansion of a gas, partly because the 
expansion can be so great, and partly because gases generally expand to fill whatever 
container they are in. Indeed, Eq. 2 is meaningful only if the pressure is kept 
constant. The volume of a gas depends very much on the pressure as well as on the 
temperature. It is therefore valuable to determine a relation between the volume, the 
pressure, the temperature, and the mass of a gas. Such a relation is called an equation 
of state. (By the word state, we mean the physical condition of the system.) 

If the state of a system is changed, we will always wait until the pressure and 
temperature have reached the same values throughout. We thus consider only 
equilibrium states of a system—when the variables that describe it (such as 
temperature and pressure) are the same throughout the system and are not 
changing in time. We also note that the results of this Section are accurate only for 
gases that are not too dense (the pressure is not too high, on the order of an 
atmosphere or less) and not close to the liquefaction (boiling) point. 
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V 


FIGURE 13 Pressure vs. volume of 
a fixed amount of gas at a constant 
temperature, showing the inverse 
relationship as given by Boyle’s law: 
as the pressure decreases, the 
volume increases. 


FIGURE 14 Volume of a fixed 
amount of gas as a function of 
(a) Celsius temperature, and 

(b) Kelvin temperature, when the 
pressure is kept constant. 
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For a given quantity of gas it is found experimentally that, to a good approxi- 
mation, the volume of a gas is inversely proportional to the absolute pressure 
applied to it when the temperature is kept constant. That is, 

y 1 
xp’ 
where P is the absolute pressure (not “gauge pressure”). For example, if the pres- 
sure on a gas is doubled, the volume is reduced to half its original volume. This 
relation is known as Boyle’s law, after Robert Boyle (1627—1691), who first stated 
it on the basis of his own experiments. A graph of P vs. V for a fixed temperature 
is shown in Fig. 13. Boyle’s law can also be written 


[constant T] 


PV = constant. [constant T] 


That is, at constant temperature, if either the pressure or volume of a fixed amount 
of gas is allowed to vary, the other variable also changes so that the product PV 
remains constant. 

Temperature also affects the volume of a gas, but a quantitative relationship 
between V and T was not found until more than a century after Boyle’s work. The 
Frenchman Jacques Charles (1746-1823) found that when the pressure is not too 
high and is kept constant, the volume of a gas increases with temperature at a 
nearly linear rate, as shown in Fig. 14a. However, all gases liquefy at low tempera- 
tures (for example, oxygen liquefies at —183°C), so the graph cannot be extended 
below the liquefaction point. Nonetheless, the graph is essentially a straight line 
and if projected to lower temperatures, as shown by the dashed line, it crosses the 
axis at about —273°C. 

Such a graph can be drawn for any gas, and the straight line always projects 
back to —273°C at zero volume. This seems to imply that if a gas could be cooled 
to —273°C, it would have zero volume, and at lower temperatures a negative 
volume, which makes no sense. It could be argued that —273°C is the lowest 
temperature possible; indeed, many other more recent experiments indicate that 
this is so. This temperature is called the absolute zero of temperature. Its value has 
been determined to be —273.15°C. 

Absolute zero forms the basis of a temperature scale known as the absolute 
scale or Kelvin scale, and it is used extensively in scientific work. On this scale 
the temperature is specified as degrees Kelvin or, preferably, simply as kelvins (K) 
without the degree sign. The intervals are the same as for the Celsius scale, 
but the zero on this scale (0K) is chosen as absolute zero. Thus the freezing 
point of water (0°C) is 273.15 K, and the boiling point of water is 373.15 K. 
Indeed, any temperature on the Celsius scale can be changed to kelvins by 
adding 273.15 to it: 


T(K) = T(°C) + 273.15. 


Now let us look at Fig. 14b, where the graph of the volume of a gas versus absolute 
temperature is a straight line that passes through the origin. Thus, to a good 
approximation, the volume of a given amount of gas is directly proportional to the 
absolute temperature when the pressure is kept constant. This is known as Charles’s 
law, and is written 


VT. [constant P] 


A third gas law, known as Gay-Lussac’s law, after Joseph Gay-Lussac 
(1778-1850), states that at constant volume, the absolute pressure of a gas is directly 
proportional to the absolute temperature: 


Poet, [constant V] 


The laws of Boyle, Charles, and Gay-Lussac are not really laws in the sense 
that we use this term today (precise, deep, wide-ranging validity). They are really 
only approximations that are accurate for real gases only as long as the pressure 
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and density of the gas are not too high, and the gas is not too close to liquefaction 
(condensation). The term law applied to these three relationships has become 
traditional, however, so we have stuck with that usage. 


Why you should not throw a closed glass jar into 
a campfire. What can happen if you did throw an empty glass jar, with the lid on 
tight, into a fire, and why? 

RESPONSE The inside of the jar is not empty. It is filled with air. As the fire 
heats the air inside, its temperature rises. The volume of the glass jar changes only 
slightly due to the heating. According to Gay-Lussac’s law the pressure P of the 
air inside the jar can increase dramatically, enough to cause the jar to explode, 
throwing glass pieces outward. 


7 The Ideal Gas Law 


The gas laws of Boyle, Charles, and Gay-Lussac were obtained by means of a very 
useful scientific technique: namely, holding one or more variables constant to see 
clearly the effects on one variable due to changing one other variable. These laws 
can now be combined into a single more general relation between the absolute 
pressure, volume, and absolute temperature of a fixed quantity of gas: 


PV xT. 


This relation indicates how any of the quantities P, V, or T will vary when the 
other two quantities change. This relation reduces to Boyle’s, Charles’s, or 
Gay-Lussac’s law when either T, P, or V, respectively, is held constant. 

Finally, we must incorporate the effect of the amount of gas present. Anyone 
who has blown up a balloon knows that the more air forced into the balloon, the 
bigger it gets (Fig. 15). Indeed, careful experiments show that at constant tempera- 
ture and pressure, the volume V of an enclosed gas increases in direct proportion 
to the mass m of gas present. Hence we write 


PV x mT. 


This proportion can be made into an equation by inserting a constant of propor- 
tionality. Experiment shows that this constant has a different value for different 
gases. However, the constant of proportionality turns out to be the same for all 
gases if, instead of the mass m, we use the number of moles. 

One mole (abbreviated mol) is defined as the amount of substance that 
contains as many atoms or molecules as there are in precisely 12 grams of carbon 12 
(whose atomic mass is exactly 12u). A simpler but equivalent definition is this: 
1 mol is that quantity of substance whose mass in grams is numerically equal to the 
molecular mass (Section 1) of the substance. For example, the molecular mass of 
hydrogen gas (H,) is 2.0u (since each molecule contains two atoms of hydrogen 
and each atom has an atomic mass of 1.0 u). Thus 1 mol of H, has a mass of 2.0 g. 
Similarly, 1 mol of neon gas has a mass of 20 g, and 1 mol of CO, has a mass of 
[12 + (2 xX 16)] = 44g since oxygen has atomic mass of 16 (see Periodic Table 
inside the rear cover). The mole is the official unit of amount of substance in the SI 
system. In general, the number of moles, n, in a given sample of a pure substance is 
equal to the mass of the sample in grams divided by the molecular mass specified 
as grams per mole: 


mass (grams) 


le) = ’ 
ře (mole) molecular mass (g/mol) 


For example, the number of moles in 132 g of CO, (molecular mass 44 u) is 


Sa i 
n= 44 g/mol = .U mole. 


Leonard Lessin/Peter Arnold, Inc. 


FIGURE 15 Blowing up a balloon 
means putting more air (more air 
molecules) into the balloon, which 
increases its volume. The pressure is 
nearly constant (atmospheric) 
except for the small effect of the 
balloon’s elasticity. 
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IDEAL GAS LAW 


Ay CAUTION 


Always give T in kelvins and 
P as absolute (not gauge) pressure 


STP 


PROBLEM SOLVING 
mol of gas at STP has V = 22.4L 
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We can now write the proportion discussed above (PV œ mT) as an equation: 
PV = nRT, (3) 


where n represents the number of moles and R is the constant of proportionality. 
R is called the universal gas constant because its value is found experimentally to 
be the same for all gases. The value of R, in several sets of units (only the first is 
the proper SI unit), is 


R = 8.314J/(mol-K) [SI units] 
0.0821 (L-atm)/(mol-K) 
1.99 calories/ (mol : K).t 


Equation 3 is called the ideal gas law, or the equation of state for an ideal gas. We 
use the term “ideal” because real gases do not follow Eq. 3 precisely, particularly 
at high pressure (and density) or when the gas is near the liquefaction point 
(= boiling point). However, at pressures less than an atmosphere or so, and when 
T is not close to the liquefaction point of the gas, Eq. 3 is quite accurate and useful 
for real gases. 

Always remember, when using the ideal gas law, that temperatures must be 
given in kelvins (K) and that the pressure P must always be absolute pressure, not 
gauge pressure. 


EXERCISE D Return to the Chapter-Opening Question and answer it again now. Try to 
explain why you may have answered differently the first time. 


EXERCISE E An ideal gas is contained in a steel sphere at 27.0°C and 1.00 atm absolute 
pressure. If no gas is allowed to escape and the temperature is raised to 127°C, what will 
be the new pressure? (a) 1.33 atm; (b) 0.75 atm; (c) 4.7 atm; (d) 0.21 atm; (e) 1.00 atm. 


8 Problem Solving with the 
Ideal Gas Law 


The ideal gas law is an extremely useful tool, and we now consider some Examples. 
We will often refer to “standard conditions” or standard temperature and 
pressure (STP), which means: 


T = 273K (0°C) and P= 1.00atm = 1.013 x 10°N/m? = 101.3 kPa. 


Volume of one mole at STP. Determine the volume of 
1.00 mol of any gas, assuming it behaves like an ideal gas, at STP. 


APPROACH We use the ideal gas law, solving for V. 
SOLUTION We solve for V in Eq. 3: 
nRT (1.00 mol) (8.314 J/mol: K) (273 K) 
a P (1.013 x 10° N/m’) 


Since 1 liter (L) is 1000 cm? = 1.00 x 10° m°, 1.00 mol of any (ideal) gas has 
volume V = 22.4L at STP. 


= 22.4 x 10° m’. 


The value of 22.4L for the volume of 1 mol of an ideal gas at STP is worth 
remembering, for it sometimes makes calculation simpler. 


EXERCISE F What is the volume of 1.00 mol of ideal gas at 546K (=2 X 273K) and 
2.0 atm absolute pressure? (a) 11.2 L, (b) 22.4 L, (c) 44.8 L, (d) 67.2 L, (e) 89.6 L. 


İSometimes it is useful to use R as given in terms of calories. 
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Helium balloon. A helium party balloon, assumed to be a 
perfect sphere, has a radius of 18.0cm. At room temperature (20°C), its internal 
pressure is 1.05 atm. Find the number of moles of helium in the balloon and the 
mass of helium needed to inflate the balloon to these values. 


APPROACH We can use the ideal gas law to find n, since we are given P and T, 
and can find V from the given radius. 


SOLUTION We get the volume V from the formula for a sphere: 
V = tar 
= $r (0.180 m)? = 0.0244 m°. 


The pressure is given as 1.05 atm = 1.064 x 10° N/m?. The temperature must 
be expressed in kelvins, so we change 20°C to (20 + 273)K = 293K. Finally, 
we use the value R = 8.314J/(mol-K) because we are using SI units. 
Thus 


PV (1.064 x 10° N/m?)(0.0244 m°) 
n= = = 1.066 mol. 
RT (8.314 J/mol: K)(293 K) 
The mass of helium (atomic mass = 4.00 g/mol as given in the Periodic Table) 
can be obtained from 


mass = n X molecular mass = (1.066 mol)(4.00 g/mol) = 4.26g 
or 4.26 X 10° kg. 


2GA ESTIMATE | Mass of air in a room. Estimate the mass of air 
in a room whose dimensions are 5m X 3m X 2.5 m high, at STP. 


APPROACH First we determine the number of moles n using the given volume. 
Then we can multiply by the mass of one mole to get the total mass. 

SOLUTION Example 10 told us that 1 mol of a gas at 0°C has a volume of 22.4 L. 
The room’s volume is 5m X 3m X 2.5m, so 


5m)(3m)(2.5m 
n = omy M2 m) = 1700 mol. 
22.4 X 10° m 


Air is a mixture of about 20% oxygen (O,) and 80% nitrogen (N,). The molecular 
masses are 2 X 16u = 32u and 2 X 14u = 28u, respectively, for an average 
of about 29u. Thus, 1 mol of air has a mass of about 29g = 0.029kg, so our 
room has a mass of air 


m =œ (1700 mol)(0.029 kg/mol) ~ 50kg. 
NOTE That is roughly 100 lb of air! 


EXERCISE G At 20°C, would there be (a) more, (b) less, or (c) the same air mass in a room 
than at 0°C? 


Frequently, volume is specified in liters and pressure in atmospheres. Rather than 
convert these to SI units, we can instead use the value of R given in Section 7 as 
0.0821 L: atm/mol-K. 

In many situations it is not necessary to use the value of R at all. For example, 
many problems involve a change in the pressure, temperature, and volume of a 
fixed amount of gas. In this case, PV/T = nR = constant, since n and R remain 
constant. If we now let P,,V,,and 7, represent the appropriate variables initially, 
and P,, V2, 7xepresent the variables after the change is made, then we can write 


PiV, _ PV? 
Tı T, 

If we know any five of the quantities in this equation, we can solve for the sixth. 

Or, if one of the three variables is constant (V; = Vj,or P, = P}, or Ti = T3) 

then we can use this equation to solve for one unknown when given the other 

three quantities. 
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Mass (and weight) 
of the air in a room 


PROBLEM SOLVING 


Using the ideal gas law as a ratio 


539 


540 


Stockbyte/Getty Images 


Temperature, Thermal Expansion, and the Ideal Gas Law 


@ puysics APPLIED 
Pressure in a hot tire 


FIGURE 16 Example 13. 


Avogadro's number 


IDEAL GAS LAW 
(in terms of molecules) 


Check tires cold. An automobile tire is filled (Fig. 16) to a 
gauge pressure of 200kPa at 10°C. After a drive of 100km, the temperature 
within the tire rises to 40°C. What is the pressure within the tire now? 


APPROACH We do not know the number of moles of gas, or the volume of the 
tire, but we assume they are constant. We use the ratio form of the ideal gas law. 


SOLUTION Since V, = V>,then 
Pi, _ P 

To T, 
This is, incidentally, a statement of Gay-Lussac’s law. Since the pressure given is the 
gauge pressure, we must add atmospheric pressure (= 101 kPa) to get the absolute 
pressure P, = (200kPa + 101 kPa) = 301kPa. We convert temperatures to 
kelvins by adding 273 and solve for P3: 


T 313K 
P= »( 2] = (3.01 x 10°Pa)( 


283 K 


Subtracting atmospheric pressure, we find the resulting gauge pressure to be 
232 kPa, which is a 16% increase. This Example shows why car manuals suggest 
checking tire pressure when the tires are cold. 


9 Ideal Gas Law in Terms of Molecules: 
Avogadro's Number 


The fact that the gas constant, R, has the same value for all gases is a remarkable 
reflection of simplicity in nature. It was first recognized, although in a slightly 
different form, by the Italian scientist Amedeo Avogadro (1776-1856). Avogadro 
stated that equal volumes of gas at the same pressure and temperature contain equal 
numbers of molecules. This is sometimes called Avogadro’s hypothesis. That this is 
consistent with R being the same for all gases can be seen as follows. From 
Eq. 3, PV = nRT, we see that for the same number of moles, n, and the same 
pressure and temperature, the volume will be the same for all gases as long as R is 
the same. Second, the number of molecules in 1 mole is the same for all gases.‘ 
Thus Avogadro’s hypothesis is equivalent to R being the same for all gases. 

The number of molecules in one mole of any pure substance is known as 
Avogadro’s number, N4. Although Avogadro conceived the notion, he was not 
able to actually determine the value of N; . Indeed, precise measurements were 
not done until the twentieth century. 

A number of methods have been devised to measure N4, and the accepted 
value today is 


) = 333 kPa. 


N, = 6.02 x 10”. [molecules/mole] 


Since the total number of molecules, N, in a gas is equal to the number per mole 
times the number of moles (N = nN4), the ideal gas law, Eq. 3, can be written in 
terms of the number of molecules present: 


N 
PV = nRT = —— RT, 


Na 
or 
PV = NKT, (4) 
where k = R/N, is called the Boltzmann constant and has the value 
R 8.314 J/mol-K 


k = 138 x 10” J/K. 


Na 6.02 x 107/mol 


‘For example, the molecular mass of H gas is 2.0 atomic mass units (u), whereas that of O% gas is 
32.0 u. Thus 1 mol of H3 has a mass of 0.0020 kg and 1 mol of Op gas, 0.0320 kg. The number of mole- 
cules in a mole is equal to the total mass M of a mole divided by the mass m of one molecule; since this 
ratio (M/m) is the same for all gases by definition of the mole, a mole of any gas must contain the 
same number of molecules. 
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Hydrogen atom mass. Use Avogadro’s number to determine the 
mass of a hydrogen atom. 


APPROACH The mass of one atom equals the mass of 1 mol divided by the 
number of atoms in 1 mol, N4. 


SOLUTION One mole of hydrogen atoms (atomic mass = 1.008 u ) has a mass of 
1.008 x 10™° kg and contains 6.02 xX 10” atoms. Thus one atom has a mass 


1.008 x 10° kg 
6.02 x 10° 


m = 


1.67 X 10” kg. 


WEE ESTIMATE | How many molecules in one breath? Estimate ® PHYSICS APPLIED 
how many molecules you breathe in with a 1.0-L breath of air. Molecules in a breath 


APPROACH We determine what fraction of a mole 1.0 L is by using the result of 
Example 10 that 1 mole has a volume of 22.4 L at STP, and then multiply that by 
Nto get the number of molecules in this number of moles. 

SOLUTION One mole corresponds to 22.4L at STP so 1.0L of air is 
(1.0 L)/(22.4 L/mol) = 0.045 mol. Then 1.0 L of air contains 


(0.045 mol)(6.02 x 10” molecules/mol) ~ 3 x 10” molecules. 


*10 Ideal Gas Temperature Scale— 
a Standard 


It is important to have a very precisely defined temperature scale so that measure- 
ments of temperature made at different laboratories around the world can be 
accurately compared. We now discuss such a scale that has been accepted by the 
general scientific community. 

The standard thermometer for this scale is the constant-volume gas thermometer 
discussed in Section 2. The scale itself is called the ideal gas temperature scale, since it 
is based on the property of an ideal gas that the pressure is directly proportional to 
the absolute temperature (Gay-Lussac’s law). A real gas, which would need to be 
used in any real constant-volume gas thermometer, approaches this ideal at low 
density. In other words, the temperature at any point in space is defined as being 
proportional to the pressure in the (nearly) ideal gas used in the thermometer. To set 
up a scale we need two fixed points. One fixed point will be P = 0 at T = 0K. 
The second fixed point is chosen to be the triple point of water, which is that point 
where water in the solid, liquid, and gas states can coexist in equilibrium. This occurs 
only at a unique temperature and pressure," and can be reproduced at different 
laboratories with great precision. The pressure at the triple point of water is 4.58 torr 
and the temperature is 0.01°C. This temperature corresponds to 273.16 K, since 
absolute zero is about —273.15°C. In fact, the triple point is now defined to be 
exactly 273.16 K. 


‘Liquid water and steam can coexist (the boiling point) at a range of temperatures depending on the 
pressure. Water boils at a lower temperature when the pressure is less, such as high in the mountains. 
The triple point represents a more precisely reproducible fixed point than does either the freezing 
point or boiling point of water at, say, 1 atm. 
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FIGURE 17 Temperature readings 
of a constant-volume gas 
thermometer for the boiling point of 
water at 1.00 atm are plotted, for 
different gases, as a function of the 
gas pressure in the thermometer at 
the triple point (Pip). Note that as 
the amount of gas in the 
thermometer is reduced, so that 

Pip — 0, all gases give the same 
reading, 373.15 K. For pressure less 
than 0.10 atm (76 torr), the variation 
shown is less than 0.07 K. 


The absolute or Kelvin temperature T at any point is then defined, using a 
constant-volume gas thermometer for an ideal gas, as 


P 
T = (273.16 o2]. [ideal gas; constant volume] (5a) 


Pip 
In this relation, P,, is the pressure of the gas in the thermometer at the triple point 
temperature of water, and P is the pressure in the thermometer when it is at the 
point where T is being determined. Note that if we let P = Pẹ in this relation, 
then T = 273.16 K, as it must. 

The definition of temperature, Eq. 5a, with a constant-volume gas thermometer 
filled with a real gas is only approximate because we find that we get different results 
for the temperature depending on the type of gas that is used in the thermometer. 
Temperatures determined in this way also vary depending on the amount of gas in the 
bulb of the thermometer: for example, the boiling point of water at 1.00 atm is found 
from Eq. 5a to be 373.87 K when the gas is O, and P,, = 1000 torr. If the amount of 
O; in the bulb is reduced so that at the triple point P,, = 500 torr, the boiling point 
of water from Eq. Sa is then found to be 373.51 K. If H, gas is used instead, the corre- 
sponding values are 373.07 K and 373.11 K (see Fig. 17). But now suppose we use a 
particular real gas and make a series of measurements in which the amount of gas in 
the thermometer bulb is reduced to smaller and smaller amounts, so that P, becomes 
smaller and smaller. It is found experimentally that an extrapolation of such data to 
Pip = 0 always gives the same value for the temperature of a given system (such as 
T = 373.15K for the boiling point of water at 1.00atm) as shown in 
Fig. 17. Thus the temperature T at any point in space, determined using a constant- 
volume gas thermometer containing a real gas, is defined using this limiting process: 


T = (273.16 K) lim (=). [constant volume] (5b) 


po Pip 
This defines the ideal gas temperature scale. One of the great advantages of this 
scale is that the value for T does not depend on the kind of gas used. But the scale 
does depend on the properties of gases in general. Helium has the lowest 
condensation point of all gases; at very low pressures it liquefies at about 1 K, so 
temperatures below this cannot be defined on this scale. 


| Summary 


The atomic theory of matter postulates that all matter is made up of 
tiny entities called atoms, which are typically 10~!° m in diameter. 

Atomic and molecular masses are specified on a scale 
where ordinary carbon (Pc) is arbitrarily given the value 
12.0000 u (atomic mass units). 

The distinction between solids, liquids, and gases can be 
attributed to the strength of the attractive forces between the 
atoms or molecules and to their average speed. 

Temperature is a measure of how hot or cold something is. 
Thermometers are used to measure temperature on the Celsius (°C), 
Fahrenheit (°F), and Kelvin (K) scales. Two standard points 
on each scale are the freezing point of water (0°C, 32°F, 273.15 K) 
and the boiling point of water (100°C, 212°F, 373.15 K). 
A one-kelvin change in temperature equals a change of one 
Celsius degree or 3 Fahrenheit degrees. Kelvins are related to °C 
by T(K) = T(°C) + 273.15. 

The change in length, A£, of a solid, when its temperature 
changes by an amount AT, is directly proportional to the 
temperature change and to its original length 4. That is, 


Al = aly AT, da) 


where a is the coefficient of linear expansion. 
The change in volume of most solids, liquids, and gases is 
proportional to the temperature change and to the original 


volume Vo: 
AV = BVAT. (2) 

The coefficient of volume expansion, B, is approximately 
equal to 3a for uniform solids. 

Water is unusual because, unlike most materials whose 
volume increases with temperature, its volume actually decreases 
as the temperature increases in the range from 0°C to 4°C. 

The ideal gas law, or equation of state for an ideal gas, 
relates the pressure P, volume V, and temperature T (in kelvins) 
of n moles of gas by the equation 

PV = nRT, (3) 
where R = 8.314J/mol-K for all gases. Real gases obey the 
ideal gas law quite accurately if they are not at too high a 
pressure or near their liquefaction point. 

One mole is that amount of a substance whose mass in 
grams is numerically equal to the atomic or molecular mass of 
that substance. 

Avogadro’s number, Na = 6.02 X 107, is the number of 
atoms or molecules in 1 mol of any pure substance. 

The ideal gas law can be written in terms of the number of 
molecules N in the gas as 

PV = NKT, (4) 
where k = R/Na = 1.38 X 10” J/K is Boltzmann’s constant. 
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J Anwers to Exercises 


A: —40°. E: (a). 

B: (d). F: (b). 

C: 8mm. G: (b) Less. 
D: (i) Higher, (ii) same, (iii) lower. 
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Temperature, Thermal Expansion, 


and the Ideal Gas Law 
Problem Set 


| Questions 


1. 


2. 


10. 


11. 


12. 


13. 


From Chapter 17 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 


. In the relation Af = af) AT, 


Which has more atoms: 1 kg of iron or 1 kg of aluminum? 
See the Periodic Table. 

Name several properties of materials that could be 
exploited to make a thermometer. 


e Which is larger, 1C° or 1F°? 
. If system A is in equilibrium with system B, but B is not in 


equilibrium with system C, what can you say about the 
temperatures of A, B, and C? 


. Suppose system C is not in equilibrium with system A nor in 


equilibrium with system B. Does this imply that A and B are 
not in equilibrium? What can you infer regarding the 
temperatures of A, B, and C? 

should fọ be the initial 
length, the final length, or does it matter? 


. A flat bimetallic strip consists of a strip of aluminum riveted 


to a strip of iron. When heated, the strip will bend. Which 
metal will be on the outside of the curve? Why? 


. Long steam pipes that are fixed at the ends often have a 


section in the shape of a U. Why? 


. A flat uniform cylinder of lead floats in mercury at 0°C. 


Will the lead float higher or lower if the temperature is 
raised? 

Figure 18 shows a diagram of a simple thermostat used to 
control a furnace (or other heating or cooling system). The 
bimetallic strip consists of two strips of different metals 
bonded together. The electric switch (attached to the bimetallic 
strip) is a glass vessel containing liquid mercury that conducts 
electricity when it can 
flow to touch both 
contact wires. Explain 
how this device controls 
the furnace and how it 
can be set at different 
temperatures. 


FIGURE 18 
A thermostat 
(Question 10). 


Temperature 
setting lever 


Bimetallic strip 


Liquid mercury 
switch 


Wires to 


Liquid mercury heater 


Explain why it is advisable to add water to an overheated 
automobile engine only slowly, and only with the engine 
running. 

The units for the coefficients of expansion a are (C°)!, and 
there is no mention of a length unit such as meters. Would 
the expansion coefficient change if we used feet or millime- 
ters instead of meters? 

When a cold mercury-in-glass thermometer is first placed in 
a hot tub of water, the mercury initially descends a bit and 
then rises. Explain. 


14. 


The principal virtue of Pyrex glass is that its coefficient of 
linear expansion is much smaller than that for ordinary glass 
(Table 1). Explain why this gives rise to the higher 
resistance to heat of Pyrex. 


TABLE 1 Coefficients of Expansion, near 20°C 


Coefficient of Coefficient of 
Linear Expansion, Volume Expansion, 
Material ~ (CI) BC): 
Solids 
Aluminum DS 1S 
Brass 1) 54 i EGE alone 
Copper iy Se 10°" 500) 5 il 
Gold IAL SS OS 42 x 10° 
Iron or steel D 11 Sy x iO? 
Lead 29 x 10% 87 x 10% 
Glass (Pyrex®) 3 x 10° OO 
Glass (ordinary) 9 x 10° MS Oe 
Quartz 0.4 x 10°° IA OR 
Concrete 
and brick AD x OS 36 x OS 
Marble 14=3'5 x 105° ANS 0? 
Liquids 
Gasoline 950 x 10°° 
Mercury 180 x 10° 
Ethyl alcohol 1100 x 10°° 
Glycerin 500 x 10° 
Water DO Ss Oy" 
Gases 
Air (and most 
other gasesat 
atmospheric 
pressure) 3400 x 10°° 


15. 


16. 


17. 


18. 


Will a grandfather clock, accurate at 20°C, run fast or slow 
on a hot day (30°C)? The clock uses a pendulum supported 
on a long thin brass rod. 


Freezing a can of soda will cause its bottom and top to bulge 
so badly the can will not stand up. What has happened? 
Why might you expect an alcohol-in-glass thermometer to 
be more precise than a mercury-in-glass thermometer? 
Will the buoyant force on an aluminum sphere submerged 


in water increase, decrease, or remain the same, if the 
temperature is increased from 20°C to 40°C? 
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19. If an atom is measured to have a mass of 6.7 X 10” kg, 
what atom do you think it is? 

20. From a practical point of view, does it really matter what gas 
is used in a constant-volume gas thermometer? If so, 
explain. 


21. A ship loaded in sea water at 4°C later sailed up a river 
into fresh water where it sank in a storm. Explain why 
a ship might be more likely to sink in fresh water than 
on the open sea. [Hint: Consider the buoyant force due 
to water.] 


l Problems 


[The Problems in this Section are ranked I, II, or II according to 
estimated difficulty, with (I) Problems being easiest. Level (II) 
Problems are meant mainly as a challenge for the best students, 
for “extra credit.” The Problems are arranged by Sections, 
meaning that the reader should have read up to and including 
that Section, but this Chapter also has a group of General Prob- 
lems that are not arranged by Section and not ranked.] 


1 Atomic Theory 
1. (I) How does the number of atoms in a 21.5-g gold ring 
compare to the number in a silver ring of the same mass? 
2. (I) How many atoms are there in a 3.4-g copper penny? 


2 Temperature and Thermometers 

3. (1) (a) “Room temperature” is often taken to be 68°F. What 

is this on the Celsius scale? (b) The temperature of the fila- 
ment in a lightbulb is about 1900°C. What is this on the 
Fahrenheit scale? 

4. (1) Among the highest and lowest natural air temperatures 
recorded are 136°F in the Libyan desert and —129°F in 
Antarctica. What are these temperatures on the Celsius scale? 
(1) A thermometer tells you that you have a fever of 39.4°C. 
What is this in Fahrenheit? 

6. (II) In an alcohol-in-glass thermometer, the alcohol column has 
length 11.82 cm at 0.0°C and length 21.85 cm at 100.0°C. What 
is the temperature if the column has length (a) 18.70 cm, and 
(b) 14.60 cm? 


4 Thermal Expansion 


7. (I) The Eiffel Tower (Fig. 19) is built of wrought iron 
approximately 300m tall. 
Estimate how much its 
height changes between 
January (average tempera- 
ture of 2°C) and July 
(average temperature of 
25°C). Ignore the angles of 
the iron beams and treat the 
tower as a vertical beam. 
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FIGURE 19 Problem 7. 
The Eiffel Tower in Paris. 


8. (I) A concrete highway is built of slabs 12m long (15°C). 
How wide should the expansion cracks between the slabs be 
(at 15°C) to prevent buckling if the range of temperature is 
—30°C to +50°C? 

9. (I) Super Invar™, an alloy of iron and nickel, is a strong 
material with a very low coefficient of thermal expansion 
(0.20 x 10°°/C°). A 1.6-m-long tabletop made of this alloy is 
used for sensitive laser measurements where extremely high 
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tolerances are required. How much will this alloy table 
expand along its length if the temperature increases 5.0 C°? 
Compare to tabletops made of steel. 

10. (II) To what temperature would you have to heat a brass 
rod for it to be 1.0% longer than it is at 25°C? 

11. (II) The density of water at 4°C is 1.00 X 10° kg/m, What is 
water’s density at 94°C? Assume a constant coefficient of 
volume expansion. 

12. (II) At a given latitude, ocean water in the so-called “mixed 
layer” (from the surface to a depth of about 50m) is at 
approximately the same temperature due to the mixing 
action of waves. Assume that because of global warming, the 
temperature of the mixed layer is everywhere increased 
by 0.5°C, while the temperature of the deeper portions of the 
ocean remains unchanged. Estimate the resulting rise in sea 
level. The ocean covers about 70% of the Earth’s surface. 

13. (II) To make a secure fit, rivets that are larger than the rivet 
hole are often used and the rivet is cooled (usually in dry 
ice) before it is placed in the hole. A steel rivet 1.872 cm in 
diameter is to be placed in a hole 1.870 cm in diameter in a 
metal at 20°C. To what temperature must the rivet be cooled 
if it is to fit in the hole? 

14. (II) A uniform rectangular plate of length £ and width w has 
a coefficient of linear expansion a. Show that, if we neglect 
very small quantities, the change in area of the plate due to a 


temperature change AT js l = Al 
is AA = 2akw AT. See 
Fig. 20. 


FIGURE 20 Problem 14. 
A rectangular plate is 
heated. Aw 


L 
I 
L 
I 
I 
w I 
I 
I 
I 
I 
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15. (II) An aluminum sphere is 8.75cm in diameter. What 
will be its change in volume if it is heated from 30°C to 
180°C? 

16. (II) A typical car has 17 L of liquid coolant circulating at a 
temperature of 93°C through the engine’s cooling system. 
Assume that, in this normal condition, the coolant 
completely fills the 3.5-L volume of the aluminum radiator 
and the 13.5-L internal cavities within the steel engine. 
When a car overheats, the radiator, engine, and coolant 
expand and a small reservoir connected to the radiator 
catches any resultant coolant overflow. Estimate how much 
coolant overflows to the reservoir if the system is heated 
from 93°C to 105°C. Model the radiator and engine as 
hollow shells of aluminum and steel, respectively. The coeffi- 
cient of volume expansion for coolant is 8B = 410 x 107°/C°. 

17. (II) It is observed that 55.50mL of water at 20°C 
completely fills a container to the brim. When the container 
and the water are heated to 60°C, 0.35 g of water is lost. 
(a) What is the coefficient of volume expansion of the 


18. 


19. 


20. 


21. 


22. 


23. 


24. 
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container? (b) What is the most likely material of the 
container? Density of water at 60°C is 0.98324 g/mL. 

(II) (a) A brass plug is to be placed in a ring made of iron. 
At 15°C, the diameter of the plug is 8.753 cm and that of the 
inside of the ring is 8.743 cm. They must both be brought to 
what common temperature in order to fit? (b) What if the 
plug were iron and the ring brass? 

(II) If a fluid is contained in a long narrow vessel so it can 
expand in essentially one direction only, show that the effec- 
tive coefficient of linear expansion a is approximately equal 
to the coefficient of volume expansion £. 

(II) (a) Show that the change in the density p of a 
substance, when the temperature changes by AT, is given by 
Ap = —Bp AT. (b) What is the fractional change in density 
of a lead sphere whose temperature decreases from 25°C 
to —55°C? 

(II) Wine bottles are never completely filled: a small volume 
of air is left in the glass bottle’s cylindrically shaped neck 
(inner diameter d = 18.5mm) to allow for wine’s fairly 
large coefficient of thermal expansion. The distance H 
between the surface of the liquid contents and the bottom of 
the cork is called the “headspace height” (Fig. 21), and is 
typically H =1.5cm 
for a 750-mL bottle 
filled at 20°C. Due to 
its alcoholic content, 
wine’s coefficient of 
volume expansion is 
about double that of 
water; in comparison, 
the thermal expansion 
of glass can be 
neglected. Estimate H 
if the bottle is kept 
(a) at 10°C, (b) at 30°C. 


Air 
(headspace) 


FIGURE 21 
Problem 21. 


(IID) (a) Determine a formula for the change in surface area 
of a uniform solid sphere of radius r if its coefficient of 
linear expansion is œ (assumed constant) and its tempera- 
ture is changed by AT. (b) What is the increase in area of a 
solid iron sphere of radius 60.0cm if its temperature is 
raised from 15°C to 275°C? 


(IIL) The pendulum in a grandfather clock is made of brass and 
keeps perfect time at 17°C. How much time is gained or lost in 
a year if the clock is kept at 28°C? (Assume the frequency 
dependence on length for a simple pendulum applies.) 

(II) A 28.4-kg solid aluminum cylindrical wheel of radius 
0.41 m is rotating about its axle in frictionless bearings with 
angular velocity w = 32.8rad/s. If its temperature is then 
raised from 20.0°C to 95.0°C, what is the fractional change in w? 


*5 Thermal Stresses 


*25. 


*26. 


(1) An aluminum bar has the desired length when at 18°C. 
How much stress is required to keep it at this length if the 
temperature increases to 35°C? 

(II) (a) A horizontal steel I-beam of cross-sectional area 
0.041 m? is rigidly connected to two vertical steel girders. If 
the beam was installed when the temperature was 25°C, what 
stress is developed in the beam when the temperature drops 
to —25°C? (b) Is the ultimate strength of the steel exceeded? 


*27. 


(c) What stress is developed if the beam is concrete and has a 
cross-sectional area of 0.13 m?? Will it fracture? 

(II) A barrel of diameter 134.122cm at 20°C is to be 
enclosed by an iron band. The circular band has an inside 
diameter of 134.110cm at 20°C. It is 9.4cm wide and 
0.65 cm thick. (a) To what temperature must the band be 
heated so that it will fit over the barrel? (b) What will be 
the tension in the band when it cools to 20°C? 


6 Gas Laws; Absolute Temperature 


28. 


29. 
30. 


(I) What are the following temperatures on the Kelvin scale: 
(a) 66°C, (b) 92°F, (c) —55°C, (d) 5500°C? 
(1) Absolute zero is what temperature on the Fahrenheit scale? 


(ID) Typical temperatures in the interior of the Earth and Sun 
are about 4000°C and 15 x 10°°C, respectively. (a) What are 
these temperatures in kelvins? (b) What percent error is 
made in each case if a person forgets to change °C to K? 


7 and 8 Ideal Gas Law 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


(I) If 3.80 m3 of a gas initially at STP is placed under a pres- 
sure of 3.20 atm, the temperature of the gas rises to 38.0°C. 
What is the volume? 


(I) In an internal combustion engine, air at atmospheric 
pressure and a temperature of about 20°C is compressed in 
the cylinder by a piston to ; of its original volume (compres- 
sion ratio = 8.0). Estimate the temperature of the 
compressed air, assuming the pressure reaches 40 atm. 


(IL) Calculate the density of nitrogen at STP using the ideal 
gas law. 


(ID) If 14.00 mol of helium gas is at 10.0°C and a gauge pres- 
sure of 0.350 atm, calculate (a) the volume of the helium gas 
under these conditions, and (b) the temperature if the gas is 
compressed to precisely half the volume at a gauge pressure 
of 1.00 atm. 


(II) A stoppered test tube traps 25.0 cm? of air at a pressure 
of 1.00 atm and temperature of 18°C. The cylindrically shaped 
stopper at the test tube’s mouth has a diameter of 1.50 cm and 
will “pop off” the test tube if a net upward force of 10.0 N is 
applied to it. To what temperature would one have to heat the 
trapped air in order to “pop off” the stopper? Assume the air 
surrounding the test tube is always at a pressure of 1.00 atm. 


(II) A storage tank contains 21.6 kg of nitrogen (N3) at an 
absolute pressure of 3.85 atm. What will the pressure be if 
the nitrogen is replaced by an equal mass of CO) at the 
same temperature? 


(II) A storage tank at STP contains 28.5 kg of nitrogen (N3). 
(a) What is the volume of the tank? (b) What is the pressure 
if an additional 25.0kg of nitrogen is added without 
changing the temperature? 


(II) A scuba tank is filled with air to a pressure of 204 atm 
when the air temperature is 29°C. A diver then jumps into 
the ocean and, after a short time treading water on the 
ocean surface, checks the tank’s pressure and finds that it is 
only 194 atm. Assuming the diver has inhaled a negligible 
amount of air from the tank, what is the temperature of the 
ocean water? 


(IL) What is the pressure inside a 38.0-L container holding 
105.0 kg of argon gas at 20.0°C? 


(ID) A tank contains 30.0 kg of O, gas at a gauge pressure of 
8.20 atm. If the oxygen is replaced by helium at the same 
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42. 


43. 
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45. 
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50. 
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temperature, how many kilograms of the latter will be 
needed to produce a gauge pressure of 7.00 atm? 

(II) A sealed metal container contains a gas at 20.0°C and 
1.00 atm. To what temperature must the gas be heated for the 
pressure to double to 2.00atm? (Ignore expansion of the 
container.) 

(II) A tire is filled with air at 15°C to a gauge pressure of 
250kPa. If the tire reaches a temperature of 38°C, what 
fraction of the original air must be removed if the original 
pressure of 250 kPa is to be maintained? 

(ID) If 61.5 L of oxygen at 18.0°C and an absolute pressure 
of 2.45 atm are compressed to 48.8 L and at the same time 
the temperature is raised to 56.0°C, what will the new 
pressure be? 

(II) A helium-filled balloon escapes a child’s hand at sea 
level and 20.0°C. When it reaches an altitude of 3600 m, 
where the temperature is 5.0°C and the pressure only 
0.68 atm, how will its volume compare to that at sea level? 
(II) A sealed metal container can withstand a pressure 
difference of 0.50 atm. The container initially is filled with an 
ideal gas at 18°C and 1.0 atm. To what temperature can you 
cool the container before it collapses? (Ignore any changes 
in the container’s volume due to thermal expansion.) 

(II) You buy an “airtight” bag of potato chips packaged at 
sea level, and take the chips on an airplane flight. When you 
take the potato chips out of your luggage, you notice it has 
noticeably “puffed up.” Airplane cabins are typically pres- 
surized at 0.75 atm, and assuming the temperature inside an 
airplane is about the same as inside a potato chip processing 
plant, by what percentage has the bag “puffed up” in 
comparison to when it was packaged? 

(II) A typical scuba tank, when fully charged, contains 12 L 
of air at 204atm. Assume an “empty” tank contains air at 
34 atm and is connected to an air compressor at sea level. 
The air compressor intakes air from the atmosphere, 
compresses it to high pressure, and then inputs this high- 
pressure air into the scuba tank. If the (average) flow rate of 
air from the atmosphere into the intake port of the air 
compressor is 290 L/min, how long will it take to fully 
charge the scuba tank? Assume the tank remains at the 
same temperature as the surrounding air during the filling 
process. 

(II) A sealed container containing 4.0 mol of gas is 
squeezed, changing its volume from 0.020 m° to 0.018 m°. 
During this process, the temperature decreases by 9.0K 
while the pressure increases by 450 Pa. What was the 
original pressure and temperature of the gas in the 
container? 

(III) Compare the value for the density of water vapor 
at exactly 100°C and latm (Table 2) with the value 
predicted from the ideal gas law. Why would you expect a 
difference? 

(III) An air bubble at the bottom of a lake 37.0 m deep has 
a volume of 1.00 cm°. If the temperature at the bottom is 
5.5°C and at the top 18.5°C, what is the volume of the 
bubble just before it reaches the surface? 


9 Ideal Gas Law in Terms of Molecules; Avogadro's 
Number 


51. 


52. 


(I) Calculate the number of molecules/m? in an ideal gas at 
STP. 

(I) How many moles of water are there in 1.000 L at STP? 
How many molecules? 


53. 


54. 


55. 


56. 


57. 


*10 
* 58. 


*59. 


TABLE 2 Densities of 


Substancest 
Density, 
Substance p (kg/m) 
Solids 
Aluminum 2.70 X 10° 
Tron and steel 7.8 X10? 
Copper 8.9 x 103 
Lead iS) SCG? 
Gold 19.3. x 103 
Concrete 2.3 x 10° 
Granite Dal Se NOP 
Wood (typical) 0.3-0.9 x 10° 
Glass, common 2.4-2.8 X 10° 
Ice (H20) 0.917 x 105 
Bone LADO % 10> 
Liquids 
Water (4°C) 1.00 x 10° 
Blood, plasma 1.03 x 10° 
Blood, whole 1.05 x 103 
Sea water 1.025 x 10° 
Mercury BO <0 
Alcohol, ethyl 0.79 x 103 
Gasoline 0.68 x 10° 
Gases 
Air 1.29 
Helium 0.179 
Carbon dioxide 1.98 
Steam 
(water, 100°C) 0.598 


‘Densities are given at 0°C and 1 atm 
pressure unless otherwise specified. 


(11) What is the pressure in a region of outer space where 
there is 1 molecule/cm? and the temperature is 3 K? 

(II) Estimate the number of (a) moles and (b) molecules of 
water in all the Earth’s oceans. Assume water covers 75% of 
the Earth to an average depth of 3 km. 

(II) The lowest pressure attainable using the best available 
vacuum techniques is about 1071? N/m”. At such a pressure, 
how many molecules are there per cm? at 0°C? 

(ID) Is a gas mostly empty space? Check by assuming that 
the spatial extent of common gas molecules is about 
lo = 0.3nm so one gas molecule occupies an approximate 
volume equal to £3. Assume STP. 

(III) Estimate how many molecules of air are in each 2.0-L 
breath you inhale that were also in the last breath Galileo 
took. [Hint: Assume the atmosphere is about 10km high 
and of constant density. ] 


Ideal Gas Temperature Scale 

(I) In a constant-volume gas thermometer, what is the limiting 
ratio of the pressure at the boiling point of water at 1 atm to 
that at the triple point? (Keep five significant figures.) 

(1) At the boiling point of sulfur (444.6°C) the pressure in a 
constant-volume gas thermometer is 187 torr. Estimate 
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(a) the pressure at the triple point of water, (b) the temper- 
ature when the pressure in the thermometer is 118 torr. 


*60. (II) Use Fig. 17 to determine the inaccuracy of a constant- 
volume gas thermometer using oxygen if it reads a pressure 


37400 m~t 
373.80 T 


373.60 + 


T(K) 


0 200 400 600 800 
Pip (torr) 


FIGURE 17 Temperature readings of a constant-volume gas 
thermometer for the boiling point of water at 1.00 atm are plotted, 
for different gases, as a function of the gas pressure in the 
thermometer at the triple point (Pip). Note that as the amount of 
gas in the thermometer is reduced, so that Pip — 0, all gases give 
the same reading, 373.15 K. For pressure less than 0.10 atm (76 
torr), the variation shown is less than 0.07 K. 


*61. 


P = 268 torr at the boiling point of water at 1 atm. Express 
answer (a) in kelvins and (b) as a percentage. 


(III) A constant-volume gas thermometer is being used to 
determine the temperature of the melting point of a 
substance. The pressure in the thermometer at this tempera- 
ture is 218 torr; at the triple point of water, the pressure is 
286 torr. Some gas is now released from the thermometer 
bulb so that the pressure at the triple point of water 
becomes 163 torr. At the temperature of the melting 
substance, the pressure is 128 torr. Estimate, as accurately as 
possible, the melting-point temperature of the substance. 


l General Problems 


62. A Pyrex measuring cup was calibrated at normal room 
temperature. How much error will be made in a recipe 
calling for 350 mL of cool water, if the water and the cup are 
hot, at 95°C, instead of at room temperature? Neglect the 
glass expansion. 

63. A precise steel tape measure has been calibrated at 15°C. At 
36°C, (a) will it read high or low, and (b) what will be the 
percentage error? 

64. A cubic box of volume 6.15 x 107° m? is filled with air at 
atmospheric pressure at 15°C. The box is closed and heated 
to 185°C. What is the net force on each side of the box? 

65. The gauge pressure in a helium gas cylinder is initially 
32 atm. After many balloons have been blown up, the gauge 
pressure has decreased to 5 atm. What fraction of the orig- 
inal gas remains in the cylinder? 

66. If a rod of original length 4 has its temperature changed 
from T; to T, determine a formula for its new length £ in 
terms of Tı,T2, and a. Assume (a) a = constant, 
(b) a=a(T) is some function of temperature, and 
(c) a = ag + bT where ag and b are constants. 

67. If a scuba diver fills his lungs to full capacity of 5.5 L when 
8.0m below the surface, to what volume would his lungs 
expand if he quickly rose to the surface? Is this advisable? 

68. (a) Use the ideal gas law to show that, for an ideal gas at 
constant pressure, the coefficient of volume expansion is 
equal to B =1/T, where T is the kelvin temperature. 
Compare to Table 1 for gases at T = 293 K. (b) Show that 
the bulk modulus for an ideal gas held at constant tempera- 
ture is B = P, where P is the pressure. 

69. A house has a volume of 870 m°. (a) What is the total mass 
of air inside the house at 15°C? (b) If the temperature drops 
to —15°C, what mass of air enters or leaves the house? 

70. Assume that in an alternate universe, the laws of physics are 
very different from ours and that “ideal” gases behave as 
follows: (i) At constant temperature, pressure is inversely 
proportional to the square of the volume. (ii) At constant 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


pressure, the volume varies directly with the } power of the 
temperature. (iii) At 273.15 K and 1.00 atm pressure, 1.00 mole 
of an ideal gas is found to occupy 22.4 L. Obtain the form of 
the ideal gas law in this alternate universe, including the 
value of the gas constant R. 

An iron cube floats in a bowl of liquid mercury at 0°C. (a) If 
the temperature is raised to 25°C, will the cube float higher 
or lower in the mercury? (b) By what percent will the frac- 
tion of volume submerged change? 

(a) The tube of a mercury thermometer has an inside diam- 
eter of 0.140 mm. The bulb has a volume of 0.275 cm>. How 
far will the thread of mercury move when the temperature 
changes from 10.5°C to 33.0°C? Take into account expan- 
sion of the Pyrex glass. (b) Determine a formula for the 
change in length of the mercury column in terms of relevant 
variables. Ignore tube volume compared to bulb volume. 
From the known value of atmospheric pressure at the 
surface of the Earth, estimate the total number of air mole- 
cules in the Earth’s atmosphere. 


Estimate the percent difference in the density of iron at 
STP, and when it is a solid deep in the Earth where the 
temperature is 2000°C and under 5000 atm of pressure. 
Assume the bulk modulus (90 x 10? N/m?) and the coeffi- 
cient of volume expansion do not vary with temperature 
and are the same as at STP. 

What is the average distance between nitrogen molecules at 
STP? 

A helium balloon, assumed to be a perfect sphere, has a 
radius of 22.0cm. At room temperature (20°C), its internal 
pressure is 1.06atm. Determine the number of moles of 
helium in the balloon, and the mass of helium needed to 
inflate the balloon to these values. 


A standard cylinder of oxygen used in a hospital has 
gauge pressure = 2000psi (13,800kPa) and volume = 
14L (0.014m°) at T = 295K. How long will the cylinder 
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last if the flow rate, measured at atmospheric pressure, is 
constant at 2.4 L/min? 


A brass lid screws tightly onto a glass jar at 15°C. To help open 
the jar, it can be placed into a bath of hot water. After this 
treatment, the temperatures of the lid and the jar are both 
75°C. The inside diameter of the lid is 8.0 cm. Find the size of 
the gap (difference in radius) that develops by this procedure. 
The density of gasoline at 0°C is 0.68 X 10° kg/m°. (a) What 
is the density on a hot day, when the temperature is 35°C? 
(b) What is the percent change in density? 
A helium balloon has volume Vo and temperature To at 
sea level where the pressure is Py and the air density is po. 
The balloon is allowed to float up in the air to altitude y 
where the temperature is T4. (a) Show that the volume 
occupied by the balloon is then V = Vo(T;/To)e* where 
c = pog/Po = 1.25 X 10-*m™!. (b) Show that the buoyant 
force does not depend on altitude y. Assume that the skin of 
the balloon maintains the helium pressure at a constant factor 
of 1.05 times greater than the outside pressure. [Hint: Assume 
that the pressure change with altitude is P = Pye ®.] 
The first real length standard, adopted more than 200 years 
ago, was a platinum bar with two very fine marks separated by 
what was defined to be exactly one meter. If this standard 
bar was to be accurate to within + 1.0 um, how carefully 
would the trustees have needed to control the temperature? 
The coefficient of linear expansion is 9 X 107°/C°. 
A scuba tank when fully charged has a pressure of 180 atm 
at 20°C. The volume of the tank is 11.3 L. (a) What would 
the volume of the air be at 1.00 atm and at the same 
temperature? (b) Before entering the water, a person 
consumes 2.0 L of air in each breath, and breathes 12 times 
a minute. At this rate, how long would the tank last? (c) At 
a depth of 20.0m in sea water at a temperature of 10°C, 
how long would the same tank last assuming the breathing 
rate does not change? 
A temperature controller, designed to work in a steam envi- 
ronment, involves a bimetallic strip constructed of brass and 
steel, connected at their ends by rivets. Each of the metals is 
2.0mm thick. At 20°C, the strip is 10.0 cm long and straight. 
Find the radius of curvature r of the 
assembly at 100°C. See Fig. 22. 


Brass 


(a) 


FIGURE 22 Problem 83. 


A copper wire sags 50.0cm between two utility poles 
30.0m apart when the temperature is —15°C. Estimate the 


85. 


amount of sag when the temperature is +35°C. [Hint: An 
estimate can be made by assuming the shape of the wire is 
approximately an arc of a circle; hard equations can some- 
times be solved by guessing values. | 

Snorkelers breathe through short tubular “snorkels” while 
swimming under water very near the surface. One end of 
the snorkel attaches to the snorkeler’s mouth while the 
other end protrudes above the water’s surface. Unfortu- 
nately, snorkels cannot support breathing to any great 
depth: it is said that a typical snorkeler below a water depth 
of only about 30cm cannot draw a breath through a 
snorkel. Based on this claim, what is the approximate frac- 
tional change in a typical person’s lung volume when 
drawing a breath? Assume, in equilibrium, the air pressure 
in a snorkeler’s lungs matches that of the surrounding water 
pressure. 


*Numerical/Computer 


*86. 
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(II) A thermocouple consists of a junction of two different types 
of materials that produces a voltage depending on its 
temperature. A thermocouple’s voltages were recorded 
when at different temperatures as follows: 


Temperature (°C) 50 100 200 300 
Voltage (mV) 1.41 2.96 5.90 8.92 


Use a spreadsheet to fit these data to a cubic equation and 
determine the temperature when the thermocouple 
produces 3.21 mV. Get a second value of the temperature by 
fitting the data to a quadratic equation. 


(II) You have a vial of an unknown liquid which might be 
octane (gasoline), water, glycerin, or ethyl alcohol. You are 
trying to determine its identity by studying how its volume 
changes with temperature changes. You fill a Pyrex gradu- 
ated cylinder to 100.00 mL with the liquid when the liquid 
and the cylinder are at 0.000°C. You raise the temperature 
in five-degree increments, allowing the graduated cylinder 
and liquid to come to equilibrium at each temperature. You 
read the volumes listed below off the graduated cylinder at 
each temperature. Take into account the expansion of the 
Pyrex glass cylinder. Graph the data, possibly using a 
spreadsheet program, and determine the slope of the line to 
find the effective (combined) coefficient of volume expan- 
sion 8. Then determine £ for the liquid and which liquid is 
in the vial. 


Temperature (°C) Volume Reading (apparent mL) 


0.000 100.00 

5.000 100.24 
10.000 100.50 
15.000 100.72 
20.000 100.96 
25.000 101.26 
30.000 101.48 
35.000 101.71 
40.000 101.97 
45.000 102.20 
50.000 102.46 


l Answers to Odd-Numbered Problems 


© Nau = 0.548N ag. 
. (a) 20°C; 
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(b) 3500°F. 


. 102.9°F, 
. 0.08 m. 
. 1.6 X 10m for Super Invar™, 


9.6 X 10°°m for steel, steel is 
60X as much. 


. 981 kg/m. 

. 69°C, 

. 3.9 cm?. 

. (a) 5.0 X 10/C°; 


(b) copper. 


. (a) 2.7 cm; 


(b) 0.3 cm. 


. 55 min. 
. 3.0 xX 107 N/m?. 
. (a) 27°C; 


(b) 5500 N. 


. —459.67°F. 
. 1.35 m. 

. 1.25 kg/m°. 
. 181°C. 


37. 


39. 
41. 
43. 
45. 
47. 
49. 


51. 
53. 
55. 
57. 
59. 


61. 
63. 


65. 
67. 
69. 


(a) 22.8 m°; 
(b) 1.88 atm. 
1660 atm. 
313°C, 

3.49 atm. 
—130°C. 

7.0 min. 


Ideal = 0.588 m’, 
actual = 0.598 mî (nonideal 
behavior). 


2.69 X 107 molecules/m?. 
4 x 107°" Pa. 

300 molecules /cm?. 
19 molecules/breath. 
(a) 71.2 torr; 

(b) 180°C. 

223K. 

(a) Low; 

(b) 0.025%. 

20%. 

9.9 L, not advisable. 
(a) 1100 kg; 

(b) 100 kg. 


71. (a) Lower; 


(b) 0.36%. 


73. 1.1 x 10“ molecules. 


75. 


3.34 nm. 


77. 13h. 
79. (a) 0.66 X 10° kg/m; 


(b) -3%. 


81. +0.11 C°. 


. 3.6m. 
. 3% increase. 


Q = 
P 
w w 


y = (4.92 X 107°)x + 100 


0 10 20 30 40 50 
Temperature (°C) 


Slope of the line: 4.92 X 10°? m1/°C, 
relative B: 492 x 1076/°C, 

B for the liquid: 501 x 10°°/°C, 
which liquid: glycerin. 
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In this winter scene in Yellowstone 
Park, we recognize the three states 
of matter for water: as a liquid, as a 
solid (snow and ice), and as a gas 
(steam). In this Chapter we examine 
the microscopic theory of matter as 
atoms or molecules that are always 
in motion, which we call kinetic theory. 
We will see that the temperature of a 
gas is directly related to the average 
translational kinetic energy of its 
molecules. We will consider ideal 
gases, but we will also look at real 
gases and how they change phase, 
including evaporation, vapor pressure, 
and humidity. 
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CHAPTER-OPENING QUESTION— Guess now! 
[Don't worry about getting the right answer now—the idea is to get your preconceived notions out on 
the table.] 

The typical speed of an air molecule at room temperature (20°C) is 


(a) nearly at rest (<10 km/h). 
(b) on the order of 10 km/h. 
(c) on the order of 100 km/h. 
(d) on the order of 1000 km/h. 
(e) nearly the speed of light. 


he analysis of matter in terms of atoms in continuous random motion is 

called kinetic theory. We now investigate the properties of a gas from the 

point of view of kinetic theory, which is based on the laws of classical 

mechanics. But to apply Newton’s laws to each one of the vast number of 
molecules in a gas (>10*°/m* at STP) is far beyond the capability of any present 
computer. Instead we take a statistical approach and determine averages of certain 
quantities, and these averages correspond to macroscopic variables. We will, of 
course, demand that our microscopic description correspond to the macroscopic 
properties of gases; otherwise our theory would be of little value. Most importantly, 
we will arrive at an important relation between the average kinetic energy of 
molecules in a gas and the absolute temperature. 


1 The Ideal Gas Law and the Molecular 
Interpretation of Temperature 


We make the following assumptions about the molecules in a gas. These assumptions 
reflect a simple view of a gas, but nonetheless the results they predict correspond 
well to the essential features of real gases that are at low pressures and far from 
the liquefaction point. Under these conditions real gases follow the ideal gas law 
quite closely, and indeed the gas we now describe is referred to as an ideal gas. 


Note: Sections marked with an asterisk (*) may be considered optional by the instructor. 
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The assumptions, which represent the basic postulates of the kinetic theory for an 
ideal gas, are 

1. There are a large number of molecules, N, each of mass m, moving in random 
directions with a variety of speeds. This assumption is in accord with our 
observation that a gas fills its container and, in the case of air on Earth, is kept 
from escaping only by the force of gravity. 

2. The molecules are, on average, far apart from one another. That is, their 
average separation is much greater than the diameter of each molecule. 

3. The molecules are assumed to obey the laws of classical mechanics, and are 
assumed to interact with one another only when they collide. Although 
molecules exert weak attractive forces on each other between collisions, the 
potential energy associated with these forces is small compared to the kinetic 
energy, and we ignore it for now. 

4. Collisions with another molecule or the wall of the vessel are assumed to be 
perfectly elastic, like the collisions of perfectly elastic billiard balls. We assume 
the collisions are of very short duration compared to the time between colli- 
sions. Then we can ignore the potential energy associated with collisions in 
comparison to the kinetic energy between collisions. 


We can see immediately how this kinetic view of a gas can explain Boyle’s law. 
The pressure exerted on a wall of a container of gas is due to the constant bombardment 
of molecules. If the volume is reduced by (say) half, the molecules are closer together 
and twice as many will be striking a given area of the wall per second. Hence we expect 
the pressure to be twice as great, in agreement with Boyle’s law. 

Now let us calculate quantitatively the pressure a gas exerts on its container as 
based on kinetic theory. We imagine that the molecules are inside a rectangular 
container (at rest) whose ends have area A and whose length is £, as shown in 
Fig. 1a. The pressure exerted by the gas on the walls of its container is, according to 
our model, due to the collisions of the molecules with the walls. Let us focus our 
attention on the wall, of area A, at the left end of the container and examine what 
happens when one molecule strikes this wall, as shown in Fig. 1b. This molecule 
exerts a force on the wall, and according to Newton’s third law the wall exerts an 
equal and opposite force back on the molecule. The magnitude of this force on the 
molecule, according to Newton’s second law, is equal to the molecule’s rate of 
change of momentum, F = dp/dt. Assuming the collision is elastic, only the x 
component of the molecule’s momentum changes, and it changes from —mv, (it is 
moving in the negative x direction) to +mv,. Thus the change in the molecule’s 
momentum, A(mv), which is the final momentum minus the initial momentum, is 


A(mv) = moy ( mdz) = 2moy 
for one collision. This molecule will make many collisions with the wall, each 
separated by a time Af, which is the time it takes the molecule to travel across the 
container and back again, a distance (x component) equal to 22. Thus 2 = vy At, or 
20 


Vy 


At = 


The time Af between collisions is very small, so the number of collisions per 
second is very large. Thus the average force—averaged over many collisions—will 
be equal to the momentum change during one collision divided by the time 
between collisions (Newton’s second law): 
A(mv) 2mo; m} 
At 20/v5 L 

During its passage back and forth across the container, the molecule may collide 
with the tops and sides of the container, but this does not alter its x component of 
momentum and thus does not alter our result. It may also collide with other 
molecules, which may change its vy. However, any loss (or gain) of momentum is 
acquired by other molecules, and because we will eventually sum over all the 
molecules, this effect will be included. So our result above is not altered. 


F = 


[due to one molecule] 


(b) 


FIGURE 1 (a) Molecules of a gas 
moving about in a rectangular 
container. (b) Arrows indicate the 
momentum of one molecule as it 
rebounds from the end wall. 
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TEMPERATURE RELATED TO 
AVERAGE KINETIC ENERGY 
OF MOLECULES 
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The actual force due to one molecule is intermittent, but because a huge 
number of molecules are striking the wall per second, the force is, on average, 
nearly constant. To calculate the force due to all the molecules in the container, we 
have to add the contributions of each. Thus the net force on the wall is 


m 
Fo= g (Ut H Vka pitsu vin), 


where vy; means v, for molecule number 1 (we arbitrarily assign each molecule a 
number) and the sum extends over the total number of molecules N in the 
container. The average value of the square of the x component of velocity is 
Ue + Ve Ho + Ven 
Ux > 

N 
where the overbar (~) means “average.” Thus we can write the force as 


qd) 


ms 
F = PEN v. 

We know that the square of any vector is equal to the sum of the squares of its 

components (theorem of Pythagoras). Thus v = vy + vy + vz for any velocity v. 


Taking averages, we obtain 


v = vu + vy + vz. 


Since the velocities of the molecules in our gas are assumed to be random, there is 
no preference to one direction or another. Hence 
=g 
Combining this relation with the one just above, we get 
vw = 3w. 
We substitute this into the equation for net force F: 
m2 


E 
The pressure on the wall is then 
go 2% Nm’? 
A 3 AM 
or _ 
1 Nm? 
Tagy 2) 


where V = {A is the volume of the container. This is the result we were seeking, the 
pressure exerted by a gas on its container expressed in terms of molecular properties. 

Equation 2 can be rewritten in a clearer form by multiplying both sides by V 
and rearranging the right-hand side: 


PV = 3N(kmv”). (3) 


The quantity im is the average translational kinetic energy K of the molecules in the 
gas. If we compare Eq. 3 with the ideal gas law, PV = NkT, we see that the two 
agree if 

2m?) = kT, 
or _ 

K = imè = 3kT. [ideal gas] (4) 


This equation tells us that 


the average translational kinetic energy of molecules in random motion in an 
ideal gas is directly proportional to the absolute temperature of the gas. 


The higher the temperature, according to kinetic theory, the faster the molecules are 
moving on the average. This relation is one of the triumphs of the kinetic theory. 
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Molecular kinetic energy. What is the average translational 
kinetic energy of molecules in an ideal gas at 37°C? 
APPROACH We use the absolute temperature in Eq. 4. 
SOLUTION We change 37°C to 310 K and insert into Eq. 4: 


K = 3kT = 3(1.38 x 10°°J/K)(310K) = 6.42 x 10” J. 


NOTE A mole of molecules would have a total translational kinetic energy equal 
to (6.42 x 10° J)(6.02 x 10°) = 3860J, which equals the kinetic energy of 
a 1-kg stone traveling almost 90 m/s. 


EXERCISE A In a mixture of the gases oxygen and helium, which statement is valid: 
(a) the helium molecules will be moving faster than the oxygen molecules, on average; 
(b) both kinds of molecules will be moving at the same speed; (c) the oxygen molecules 
will, on average, be moving more rapidly than the helium molecules; (d) the kinetic energy 
of the helium will exceed that of the oxygen; (e) none of the above. 


Equation 4 holds not only for gases, but also applies reasonably accurately to 
liquids and solids. Thus the result of Example 1 would apply to molecules within 
living cells at body temperature (37°C). 

We can use Eq. 4 to calculate how fast molecules are moving on the average. 
Notice that the average in Eqs. 1 through 4 is over the square 
of the speed. The square root of v? is called the root-mean-square speed, Vrms 
(since we are taking the square root of the mean of the square of the speed): 


Vrms = Ve = J (5) 


Speeds of air molecules. What is the rms speed of air mole- 
cules (O, and N,) at room temperature (20°C)? 


APPROACH To obtain vms, we need the masses of O, and N, molecules and 
then apply Eq. 5 to oxygen and nitrogen separately, since they have different 
masses. 


SOLUTION The masses of one molecule of O, (molecular mass = 32u) and 
N, (molecular mass = 28 u) are (where 1 u = 1.66 X 10°” kg) 


m(O;) (32)(1.66 x 10°77 kg) 5.3 X 10°76 kg, 
m(N2) = (28)(1.66 x 107 kg) = 4.6 X 10% kg. 


Thus, for oxygen 


3T (3)(1.38 x 10°% J/K)(293 K) 
Vinge = = = = 480m/s, 
m (5.3 X 10°*° kg) 


and for nitrogen the result is v,,; = 510m/s. These speeds are more than 
1700 km/h or 1000 mi/h, and are greater than the speed of sound ~340 m/s at 
20°C. 

NOTE The speed V,ms is a magnitude only. The velocity of molecules averages to 
zero: the velocity has direction, and as many molecules move to the right as 
to the left, as many up as down, as many inward as outward. 


EXERCISE B Now you can return to the Chapter-Opening Question and answer it 
correctly. Try to explain why you may have answered differently the first time. 


EXERCISE C If you double the volume of a gas while keeping the pressure and number of 
moles constant, the average (rms) speed of the molecules (a) doubles, (b) quadruples, 
(c) increases by V2, (d) is half, (e) is }- 


EXERCISE D By what factor must the absolute temperature change to double v;ms? (a) V2; 
(b) 2; (c) 2V2; (d) 4; (e) 16. 
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FIGURE 2 Distribution of speeds 
of molecules in an ideal gas. Note 
that v and v,m; are not at the peak of 
the curve. This is because the curve 
is skewed to the right: it is not 
symmetrical. The speed at the peak 
of the curve is the “most probable 


speed,” Up. 


Relative number 
of molecules f@) 


© 
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Less gas in the tank. A tank of helium is used to fill 
balloons. As each balloon is filled, the number of helium atoms remaining in 
the tank decreases. How does this affect the rms speed of molecules remaining 
in the tank? 


RESPONSE The rms speed is given by Eq. 5: Vms = V3kT/m. So only the 
temperature matters, not pressure P or number of moles n. If the tank remains at 
a constant (ambient) temperature, then the rms speed remains constant even 
though the pressure of helium in the tank decreases. 


In a collection of molecules, the average speed, v, is the average of the magnitudes 
of the speeds themselves; v is generally not equal to v,,;. To see the difference 
between the average speed and the rms speed, consider the following Example. 


Average speed and rms speed. Eight particles have the 
following speeds, given in m/s: 1.0, 6.0, 4.0, 2.0, 6.0, 3.0, 2.0, 5.0. Calculate 
(a) the average speed and (b) the rms speed. 

APPROACH In (a) we sum the speeds and divide by N = 8. In (b) we square 
each speed, sum the squares, divide by N = 8, and take the square root. 
SOLUTION (a) The average speed is 


2 1.0 + 6.0 + 4.0 + 2.0 + 6.0 + 3.0 + 2.0 + 5.0 
v= = 3.6 m/s. 


(b) The rms speed is (Eq. 1): 
ane + (6.0)? + (4.0)? + (2.0)? + (6.0)? + (3.0)? + (2.0)? + (5.0)" 
rms ~ 8 


m/s 


= 4.0 m/s. 


We see in this Example that v and v,ms are not necessarily equal. In fact, for an ideal 
gas they differ by about 8%. We will see in the next Section how to calculate v for 
an ideal gas. We already have the tool to calculate v;ms (Eq. 5). 


* Kinetic Energy Near Absolute Zero 


Equation 4, K = }kT, implies that as the temperature approaches absolute zero, the 
kinetic energy of molecules approaches zero. Modern quantum theory, however, tells 
us this is not quite so. Instead, as absolute zero is approached, the kinetic energy 
approaches a very small nonzero minimum value. Even though all real gases become 
liquid or solid near 0 K, molecular motion does not cease, even at absolute zero. 


2 Distribution of Molecular Speeds 


The Maxwell Distribution 


The molecules in a gas are assumed to be in random motion, which means that 
many molecules have speeds less than the average speed and others have speeds 
greater than the average. In 1859, James Clerk Maxwell (1831-1879) worked out a 
formula for the most probable distribution of speeds in a gas containing N molecules. 
We will not give a derivation here but merely quote his result: 


3 3 
ey ton( sa) we Hr o 


where f(v) is called the Maxwell distribution of speeds, and is plotted in Fig. 2. 
The quantity f(v) dv represents the number of molecules that have speed between v 
and v + dv. Notice that f(v) does not give the number of molecules with speed v; 
f(v) must be multiplied by dv to give the number of molecules (the number of 
molecules depends on the “width” or “range” of velocities included, dv). In the 
formula for f(v), m is the mass of a single molecule, T is the absolute temperature, 
and k is the Boltzmann constant. Since N is the total number of molecules in the gas, 
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when we sum over all the molecules in the gas we must get N; thus we must have 


[ 70) dv = N. 


0 
Experiments to determine the distribution of speeds in real gases, starting in the 
1920s, confirmed with considerable accuracy the Maxwell distribution (for gases at 
not too high a pressure) and the direct proportion between average kinetic energy 
and absolute temperature, Eq. 4. 

The Maxwell distribution for a given gas depends only on the absolute 
temperature. Figure 3 shows the distributions for two different temperatures. Just 
aS Vms increases with temperature, so the whole distribution curve shifts to the 
right at higher temperatures. 

Figure 3 illustrates how kinetic theory can be used to explain why many chem- 
ical reactions, including those in biological cells, take place more rapidly as the 
temperature increases. Most chemical reactions take place in a liquid solution, and the 
molecules in a liquid have a distribution of speeds close to the Maxwell distribution. 
Two molecules may chemically react only if their kinetic energy is great enough so 
that when they collide, they partially penetrate into each other. The minimum energy 
required is called the activation energy, E,, and it has a specific value for each 
chemical reaction. The molecular speed corresponding to a kinetic energy of Ea 
for a particular reaction is indicated in Fig. 3. The relative number of molecules with 
energy greater than this value is given by the area under the curve to the right of 
v(E,), shown in Fig. 3 by the two different shadings. We see that the number of 
molecules that have kinetic energies in excess of E; increases greatly for only a 
small increase in temperature. The rate at which a chemical reaction occurs is 
proportional to the number of molecules with energy greater than EF, , and thus we 
see why reaction rates increase rapidly with increased temperature. 


* Calculations Using the Maxwell Distribution 
Let us see how the Maxwell distribution can be used to obtain some interesting results. 


Determining v and v,. Determine formulas for (a) the average 
speed, v, and (b) the most probable speed, v,, of molecules in an ideal gas at 
temperature T. 

APPROACH (a) The average value of any quantity is found by multiplying each 
possible value of the quantity (here, speed) by the number of molecules that have that 
value, and then summing all these numbers and dividing by N (the total number). For 
(b), we want to find where the curve of Fig. 2 has zero slope; so we set df/dv = 0. 
SOLUTION (a) We are given a continuous distribution of speeds (Eq. 6), so the 
sum over the speeds becomes an integral over the product of v and the number 
f(v) dv that have speed v: 


[oro dv Sre clad 
z 0 m 2 Lmv 
= = 2 kT 
v N anzar] [ee dv. 


We can integrate by parts or look up the definite integral in a Table, and obtain 


3 272 
5 - 4a( m | DKT E 8 kT = 1.60 kT 
2rkT m Vrm Vom 


(b) The most probable speed is that speed which occurs more than any others, 
and thus is that speed where f(v) has its maximum value. At the maximum of the 
curve, the slope is zero: df(v)/dv = 0. Taking the derivative of Eq. 6 gives 


3 nv? 3 mv 
sie smn m J (287 = ett) = 0. 
T 


dv 2kT 
Solving for v, we find 


2kT kT 
w = 4f{—— © 141,/—- 
m m 


(Another solution is v = 0, but this corresponds to a minimum, not a maximum.) 


T=273 K (0°C) 
T=310 K (37°C) 


Relative number 
of molecules 


Speed v(E,) 


FIGURE 3 Distribution of 
molecular speeds for two different 
temperatures. 
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Most probable speed, Up 


Average speed, V 


rms speed, Vrms 


FIGURE 4 PV diagram for a real 
substance. Curves A, B, C, and D 
represent the same substance at 
different temperatures 

(T, > Tz > Te > Tp). 
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In summary, 


kT kT 
Up = \f/2— x 141,/— (7a) 
m m 
v= 2 = 1.60 a (7b) 
mm m 
and from Eq. 5 
kT kT 
Ums = 3a x 1.73 Pa 


These are all indicated in Fig. 2. From Eq. 6 and Fig. 2, it is clear that the speeds of 
molecules in a gas vary from zero up to many times the average speed, but as can 
be seen from the graph, most molecules have speeds that are not far from the 
average. Less than 1% of the molecules exceed four times Ups. 


3 Real Gases and Changes of Phase 


The ideal gas law 
PV = NkT 


is an accurate description of the behavior of a real gas as long as the pressure is 
not too high and as long as the temperature is far from the liquefaction point. But 
what happens when these two criteria are not satisfied? First we discuss real gas 
behavior, and then we examine how kinetic theory can help us understand this 
behavior. 

Let us look at a graph of pressure plotted against volume for a given amount 
of gas. On such a “PV diagram,” Fig. 4, each point represents an equilibrium state 
of the given substance. The various curves (labeled A, B, C, and D) show how the 
pressure varies, as the volume is changed at constant temperature, for several 
different values of the temperature. The dashed curve A’ represents the behavior 
of a gas as predicted by the ideal gas law; that is, PV = constant. The solid 
curve A represents the behavior of a real gas at the same temperature. Notice that 
at high pressure, the volume of a real gas is less than that predicted by the ideal 
gas law. The curves B and C in Fig. 4 represent the gas at successively lower 
temperatures, and we see that the behavior deviates even more from the curves 
predicted by the ideal gas law (for example, B’), and the deviation is greater the 
closer the gas is to liquefying. 

To explain this, we note that at higher pressure we expect the molecules to be 
closer together. And, particularly at lower temperatures, the potential energy 
associated with the attractive forces between the molecules (which we ignored 
before) is no longer negligible compared to the now reduced kinetic energy of the 
molecules. These attractive forces tend to pull the molecules closer together so that 
at a given pressure, the volume is less than expected from the ideal gas law, as in 
Fig. 4. At still lower temperatures, these forces cause liquefaction, and the mole- 
cules become very close together. Section 5 discusses in more detail the effect of 
these attractive molecular forces, as well as the effect of the volume which the 
molecules themselves occupy. 

Curve D represents the situation when liquefaction occurs. At low pressure on 
curve D (on the right in Fig. 4), the substance is a gas and occupies a large volume. As 
the pressure is increased, the volume decreases until point b is reached. Beyond b, the 
volume decreases with no change in pressure; the substance is gradually changing 
from the gas to the liquid phase. At point a, all of the substance has changed to 
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liquid. Further increase in pressure reduces the volume only slightly—liquids are 
nearly incompressible—so on the left the curve is very steep as shown. The 
colored area under the dashed line represents the region where the gas and liquid 
phases exist together in equilibrium. 

Curve C in Fig. 4 represents the behavior of the substance at its critical 
temperature; the point c (the one point where curve C is horizontal) is called the 
critical point. At temperatures less than the critical temperature (and this is the 
definition of the term), a gas will change to the liquid phase if sufficient pressure is 
applied. Above the critical temperature, no amount of pressure can cause a gas to 
change phase and become a liquid. The critical temperatures for various gases are 
given in Table 1. Scientists tried for many years to liquefy oxygen without success. 
Only after the discovery of the behavior of substances associated with the critical 
point was it realized that oxygen can be liquefied only if first cooled below its crit- 
ical temperature of —118°C. 

Often a distinction is made between the terms “gas” and “vapor”: a substance 
below its critical temperature in the gaseous state is called a vapor; above the crit- 
ical temperature, it is called a gas. 

The behavior of a substance can be diagrammed not only on a PV diagram 
but also on a PT diagram. A PT diagram, often called a phase diagram, is particu- 
larly convenient for comparing the different phases of a substance. Figure 5 is the 
phase diagram for water. The curve labeled £-v represents those points where the 
liquid and vapor phases are in equilibrium—it is thus a graph of the boiling point 
versus pressure. Note that the curve correctly shows that at a pressure of 1 atm 
the boiling point is 100°C and that the boiling point is lowered for a decreased 
pressure. The curve s-£ represents points where solid and liquid exist in equilibrium 
and thus is a graph of the freezing point versus pressure. At 1 atm, the freezing 
point of water is 0°C, as shown. Notice also in Fig. 5 that at a pressure of 1 atm, the 
substance is in the liquid phase if the temperature is between 0°C and 100°C, but is 
in the solid or vapor phase if the temperature is below 0°C or above 100°C. The 
curve labeled s-v is the sublimation point versus pressure curve. Sublimation refers 
to the process whereby at low pressures a solid changes directly into the vapor 
phase without passing through the liquid phase. For water, sublimation occurs if 
the pressure of the water vapor is less than 0.0060 atm. Carbon dioxide, which in 
the solid phase is called dry ice, sublimates even at atmospheric pressure 
(Fig 6). 

The intersection of the three curves (in Fig. 5) is the triple point. For water this 
occurs at T = 273.16K and P = 6.03 xX 10° atm. It is only at the triple point 
that the three phases can exist together in equilibrium. Because the triple point 
corresponds to a unique value of temperature and pressure, it is precisely repro- 
ducible and is often used as a point of reference. For example, the standard of 
temperature is usually specified as exactly 273.16K at the triple point of water, 
rather than 273.15 K at the freezing point of water at 1 atm. 

Notice that the solid liquid (s-£) curve for water slopes upward to the left. This 
is true only of substances that expand upon freezing: at a higher pressure, a lower 
temperature is needed to cause the liquid to freeze. More commonly, substances 
contract upon freezing and the s-£ curve slopes upward to the right, as shown for 
carbon dioxide (CO,) in Fig. 6. 

The phase transitions we have been discussing are the common ones. Some 
substances, however, can exist in several forms in the solid phase. A transition from 
one phase to another occurs at a particular temperature and pressure, just like 
ordinary phase changes. For example, ice has been observed in at least eight 
forms at very high pressure. Ordinary helium has two distinct liquid phases, called 
helium I and II. They exist only at temperatures within a few degrees of absolute 
zero. Helium II exhibits very unusual properties referred to as superfluidity. It has 
essentially zero viscosity and exhibits strange properties such as climbing up the 
sides of an open container. Also interesting are liquid crystals (used for TV and 
computer monitors) which can be considered to be in a phase between liquid and 
solid. 


TABLE 1 Critical 


Temperatures and Pressures 


Critical 

Temperature Critical 

—————— Pressure 
Substance °C K (atm) 
Water 374 647 218 
CO, 31 304 72.8 
Oxygen = 1155) 50 
Nitrogen —147 126 B35) 
Hydrogen —239.9 33.3 12.8 
Helium SAS) 53} 23 


Critical 


0.00 0.01 7 (oc) 


FIGURE 5 Phase diagram for water 
(note that the scales are not linear). 


FIGURE 6 Phase diagram for 
carbon dioxide. 


Critical 
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FIGURE 7 Vapor appears above a 
liquid in a closed container. 


TABLE 2 Saturated 
Vapor Pressure of Water 


Saturated Vapor Pressure 
Temp- 

erature torr Pa 
CC) (=mm-Hg)  (=N/m’) 

—50 0.030 4.0 
—10 1.95 2.60 X 10? 
0 4.58 Guill sx ae? 
5 6.54 RS 107 
10 9.21 1D Se 10? 
15 12.8 ial O 
20 WS 2.33 X 10° 
25 23.8 Suy Sx IGF 
30 31.8 4.24 x 10° 
40 55.3 Wa SG? 
50 92.5 PB O 
60 149 1.99 x 104 
70' 234 ID S< 10" 
80 355 4.73 x 104 
90 526 7.01 x 104 
100* 760 Tom <a> 
120 1489 1.99 x 10° 
150 3570 4.76 x 10° 


‘Boiling point on summit of Mt. Everest. 
‘Boiling point at sea level. 
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4 Vapor Pressure and Humidity 


Evaporation 


If a glass of water is left out overnight, the water level will have dropped by 
morning. We say the water has evaporated, meaning that some of the water has 
changed to the vapor or gas phase. 

This process of evaporation can be explained on the basis of kinetic theory. The 
molecules in a liquid move past one another with a variety of speeds that follow, approx- 
imately, the Maxwell distribution. There are strong attractive forces between these 
molecules, which is what keeps them close together in the liquid phase. A molecule 
near the surface of the liquid may, because of its speed, leave the liquid momentarily. 
But just as a rock thrown into the air returns to the Earth, so the attractive forces of the 
other molecules can pull the vagabond molecule back to the liquid surface—that is, if 
its velocity is not too large. A molecule with a high enough velocity, however, will escape 
the liquid entirely (like an object leaving Earth with a high enough speed), and become 
part of the gas phase. Only those molecules that have kinetic energy above a particular 
value can escape to the gas phase. We have already seen that kinetic theory predicts 
that the relative number of molecules with kinetic energy above a particular value 
(such as E; in Fig. 3) increases with temperature. This is in accord with the well-known 
observation that the evaporation rate is greater at higher temperatures. 

Because it is the fastest molecules that escape from the surface, the average speed 
of those remaining is less. When the average speed is less, the absolute temperature is 
less. Thus kinetic theory predicts that evaporation is a cooling process. You have no 
doubt noticed this effect when you stepped out of a warm shower and felt cold as the 
water on your body began to evaporate; and after working up a sweat on a hot day, 
even a slight breeze makes you feel cool through evaporation. 


Vapor Pressure 


Air normally contains water vapor (water in the gas phase), and it comes mainly 
from evaporation. To look at this process in a little more detail, consider a closed 
container that is partially filled with water (or another liquid) and from which the 
air has been removed (Fig. 7). The fastest moving molecules quickly evaporate into 
the empty space above the liquid’s surface. As they move about, some of these 
molecules strike the liquid surface and again become part of the liquid phase: this is 
called condensation. The number of molecules in the vapor increases until a point is 
reached when the number of molecules returning to the liquid equals the number 
leaving in the same time interval. Equilibrium then exists, and the space above the 
liquid surface is said to be saturated. The pressure of the vapor when it is saturated 
is called the saturated vapor pressure (or sometimes simply the vapor pressure). 

The saturated vapor pressure does not depend on the volume of the container. 
If the volume above the liquid were reduced suddenly, the density of molecules in 
the vapor phase would be increased temporarily. More molecules would then be 
striking the liquid surface per second. There would be a net flow of molecules back 
to the liquid phase until equilibrium was again reached, and this would occur at 
the same value of the saturated vapor pressure, as long as the temperature had 
not changed. 

The saturated vapor pressure of any substance depends on the temperature. 
At higher temperatures, more molecules have sufficient kinetic energy to break 
from the liquid surface into the vapor phase. Hence equilibrium will be reached at 
a higher pressure. The saturated vapor pressure of water at various temperatures is 
given in Table 2. Notice that even solids—for example, ice—have a measurable satu- 
rated vapor pressure. 

In everyday situations, evaporation from a liquid takes place into the air above 
it rather than into a vacuum. This does not materially alter the discussion above 
relating to Fig. 7. Equilibrium will still be reached when there are sufficient mole- 
cules in the gas phase that the number reentering the liquid equals the number 
leaving. The concentration of particular molecules (such as water) in the gas phase 
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is not affected by the presence of air, although collisions with air molecules may 
lengthen the time needed to reach equilibrium. Thus equilibrium occurs at the same 
value of the saturated vapor pressure as if air were not there. 

If the container is large or is not closed, all the liquid may evaporate before 
saturation is reached. And if the container is not sealed—as, for example, a room 
in your house—it is not likely that the air will become saturated with water vapor 
(unless it is raining outside). 

Boiling 

The saturated vapor pressure of a liquid increases with temperature. When the 
temperature is raised to the point where the saturated vapor pressure at that 
temperature equals the external pressure, boiling occurs (Fig. 8). As the boiling 
point is approached, tiny bubbles tend to form in the liquid, which indicate a 
change from the liquid to the gas phase. However, if the vapor pressure inside the 
bubbles is less than the external pressure, the bubbles immediately are crushed. 
As the temperature is increased, the saturated vapor pressure inside a bubble 
eventually becomes equal to or exceeds the external pressure. The bubble will 
then not collapse but can rise to the surface. Boiling has then begun. A liquid boils 
when its saturated vapor pressure equals the external pressure. This occurs for water 
at a pressure of 1 atm (760 torr) at 100°C, as can be seen from Table 2. 

The boiling point of a liquid clearly depends on the external pressure. At high 
elevations, the boiling point of water is somewhat less than at sea level since the 
air pressure is less up there. For example, on the summit of Mt. Everest (8850 m) 
the air pressure is about one-third of what it is at sea level, and from Table 2 we 
can see that water will boil at about 70°C. Cooking food by boiling takes longer at 
high elevations, since the temperature is less. Pressure cookers, however, reduce 
cooking time, because they build up a pressure as high as 2 atm, allowing higher 
boiling temperatures to be attained. 


Partial Pressure and Humidity 


When we refer to the weather as being dry or humid, we are referring to the water 
vapor content of the air. In a gas such as air, which is a mixture of several types of 
gases, the total pressure is the sum of the partial pressures of each gas present.’ By 
partial pressure, we mean the pressure each gas would exert if it alone were 
present. The partial pressure of water in the air can be as low as zero and can vary 
up to a maximum equal to the saturated vapor pressure of water at the given 
temperature. Thus, at 20°C, the partial pressure of water cannot exceed 17.5 torr 
(see Table 2). The relative humidity is defined as the ratio of the partial pressure of 
water vapor to the saturated vapor pressure at a given temperature. It is usually 
expressed as a percentage: 


partial pressure of H,O 


Relative humidity = x 100%. 


saturated vapor pressure of H,O 


Thus, when the humidity is close to 100%, the air holds nearly all the water vapor it can. 


Relative humidity. On a particular hot day, the temperature is 
30°C and the partial pressure of water vapor in the air is 21.0 torr. What is the 
relative humidity? 


APPROACH From Table 2, we see that the saturated vapor pressure of water at 
30°C is 31.8 torr. 
SOLUTION The relative humidity is thus 


21.0 torr 


‘For example, 78% (by volume) of air molecules are nitrogen and 21% oxygen, with much smaller 
amounts of water vapor, argon, and other gases. At an air pressure of 1 atm, oxygen exerts a partial 
pressure of 0.21 atm and nitrogen 0.78 atm. 


FIGURE 8 Boiling: bubbles of 
water vapor float upward from the 
bottom (where the temperature is 
highest). 


Paul Silverman/Fundamental Photographs, NYC 
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FIGURE 9 Fog or mist settling 
around a castle where the temperature 
has dropped below the dew point. 


FIGURE 10 Molecules, of radius r, 
colliding. 
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Humans are sensitive to humidity. A relative humidity of 40-50% is generally 
optimum for both health and comfort. High humidity, particularly on a hot day, 
reduces the evaporation of moisture from the skin, which is one of the body’s vital 
mechanisms for regulating body temperature. Very low humidity, on the other 
hand, can dry the skin and mucous membranes. 

Air is saturated with water vapor when the partial pressure of water in the air is 
equal to the saturated vapor pressure at that temperature. If the partial pressure of 
water exceeds the saturated vapor pressure, the air is said to be supersaturated. This 
situation can occur when a temperature decrease occurs. For example, suppose the 
temperature is 30°C and the partial pressure of water is 21 torr, which represents a 
humidity of 66% as we saw in Example 6. Suppose now that the temperature falls to, 
say, 20°C, as might happen at nightfall. From Table 2 we see that the saturated vapor 
pressure of water at 20°C is 17.5 torr. Hence the relative humidity would be greater 
than 100%, and the supersaturated air cannot hold this much water. The excess water 
may condense and appear as dew, or as fog or rain (Fig. 9). 

When air containing a given amount of water is cooled, a temperature is reached 
where the partial pressure of water equals the saturated vapor pressure. This is 
called the dew point. Measurement of the dew point is the most accurate means of 
determining the relative humidity. One method uses a polished metal surface in 
contact with air, which is gradually cooled down. The temperature at which moisture 
begins to appear on the surface is the dew point, and the partial pressure of water 
can then be obtained from saturated vapor pressure Tables. If, for example, on a 
given day the temperature is 20°C and the dew point is 5°C, then the partial pressure 
of water (Table 2) in the 20°C air is 6.54 torr, whereas its saturated vapor pressure is 
17.5 torr; hence the relative humidity is 6.54/17.5 = 37%. 


EXERCISE E As the air warms up in the afternoon, how would the relative humidity change 
if there were no further evaporation? It would (a) increase, (b) decrease, (c) stay the same. 


CONCEPTUAL EXAMPLE 7| Dryness in winter. Why does the air inside heated 
buildings seem very dry on a cold winter day? 


RESPONSE Suppose the relative humidity outside on a —10°C day is 50%. 
Table 2 tells us the partial pressure of water in the air is about 1.0 torr. If 
this air is brought indoors and heated to +20°C, the relative humidity is 
(1.0 torr) /(17.5 torr) = 5.7%. Even if the outside air were saturated at a partial 
pressure of 1.95 torr, the inside relative humidity would be at a low 11%. 


*5 Van der Waals Equation of State 


In Section 3, we discussed how real gases deviate from ideal gas behavior, 
particularly at high densities or when near condensing to a liquid. We would like 
to understand these deviations using a microscopic (molecular) point of view. 
J. D. van der Waals (1837-1923) analyzed this problem and in 1873 arrived at an 
equation of state which fits real gases more accurately than the ideal gas law. His 
analysis is based on kinetic theory but takes into account: (1) the finite size of 
molecules (we previously neglected the actual volume of the molecules themselves, 
compared to the total volume of the container, and this assumption becomes 
poorer as the density increases and molecules become closer together); (2) the 
range of the forces between molecules may be greater than the size of the molecules 
(we previously assumed that intermolecular forces act only during collisions, when 
the molecules are “in contact”). Let us now look at this analysis and derive the 
van der Waals equation of state. 

Assume the molecules in a gas are spherical with radius r. If we assume 
these molecules behave like hard spheres, then two molecules collide and 
bounce off one another if the distance between their centers (Fig. 10) 
gets as small as 2r. Thus the actual volume in which the molecules can move 
about is somewhat less than the volume V of the container holding the gas. 
The amount of “unavailable volume” depends on the number of molecules 
and on their size. Let b represent the “unavailable volume per mole” of gas. 
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Then in the ideal gas law we replace V by (V — nb), where n is the number of moles, 
and we obtain 

P(V — nb) = nRT. 
If we divide through by n, we have 

r(¥ = p) = RT. (8) 

n 

This relation (sometimes called the Clausius equation of state) predicts that for a 
given temperature T and volume V, the pressure P will be greater than for an ideal 
gas. This makes sense since the reduced “available” volume means the number of 
collisions with the walls is increased. 

Next we consider the effects of attractive forces between molecules, which are 
responsible for holding molecules in the liquid and solid states at lower temperatures. 
These forces are electrical in nature and although they act even when molecules are 
not touching, we assume their range is small—that is, they act mainly between nearest 
neighbors. Molecules at the edge of the gas, headed toward a wall of the container, 
are slowed down by a net force pulling them back into the gas. Thus these molecules 
will exert less force and less pressure on the wall than if there were no attractive 
forces. The reduced pressure will be proportional to the density of molecules in the 
layer of gas at the surface, and also to the density in the next layer, which exerts 
the inward force." Therefore we expect the pressure to be reduced by a factor 
proportional to the density squared (n/V)’, here written as moles per volume. If the 
pressure P is given by Eq. 8, then we should reduce this by an amount a(n/V )” where 
a is a proportionality constant. Thus we have 


Pp = RT a 
(V/n) — b (V/n)? 
or 
a V _ 
G H E p) RT, (9) 


which is the van der Waals equation of state. 

The constants a and b in the van der Waals equation are different for different 
gases and are determined by fitting to experimental data for each gas. For CO, gas, 
the best fit is obtained for a = 0.36N-m*/mol? and b = 4.3 X 10° m?/mol. 
Figure 11 shows a typical PV diagram for Eq. 9 (a “van der Waals gas”) for four 
different temperatures, with detailed caption, and it should be compared to Fig. 4 
for real gases. 

Neither the van der Waals equation of state nor the many other equations of 
state that have been proposed are accurate for all gases under all conditions. Yet 
Eq. 9 is a very useful relation. And because it is quite accurate for many situations, its 
derivation gives us further insight into the nature of gases at the microscopic level. 
Note that at low densities, a/ (V /n)} << P and b < V/n, so that the van der Waals 
equation reduces to the equation of state for an ideal gas, PV = nRT. 


*6 Mean Free Path 


If gas molecules were truly point particles, they would have zero cross-section and 
never collide with one another. If you opened a perfume bottle, you would be able to 
smell it almost instantaneously across the room, since molecules travel hundreds of 
meters per second. In reality, it takes time before you detect an odor and, according 
to kinetic theory, this must be due to collisions between molecules of nonzero size. 

If we were to follow the path of a particular molecule, we would expect to see 
it follow a zigzag path as shown in Fig. 12. Between each collision the molecule 
would move in a straight-line path. (Not quite true if we take account of the small 
intermolecular forces that act between collisions.) An important parameter for a 
given situation is the mean free path, which is defined as the average distance a 
molecule travels between collisions. We would expect that the greater the gas 
density, and the larger the molecules, the shorter the mean free path would be. We 
now determine the nature of this relationship for an ideal gas. 


‘This is similar to the gravitational force in which the force on mass m, due to mass m, is proportional 
to the product of their masses (Newton’s law of universal gravitation). 


FIGURE 11 PV diagram for a van 
der Waals gas, shown for four 
different temperatures. For T,, Tg, 
and Tc(Tcis chosen equal to the 
critical temperature), the curves fit 
experimental data very well for most 
gases. The curve labeled Tp ,a 
temperature below the critical point, 
passes through the liquid—vapor 
region. The maximum (point b) and 
minimum (point d) would seem to 
be artifacts, since we usually see 
constant pressure, as indicated by 
the horizontal dashed line (and 

Fig. 4). However, for very pure 
supersaturated vapors or supercooled 
liquids, the sections ab and ed, 
respectively, have been observed. 
(The section bd would be unstable 
and has not been observed.) 


FIGURE 12 Zigzag path of a 
molecule colliding with other 
molecules. 
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FIGURE 13 Molecule at left moves 
to the right with speed v. It collides 
with any molecule whose center is 
within the cylinder of radius 2r. 


Mean free path 


Kinetic Theory of Gases 


Suppose our gas is made up of molecules which are hard spheres of radius r. 
A collision will occur whenever the centers of two molecules come within a 
distance 2r of one another. Let us follow a molecule as it traces a straight-line 
path. In Fig. 13, the dashed line represents the path of our particle if it makes no 
collisions. Also shown is a cylinder of radius 2r. If the center of another molecule 
lies within this cylinder, a collision will occur. (Of course, when a collision occurs 
the particle’s path would change direction, as would our imagined cylinder, but 
our result won’t be altered by unbending a zigzag cylinder into a straight one for 
purposes of calculation.) Assume our molecule is an average one, moving at the 
mean speed v in the gas. For the moment, let us assume that the other molecules 
are not moving, and that the concentration of molecules (number per unit 
volume) is N/V. Then the number of molecules whose centers lie within the 
cylinder of Fig. 13 is N/V times the volume of this cylinder, and this also repre- 
sents the number of collisions that will occur. In a time Af, our molecule travels a 
distance v At, so the length of the cylinder is V At and its volume is 7(2r)? V At. 
Hence the number of collisions that occur in a time At is (N/V)a(2r)* v At. We 
define the mean free path, £,,, as the average distance between collisions. This 
distance is equal to the distance traveled (v At) in a time Af divided by the 
number of collisions made in time At: 


DAt 1 
(N/Vyn(2r} At  4rr(N/V) 


ly = (10a) 
Thus we see that ly is inversely proportional to the cross-sectional area (= mr’) of 
the molecules and to their concentration (number/volume), N/V. However, 
Eq. 10a is not fully correct since we assumed the other molecules are all at rest. In 
fact, they are moving, and the number of collisions in a time Af must depend on 
the relative speed of the colliding molecules, rather than on v. Hence the number 
of collisions per second is (N/V )r(2r} v,e At (rather than (N/V)(2r)* U At), 
where ve is the average relative speed of colliding molecules. A careful calculation 
shows that for a Maxwellian distribution of speeds ve = V20. Hence the mean 
free path is 
1 


M = GeVOF(N/V) i 


GW LEER ESTIMATE | Mean free path of air molecules at STP. Estimate 
the mean free path of air molecules at STP, standard temperature and pressure 
(0°C, 1 atm). The diameter of O, and N, molecules is about 3 x 107" m. 


APPROACH We saw 1 mol of an ideal gas occupies a volume of 22.4 X 10° m° at 
STP. We can thus determine N/V and apply Eq. 10b. 


SOLUTION 
N 6.02 X 10” molecul 
= mo ecu eS = 2.69 x 10% molecules/m*. 
V 22.4 X 10° m” 
Then 
fu = - ~ 9x 10m. 


4r V2(1.5 X 107! m}?(2.7 x 10% m™) 


NOTE This is about 300 times the diameter of an air molecule. 


At very low densities, such as in an evacuated vessel, the concept of mean free 
path loses meaning since collisions with the container walls may occur more 
frequently than collisions with other molecules. For example, in a cubical box 
that is (say) 20 cm on a side containing air at 107 torr (~ 10°’ atm), the mean free 
path would be about 900 m, which means many more collisions are made with the 
walls than with other molecules. (Note, nonetheless, that the box contains over 
10” molecules.) If the concept of mean free path included also collision with the 
walls, it would be closer to 0.2 m than to the 900 m calculated from Eq. 10b. 
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*7 Diffusion 


If you carefully place a few drops of food coloring in a container of water as in 
Fig. 14, you will find that the color spreads throughout the water. The process may 
take some time (assuming you do not shake the glass), but eventually the color 
will become uniform. This mixing, known as diffusion, takes place because of the 
random movement of the molecules. Diffusion occurs in gases too. Common 
examples include perfume or smoke (or the odor of something cooking on the 
stove) diffusing in air, although convection (moving air currents) often plays a 
greater role in spreading odors than does diffusion. Diffusion depends on concen- 
tration, by which we mean the number of molecules or moles per unit volume. In 
general, the diffusing substance moves from a region where its concentration is 
high to one where its concentration is low. 


Mary Teresa Giancoli 


(b) (c) 


Diffusion can be readily understood on the basis of kinetic theory and the 
random motion of molecules. Consider a tube of cross-sectional area A containing 
molecules in a higher concentration on the left than on the right, Fig. 15. We 
assume the molecules are in random motion. Yet there will be a net flow of 
molecules to the right. To see why this is true, let us consider the small section of 
tube of length Ax as shown. Molecules from both regions 1 and 2 cross into this 
central section as a result of their random motion. The more molecules there are in 
a region, the more will strike a given area or cross a boundary. Since there is a greater 
concentration of molecules in region 1 than in region 2, more molecules cross into 
the central section from region 1 than from region 2. There is, then, a net flow of 
molecules from left to right, from high concentration toward low concentration. 
The net flow becomes zero only when the concentrations become equal. 

You might expect that the greater the difference in concentration, the greater 
the flow rate. Indeed, the rate of diffusion, J (number of molecules or moles or 
kg per second), is directly proportional to the difference in concentration per unit 
distance, (C — C)/ Ax (which is called the concentration gradient), and to the 
cross-sectional area A (see Fig. 15): 


Ci ii Cs 
= pDA 4; 
f Ax 
or, in terms of derivatives, 
d 
J = DA ae (11) 
dx 


D is a constant of proportionality called the diffusion constant. Equation 11 is 
known as the diffusion equation, or Fick’s law. If the concentrations are given 
in mol/m°, then J is the number of moles passing a given point per second. If the 
concentrations are given in kg/m’, then J is the mass movement per second (kg/s). 
The length Ax is given in meters. The values of D for a variety of substances are 
given in Table 3. 


FIGURE 14 A few drops of food 
coloring (a) dropped into water, 
(b) spreads slowly throughout the 
water, eventually (c) becoming 
uniform. 


FIGURE 15 Diffusion occurs from 
a region of high concentration to 
one of lower concentration (only 
one type of molecule is shown). 


Region 2: 


Region 1; |-Ax—| 
concentration concentration 
=C] =0, 


TABLE 3 Diffusion Constants, 
D (20°C, 1 atm) 


Diffusing 
Molecules Medium D (m?/s) 
H, Air Ga x 10 
O2 Air 143 8 il? 
O Water 100 x 1071! 
Blood 

hemoglobin Water 6.9 x 107"! 
Glycine (an 

amino acid) Water 0S x IO 
DNA (mass 


6 x 10fu) Water 0.13 x 10"! 
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568 
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Diffusion of ammonia in air. To get an idea of the 
time required for diffusion, estimate how long it might take for ammonia (NH;) 
to be detected 10cm from a bottle after it is opened, assuming only diffusion is 
occurring. 


APPROACH This will be an order-of-magnitude calculation. The rate of diffu- 
sion J can be set equal to the number of molecules N diffusing across area A in a 
time t: J = N/t. Then the time t = N/J, where J is given by Eq. 11. We will 
have to make some assumptions and rough approximations about concentrations 
to use Eq. 11. 


SOLUTION Using Eq. 11, we find 
(oN LN Ae 
© J DAAC 
The average concentration (midway between bottle and nose) can be approximated 
by C = N/V, where V is the volume over which the molecules move and is 
roughly of the order of V ~ A Ax, where Ax is 10cm = 0.10m. We substitute 
N = CV = CA Ax into the above equation: 
(CA Ax) Ax Cc (Ax)? 
© DAAC AC D 


The concentration of ammonia is high near the bottle (C) and low near the 
detecting nose (~ 0), so C ~ C/2 ~ AC/2, or (C/AC) ~ 4. Since NH; molecules 
have a size somewhere between H, and O,, from Table 3 we can estimate 
D ~ 4 X 10% m/?/s. Then 

(0.10 m}? 


—— 7 _ a 100s, 
(4 x 10° m?/s) ' 


Nie 


or about a minute or two. 


NOTE This result seems rather long from experience, suggesting that air currents 
(convection) are more important than diffusion for transmitting odors. 


Colored rings on a paper towel. A child colors 
a small spot on a wet paper towel with a brown marker. Later, she discovers that 
instead of a brown spot, there are concentric colored rings around the marked spot. 
What happened? 


RESPONSE The ink in a brown marker is composed of several different inks that 
mix to make brown. These inks each diffuse at different rates through the wet 
paper towel. After a period of time the inks have diffused far enough that the 
differences in distances traveled is sufficient to separate the different colors. 
Chemists and biochemists use a similar technique, called chromatography, to 
separate substances based on their diffusion rates through a medium. 


| Summary 


According to the kinetic theory of gases, which is based on the 
idea that a gas is made up of molecules that are moving rapidly 
and at random, the average translational kinetic energy of the 
molecules is proportional to the Kelvin temperature T: 


K = im? = 3kT (4) 


where k is Boltzmann’s constant. 

At any moment, there exists a wide distribution of mole- 
cular speeds within a gas. The Maxwell distribution of speeds is 
derived from simple kinetic theory assumptions, and is in good 
accord with experiment for gases at not too high a pressure. 


The behavior of real gases at high pressure, and/or when 
near their liquefaction point, deviates from the ideal gas law 
due to the finite size of molecules and to the attractive forces 
between molecules. 

Below the critical temperature, a gas can change to a liquid 
if sufficient pressure is applied; but if the temperature is higher 
than the critical temperature, no amount of pressure will cause a 
liquid surface to form. 

The triple point of a substance is that unique tempera- 
ture and pressure at which all three phases—solid, liquid, 
and gas—can coexist in equilibrium. Because of its precise 
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reproducibility, the triple point of water is often taken as a 
standard reference point. 

Evaporation of a liquid is the result of the fastest moving 
molecules escaping from the surface. Because the average 
molecular velocity is less after the fastest molecules escape, the 
temperature decreases when evaporation takes place. 

Saturated vapor pressure refers to the pressure of the vapor 
above a liquid when the two phases are in equilibrium. The 
vapor pressure of a substance (such as water) depends strongly 
on temperature and is equal to atmospheric pressure at the 
boiling point. 


Relative humidity of air at a given place is the ratio of the 
partial pressure of water vapor in the air to the saturated vapor 
pressure at that temperature; it is usually expressed as a percentage. 

[*The van der Waals equation of state takes into account 
the finite volume of molecules, and the attractive forces between 
molecules, to better approximate the behavior of real gases.] 

[*The mean free path is the average distance a molecule 
moves between collisions with other molecules. | 

[*Diffusion is the process whereby molecules of a substance 
move (on average) from one area to another because of a 
difference in that substance’s concentration.] 


| Answers to Exercises 


D: (d). 
E: (b). 
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Problem Set 


| Questions 


1. 


2. 


10. 


11. 


12. 


13. 


From Chapter 18 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 


Why doesn’t the size of different molecules enter into the 
ideal gas law? 


When a gas is rapidly compressed (say, by pushing down a 
piston) its temperature increases. When a gas expands 
against a piston, it cools. Explain these changes in tempera- 
ture using the kinetic theory, in particular noting what 
happens to the momentum of molecules when they strike 
the moving piston. 


. In Section 1 of “Kinetic Theory of Gases” we assumed the 


gas molecules made perfectly elastic collisions with the 
walls of the container. This assumption is not necessary as 
long as the walls are at the same temperature as the 
gas. Why? 


. Explain in words how Charles’s law follows from kinetic 


theory and the relation between average kinetic energy and 
the absolute temperature. 


. Explain in words how Gay-Lussac’s law follows from kinetic 


theory. 


. As you go higher in the Earth’s atmosphere, the ratio of 


N> molecules to O, molecules increases. Why? 


. Can you determine the temperature of a vacuum? 
. Is temperature a macroscopic or microscopic variable? 
. Explain why the peak of the curve for 310 K in Fig. 3 is not 


as high as for 273 K. (Assume the total number of molecules 
is the same for both.) 


T= 273 K (0°C) 
T= 310 K (37°C) 


Relative number 
of molecules 


Speed 


v(Ea) 


FIGURE 3 Distribution of 
molecular speeds for two different 
temperatures. 


Escape velocity for the Earth refers to the minimum speed 
an object must have to leave the Earth and never return. 
(a) The escape velocity for the Moon is about one-fifth what 
it is for the Earth due to the Moon’s smaller mass; explain 
why the Moon has practically no atmosphere. (b) If 
hydrogen was once in the Earth’s atmosphere, why would it 
have probably escaped? 


If a container of gas is at rest, the average velocity of mole- 
cules must be zero. Yet the average speed is not zero. Explain. 
If the pressure in a gas is doubled while its volume is held 
constant, by what factor do (a) Vyms and (b) v change? 


What everyday observation would tell you that not all 
molecules in a material have the same speed? 


14. We saw that the saturated vapor pressure of a liquid (say, 


water) does not depend on the external pressure. Yet the 
temperature of boiling does depend on the external 
pressure. Is there a contradiction? Explain. 


15. Alcohol evaporates more quickly than water at room 


temperature. What can you infer about the molecular 
properties of one relative to the other? 

. Explain why a hot humid day is far more uncomfortable 
than a hot dry day at the same temperature. 

. Is it possible to boil water at room temperature (20°C) 
without heating it? Explain. 


. What exactly does it mean when we say that oxygen boils at 
—183°C? 


19. A length of thin wire is placed over a block of ice (or an ice 


20. 


21 


cube) at 0°C and weights are hung from the ends of the 
wire. It is found that the wire cuts its way through the ice 
cube, but leaves a solid block of ice behind it. This process is 
called regelation. Explain how this happens by inferring how 
the freezing point of water depends on pressure. 

. Consider two days when the air temperature is the same but 
the humidity is different. Which is more dense, the dry air or 
the humid air at the same T? Explain. 

. (a) Why does food cook faster in a pressure cooker? 
(b) Why does pasta or rice need to boil longer at high 
altitudes? (c) Is it harder to boil water at high altitudes? 


. How do a gas and a vapor differ? 


23. (a) At suitable temperatures and pressures, can ice be 


melted by applying pressure? (b) At suitable temperatures 
and pressures, can carbon dioxide be melted by applying 
pressure? 


. Why does dry ice not last long at room temperature? 


25. Under what conditions can liquid CO, exist? Be specific. 


Can it exist as a liquid at normal room temperature? 


26. Why does exhaled air appear as a little white cloud in the 


winter (Fig. 16)? 


FIGURE 16 
Question 26. 


*27. Discuss why sound waves can travel in a gas only if their 


wavelength is somewhat larger than the mean free path. 


*28. Name several ways to reduce the mean free path in a gas. 
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l Problems 


[The Problems in this Section are ranked I, I, or III according 
to estimated difficulty, with (I) Problems being easiest. Level 
(III) Problems are meant mainly as a challenge for the best 
students, for “extra credit.” The Problems are arranged by 
Sections, meaning that the reader should have read up to and 
including that Section, but this Chapter also has a group of 
General Problems that are not arranged by Section and not 
ranked.] 


1 Molecular Interpretation of Temperature 


1. 


10. 


11. 


13. 


14. 


15. 


(1) (a) What is the average translational kinetic energy of an 
oxygen molecule at STP? (b) What is the total translational 
kinetic energy of 1.0 mol of O molecules at 25°C? 


. (I) Calculate the rms speed of helium atoms near the 


surface of the Sun at a temperature of about 6000 K. 


. (I) By what factor will the rms speed of gas molecules 


increase if the temperature is increased from 0°C to 180°C? 


. (T) A gas is at 20°C. To what temperature must it be raised 


to triple the rms speed of its molecules? 


. (I) What speed would a 1.0-g paper clip have if it had the 


same kinetic energy as a molecule at 15°C? 


. (I) A 1.0-mol sample of helium gas has a temperature of 


27°C. (a) What is the total kinetic energy of all the gas 
atoms in the sample? (b) How fast would a 65-kg person 
have to run to have the same kinetic energy? 


. (I) Twelve molecules have the following speeds, given in 


arbitrary units: 6.0, 2.0, 4.0, 6.0, 0.0, 4.0, 1.0, 8.0, 5.0, 3.0, 7.0, 
and 8.0. Calculate (a) the mean speed, and (b) the rms speed. 


. (II) The rms speed of molecules in a gas at 20.0°C is to be 


increased by 2.0%. To what temperature must it be raised? 


. (II) If the pressure in a gas is tripled while its volume is 


held constant, by what factor does Vrms change? 

(II) Show that the rms speed of molecules in a gas is given 
by Vrms = V3P/p, where P is the pressure in the gas, 
and p is the gas density. 

(II) Show that for a mixture of two gases at the same 
temperature, the ratio of their rms speeds is equal to the 
inverse ratio of the square roots of their molecular masses. 


. (II) What is the rms speed of nitrogen molecules contained 


in an 8.5-m> volume at 3.latm if the total amount of 
nitrogen is 1800 mol? 
(II) (a) For an ideal gas at temperature T show that 


rms = 1 Vrms 


dT 2 T’ 


: ; ; dUyms 
and using the approximation AV,ms ~ IT 


Aùms _ 1 AT 

ta oe 
(b) If the average air temperature changes from —S°C in 
winter to 25°C in summer, estimate the percent change in 
the rms speed of air molecules between these seasons. 


AT, show that 


(II) What is the average distance between oxygen molecules 
at STP? 

(II) Two isotopes of uranium, 5U and SU (the super- 
scripts refer to their atomic masses), can be separated 
by a gas diffusion process by combining them with fluorine 
to make the gaseous compound UF,. Calculate the ratio of 
the rms speeds of these molecules for the two isotopes, at 
constant T. 


16. 


17. 


18. 


(ID) Can pockets of vacuum persist in an ideal gas? Assume 
that a room is filled with air at 20°C and that somehow a 
small spherical region of radius 1cm within the room 
becomes devoid of air molecules. Estimate how long it will 
take for air to refill this region of vacuum. Assume the 
atomic mass of air is 29 u. 
(II) Calculate (a) the rms speed of a nitrogen molecule at 0°C 
and (b) determine how many times per second it would move 
back and forth across a 5.0-m-long room on the average, 
assuming it made very few collisions with other molecules. 
(III) Estimate how many air molecules rebound from a 
wall in a typical room per second, assuming an ideal gas of 
N molecules contained in a cubic room with sides of 
length £ at temperature T and pressure P. (a) Show that the 
frequency f with which gas molecules strike a wall is 

Ux P 2 

f= kT" 
where Vy is the average x component of the molecule’s 
velocity. (b) Show that the equation can then be written as 
fa Pe 

V 4mkT 
where m is the mass of a gas molecule. (c) Assume a cubic 
air-filled room is at sea level, has a temperature 20°C, and 
has sides of length £ = 3m. Determine f. 


2 Distribution of Molecular Speeds 


19. 


20. 


21. 


22. 


(I) If you double the mass of the molecules in a gas, is it 
possible to change the temperature to keep the velocity 
distribution from changing? If so, what do you need to do to 
the temperature? 

(I) A group of 25 particles have the following speeds: two 
have speed 10m/s, seven have 15 m/s, four have 20 m/s, 
three have 25 m/s, six have 30 m/s, one has 35 m/s, and two 
have 40 m/s. Determine (a) the average speed, (b) the rms 
speed, and (c) the most probable speed. 

(II) A gas consisting of 15,200 molecules, each of mass 
2.00 X 107? kg, has the following distribution of speeds, which 
crudely mimics the Maxwell distribution: 


Number of Molecules Speed (m/s) 


1600 220 
4100 440 
4700 660 
3100 880 
1300 1100 
400 1320 


(a) Determine Vrms for this distribution of speeds. (b) Given 
your value for Vrms, What (effective) temperature would you 
assign to this gas? (c) Determine the mean speed v of this 
distribution and use this value to assign an (effective) 
temperature to the gas. Is the temperature you find here 
consistent with the one you determined in part (b)? 

(II) Starting from the Maxwell distribution of speeds, 
Eq. 6, show (a) J) f(v) dv = N, and (b) 


[2 re) dv/N = 3kT/m. 


3 
3 1m? 
fw) = ton( 5) ate Ne (6) 
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3 Real Gases 


23. 


24. 


25. 


26. 


(I) CO, exists in what phase when the pressure is 30 atm 
and the temperature is 30°C (Fig. 6)? 


FIGURE 6 Phase diagram for 
carbon dioxide. 


Critical 
point 


(I) (a) At atmospheric pressure, in what phases can CO) 
exist? (b) For what range of pressures and temperatures can 
CO, be a liquid? Refer to Fig. 6. 

(I) Water is in which phase when the pressure is 0.01 atm 
and the temperature is (a) 90°C, (b) —20°C? 

(II) You have a sample of water and are able to control temper- 
ature and pressure arbitrarily. (a) Using Fig. 5, describe the 
phase changes you would see if you started at a temperature 
of 85°C, a pressure of 180 atm, and decreased the pressure 
down to 0.004 atm while keeping the temperature fixed. 
(b) Repeat part (a) with the temperature at 0.0°C. Assume 
that you held the system at the starting conditions long enough 
for the system to stabilize before making further changes. 


Critical 


point 

= 218 — 
E i 
& 1 
aà 1.0 j 

| Gas 

0.006 i 
| 

| 

i 
0.00 0.01 10 74 

O1 peg 100 3 


FIGURE 5 Phase diagram for water 
(note that the scales are not linear). 


4 Vapor Pressure and Humidity 


27. 


28. 


29. 


30. 


31. 


(I) What is the partial pressure of water vapor at 30°C if the 
humidity is 85%? 

(1) What is the partial pressure of water on a day when the 
temperature is 25°C and the relative humidity is 55%? 

(1) What is the air pressure at a place where water boils at 
80°C? 

(II) What is the dew point if the humidity is 75% on a day 
when the temperature is 25°C? 

(1) If the air pressure at a particular place in the mountains 
is 0.75 atm, estimate the temperature at which water boils. 


32. 


33. 


34. 


35. 


36. 


38. 


39, 


(II) What is the mass of water in a closed room 
5.0m X 6.0m X 2.4m when the temperature is 24.0°C and 
the relative humidity is 65%? 

(IL) What is the approximate pressure inside a pressure cooker 
if the water is boiling at a temperature of 120°C? Assume no 
air escaped during the heating process, which started at 12°C. 
(II) If the humidity in a room of volume 440 m° at 25°C is 65%, 
what mass of water can still evaporate from an open pan? 

(ID A pressure cooker is a sealed pot designed to cook food 
with the steam produced by boiling water somewhat above 
100°C. The pressure cooker in Fig. 17 uses a weight of mass 
m to allow steam to escape at a certain pressure through a 
small hole (diameter d) in the cookers lid. If 
d = 3.0mm, what should m be in order to cook food at 
120°C? Assume that atmospheric pressure outside the 
cooker is 1.01 X 10° Pa. 


Weight 
(mass m) 


J |-Diamēter d 


FIGURE 17 
Problem 35. 


(II) When using a mercury barometer, the vapor pressure of 
mercury is usually assumed to be zero. At room tempera- 
ture mercury’s vapor pressure is about 0.0015 mm-Hg. At 
sea level, the height h of mercury in a barometer is about 
760 mm. (a) If the vapor pressure of mercury is neglected, is 
the true atmospheric pressure greater or less than the value 
read from the barometer? (b) What is the percent error? (c) 
What is the percent error if you use a water barometer and 
ignore water’s saturated vapor pressure at STP? 


. (ID) If the humidity is 45% at 30.0°C, what is the dew point? 


Use linear interpolation to find the temperature of the dew 
point to the nearest degree. 

(WI) Air that is at its dew point of 5°C is drawn into a 
building where it is heated to 20°C. What will be the relative 
humidity at this temperature? Assume constant pressure of 
1.0 atm. Take into account the expansion of the air. 


(III) What is the mathematical relation between water’s 
boiling temperature and atmospheric pressure? (a) Using 
the data from Table 2, in the temperature range from 50°C 
to 150°C, plot In P versus (1/7), where P is water’s satu- 
rated vapor pressure (Pa) and T is temperature on the 
Kelvin scale. Show that a straight-line plot results and 
determine the slope and y-intercept of the line. (b) Show 
that your result implies 


P = Be 4/T 


where A and B are constants. Use the slope and y-intercept 
from your plot to show that A% 5000K and 
B ~ 7 X 10! Pa. 
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TABLE 2 Saturated Vapor 
Pressure of Water 


Saturated Vapor Pressure 


Temp- 
erature torr Pa 
CC) (mmHg) (=N/m’) 
—50 0.030 4.0 
—10 1.95 2.60 X 107 
0 4.58 6.11 X 10? 
5 6.54 8.72 X 10? 
10 9.21 1.23 x 10° 
15 12.8 iT TO 
20 17.5 2.33 x 10° 
25 23.8 3.17 x 10° 
30 31.8 4.24 x 10° 
40 55.3 7.37 X 10° 
50 92.5 1.23 x 104 
60 149 1.99 x 104 
70' 234 Bi Se i 
80 355 4.73 x 104 
90 526 7.01 x 10+ 
100! 760 Oma; 
120 1489 1.99 x 10° 
150 3570 4.76 x 10° 


‘Boiling point on summit of Mt. Everest. 
‘Boiling point at sea level. 


*5 Van der Waals Equation of State 


*40. 


*41. 


*42. 


*43. 


(II) In the van der Waals equation of state, the constant b 
represents the amount of “unavailable volume” occupied by 
the molecules themselves. Thus V is replaced by (V — nb), 
where n is the number of moles. For oxygen, b is about 
3.2 X 10>m3/mol. Estimate the diameter of an oxygen 
molecule. 


(II) For oxygen gas, the van der Waals equation of state 
achieves its best fit for a=0.14N-m*/mol and 
b = 3.2 X 10° m3/mol. Determine the pressure in 1.0 mol 
of the gas at 0°C if its volume is 0.70 L, calculated using 
(a) the van der Waals equation, (b) the ideal gas law. 


(III) A 0.5-mol sample of O, gas is in a large cylinder with a 
movable piston on one end so it can be compressed. The 
initial volume is large enough that there is not a significant 
difference between the pressure given by the ideal gas law 
and that given by the van der Waals equation. As the gas is 
slowly compressed at constant temperature (use 300K), at 
what volume does the van der Waals equation give a 
pressure that is 5% different than the ideal gas law pressure? 
Let a = 0.14N-m*/mol* and b = 3.2 X 10° m?/mol. 


(III) (a) From the van der Waals equation of state, show 
that the critical temperature and pressure are given by 
8a a 


Te = > Poe 
cr 27bR cr 27p2 


[Hint: Use the fact that the P versus V curve has an inflec- 
tion point at the critical point so that the first and second 
derivatives are zero.] (b) Determine a and b for CO, from 
the measured values of Ter = 304K and Per = 72.8 atm. 


* 44. 


(III) How well does the ideal gas law describe the pressurized 
air in a scuba tank? (a) To fill a typical scuba tank, an air 
compressor intakes about 2300L of air at 1.0atm and 
compresses this gas into the tank’s 12-L internal volume. If 
the filling process occurs at 20°C, show that a tank holds 
about 96 mol of air. (b) Assume the tank has 96 mol of air 
at 20°C. Use the ideal gas law to predict the air’s pressure 
within the tank. (c) Use the van der Waals equation of state 
to predict the air’s pressure within the tank. For air, the 
van der Waals constants are a = 0.1373N-m*/mol* and 
b = 3.72 X 10> m?/mol. (d) Taking the van der Waals 
pressure as the true air pressure, show that the ideal gas law 
predicts a pressure that is in error by only about 3%. 


*6 Mean Free Path 


*45, 


*46. 


*47. 


*48. 


*49, 


* 50. 


*31 


*52. 


(II) At about what pressure would the mean free path of air 
molecules be (a) 0.10 m and (b) equal to the diameter of air 
molecules, ~ 3 X 107m? Assume T = 20°C. 


(I) Below a certain threshold pressure, the air molecules 
(0.3-nm diameter) within a research vacuum chamber are in 
the “collision-free regime,” meaning that a particular air 
molecule is as likely to cross the container and collide first 
with the opposite wall, as it is to collide with another air 
molecule. Estimate the threshold pressure for a vacuum 
chamber of side 1.0 m at 20°C. 


(II) A very small amount of hydrogen gas is released into the 
air. If the air is at 1.0 atm and 15°C, estimate the mean free 
path for a H molecule. What assumptions did you make? 


(II) (a) The mean free path of CO, molecules at STP is 
measured to be about 5.6 X 107° m. Estimate the diameter 
of a CO, molecule. (b) Do the same for He gas for which 
fm ~ 25 X 10° m at STP 


(II) (a) Show that the number of collisions a molecule 
makes per second, called the collision frequency, f, is given 
by f =0/fy, and thus f = 4V2 mr? N/V. (b) What is 
the collision frequency for N, molecules in air at T = 20°C 
and P = 1.0 x 10° atm? 


(ID) We saw in Example 8 of “Kinetic Theory of Gases” that 
the mean free path of air molecules at STP, €y, is about 
9 x 108m. Estimate the collision frequency f, the number 
of collisions per unit time. 

(II) A cubic box 1.80m on a side is evacuated so the 
pressure of air inside is 10~°torr. Estimate how many 
collisions molecules make with each other for each collision 
with a wall (0°C). 

(II) Estimate the maximum allowable pressure in a 32-cm- 
long cathode ray tube if 98% of all electrons must hit the 
screen without first striking an air molecule. 


*7 Diffusion 


*53. 


* 54. 


(I) Approximately how long would it take for the ammonia 
of Example 9 of “Kinetic Theory of Gases” to be detected 
1.0m from the bottle after it is opened? What does this 
suggest about the relative importance of diffusion and 
convection for carrying odors? 


(II) Estimate the time needed for a glycine molecule (see 
Table 3) to diffuse a distance of 15 um in water at 20°C if its 
concentration varies over that distance from 1.00 mol/m? to 
0.50 mol/m3? Compare this “speed” to its rms (thermal) 
speed. The molecular mass of glycine is about 75 u. 


Kinetic Theory of Gases: Problem Set 


TABLE 3 Diffusion Constants, 
D (20°C, 1 atm) 


Diffusing 
Molecules Medium D (m?/s) 
H, Air 63 < 10? 
Oz Air 1.8 x 10> 
O2 Water 100 x 107! 
Blood 

hemoglobin Water 6.9 x 107"! 
Glycine (an 

aminoacid) Water 95 x 107"! 
DNA (mass 

6< 10°u) Water 0.13 x 0 


*55. 


(II) Oxygen diffuses from the surface of insects to the 
interior through tiny tubes called tracheae. An average 
trachea is about 2 mm long and has cross-sectional area of 
2 x 10°? m?. Assuming the concentration of oxygen inside 
is half what it is outside in the atmosphere, (a) show that 
the concentration of oxygen in the air (assume 21% is 
oxygen) at 20°C is about 8.7 mol/m?, then (b) calculate the 
diffusion rate J, and (c) estimate the average time for a 
molecule to diffuse in. Assume the diffusion constant is 
1 x 10° m’/s. 


l General Problems 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


A sample of ideal gas must contain at least N = 10° molecules 
in order for the Maxwell distribution to be a valid description 
of the gas, and to assign it a meaningful temperature. For 
an ideal gas at STP, what is the smallest length scale £ 
(volume V = £) for which a valid temperature can be 
assigned? 


In outer space the density of matter is about one atom per 
cm>, mainly hydrogen atoms, and the temperature is about 
2.7 K. Calculate the rms speed of these hydrogen atoms, and 
the pressure (in atmospheres). 


Calculate approximately the total translational kinetic 
energy of all the molecules in an E. coli bacterium of mass 
2.0 x 10° kg at 37°C. Assume 70% of the cell, by weight, is 
water, and the other molecules have an average molecular 
mass on the order of 10° u. 


(a) Estimate the rms speed of an amino acid, whose molecular 
mass is 89 u, in a living cell at 37°C. (b) What would be the rms 
speed of a protein of molecular mass 85,000 u at 37°C? 


The escape speed from the Earth is 1.12 x 10* m/s, so that 
a gas molecule travelling away from Earth near the outer 
boundary of the Earth’s atmosphere would, at this speed, be 
able to escape from the Earth’s gravitational field and be 
lost to the atmosphere. At what temperature is the average 
speed of (a) oxygen molecules, and (b) helium atoms equal 
to 1.12 x 10*m/s? (c) Can you explain why our atmos- 
phere contains oxygen but not helium? 

The second postulate of kinetic theory is that the molecules are, 
on the average, far apart from one another. That is, their average 
separation is much greater than the diameter of each molecule. 
Is this assumption reasonable? To check, calculate the average 
distance between molecules of a gas at STP, and compare it to 
the diameter of a typical gas molecule, about 0.3 nm. If the mole- 
cules were the diameter of ping-pong balls, say 4cm, how far 
away would the next ping-pong ball be on average? 


A sample of liquid cesium is heated in an oven to 400°C 
and the resulting vapor is used to produce an atomic beam. 
The volume of the oven is 55 cm?, the vapor pressure of Cs 
at 400°C is 17 mm-Hg, and the diameter of cesium atoms in 
the vapor is 0.33nm. (a) Calculate the mean speed of 
cesium atoms in the vapor. (b) Determine the number of 
collisions a single Cs atom undergoes with other cesium 


63. 


64. 


65. 


66. 


67. 


68. 


or 


atoms per second. (c) Determine the total number of colli- 
sions per second between all of the cesium atoms in the 
vapor. Note that a collision involves two Cs atoms and 
assume the ideal gas law holds. 


Consider a container of oxygen gas at a temperature of 
20°C that is 1.00 m tall. Compare the gravitational potential 
energy of a molecule at the top of the container (assuming 
the potential energy is zero at the bottom) with the average 
kinetic energy of the molecules. Is it reasonable to neglect 
the potential energy? 


In humid climates, people constantly dehwmidify their cellars to 
prevent rot and mildew. If the cellar in a house (kept at 20°C) 
has 115 m? of floor space and a ceiling height of 2.8 m, what is 
the mass of water that must be removed from it in order to 
drop the humidity from 95% to a more reasonable 40%? 
Assuming a typical nitrogen or oxygen molecule is about 
0.3 nm in diameter, what percent of the room you are sitting 
in is taken up by the volume of the molecules themselves? 
A scuba tank has a volume of 3100 cm°. For very deep dives, 
the tank is filled with 50% (by volume) pure oxygen and 
50% pure helium. (a) How many molecules are there of 
each type in the tank if at 20°C the gauge pressure reads 
12 atm? (b) What is the ratio of the average kinetic energies 
of the two types of molecule? (c) What is the ratio of the 
rms speeds of the two types of molecule? 

A space vehicle returning from the Moon enters the atmos- 
phere at a speed of about 42,000 km/h. Molecules (assume 
nitrogen) striking the nose of the vehicle with this speed 
correspond to what temperature? (Because of this high 
temperature, the nose of a space vehicle must be made of 
special materials; indeed, part of it does vaporize, and this is 
seen as a bright blaze upon reentry.) 

At room temperature, it takes approximately 2.45 x 10°J 
to evaporate 1.00 g of water. Estimate the average speed of 
evaporating molecules. What multiple of v,,; (at 20°C) for 
water molecules is this? (Assume Eq. 4 holds.) 


AG mv’) = kT, 


[ideal gas] (4) 
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*70. 


*71. 


#72, 


73. 


74. 


* 7S: 


Kinetic Theory of Gases: Problem Set 


Calculate the total water vapor pressure in the air on the 
following two days: (a) a hot summer day, with the temperature 
30°C and the relative humidity at 65%; (b) a cold winter day, 
with the temperature 5°C and the relative humidity at 75%. 


At 300 K, an 8.50-mol sample of carbon dioxide occupies a 
volume of 0.220m°. Calculate the gas pressure, first by 
assuming the ideal gas law, and then by using the van der Waals 
equation of state. (The values for a and b are given in 
Section 5.) In this range of pressure and volume, the 
van der Waals equation is very accurate. What percent 
error did you make in assuming ideal-gas-law behavior? 

The density of atoms, mostly hydrogen, in interstellar space is 
about one per cubic centimeter. Estimate the mean free path of 
the hydrogen atoms, assuming an atomic diameter of 107!? m. 
Using the ideal gas law, find an expression for the mean free 
path £, that involves pressure and temperature instead of 
(N/V). Use this expression to find the mean free path for 
nitrogen molecules at a pressure of 7.5 atm and 300 K. 

A sauna has 8.5m? of air volume, and the temperature is 
90°C. The air is perfectly dry. How much water (in kg) 
should be evaporated if we want to increase the relative 
humidity from 0% to 10%? (See Table 2.) 

A 0.50-kg trash-can lid is suspended against gravity by tennis 
balls thrown vertically upward at it. How many tennis balls 
per second must rebound from the lid elastically, assuming 
they have a mass of 0.060 kg and are thrown at 12 m/s? 
Sound waves in a gas can only propagate if the gas 
molecules collide with each other on the time scale of the 


sound wave’s period. Thus the highest possible frequency 
fmax for a sound wave in a gas is approximately equal 
to the inverse of the average collision time between 
molecules. Assume a gas, composed of molecules with 
mass m and radius r, is at pressure P and temperature T. 
(a) Show that 


z T 
fias eS 16Pr? mkT 
(b) Determine fmax for 20°C air at sea level. How many 


times larger is fmax than the highest frequency in the human 
audio range (20 kHz)? 


* Numerical/Computer 


*76. (II) Use a spreadsheet to calculate and graph the fraction of 
molecules in each 50-m/s speed interval from 100 m/s 
to 5000 m/s if T = 300K. 

*77, (IL) Use numerical integration to estimate (within 2%) the frac- 
tion of molecules in air at 1.00 atm and 20°C that have a speed 
greater than 1.5 times the most probable speed. 

*78. (II) For oxygen gas the van der Waals constants are 
a =0.14N-m*/mol and b = 3.2 xX 10° m*/mol. Using 
these values, graph six curves of pressure vs. volume 
between V = 2 x 105m? to 2.0 x 10°*m*, for 1 mol of 
oxygen gas at temperatures of 80K, 100K, 120K, 130K, 
150 K, and 170 K. From the graphs determine approximately 
the critical temperature for oxygen. 


l Answers to Odd-Numbered Problems 


1. (a) 5.65 X 10” J; 35. 70 g. 53. 3.5 h, convection is much more 

(b) 3.7 X 10°J. 37. 16.6°C. important than diffusion. 
3. 1.29. 39. (a) Slope = —5.00 x 10°K, 55. (b) 4 x 107"! mol/s; 
5. 3.5 X 10° m/s. y intercept = 24.9. (c) 0.65. 
7. (a) 45; Let Po = 1 Pain this graph: 57. 260 m/s, 3.7 X 10” atm. 

(b) 5.2. 14 59. (a) 290 m/s; 
9. V3. 13 y= 5000x + 24.9 (b) 9.5 m/s. 

y el 61. 50cm. 
13. (b) 5.6%. Si cm. 5 
15. 1.004. = 10 63. Kinetic energy = 6.07 X 107% J, 
17. (a) 493 m/s: 9 potential energy = 5.21 x 10°7°J, 
` A 8 yes, potential energy can be 

(b) 28 round trips/s. 0.0022 0.0024 0.0026 0.0028 0.0030 0.0032 neglected. 
19. Double the temperature. V/T(K7}) 65. 0.07%. 
21. (a) 710 m/s; p 67. 1.5 xX 105K. 

(b) 240K; 4l. (a) 3.1 X 10° Pa; 

; ‘ 69. (a) 2800 Pa; 

(c) 650 m/s, 240K, yes. (b) 3.2 X 10° Pa. (b) 650 Pa 

23. Vapor. 43. (b) a = 0.365 N-m*/moP’, ma 
, b = 4.28 X 1075 m3/mol. Tee LO T 

25; (a) Vapor, 45. (a) 0.10 Pa: 73. 0.36 kg. 

(b) solid 5. (a) 0.10 Pa; 5 

b) 3 40D 75. (b) 4.6 x 10° Hz, 
(b) a. Sa 
27. 3600 Pa. = . 2.3 X 10 times larger. 
29. 355 torr or 4.73 X 10° Pa or 47. 2.1 X 10°’ m, stationary targets, 77.0.21 
l 0.466atm. effective radius of ry, + Fair- ee 

a ` 49. (b) 4.7 X 107 s~. 
31. 92°C. : mi 
33. 1.99 x 10° Pa or 1.97 atm. a 
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When it is cold, warm clothes act as 
insulators to reduce heat loss from the 
body to the environment by 
conduction and convection. Heat 
radiation from a campfire can warm 
you and your clothes. The fire can also 
transfer energy directly by heat 
convection and conduction to what you 
are cooking. Heat, like work, represents 
a transfer of energy. Heat is defined as 
a transfer of energy due to a difference 
of temperature. Work is a transfer of 
energy by mechanical means, not due 
to a temperature difference. The first 
law of thermodynamics links the 
two in a general statement of 
energy conservation: the heat Q 
added to a system minus the net work 
W done by the system equals the 
change in internal energy AE; of 
the system: AE;,, = Q — W. Internal 
energy Eint is the sum total of all the 
energy of the molecules of the system. 
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Heat and the First Law 
of Thermodynamics 


CHAPTER-OPENING QUESTION— Guess now! 
[Don’t worry about getting the right answer now—the idea is to get your preconceived notions out on 
the table.] 
A 5-kg cube of warm iron (60°C) is put in thermal contact with a 10-kg cube of 
cold iron (15°C). Which statement is valid: 
(a) Heat flows spontaneously from the warm cube to the cold cube until both 
cubes have the same heat content. 
(b) Heat flows spontaneously from the warm cube to the cold cube until both 
cubes have the same temperature. 
(c) Heat can flow spontaneously from the warm cube to the cold cube, but can 
also flow spontaneously from the cold cube to the warm cube. 
(d) Heat can never flow from a cold object or area to a hot object or area. 
(e) Heat flows from the larger cube to the smaller one because the larger one has 
more internal energy. 


hen a pot of cold water is placed on a hot burner of a stove, the 
temperature of the water increases. We say that heat “flows” from the 
hot burner to the cold water. When two objects at different temperatures 
are put in contact, heat spontaneously flows from the hotter one to the 
colder one. The spontaneous flow of heat is in the direction tending to equalize the 
temperature. If the two objects are kept in contact long enough for their temperatures 
to become equal, the objects are said to be in thermal equilibrium, and there is no 
further heat flow between them. For example, when a fever thermometer is first 
placed in your mouth, heat flows from your mouth to the thermometer. When 
the thermometer reaches the same temperature as the inside of your mouth, the 
thermometer and your mouth are then in equilibrium, and no more heat flows. 


Heat and the First Law of Thermodynamics 


Heat and temperature are often confused. They are very different concepts 
and we will make the clear distinction between them. We start this Chapter 
by defining and using the concept of heat. We also begin a discussion of 
thermodynamics, which is the name we give to the study of processes in which 
energy is transferred as heat and as work. 


1 Heat as Energy Transfer 


We use the term “heat” in everyday life as if we knew what we meant. But the 
term is often used inconsistently, so it is important for us to define heat clearly, and 
to clarify the phenomena and concepts related to heat. 

We commonly speak of the flow of heat—heat flows from a stove burner to a 
pot of soup, from the Sun to the Earth, from a person’s mouth into a fever 
thermometer. Heat flows spontaneously from an object at higher temperature to 
one at lower temperature. Indeed, an eighteenth-century model of heat pictured 
heat flow as movement of a fluid substance called caloric. However, the caloric 
fluid could never be detected. In the nineteenth century, it was found that the 
various phenomena associated with heat could be described consistently using a 
new model that views heat as akin to work, as we will discuss in a moment. First 
we note that a common unit for heat, still in use today, is named after caloric. It is 
called the calorie (cal) and is defined as the amount of heat necessary to raise the 
temperature of 1 gram of water by I Celsius degree. [To be precise, the particular 
temperature range from 14.5°C to 15.5°C is specified because the heat required is 
very slightly different at different temperatures. The difference is less than 1% over 
the range 0 to 100°C, and we will ignore it for most purposes.] More often used 
than the calorie is the kilocalorie (kcal), which is 1000 calories. Thus 7 kcal is the 
heat needed to raise the temperature of 1 kg of water by 1 C°. Often a kilocalorie is 
called a Calorie (with a capital C), and this Calorie (or the kJ) is used to specify 
the energy value of food. In the British system of units, heat is measured in British 
thermal units (Btu). One Btu is defined as the heat needed to raise the temperature of 
1 lb of water by 1 F°. It can be shown (Problem 4) that 1 Btu = 0.252 kcal = 1056 J. 

The idea that heat is related to energy transfer was pursued by a number of 
scientists in the 1800s, particularly by an English brewer, James Prescott Joule 
(1818-1889). One of Joule’s experiments is shown (simplified) in Fig. 1. The falling 
weight causes the paddle wheel to turn. The friction between the water and the 
paddle wheel causes the temperature of the water to rise slightly (barely measur- 
able, in fact, by Joule). In this and many other experiments (some involving elec- 
trical energy), Joule determined that a given amount of work done was always 
equivalent to a particular amount of heat input. Quantitatively, 4.186 joules (J) of 
work was found to be equivalent to 1 calorie (cal) of heat. This is known as the 
mechanical equivalent of heat: 


4.186 J 1 cal; 
4.186kJ = 1 kcal. 


As a result of these and other experiments, scientists came to interpret heat 
not as a substance, and not exactly as a form of energy. Rather, heat refers to a 
transfer of energy: when heat flows from a hot object to a cooler one, it is energy 
that is being transferred from the hot to the cold object. Thus, heat is energy 
transferred from one object to another because of a difference in temperature. 
In SI units, the unit for heat, as for any form of energy, is the joule. Nonetheless, 
calories and kcal are still sometimes used. Today the calorie is defined in terms of 
the joule (via the mechanical equivalent of heat, above), rather than in terms 
of the properties of water, as given previously. The latter is still handy to remember: 
1 cal raises 1 g of water by 1 C°, or 1 kcal raises 1 kg of water by 1 C°. 

Joule’s result was crucial because it extended the work-energy principle to 
include processes involving heat. It also led to the establishment of the law of 
conservation of energy, which we shall discuss more fully later in this Chapter. 


A CAUTION 
Heat is not a fluid 


FIGURE 1 Joule’s experiment on 
the mechanical equivalent of heat. 


A CAUTION 


Heat is energy transferred 
because of a AT 
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Ay CAUTION 
Distinguish heat from 
internal energy and from 
temperature 


Ay CAUTION 
Direction of heat flow 
depends on temperature 
(not on amount of internal energy) 


Heat and the First Law of Thermodynamics 


EXAMPLE 1 Working off the extra calories. Suppose you throw 
caution to the wind and eat too much ice cream and cake on the order of 500 
Calories. To compensate, you want to do an equivalent amount of work climbing 
stairs or a mountain. How much total height must you climb? 


APPROACH The work W you need to do in climbing stairs equals the change in 
gravitational potential energy: W = APE = mgh, where h is the vertical height 
climbed. For this estimate, approximate your mass as m ~ 60 kg. 


SOLUTION 500 food Calories are 500 kcal, which in joules is 
(500 keal)(4.186 x 10° J/kcal) = 2.1 x 10°J. 
The work done to climb a vertical height h is W = mgh. We solve for h: 


W 2.1 X 10°J 
mg (60 kg)(9.80 m/s?) 


h = = 3600m. 


This is a huge elevation change (over 11,000 ft). 

NOTE The human body does not transform food energy with 100% efficiency—it 
is more like 20% efficient. Some energy is always “wasted,” so you would actually 
have to climb only about (0.2)(3600m) ~ 700m, which is more reasonable 
(about 2300 ft of elevation gain). 


2 Internal Energy 


The sum total of all the energy of all the molecules in an object is called its internal 
energy. (Sometimes thermal energy is used to mean the same thing.) We introduce 
the concept of internal energy now since it will help clarify ideas about heat. 


Distinguishing Temperature, Heat, and Internal Energy 


Using the kinetic theory, we can make a clear distinction between temperature, 
heat, and internal energy. Temperature (in kelvins) is a measure of the average 
kinetic energy of individual molecules. Internal energy refers to the total energy of 
all the molecules within the object. (Thus two equal-mass hot ingots of iron may 
have the same temperature, but two of them have twice as much internal energy as 
one does.) Heat, finally, refers to a transfer of energy from one object to another 
because of a difference in temperature. 

Notice that the direction of heat flow between two objects depends on their 
temperatures, not on how much internal energy each has. Thus, if 50 g of water at 
30°C is placed in contact (or mixed) with 200 g of water at 25°C, heat flows from 
the water at 30°C to the water at 25°C even though the internal energy of the 25°C 
water is much greater because there is so much more of it. 


EXERCISE A Return to the Chapter-Opening Question and answer it again now. Try to 
explain why you may have answered differently the first time. 


Internal Energy of an Ideal Gas 


Let us calculate the internal energy of n moles of an ideal monatomic (one atom 
per molecule) gas. The internal energy, Eint, is the sum of the translational kinetic 
energies of all the atoms.’ This sum is equal to the average kinetic energy per 
molecule times the total number of molecules, N: 


Em = NG m’). 
Using the Equation: K = im = 3kT, we can write this as 
Ein = 3NkT (da) 


İThe symbol U is used in some books for internal energy. The use of Eint avoids confusion with U which 
stands for potential energy. 
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or 
Eine = 3nRT, [ideal monatomic gas] (1b) 


where n is the number of moles. Thus, the internal energy of an ideal gas depends 
only on temperature and the number of moles of gas. 

If the gas molecules contain more than one atom, then the rotational and 
vibrational energy of the molecules (Fig. 2) must also be taken into account. The 
internal energy will be greater at a given temperature than for a monatomic gas, 
but it will still be a function only of temperature for an ideal gas. 

The internal energy of real gases also depends mainly on temperature, but 
where real gases deviate from ideal gas behavior, their internal energy depends 
also somewhat on pressure and volume (due to atomic potential energy). 

The internal energy of liquids and solids is quite complicated, for it includes 
electrical potential energy associated with the forces (or “chemical” bonds) 
between atoms and molecules. 


3 Specific Heat 


If heat flows into an object, the object’s temperature rises (assuming no phase 
change). But how much does the temperature rise? That depends. As early as the 
eighteenth century, experimenters had recognized that the amount of heat Q 
required to change the temperature of a given material is proportional to the 
mass m of the material present and to the temperature change AT. This remarkable 
simplicity in nature can be expressed in the equation 

Q = mcAT, (2) 
where c is a quantity characteristic of the material called its specific heat. Because 
c = Q/mAT, specific heat is specified in units’ of J/kg-C° (the proper SI 
unit) or kcal/kg-C°. For water at 15°C and a constant pressure of 1 atm, 
c = 4.19 X 10° J/kg:C° or 1.00 kcal/kg-C°, since, by definition of the cal and 
the joule, it takes 1 kcal of heat to raise the temperature of 1kg of water by 1 C°. 
Table 1 gives the values of specific heat for other solids and liquids at 20°C. The values 
of c for solids and liquids depend to some extent on temperature (as well as slightly 
on pressure), but for temperature changes that are not too great, c can often be 
considered constant.’ Gases are more complicated and are treated in Section 8. 


How heat transferred depends on specific heat. (a) How 
much heat input is needed to raise the temperature of an empty 20-kg vat made 
of iron from 10°C to 90°C? (b) What if the vat is filled with 20 kg of water? 


APPROACH We apply Eq. 2 to the different materials involved. 
SOLUTION (a) Our system is the iron vat alone. From Table 1, the specific heat of 
iron is 450 J/kg: C°. The change in temperature is (90°C — 10°C) = 80 C°. Thus, 
Q = mcAT = (20kg)(450J/kg-C°)(80C°) = 7.2 X 10°J = 720k). 
(b) Our system is the vat plus the water. The water alone would require 
Q = mcAT = (20kg)(4186J/kg-C°)(80C°) = 6.7 X 10°J = 6700KkJ, 
or almost 10 times what an equal mass of iron requires. The total, for the vat plus 
the water, is 720 kJ + 6700kJ = 7400 kJ. 


NOTE In (b), the iron vat and the water underwent the same temperature 
change, AT = 80 C°, but their specific heats are different. 


‘Note that J/kg: C° means = = and not (J/kg)-C° = J-C°/kg (otherwise we would have written it 
that way). KEC 

*To take into account the dependence of c on T, we can write Eq. 2 in differential form: 
dQ = mc(T) dT, where c(T) means c is a function of temperature T. Then the heat Q required to 
change the temperature from T4 to Tis 


T 
Q = | me(T) aT. 


Tı 


FIGURE 2 Besides translational 
kinetic energy, molecules can have 
(a) rotational kinetic energy, and 
(b) vibrational energy (both kinetic 


and potential). 


TABLE 1 Specific Heats 


(at 1 atm constant pressure and 20°C 
unless otherwise stated) 


Specific Heat, c 
Substance kcal/kg -C° J/kg C° 
(= cal/g - C°) 

Aluminum 022 900 
Alcohol 

(ethyl) 0.58 2400 
Copper 0.093 390 
Glass 0.20 840 
Tron or steel 0.11 450 
Lead 0.031 130 
Marble 0.21 860 
Mercury 0.033 140 
Silver 0.056 230 
Wood 0.4 1700 
Water 

Teele) 0.50 2100 

Liquid (15°C) 1.00 4186 

Steam (110°C) 0.48 2010 
Human body 

(average) 0.83 3470 
Protein 0.4 1700 
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Practical effects of water's 
high specific heat 


FIGURE 3 Example 3. 
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If the iron vat in part (a) of Example 2 had been cooled from 90°C to 10°C, 720 kJ of 
heat would have flowed out of the iron. In other words, Eq. 2 is valid for heat flow 
either in or out, with a corresponding increase or decrease in temperature. We saw in 
part (b) that water requires almost 10 times as much heat as an equal mass of iron to 
make the same temperature change. Water has one of the highest specific heats of all 
substances, which makes it an ideal substance for hot-water space-heating systems 
and other uses that require a minimal drop in temperature for a given amount of 
heat transfer. It is the water content, too, that causes the apples rather than the crust 
in hot apple pie to burn our tongues, through heat transfer. 


4 Calorimetry— Solving Problems 


In discussing heat and thermodynamics, we shall often refer to particular systems. 
A system is any object or set of objects that we wish to consider. Everything else in 
the universe we will refer to as its “environment” or the “surroundings.” There are 
several categories of systems. A closed system is one for which no mass enters or 
leaves (but energy may be exchanged with the environment). In an open system, 
mass may enter or leave (as may energy). Many (idealized) systems we study in 
physics are closed systems. But many systems, including plants and animals, are open 
systems since they exchange materials (food, oxygen, waste products) with the envi- 
ronment. A closed system is said to be isolated if no energy in any form passes across 
its boundaries; otherwise it is not isolated. 

When different parts of an isolated system are at different temperatures, heat 
will flow (energy is transferred) from the part at higher temperature to the part at 
lower temperature—that is, within the system. If the system is truely isolated, 
no energy is transferred into or out of it. So the conservation of energy again plays 
an important role for us: the heat lost by one part of the system is equal to the heat 
gained by the other part: 

heat lost = heat gained 
or 
energy out of one part = energy into another part. 


These simple relations are very useful, but depend on the (often very good) 
approximation that the whole system is isolated (no other energy transfers occur). 
Let us take an Example. 


The cup cools the tea. If 200 cm’ of tea at 95°C is poured into a 
150-g glass cup initially at 25°C (Fig. 3), what will be the common final tempera- 
ture T of the tea and cup when equilibrium is reached, assuming no heat flows to 
the surroundings? 
APPROACH We apply conservation of energy to our system of tea plus cup, which 
we are assuming is isolated: all of the heat that leaves the tea flows into the cup. 
We use the specific heat equation, Eq. 2, to determine how the heat flow is related 
to the temperature changes. 
SOLUTION Because tea is mainly water, its specific heat is 4186 J/kg- C° (Table 1), 
and its mass m is its density times its volume (V = 200 cm? = 200 x 10°°m’): 
m = pV = (1.0 X 10° kg/m*)(200 x 10°°m3) = 0.20kg. We use Eq. 2, apply 
conservation of energy, and let T be the as yet unknown final temperature: 
heat lost by tea = heat gained by cup 
MeaCtea(9S°C — T) = Meup Coup(T — 25°C). 
Putting in numbers and using Table 1 (ceup = 840 J/kg: C° for glass), we solve 
for T, and find 
(0.20 kg)(4186 J/kg-C°)(95°C — T) (0.15 kg)(840 J/kg-C°)(T — 25°C) 
79,500 J — (837 J/C°)T (126J/C°)T — 3150J 
T = 86°C. 
The tea drops in temperature by 9 C° by coming into equilibrium with the cup. 
NOTE The cup increases in temperature by 86°C — 25°C = 61 C°. Its much 
greater change in temperature (compared with that of the tea water) is due to its 
much smaller specific heat compared to that of water. 
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NOTE In this calculation, the AT (of Eq. 2, Q = mc AT) is a positive quantity on 
both sides of our conservation of energy equation. On the left is “heat lost” and 
AT is the initial minus the final temperature (95°C — T), whereas on the right is 
“heat gained” and AT is the final minus the initial temperature. But consider the 
following alternate approach. 
Alternate Solution We can set up this Example (and others) by a different approach. 
We can write that the total heat transferred into or out of the isolated system is zero: 
xO = 0. 
Then each term is written as Q = me(T; — Ti), and AT = T; — T; is always the 
final minus the initial temperature, and each AT can be positive or negative. In 
the present Example: 
TQ = MeupCcup(T — 25°C) + mieattea(T — 95°C) = 0. 
The second term is negative because T will be less than 95°C. Solving the algebra 
gives the same result. 


The exchange of energy, as exemplified in Example 3, is the basis for a 
technique known as calorimetry, which is the quantitative measurement of heat 
exchange. To make such measurements, a calorimeter is used; a simple water 
calorimeter is shown in Fig. 4. It is very important that the calorimeter be well insu- 
lated so that almost no heat is exchanged with the surroundings. One important use 
of the calorimeter is in the determination of specific heats of substances. In the 
technique known as the “method of mixtures,” a sample of a substance is heated to 
a high temperature, which is accurately measured, and then quickly placed in 
the cool water of the calorimeter. The heat lost by the sample will be gained by the 
water and the calorimeter cup. By measuring the final temperature of the mixture, 
the specific heat can be calculated, as illustrated in the following Example. 


Unknown specific heat determined by calorimetry. 
An engineer wishes to determine the specific heat of a new metal alloy. A 0.150-kg 
sample of the alloy is heated to 540°C. It is then quickly placed in 0.400 kg of water at 
10.0°C, which is contained in a 0.200-kg aluminum calorimeter cup. (We do not need 
to know the mass of the insulating jacket since we assume the air space between it 
and the cup insulates it well, so that its temperature does not change significantly.) 
The final temperature of the system is 30.5°C. Calculate the specific heat of the alloy. 
APPROACH We apply conservation of energy to our system, which we take to be 
the alloy sample, the water, and the calorimeter cup. We assume this system is 
isolated, so the energy lost by the hot alloy equals the energy gained by the water 
and calorimeter cup. 
SOLUTION The heat lost equals the heat gained: 

ie | E i a 4 ( heat gained by 
by alloy by water calorimeter cup 
Mc AT, = MyCywATy F Meal Ccat AT cal 
where the subscripts a, w, and cal refer to the alloy, water, and calorimeter, respectively, 
and each AT > 0. When we put in values and use Table 1, this equation becomes 
(0.150 kg) (c,) (540°C — 30.5°C) = (0.400 kg) (4186 J/kg-C°)(30.5°C — 10.0°C) 
+ (0.200 kg) (900 J/kg-C°)(30.5°C — 10.0°C) 

(76.4kg-C°)c, = (34,300 + 3690) J 
497 J/kg: C°. 
In making this calculation, we have ignored any heat transferred to the thermometer 
and the stirrer (which is used to quicken the heat transfer process and thus reduce heat 
loss to the outside). It can be taken into account by adding additional terms to the 
right side of the above equation and will result in a slight correction to the value of c, . 


Ca 


In all Examples and Problems of this sort, be sure to include all objects that 
gain or lose heat (within reason). On the “heat loss” side here, it is only the hot 
metal alloy. On the “heat gain” side, it is both the water and the aluminum 
calorimeter cup. For simplicity, we have ignored very small masses, such as the 
thermometer and the stirrer, which will affect the energy balance only very slightly. 


A CAUTION 

When using 

heat lost = heat gained, 
AT is positive on both sides 


1 


PROBLEM SOLVING 


‘Alternate approach: XQ = 0 


Thermometer Stirrer 


Insulating lid 


Air (insulation) 
Insulating Calorimeter 
jacket cup 


FIGURE 4 Simple water 
calorimeter. 


j PROBLEM SOLVING 


Be sure to consider all possible 
sources of energy transfer 
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Water and steam 


Water 
(all liquid) 
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FIGURE 5 ‘Temperature as a function of the heat added to bring 1.0 kg of 
ice at —40°C to steam above 100°C. 


5 Latent Heat 


When a material changes phase from solid to liquid, or from liquid to gas, a certain 
amount of energy is involved in this change of phase. For example, let us trace what 
happens when a 1.0-kg block of ice at — 40°Cis heated at a slow steady rate until all the 
ice has changed to water, then the (liquid) water is heated to 100°C and changed to 
steam, and heated further above 100°C, all at 1 atm pressure. As shown in the 
graph of Fig. 5, as the ice is heated starting at — 40°C its temperature rises at a rate 
of about 2 C°/kcal of heat added (for ice, c ~ 0.50 kcal/kg: C°). However, when 
0°C is reached, the temperature stops increasing even though heat is still being 
added. The ice gradually changes to water in the liquid state, with no change in 
temperature. After about 40 kcal has been added at 0°C, half the ice remains and 
half has changed to water. After about 80 kcal, or 330 kJ, has been added, all the 
ice has changed to water, still at 0°C. Continued addition of heat causes the water’s 
temperature to again increase, now at a rate of 1 C°/kcal. When 100°C is reached, 
the temperature again remains constant as the heat added changes the liquid water 
to vapor (steam). About 540 kcal (2260kJ) is required to change the 1.0kg of 
water completely to steam, after which the graph rises again, indicating that the 
temperature of the steam rises as heat is added. 

The heat required to change 1.0 kg of a substance from the solid to the liquid 
state is called the heat of fusion; it is denoted by Lp. The heat of fusion of water is 
79.7 kcal/kg or, in proper SI units, 333 kJ/kg (= 3.33 x 10°J/kg). The heat 
required to change a substance from the liquid to the vapor phase is called the 
heat of vaporization, Ly. For water it is 539kcal/kg or 2260kJ/kg. Other 
substances follow graphs similar to Fig. 5, although the melting-point and boiling- 
point temperatures are different, as are the specific heats and heats of fusion and 
vaporization. Values for the heats of fusion and vaporization, which are also called 
the latent heats, are given in Table 2 for a number of substances. 

The heats of vaporization and fusion also refer to the amount of heat released 
by a substance when it changes from a gas to a liquid, or from a liquid to a solid. 
Thus, steam releases 2260 kJ/kg when it changes to water, and water releases 
333 kJ/kg when it becomes ice. 

The heat involved in a change of phase depends not only on the latent heat 
but also on the total mass of the substance. That is, 

Q = mL, (3) 
where L is the latent heat of the particular process and substance, m is the mass of the 
substance, and Q is the heat added or released during the phase change. For example, 
when 5.00kg of water freezes at 0°C, (5.00 kg)(3.33 X 10°J/kg) = 1.67 x 10°J of 
energy is released. 
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TABLE 2 Latent Heats (at 1 atm) 


Melting Point Heat of Fusion Boiling Point Heat of Vaporization 
Substance (°C) kcal/kg kJ/kg (°C) kcal/kg kJ/kg 
Oxygen —218.8 33 14 183 51 210 
Nitrogen —210.0 6.1 26 19543 48 200 
Ethyl alcohol —114 25 104 78 204 850 
Ammonia R 8.0 33 —33.4 33 137 
Water 0 TENN 333 100 539 2260 
Lead 327 59 25 1750 208 870 
Silver 961 21 88 2193 558 2300 
Iron 1808 69.1 289 3023 1520 6340 
Tungsten 3410 44 184 5900 1150 4800 


‘Numerical values in kcal/kg are the same in cal/g. 


EXERCISE B A pot of water is boiling on a gas stove, and then you turn up the heat. What 
happens? (a) The temperature of the water starts increasing. (b) There is a tiny decrease in 
the rate of water loss by evaporation. (c) The rate of water loss by boiling increases. 
(d) There is an appreciable increase in both the rate of boiling and the temperature of the 
water. (e) None of these. 


Calorimetry sometimes involves a change of state, as the following Examples 
show. Indeed, latent heats are often measured using calorimetry. 


Will all the ice melt? A 0.50-kg chunk of ice at — 10°C is placed 
in 3.0kg of “iced” tea at 20°C. At what temperature and in what phase will the 
final mixture be? The tea can be considered as water. Ignore any heat flow to the 
surroundings, including the container. 


APPROACH Before we can write down an equation applying conservation of 
energy, we must first check to see if the final state will be all ice, a mixture of ice 
and water at 0°C, or all water. To bring the 3.0 kg of water at 20°C down to 0°C 
would require an energy release of (Eq. 2) 

My Cy(20°C — 0°C) = (3.0kg)(4186 J/kg-C°)(20C°) = 250kJ. 
On the other hand, to raise the ice from — 10°C to 0°C would require 

Mice Cicel|O°C — (—10°C)] = (0.50 kg)(2100 J/kg:C°)(10C°) = 10.5kJ, 

and to change the ice to water at 0°C would require (Eq. 3) 

Mice Lp = (0.50 kg)(333 kJ/kg) = 167kJ, 


for a total of 10.5kJ + 167kJ = 177 kJ. This is not enough energy to bring the 
3.0 kg of water at 20°C down to 0°C, so we see that the mixture must end up all 
water, somewhere between 0°C and 20°C. 

SOLUTION To determine the final temperature T, we apply conservation of 
energy and write: heat gain = heat loss, 


heat to raise heat to change heat to raise heat lost by 

0.50 kg of ice 4 0.50 kg 4 0.50 kg of water | _ 3.0 kg of 

from — 10°C of ice from 0°C water cooling 
to 0°C to water toT from 20°C to T 


Using some of the results from above, we obtain 
10.5kJ + 167kJ + (0.50 kg)(4186 J/kg-C°)(T — 0°C) 
= (3.0kg)(4186 J/kg-C°)(20°C — T). 
Solving for T we obtain 
T = 5.0°C. 


EXERCISE C How much more ice at — 10°C would be needed in Example 5 to bring the 
tea down to 0°C, while just melting all the ice? 


PROBLEM SOLVING 


First determine (or 
estimate) the final state 


PROBLEM SOLVING 
Then determine the final temperature 
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Calorimetry 

1. Be sure you have sufficient information to apply 
energy conservation. Ask yourself: is the system 
isolated (or very nearly so, enough to get a good 
estimate)? Do we know or can we calculate all 
significant sources of energy transfer? 

2. Apply conservation of energy: 

heat gained = heat lost. 

For each substance in the system, a heat (energy) 
term will appear on either the left or right side of 
this equation. [Alternatively, use QO = 0.] 

3. If no phase changes occur, each term in the energy 
conservation equation (above) will have the form 


O(gain) = me(T; — Tj) 


QO(lost) = me(T; = T+) 
where 7; and T;are the initial and final temperatures 


or 


5. 


. If phase changes do or might occur, there may be 


. Note 


. Solve your energy equation for the unknown. 


of the substance, and m and c are its mass and 
specific heat, respectively. 


terms in the energy conservation equation of the 
form Q = mL, where L is the latent heat. But 
before applying energy conservation, determine (or 
estimate) in which phase the final state will be, as we 
did in Example 5 by calculating the different 
contributing values for heat Q. 


Be sure each term appears on the correct side of the 
energy equation (heat gained or heat lost) and that 
each AT is positive. 

that when the system reaches thermal 
equilibrium, the final temperature of each substance 
will have the same value. There is only one Tẹ. 


Determining a latent heat. The specific heat of liquid mercury 


is 140J/kg-C°. When 1.0kg of solid mercury at its melting point of — 39°C is 
placed in a 0.50-kg aluminum calorimeter filled with 1.2 kg of water at 20.0°C, the 
mercury melts and the final temperature of the combination is found to be 
16.5°C. What is the heat of fusion of mercury in J/kg? 


APPROACH We follow the Problem Solving Strategy above. 


SOLUTION 


1. 


Is the system isolated? The mercury is placed in a calorimeter, which we 
assume is well insulated. Our isolated system is the calorimeter, the water, 
and the mercury. 


. Conservation of energy. The heat gained by the mercury = the heat lost by 


the water and calorimeter. 


. and 4. Phase changes. There is a phase change (of mercury), plus we use specific 


heat equations. The heat gained by the mercury (Hg) includes a term representing 
the melting of the Hg, 


Q(melt solid Hg) = Myg Lug, 

plus a term representing the heating of the liquid Hg from — 39°C to + 16.5°C: 
O(heat liquid Hg) = mypcye[16.5°C — (—39°C)] 

(1.0 kg) (140 J/kg-C°)(55.5C°) = 7770J. 


All of this heat gained by the mercury is obtained from the water and 
calorimeter, which cool down: 


Ocat + Ow = Meal Ccai(20.0°C — 16.5°C) + mycy(20.0°C — 16.5°C) 
= (0.50kg) (900 J/kg: C°)(3.5C°) + (1.2kg) (4186 J/kg: C°)(3.5C°) 
= 19,200J. 


. Energy equation. The conservation of energy tells us the heat lost by the water 


and calorimeter cup must equal the heat gained by the mercury: 


Qca + Qw = QO(melt solid Hg) + Q(heat liquid Hg) 
or 


19,200} = mMygLug + 7770. 


. Equilibrium temperature. It is given as 16.5°C, and we already used it. 
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7. Solve. The only unknown in our energy equation (point 5) is Lyg, the 
latent heat of fusion (or melting) of mercury. We solve for it, putting in 
Myg = 1.0 kg: 

19,200 J — 7770J 


Lup = = 11,400J/kg ~ 11kJ/k 
He LOkg 400 J/kg J/kg, 


where we rounded off to 2 significant figures. 


Evaporation 

The latent heat to change a liquid to a gas is needed not only at the boiling point. 
Water can change from the liquid to the gas phase even at room temperature. This 
process is called evaporation. The value of the heat of vaporization of water 
increases slightly with a decrease in temperature: at 20°C, for example, it is 
2450 kJ/kg (585 kcal/kg) compared to 2260 kJ/kg (= 539 kcal/kg) at 100°C. When 
water evaporates, the remaining liquid cools, because the energy required (the 
latent heat of vaporization) comes from the water itself; so its internal energy, and 
therefore its temperature, must drop." 

Evaporation of water from the skin is one of the most important methods the 
body uses to control its temperature. When the temperature of the blood rises 
slightly above normal, the hypothalamus region of the brain detects this tempera- 
ture increase and sends a signal to the sweat glands to increase their production. 
The energy (latent heat) required to vaporize this water comes from the body, and 
hence the body cools. 


Kinetic Theory of Latent Heats 


We can make use of kinetic theory to see why energy is needed to melt or vaporize 
a substance. At the melting point, the latent heat of fusion does not act to increase 
the average kinetic energy (and the temperature) of the molecules in the solid, but 
instead is used to overcome the potential energy associated with the forces between 
the molecules. That is, work must be done against these attractive forces to break 
the molecules loose from their relatively fixed positions in the solid so they can 
freely roll over one another in the liquid phase. Similarly, energy is required for 
molecules held close together in the liquid phase to escape into the gaseous phase. 
This process is a more violent reorganization of the molecules than is melting (the 
average distance between the molecules is greatly increased), and hence the heat of 
vaporization is generally much greater than the heat of fusion for a given substance. 


6 The First Law of Thermodynamics 


Up to now in this Chapter we have discussed internal energy and heat. But work 
too is often involved in thermodynamic processes. 

Work is done when energy is transferred from one object to another by 
mechanical means. In Section 1 we saw that heat is a transfer of energy from one 
object to a second one at a lower temperature. Thus, heat is much like work. To 
distinguish them, heat is defined as a transfer of energy due to a difference in 
temperature, whereas work is a transfer of energy that is not due to a temperature 
difference. 

In Section 2, we defined the internal energy of a system as the sum total of all 
the energy of the molecules within the system. We would expect that the internal 
energy of a system would be increased if work was done on the system, or if heat 
were added to it. Similarly the internal energy would be decreased if heat flowed 
out of the system or if work were done by the system on something in the 
surroundings. 


‘According to kinetic theory, evaporation is a cooling process because it is the fastest-moving molecules 
that escape from the surface. Hence the average speed of the remaining molecules is less, so the 
temperature is less. 
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A CAUTION 


Heat added is + 
Heat lost is — 

Work on system is — 
Work by system is + 


Heat and the First Law of Thermodynamics 


Thus it is reasonable to extend conservation of energy and propose an impor- 
tant law: the change in internal energy of a closed system, A Eint, will be equal to 
the energy added to the system by heating minus the work done by the system on 
the surroundings. In equation form we write 


AEin = Q-— W (4) 


where Q is the net heat added to the system and W is the net work done by the 
system.’ We must be careful and consistent in following the sign conventions for 
Q and W. Because W in Eq. 4 is the work done by the system, then if work is done 
on the system, W will be negative and £;,, will increase. Similarly, Q is positive for 
heat added to the system, so if heat leaves the system, Q is negative. 

Equation 4 is known as the first law of thermodynamics. It is one of the great 
laws of physics, and its validity rests on experiments (such as Joule’s) to which no 
exceptions have been seen. Since Q and W represent energy transferred into or out 
of the system, the internal energy changes accordingly. Thus, the first law of 
thermodynamics is a great and broad statement of the law of conservation of energy. 

It is worth noting that the conservation of energy law was not formulated until the 
nineteenth century, for it depended on the interpretation of heat as a transfer of energy. 

Equation 4 applies to a closed system. It also applies to an open system 
(Section 4) if we take into account the change in internal energy due to the 
increase or decrease in the amount of matter. For an isolated system, no work is 
done and no heat enters or leaves the system, so W = Q = 0, and hence 
AE int = 0. 

A given system at any moment is in a particular state and can be said to have 
a certain amount of internal energy, Eint. But a system does not “have” a certain 
amount of heat or work. Rather, when work is done on a system (such as 
compressing a gas), or when heat is added or removed from a system, the state of 
the system changes. Thus, work and heat are involved in thermodynamic processes 
that can change the system from one state to another; they are not characteristic of 
the state itself. Quantities which describe the state of a system, such as internal 
energy Eint, pressure P, volume V, temperature T, and mass m or number of 
moles n, are called state variables. Q and W are not state variables. 

Because Eint is a state variable, which depends only on the state of the system 
and not on how the system arrived in that state, we can write 


AE int = Eint,2 Eint, Q W 


where Eint, 1 and Eint 2 represent the internal energy of the system in states 1 and 2, 
and Q and W are the heat added to the system and work done by the system in 
going from state 1 to state 2. 

It is sometimes useful to write the first law of thermodynamics in differential form: 


dE = dQ — dW. 


Here, d Eint represents an infinitesimal change in internal energy when an infinitesimal 
amount of heat dQ is added to the system, and the system does an infinitesimal 
amount of work dW 


This convention relates historically to steam engines: the interest was in the heat input and the work 
output, both regarded as positive. In other books you may see the first law of thermodynamics written 
as AEjint = Q + W, in which case W refers to the work done on the system. 


The differential form of the first law is often written 

dEim = 80 - ôW, 
where the bars on the differential sign (ô) are used to remind us that W and Q are not functions of the 
state variables (such as P, V, T, n). Internal energy, Eint, is a function of the state variables, and so dE int 
represents the differential (called an exact differential) of some function Eint. The differentials SW and 
6Q are not exact differentials (they are not the differential of some mathematical function); they thus 
only represent infinitesimal amounts. This issue won’t really be of concern in this text. 
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Using the first law. 2500J of heat is added to a system, and 
1800 J of work is done on the system. What is the change in internal energy of the 
system? 
APPROACH We apply the first law of thermodynamics, Eq. 4, to our system. 
SOLUTION The heat added to the system is Q = 2500J. The work W done by 
the system is — 1800 J. Why the minus sign? Because 1800 J done on the system 
(as given) equals — 1800 J done by the system, and it is the latter we need for the 
sign conventions we used in Eq. 4. Hence 

AEin = 2500J — (—1800J) 2500J + 1800J = 4300J. 

You may have intuitively thought that the 2500 J and the 1800 J would need to be 
added together, since both refer to energy added to the system. You would have 
been right. 


EXERCISE D What would be the internal energy change in Example 7 if 2500 J of heat is 
added to the system and 1800 J of work is done by the system (i.e., as output)? 


*The First Law of Thermodynamics Extended 
To write the first law of thermodynamics in its complete form, consider a system that 
has kinetic energy K (there is motion) as well as potential energy U. Then the first 
law of thermodynamics would have to include these terms and would be written as 


AK + AU + AEm = Q- W. (5) 


2 GWi25 Se Kinetic energy transformed to thermal energy. A 3.0-g bullet 
traveling at a speed of 400 m/s enters a tree and exits the other side with a speed 
of 200 m/s. Where did the bullet’s lost kinetic energy go, and what was the energy 
transferred? 
APPROACH Take the bullet and tree as our system. No potential energy is involved. 
No work is done on (or by) the system by outside forces, nor is any heat added because 
no energy was transferred to or from the system due to a temperature difference. 
Thus the kinetic energy gets transformed into internal energy of the bullet and tree. 
SOLUTION From the first law of thermodynamics as given in Eq. 5, we are given 
Q = W = AU = 0, so we have 
AK + AE, = 0 
or, using subscripts i and f for initial and final velocities 
AEm = -AK = —(Ky — Kj) = im(o? — 2) 
= 3(3.0 x 10-3kg)[(400 m/s)? — (200m/s)?] = 180J. 
NOTE The internal energy of the bullet and tree both increase, as both experience 
a rise in temperature. If we had chosen the bullet alone as our system, work would 
be done on it and heat transfer would occur. 


7 The First Law of Thermodynamics 
Applied; Calculating the Work 


Let us analyze some simple processes in the light of the first law of thermodynamics. 


Isothermal Processes (AT = 0) FIGURE6 PV diagram for an ideal 
gas undergoing isothermal processes 


First we consider an idealized process that is carried out at constant temperature. : 
at two different temperatures. 


Such a process is called an isothermal process (from the Greek meaning “same 
temperature”). If the system is an ideal gas, then PV = nRT (Eq. 3), so for a P 
fixed amount of gas kept at constant temperature, PV = constant. Thus the 

process follows a curve like AB on the PV diagram shown in Fig. 6, which is a N 
curve for PV = constant. Each point on the curve, such as point A, represents 
the state of the system at a given moment—that is, its pressure P and volume V. At Higher T 
a lower temperature, another isothermal process would be represented by a curve ny Lower T 
like A'B’ in Fig. 6 (the product PV = nRT = constant is less when T is less). The 0 V 
curves shown in Fig. 6 are referred to as isotherms. 
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FIGURE 7 An ideal gas ina 
cylinder fitted with a movable 
piston. 
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FIGURE 8 PV diagram for 
adiabatic (AC) and isothermal (AB) 
processes on an ideal gas. 


FIGURE 9 (a) Isobaric (“same 
pressure”) process. (b) Isovolumetric 
(“same volume”) process. 
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FIGURE 10 The work done by a 
gas when its volume increases by 
dV = Adl is dW = P dV. 
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Let us assume that the gas is enclosed in a container fitted with a movable 
piston, Fig. 7, and that the gas is in contact with a heat reservoir (a body whose mass 
is so large that, ideally, its temperature does not change significantly when heat is 
exchanged with our system). We also assume that the process of compression 
(volume decreases) or expansion (volume increases) is done quasistatically (“almost 
statically”), by which we mean extremely slowly, so that all of the gas moves between 
a series of equilibrium states each of which are at the same constant temperature. If 
an amount of heat Q is added to the system and temperature is to remain 
constant, the gas will expand and do an amount of work W on the environment 
(it exerts a force on the piston and moves it through a distance). The temperature 
and mass are kept constant so, from Eq. 1, the internal energy does not 
change: AEin, = 3nRAT = 0. Hence, by the first law of thermodynamics, Eq. 4, 
AEn =Q- W =0, so W =Q: the work done by the gas in an isothermal 
process equals the heat added to the gas. 


Adiabatic Processes (Q = 0) 


An adiabatic process is one in which no heat is allowed to flow into or out of the 
system: Q = 0. This situation can occur if the system is extremely well insulated, or 
the process happens so quickly that heat—which flows slowly—has no time to flow 
in or out. The very rapid expansion of gases in an internal combustion engine is one 
example of a process that is very nearly adiabatic. A slow adiabatic expansion of an 
ideal gas follows a curve like that labeled AC in Fig. 8. Since Q = 0, we have from 
Eq. 4 that AEin = — W. That is, the internal energy decreases if the gas expands; 
hence the temperature decreases as well (because AEjnt = 3R AT). This is evident in 
Fig. 8 where the product PV (= nRT) is less at point C than at point B (curve AB is 
for an isothermal process, for which AEF;,, = 0 and AT = 0). In the reverse opera- 
tion, an adiabatic compression (going from C to A, for example), work is done on the 
gas, and hence the internal energy increases and the temperature rises. In a diesel 
engine, the fuel—air mixture is rapidly compressed adiabatically by a factor of 15 or 
more; the temperature rise is so great that the mixture ignites spontaneously. 


Isobaric and Isovolumetric Processes 


Isothermal and adiabatic processes are just two possible processes that can occur. 
Two other simple thermodynamic processes are illustrated on the PV diagrams of 
Fig. 9: (a) an isobaric process is one in which the pressure is kept constant, so the 
process is represented by a horizontal straight line on the PV diagram, 
Fig. 9a; (b) an isovolumetric (or isochoric) process is one in which the volume does 
not change (Fig. 9b). In these, and in all other processes, the first law of thermo- 
dynamics holds. 


Work Done in Volume Changes 


We often want to calculate the work done in a process. Suppose we have a gas 
confined to a cylindrical container fitted with a movable piston (Fig. 10). We must 
always be careful to define exactly what our system is. In this case we choose our 
system to be the gas; so the container’s walls and the piston are parts of the envi- 
ronment. Now let us calculate the work done by the gas when it expands quasista- 
tically, so that P and T are defined for the system at all instants.’ The gas expands 
against the piston, whose area is A. The gas exerts a force F = PA on the piston, 
where P is the pressure in the gas. The work done by the gas to move the piston an 
infinitesimal displacement dé is 


dW = F-dé = PAdt = PdV (6) 


since the infinitesimal increase in volume is dV = A dé. If the gas was compressed 
so that dé pointed into the gas, the volume would decrease and dV < 0. The work 
done by the gas in this case would then be negative, which is equivalent to saying 
that positive work was done on the gas, not by it. For a finite change in volume 


‘If the gas expands or is compressed quickly, there would be turbulence and different parts would be at 
different pressure (and temperature). 
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from Vato Vg,the work W done by the gas will be 


Vg 

W = [aw = | PdV. (7) 
Va 

Equations 6 and 7 are valid for the work done in any volume change—by a gas, a 

liquid, or a solid—as long as it is done quasistatically. 

In order to integrate Eq. 7, we need to know how the pressure varies during the 
process, and this depends on the type of process. Let us first consider a quasistatic 
isothermal expansion of an ideal gas. This process is represented by the curve 
between points A and B on the PV diagram of Fig. 11. The work done by the gas in 
this process, according to Eq. 7, is just the area between the PV curve and the V axis, 
and is shown shaded in Fig. 11. We can do the integral in Eq. 7 for an ideal gas by 
using the ideal gas law, P = nRT/V. The work done at constant T is 


TE [r ai ner |" dV _ ART In Vs. pe prees (8) 
v yn V Va ideal gas 

Let us next consider a different way of taking an ideal gas between the same 
states A and B. This time, let us lower the pressure in the gas from P, to Pg, as 
indicated by the line AD in Fig. 12. (In this isovolumetric process, heat must 
be allowed to flow out of the gas so its temperature drops.) Then let the gas 
expand from V, to Vg at constant pressure (= Pg), which is indicated by the 
line DB in Fig. 12. (In this isobaric process, heat is added to the gas to raise its 
temperature.) No work is done in the isovolumetric process AD, since dV = 0: 


W = 0. [isovolumetric process] 


In the isobaric process DB the pressure remains constant, so 


Vg 

W = | PdV = P,(Vg — Va) = PAV. [isobaric process] (9a) 
Va 

The work done is again represented on the PV diagram by the area between the 

curve (ADB) and the V axis, as indicated by the shading in Fig. 12. Using the ideal 

gas law, we can also write 


V . . 2 
W = Px(Vg - Va) = nT o{ 1 = ra) oo (9b) 

As can be seen from the shaded areas in Figs. 11 and 12, or by putting in 
numbers in Eqs. 8 and 9 (try it for Vg = 2V,), the work done in these two 
processes is different. This is a general result. The work done in taking a system 
from one state to another depends not only on the initial and final states but also on 
the type of process (or “path”). 

This result reemphasizes the fact that work cannot be considered a property of a 
system. The same is true of heat. The heat input required to change the gas from 
state A to state B depends on the process; for the isothermal process of Fig. 11, the 
heat input turns out to be greater than for the process ADB of Fig. 12. In general, the 
amount of heat added or removed in taking a system from one state to another 
depends not only on the initial and final states but also on the path or process. 


Work in isothermal and adiabatic processes. In 
Fig. 8 we saw the PV diagrams for a gas expanding in two ways, isothermally and 
adiabatically. The initial volume V, was the same in each case, and the final volumes 
were the same (Vp = V,).In which process was more work done by the gas? 


RESPONSE Our system is the gas. More work was done by the gas in the 
isothermal process, which we can see in two simple ways by looking at Fig. 8. 
First, the “average” pressure was higher during the isothermal process AB, so 
W = PAV was greater (AV is the same for both processes). Second, we can look 
at the area under each curve: the area under curve AB, which represents the 
work done, was greater (since curve AB is higher) than that under AC. 


EXERCISE E Is the work done by the gas in process ADB of Fig. 12 greater than, less than, 
or equal to the work done in the isothermal process AB? 


FIGURE 11 Work done by an ideal 
gas in an isothermal process equals 
the area under the PV curve. Shaded 
area equals the work done by the gas 
when it expands from Va to Vp. 


FIGURE 12 Process ADB consists 
of an isovolumetric (AD) and an 
isobaric (DB) process. 
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First law in isobaric and isovolumetric processes. An ideal gas 
is slowly compressed at a constant pressure of 2.0atm from 10.0L to 2.0L. This 
process is represented in Fig. 13 as the path B to D. (In this process, some heat flows 
out of the gas and the temperature drops.) Heat is then added to the gas, holding the 
volume constant, and the pressure and temperature are allowed to rise (line DA) 
until the temperature reaches its original value (Ta = Tg). Calculate (a) the total 
work done by the gas in the process BDA, and (b) the total heat flow into the gas. 
APPROACH (a) Work is done only in the compression process BD. In process 
DA, the volume is constant so AV = 0 and no work is done. (b) We use the first 
law of thermodynamics, Eq. 4. 

SOLUTION (a) During the compression BD, the pressure is 2.0atm = 
2(1.01 x 10°N/m7?) and the work done is (since 1 L = 10° cm? = 10-3 m°) 


W = PAV = (2.02 x 10°N/m°*)(2.0 x 10-7 m? — 10.0 x 10-3 m’) 
= —1.6 x 10°J. 

The total work done by the gas is — 1.6 X 10°J, where the minus sign means that 
+1.6 X 10° J of work is done on the gas. 
(b) Because the temperature at the beginning and at the end of process BDA is 
the same, there is no change in internal energy: AE;,, = 0. From the first law of 
thermodynamics we have 

0 = AEn = Q-W 
so Q = W = —1.6 x 10°J. Because Q is negative, 1600J of heat flows out of 
the gas for the whole process, BDA. 


EXERCISE F In Example 10, if the heat lost from the gas in the process BD is 8.4 X 10°J, 
what is the change in internal energy of the gas during process BD? 


Work done in an engine. In an engine, 0.25 mol of an ideal 
monatomic gas in the cylinder expands rapidly and adiabatically against the 
piston. In the process, the temperature of the gas drops from 1150 K to 400 K. 
How much work does the gas do? 


APPROACH We take the gas as our system (the piston is part of the surroundings). 
The pressure is not constant, and its varying value is not given. Instead, we can 
use the first law of thermodynamics because we can determine AF; given 
Q = 0 (the process is adiabatic). 
SOLUTION We determine AE;,, from Eq. 1 for the internal energy of an ideal 
monatomic gas, using subscripts f and i for final and initial states: 
AEin = Emst — Eimi = 3nR(T; — T;) 
= 3(0.25 mol)(8.314J/mol-K)(400K — 1150K) 
= —2300J. 


Then, from the first law of thermodynamics, Eq. 4, 
W = Q — AEw = 0 — (—2300J) = 2300J. 


Table 3 gives a brief summary of the processes we have discussed. 


Free Expansion 


One type of adiabatic process is a so-called free expansion in which a gas is allowed 
to expand in volume adiabatically without doing any work. The apparatus to 


TABLE 3 Simple Thermodynamic Processes and the First Law 


Process What is constant: The first law predicts: 

Isothermal T = constant AT = 0 makes AEint = 0, so Q = W 
Isobaric P = constant (Q = N ae YS N i ae IP IN 
Isovolumetric V = constant AV = 0 makes W = 0, so Q = AEint 
Adiabatic Q=0 AE = W 
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accomplish a free expansion is shown in Fig. 14. It consists of two well-insulated 
compartments (to ensure no heat flow in or out) connected by a valve or stopcock. 
One compartment is filled with gas, the other is empty. When the valve is opened, 
the gas expands to fill both containers. No heat flows in or out (Q = 0), and no 
work is done because the gas does not move any other object. Thus Q = W = 0 
and by the first law of thermodynamics, AF;,, = 0. The internal energy of a gas does 
not change in a free expansion. For an ideal gas, AT = 0 also, since Eint depends 
only on T (Section 2). Experimentally, the free expansion has been used to 
determine if the internal energy of real gases depends only on T. The experiments 
are very difficult to do accurately, but it has been found that the temperature of a 
real gas drops very slightly in a free expansion. Thus the internal energy of real gases 
does depend, a little, on pressure or volume as well as on temperature. 

A free expansion can not be plotted on a PV diagram, because the process is 
rapid, not quasistatic. The intermediate states are not equilibrium states, and hence 
the pressure (and even the volume at some instants) is not clearly defined. 


8 Molar Specific Heats for Gases, 
and the Equipartition of Energy 


In Section 3 we discussed the concept of specific heat and applied it to solids and 
liquids. Much more than for solids and liquids, the values of the specific heat for 
gases depends on how the process is carried out. Two important processes are 
those in which either the volume or the pressure is kept constant. Although for 
solids and liquids it matters little, Table 4 shows that the specific heats of gases at 
constant volume (cy) and at constant pressure (cp) are quite different. 


Molar Specific Heats for Gases 
The difference in specific heats for gases is nicely explained in terms of the first 
law of thermodynamics and kinetic theory. Our discussion is simplified if we use molar 
specific heats, Cy and Cp, which are defined as the heat required to raise 1 mol of the 
gas by 1 C? at constant volume and at constant pressure, respectively. That is, in analogy 
to Eq. 2, the heat Q needed to raise the temperature of n moles of gas by AT is 
Q = nC, AT [volume constant] (10a) 
Q nC AT. [pressure constant] (10b) 


It is clear from the definition of molar specific heat (or by comparing Eqs. 2 and 10) 
that 


Cy = Mcy 
Cp = Mcp, 
where M is the molecular mass of the gas (M = m/n in grams/mol). The values for 


molar specific heats are included in Table 4, and we see that the values are nearly the 
same for different gases that have the same number of atoms per molecule. 


TABLE 4 Specific Heats of Gases at 15°C 


Specific heats Molar specific heats 
(kcal/kg : K) (cal/mol - K) Cp — Cy 


Cp 

Gas er Ga Cy G eimen S Ge 
Monatomic 

He 0.75 IMS 2.98 4.97 1.99 1.67 

Ne 0.148 0.246 2.98 4.97 1.99 1.67 
Diatomic 

No 0.177 0.248 4.96 6.95 1.99 1.40 

Oz 0.155 0.218 5.03 7.03 2.00 1.40 
Triatomic 

CO, 0.153 0.199 6.80 8.83 2.03 1.30 

H,0 (100°C) 0.350 0.482 6.20 8.20 2.00 132 


FIGURE 14 Free expansion. 
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FIGURE 15 A diatomic molecule 
can rotate about two different axes. 


Axis 
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Now we use kinetic theory and imagine that an ideal gas is slowly heated via 
two different processes—first at constant volume, and then at constant pressure. In 
both of these processes, we let the temperature increase by the same amount, AT. 
In the process done at constant volume, no work is done since AV = 0. Thus, 
according to the first law of thermodynamics, the heat added (which we denote by 
Qy) all goes into increasing the internal energy of the gas: 

Qy = AE int : 
In the process carried out at constant pressure, work is done, and hence the heat 
added, Qp, must not only increase the internal energy but also is used to do the 
work W = PAV. Thus, more heat must be added in this process at constant 
pressure than in the first process at constant volume. For the process at constant 
pressure, we have from the first law of thermodynamics 

Qp = AEm + PAV. 
Since AE;,; is the same in the two processes (AT was chosen to be the same), we 
can combine the two above equations: 


Qrp — Qy = PAV. 
From the ideal gas law, V = nRT/P, so for a process at constant pressure we have 
AV = nR AT/P. Putting this into the above equation and using Eqs. 10, we find 


nR AT 
P 


nCpAT — nCyAT = P( 


or, after cancellations, 

Cp- Cy = R. (11) 
Since the gas constant R = 8.314 J/mol-K = 1.99 cal/mol-K, our prediction is 
that Cp will be larger than Cy by about 1.99 cal/mol-K. Indeed, this is very close to 
what is obtained experimentally, as shown in the next to last column of Table 4. 

Now we calculate the molar specific heat of a monatomic gas using kinetic 

theory. In a process carried out at constant volume, no work is done; so the first 
law of thermodynamics tells us that if heat Q is added to the gas, the internal 
energy of the gas changes by 

AE int = Q. 
For an ideal monatomic gas, the internal energy Eint is the total kinetic energy of 
all the molecules, 

Em = N(jmv°) = 3nRT 
as we saw in Section 2. Then, using Eq. 10a, we can write AF;,; = Q in the form 

AE in = 3nRAT = nCy AT (12) 
or 

Cy = 3R. (13) 
Since R = 8.314J/mol-K = 1.99 cal/mol-K, kinetic theory predicts that Cy = 
2.98 cal/mol:K for an ideal monatomic gas. This is very close to the experimental 
values for monatomic gases such as helium and neon (Table 4). From Eq. 11, Cp is 
predicted to be about 4.97 cal/mol-K, also in agreement with experiment. 


Equipartition of Energy 

The measured molar specific heats for more complex gases (Table 4), such as 
diatomic (two atoms) and triatomic (three atoms) gases, increase with the increased 
number of atoms per molecule. We can explain this by assuming that the internal 
energy includes not only translational kinetic energy but other forms of energy as 
well. Take, for example, a diatomic gas. As shown in Fig. 15 the two atoms can rotate 
about two different axes (but rotation about a third axis passing through the two 
atoms would give rise to very little energy since the moment of inertia is so small). 
The molecules can have rotational as well as translational kinetic energy. It is useful 
to introduce the idea of degrees of freedom, by which we mean the number of inde- 
pendent ways molecules can possess energy. For example, a monatomic gas is said to 
have three degrees of freedom, since an atom can have velocity along the x axis, the y 
axis, and the z axis. These are considered to be three independent motions because a 
change in any one of the components would not affect any of the others. A diatomic 
molecule has the same three degrees of freedom associated with translational kinetic 
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energy plus two more degrees of freedom associated with rotational kinetic energy, 
for a total of five degrees of freedom. A quick look at Table 4 indicates that the Cy 
for diatomic gases is about $ times as great as for a monatomic gas—that is, in the 
same ratio as their degrees of freedom. This result led nineteenth-century physicists 
to an important idea, the principle of equipartition of energy. This principle states 
that energy is shared equally among the active degrees of freedom, and in particular 
each active degree of freedom of a molecule has on the average an energy equal to 
5kT. Thus, the average energy for a molecule of a monatomic gas would be 3kT 
(which we already knew) and of a diatomic gas ÅKT. Hence the internal energy of a 
diatomic gas would be Eim = N(3kT) = 3nRT, where n is the number of moles. 
Using the same argument we did for monatomic gases, we see that for diatomic 
gases the molar specific heat at constant volume would be R = 4.97 cal/mol-K, 
in accordance with measured values. More complex molecules have even more 
degrees of freedom and thus greater molar specific heats. 

The situation was complicated, however, by measurements that showed that for 
diatomic gases at very low temperatures, Cy has a value of only 3 R, as if it had only 
three degrees of freedom. And at very high temperatures, Cy was about 3 R, as if there 
were seven degrees of freedom. The explanation is that at low temperatures, nearly all 
molecules have only translational kinetic energy. That is, no energy goes into rotational 
energy, so only three degrees of freedom are “active.” At very high temperatures, on 
the other hand, all five degrees of freedom are active plus two additional ones. We can 
interpret the two new degrees of freedom as being associated with the two atoms 
vibrating as if they were connected by a spring, as shown in Fig. 16. One degree of 
freedom comes from the kinetic energy of the vibrational motion, and the second 


force. 
comes from the potential energy of vibrational motion G kx’). At room temperature, 
these two degrees of freedom are apparently not active. See Fig. 17. 
4R+Cy 
aria eis ZR FIGURE 17 Molar specific heat Cy as a function 
3R + Vibrational kinetic energy of temperature for hydrogen molecules (H3). As 
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Just why fewer degrees of freedom are “active” at lower temperatures was 
eventually explained by Einstein using the quantum theory. [According to quantum 
theory, energy does not take on continuous values but is quantized—it can have 
only certain values, and there is a certain minimum energy. The minimum rotational 
and vibrational energies are higher than for simple translational kinetic energy, so 
at lower temperatures and lower translational kinetic energy, there is not enough 
energy to excite the rotational or vibrational kinetic energy.] Calculations based on 
kinetic theory and the principle of equipartition of energy (as modified by the 
quantum theory) give numerical results in accord with experiment. 


* Solids 

The principle of equipartition of energy can be applied to solids as well. The molar 
specific heat of any solid, at high temperature, is close to 3R (6.0 cal/mol-K), 
Fig. 18. This is called the Dulong and Petit value after the scientists who first 
measured it in 1819. (Note that Table 1 gives the specific heats per kilogram, not 
per mole.) At high temperatures, each atom apparently has six degrees of freedom, 
although some are not active at low temperatures. Each atom in a crystalline solid 
can vibrate about its equilibrium position as if it were connected by springs to each 
of its neighbors. Thus it can have three degrees of freedom for kinetic energy and 
three more associated with potential energy of vibration in each of the x, y, and z 
directions, which is in accord with the measured values. 


Oad 


FIGURE 16 A diatomic molecule 


Qr 


can vibrate, as if the two atoms were 


connected by a spring. Of course 
they are not connected by a spring; 


rather they exert forces on each 


other that are electrical in nature, 


but of a form that resembles a spring 


the temperature is increased, some of the 
translational kinetic energy can be transferred in 
collisions into rotational kinetic energy and, at 
still higher temperature, into vibrational kinetic 
energy. [Note: H; dissociates into two atoms at 
about 3200 K, so the last part of the curve is 
shown dashed.] 


FIGURE 18 Molar specific heats of 


solids as a function of temperature. 
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9 Adiabatic Expansion of a Gas 


The PV curve for the quasistatic (slow) adiabatic expansion (Q = 0) of an ideal gas 
was shown in Fig. 8 (curve AC). It is somewhat steeper than for an isothermal process 
(AT = 0), which indicates that for the same change in volume the change in pres- 
sure will be greater. Hence the temperature of the gas must drop during an adiabatic 
expansion. Conversely, the temperature rises during an adiabatic compression. 

We can derive the relation between the pressure P and the volume V of an 
ideal gas that is allowed to slowly expand adiabatically. We begin with the first law 
of thermodynamics, written in differential form: 

dEin, = dQ — dW = -dW = -PdV, 
since dQ = 0 for an adiabatic process. Equation 12 gives us a relation between 
A Eint and Cy , which is valid for any ideal gas process since Fj, is a function only of 
T for an ideal gas. We write this in differential form: 

dE, = nCy dT. 
When we combine these last two equations, we obtain 

nCy dT + PdV = 0. 


We next take the differential of the ideal gas law, PV = nRT, allowing P, V, and T 
to vary: 


PdV + VdP = nRadT. 
We solve for dT in this relation and substitute it into the previous relation and get 
PdV + VdP 
nC ( aR ) 
or, multiplying through by R and rearranging, 
(Cy + R)PdV + CyVadP = 0. 
We note from Eq. 11 that Cy + R = Cp, so we have 
CpPdV + CyVdP = 0, 


+ PdV = 0 


or é 
? PdV + VaP = 0. 
Cy 
We define 
Y= Er (14) 
Cy 
so that our last equation becomes 
dP dV 
— + Y¥— = 0 
P V 


This is integrated to become 
InP + YInV = constant. 
This simplifies (using the rules for addition and multiplication of logarithms) to 


PV” = constant. one aha (15) 


process; ideal gas 


This is the relation between P and V for a quasistatic adiabatic expansion or 
contraction. It is very useful when discussing heat engines. Table 4 gives values of Y 
for some real gases. Figure 8 compares an adiabatic expansion (Eq. 15) in curve AC 
to an isothermal expansion (PV = constant) in curve AB. It is important to 
remember that the ideal gas law, PV = nRT, continues to hold even for an adia- 
batic expansion (PV” = constant); clearly PV is not constant, meaning T is not 
constant. 


Compressing an ideal gas. An ideal monatomic gas is 
compressed starting at point A in the PV diagram of Fig. 19, where 
P, = 100kPa, V, = 1.00m3, and T, = 300K. The gas is first compressed adia- 
batically to state B (Pg = 200 kPa). The gas is then further compressed from 
point B to point C (Vc = 0.50m°) in an isothermal process. (a) Determine Vg. 
(b) Calculate the work done on the gas for the whole process. 
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APPROACH Volume V zis obtained using Eq. 15. The work done by a gas is given by 
Eq.7, W = f PdV. The work on the gas is the negative of this: Won = — f P aV. 
SOLUTION In the adiabatic process, Eq. 15 tells us PV” = constant. Therefore, 
PV” = PV% = Pg V% where for a monatomic gas Y = Cp/Cy = (5/2)/(3/2) =3. 
(a) Eq. 15 gives Vp = Va(Pa/Pp)? = (1.00 m*)(100 kPa/200 kPa)s = 0.66 m°. 
(b) The pressure P at any instant during the adiabatic process is given by 
P = PA V4V ”. The work done on the gas in going from Va to Vgis 


B Vg 1 
Wag = = PdV = -Pavi | VdV = Pavi( = Jove vk’). 


A A 


Since Y = 3, then -Y + 1 = 1 — Y = —3, so 


a = (AEN a 


3 _2 
= + Š (100 kPa) (1.00 m°)| (0.66) +1] = +48kJ. 


For the isothermal process from B to C, the work is done at constant temperature, 
so the pressure at any instant during the process is P = nRTg/V and 

G Yo dV V V 
Wac = - | Pav = ART | y= TART In 7. = =P Vp ny 


The total work done on the gas is 48 kJ + 37 kJ = 85 KJ. 


= +37 KJ. 


10 Heat Transfer: Conduction, 
Convection, Radiation 


Heat is transferred from one place or body to another in three different ways: by 
conduction, convection, and radiation. We now discuss each of these in turn; but in 
practical situations, any two or all three may be operating at the same time. We 
start with conduction. 


Conduction 


When a metal poker is put in a hot fire, or a silver spoon is placed in a hot bowl of 
soup, the exposed end of the poker or spoon soon becomes hot as well, even 
though it is not directly in contact with the source of heat. We say that heat has 
been conducted from the hot end to the cold end. 

Heat conduction in many materials can be visualized as being carried out via 
molecular collisions. As one end of an object is heated, the molecules there move 
faster and faster. As they collide with slower-moving neighbors, they transfer some 
of their kinetic energy to these other molecules, which in turn transfer energy by 
collision with molecules still farther along the object. In metals, collisions of free 
electrons are mainly responsible for conduction. 

Heat conduction from one point to another takes place only if there is a 
difference in temperature between the two points. Indeed, it is found experimentally 
that the rate of heat flow through a substance is proportional to the difference in 
temperature between its ends. The rate of heat flow also depends on the size and 
shape of the object. To investigate this quantitatively, let us consider the heat flow 
through a uniform cylinder, as illustrated in Fig. 20. It is found experimentally that 
the heat flow AQ over a time interval At is given by the relation 

AQ T, — T 


a eG (16a) 


where A is the cross-sectional area of the object, £ is the distance between the two 
ends, which are at temperatures T; and T,, and k is a proportionality constant 
called the thermal conductivity which is characteristic of the material. From 
Eq. 16a, we see that the rate of heat flow (units of J/s) is directly proportional to 
the cross-sectional area and to the temperature gradient (T4 — T»)/£. 


P (kPa) C Isothermal 


200 


100 


0 
FIGURE 19 Example 12. 


FIGURE 20 Heat conduction 
between areas at temperatures T} 
and T. If T; is greater than 7; , the 
heat flows to the right; the rate is 
given by Eq. 16a. 
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TABLE 5 
Thermal Conductivities 
Thermal conductivity, k 
kcal J 
Substance que) Gmc) 
Silver 10 x 10°? 420 
Copper 9.2107 380 
Aluminum 5.0 x 10 200 
Steel il <r 20) 
Ice Sei 2 
Glass POS or OEY 
Brick 2.0x107* 0.84 
Concrete 2.0x10* 0.84 
Water TES Mr O56; 
Human tissue 0.5 x 1074 0A 
Wood 0x O~ D 
Fiberglass 0.12 xX 1074 0.048 
Cork O O 0.042 
Wool M 10% 0.040 
Goose down 0.06 x 107* 0.025 
Polyurethane 0.06 xX 10+ 0.024 
Air 0.055 x 104  ~—0.023 


FIGURE 21 Example 13. 
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In some cases (such as when k or A cannot be considered constant) we need 
to consider the limit of an infinitesimally thin slab of thickness dx. Then 
Eq. 16a becomes 


ag = -kA af 

dt dx 
where dT/dx is the temperature gradient’ and the negative sign is included since 
the heat flow is in the direction opposite to the temperature gradient. 

The thermal conductivities, k, for a variety of substances are given in Table 5. 
Substances for which k is large conduct heat rapidly and are said to be good 
thermal conductors. Most metals fall in this category, although there is a wide 
range even among them, as you may observe by holding the ends of a silver spoon 
and a stainless-steel spoon immersed in the same hot cup of soup. Substances for 
which k is small, such as wool, fiberglass, polyurethane, and goose down, are poor 
conductors of heat and are therefore good thermal insulators. 

The relative magnitudes of k can explain simple phenomena such as why a tile 
floor is much colder on the feet than a rug-covered floor at the same temperature. 
Tile is a better conductor of heat than the rug. Heat that flows from your foot to the 
rug is not conducted away rapidly, so the rug’s surface quickly warms up to the temper- 
ature of your foot and feels good. But the tile conducts the heat away rapidly and thus 
can take more heat from your foot quickly, so your foot’s surface temperature drops. 


, (16b) 


Heat loss through windows. A major source of heat loss from a 
house is through the windows. Calculate the rate of heat flow through a glass 
window 2.0m X 1.5m in area and 3.2 mm thick, if the temperatures at the inner 
and outer surfaces are 15.0°C and 14.0°C, respectively (Fig. 21). 

APPROACH Heat flows by conduction through the glass from the higher inside 
temperature to the lower outside temperature. We use the heat conduction 
equation, Eq. 16a. 

SOLUTION Here A = (2.0m)(1.5m) = 3.0m? and £= 3.2 x 107m. Using 
Table 5 to get k, we have 


AQ T,- T,  (0.84J/s:m-C°)(3.0 m2)(15.0°C — 14.0°C) 


(3.2 x 107° m) 
= 790 J/s. 


NOTE This rate of heat flow is equivalent to (790J/s)/(4.19 x 10° J/kcal) = 
0.19 kcal/s, or (0.19 kcal/s) X (3600 s/h) = 680 kcal/h. 


You might notice in Example 13 that 15°C is not very warm for the living room 
of a house. The room itself may indeed be much warmer, and the outside might be 
colder than 14°C. But the temperatures of 15°C and 14°C were specified as those at 
the window surfaces, and there is usually a considerable drop in temperature of the 
air in the vicinity of the window both on the inside and the outside. That is, the layer 
of air on either side of the window acts as an insulator, and normally the major part 
of the temperature drop between the inside and outside of the house takes place 
across the air layer. If there is a heavy wind, the air outside a window will constantly 
be replaced with cold air; the temperature gradient across the glass will be greater 
and there will be a much greater rate of heat loss. Increasing the width of the air 
layer, such as using two panes of glass separated by an air gap, will reduce the heat 
loss more than simply increasing the glass thickness, since the thermal conductivity of 
air is much less than that for glass. 

The insulating properties of clothing come from the insulating properties of air. 
Without clothes, our bodies in still air would heat the air in contact with the skin and 
would soon become reasonably comfortable because air is a very good insulator. 


‘Equations 16 are quite similar to the relations describing diffusion and the flow of fluids through a 
pipe. In those cases, the flow of matter is proportional to the concentration gradient dC/dx, or to the 
pressure gradient (P4 — P)/£. This close similarity is one reason we speak of the “flow” of heat. Yet we 
must keep in mind that no substance is flowing in the case of heat—it is energy that is being 
transferred. 


Heat and the First Law of Thermodynamics 


But since air moves—there are breezes and drafts, and people move about—the 
warm air would be replaced by cold air, thus increasing the temperature difference 
and the heat loss from the body. Clothes keep us warm by trapping air so it cannot 
move readily. It is not the cloth that insulates us, but the air that the cloth traps. 
Goose down is a very good insulator because even a small amount of it fluffs up 
and traps a great amount of air. 

[For practical purposes the thermal properties of building materials, particularly 
when considered as insulation, are usually specified by R-values (or “thermal 
resistance”), defined for a given thickness £ of material as: 

R = @/k. 
The R-value of a given piece of material combines the thickness £ and the thermal 
conductivity k in one number. In the United States, R-values are given in British 
units as ft?-h-F°/Btu (for example, R-19 means R = 19 ft?-h-F°/Btu ). Table 6 
gives R-values for some common building materials. R-values increase directly with 
material thickness: for example, 2 inches of fiberglass is R-6, whereas 4 inches is R-12.] 


Convection 


Although liquids and gases are generally not very good conductors of heat, they can 
transfer heat quite rapidly by convection. Convection is the process whereby heat flows 
by the mass movement of molecules from one place to another. Whereas conduction 
involves molecules (and/or electrons) moving only over small distances and colliding, 
convection involves the movement of large numbers of molecules over large distances. 

A forced-air furnace, in which air is heated and then blown by a fan into a 
room, is an example of forced convection. Natural convection occurs as well, and 
one familiar example is that hot air rises. For instance, the air above a radiator 
(or other type of heater) expands as it is heated, and hence its density decreases. 
Because its density is less than that of the surrounding cooler air, it rises, just as a 
log submerged in water floats upward because its density is less than that of water. 
Warm or cold ocean currents, such as the balmy Gulf Stream, represent natural 
convection on a global scale. Wind is another example of convection, and weather 
in general is strongly influenced by convective air currents. 

When a pot of water is heated (Fig. 22), convection currents are set up as the 
heated water at the bottom of the pot rises because of its reduced density. That 
heated water is replaced by cooler water from above. This principle is used in 
many heating systems, such as the hot-water radiator system shown in Fig. 23. 
Water is heated in the furnace, and as its temperature increases, it expands and 
rises as shown. This causes the water to circulate in the heating system. Hot water 
then enters the radiators, heat is transferred by conduction to the air, and the 
cooled water returns to the furnace. Thus, the water circulates because of convection; 
pumps are sometimes used to improve circulation. The air throughout the room 
also becomes heated as a result of convection. The air heated by the radiators rises 
and is replaced by cooler air, resulting in convective air currents, as shown by the 
green arrows in Fig. 23. 

Other types of furnaces also depend on convection. Hot-air furnaces with 
registers (openings) near the floor often do not have fans but depend on natural 
convection, which can be appreciable. In other systems, a fan is used. In either case, 
it is important that cold air can return to the furnace so that convective currents 
circulate throughout the room if the room is to be uniformly heated. Convection is 
not always favorable. Much of the heat from a fireplace, for example, goes up the 
chimney and not out into the room. 


Radiation 

Convection and conduction require the presence of matter as a medium to carry 
the heat from the hotter to the colder region. But a third type of heat transfer 
occurs without any medium at all. All life on Earth depends on the transfer of 
energy from the Sun, and this energy is transferred to the Earth over empty (or 
nearly empty) space. This form of energy transfer is heat—since the Sun’s surface 
temperature is much higher (6000 K) than Earth’s—and is referred to as radiation. 
The warmth we receive from a fire is mainly radiant energy. 
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Clothes insulate by trapping 
an air layer 
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R-values of thermal insulation 


TABLE 6 R-values 


Material Thickness R-value 
(ft?-h- F°/Btu) 
Glass ginch 1 
Brick 34inches 0.6-1 
Plywood Sinch 0.6 
Fiberglass 
insulation 4inches 12 


Hotter 
water 


FIGURE 22 Convection currents 
in a pot of water being heated 
on a stove. 
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FIGURE 23 Convection plays a 
role in heating a house. The circular 
arrows show the convective air 
currents in the rooms. 
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The body’s radiative heat loss 


PROBLEM SOLVING 
Must use the Kelvin temperature 


Heat and the First Law of Thermodynamics 


Radiation consists essentially of electromagnetic waves. Suffice it to say for 
now that radiation from the Sun consists of visible light plus many other wave- 
lengths that the eye is not sensitive to, including infrared (IR) radiation. 

The rate at which an object radiates energy has been found to be proportional 
to the fourth power of the Kelvin temperature, T. That is, an object at 2000 K, as 
compared to one at 1000K, radiates energy at a rate 2f = 16 times as much. 
The rate of radiation is also proportional to the area A of the emitting object, so 
the rate at which energy leaves the object, AQ/At, is 

AQ 
At 


This is called the Stefan-Boltzmann equation, and ø is a universal constant called 
the Stefan-Boltzmann constant which has the value 


o = 5.67 X 108 W/m?-K?. 


The factor e (Greek letter epsilon), called the emissivity, is a number between 0 and 1 
that is characteristic of the surface of the radiating material. Very black surfaces, 
such as charcoal, have emissivity close to 1, whereas shiny metal surfaces have e 
close to zero and thus emit correspondingly less radiation. The value depends 
somewhat on the temperature of the material. 

Not only do shiny surfaces emit less radiation, but they absorb little of the 
radiation that falls upon them (most is reflected). Black and very dark objects are 
good emitters (e ~ 1), and they also absorb nearly all the radiation that falls on 
them—which is why light-colored clothing is usually preferable to dark clothing 
on a hot day. Thus, a good absorber is also a good emitter. 

Any object not only emits energy by radiation but also absorbs energy 
radiated by other objects. If an object of emissivity €e and area A is at a 
temperature 7), it radiates energy at a rate eg AT}. If the object is surrounded 
by an environment at temperature 7,, the rate at which the surroundings 
radiate energy is proportional to T3, and the rate that energy is absorbed by the 
object is proportional to T4. The net rate of radiant heat flow from the object is 


given by 
AQ 


At 


where A is the surface area of the object, T, its temperature and e its emissivity (at 
temperature Tı), and T, is the temperature of the surroundings. This equation is 
consistent with the experimental fact that equilibrium between the object and 
its surroundings is reached when they come to the same temperature. That is, 
AQ/At must equal zero when T, = T,, so e must be the same for emission and 
absorption. This confirms the idea that a good emitter is a good absorber. Because 
both the object and its surroundings radiate energy, there is a net transfer of 
energy from one to the other unless everything is at the same temperature. 


= eo AT“. (17) 


= ec A(T} — T3), (18) 


OWES ESTIMATE | Cooling by radiation. An athlete is sitting 
unclothed in a locker room whose dark walls are at a temperature of 15°C. 
Estimate his rate of heat loss by radiation, assuming a skin temperature of 34°C 
and e = 0.70. Take the surface area of the body not in contact with the chair to 
be 1.5 m’. 

APPROACH We use Eq. 18, with Kelvin temperatures. 

SOLUTION We have 

AQ 
At 


ea A(T} — T3) 


(0.70)(5.67 X 107 W/m?- K*)(1.5 m?)[ (307 K)* — (288 K)*] = 120W. 


NOTE The “output” of this resting person is a bit more than what a 100-W 
lightbulb uses. 


Heat and the First Law of Thermodynamics 


A resting person naturally produces heat internally at a rate of about 100 W, 
which is less than the heat loss by radiation as calculated in Example 14. Hence, 
the person’s temperature would drop, causing considerable discomfort. The body 
responds to excessive heat loss by increasing its metabolic rate, and shivering 
is one method by which the body increases its metabolism. Naturally, clothes help 
a lot. Example 14 illustrates that a person may be uncomfortable even if the 
temperature of the air is, say, 25°C, which is quite a warm room. If the walls or 
floor are cold, radiation to them occurs no matter how warm the air is. Indeed, it is 
estimated that radiation accounts for about 50% of the heat loss from a sedentary 
person in a normal room. Rooms are most comfortable when the walls and floor 
are warm and the air is not so warm. Floors and walls can be heated by means of 
hot-water conduits or electric heating elements. Such first-rate heating systems are 
becoming more common today, and it is interesting to note that 2000 years ago the 
Romans, even in houses in the remote province of Great Britain, made use of 
hot-water and steam conduits in the floor to heat their houses. 

Heating of an object by radiation from the Sun cannot be calculated using 
Eq. 18 since this equation assumes a uniform temperature, 7, of the environment 
surrounding the object, whereas the Sun is essentially a point source. Hence the 
Sun must be treated as a separate source of energy. Heating by the Sun is 
calculated using the fact that about 1350J of energy strikes the atmosphere of the 
Earth from the Sun per second per square meter of area at right angles to the 
Sun’s rays. This number, 1350 W/m”, is called the solar constant. The atmosphere 
may absorb as much as 70% of this energy before it reaches the ground, depending 
on the cloud cover. On a clear day, about 1000 W/m? reaches the Earth’s surface. 
An object of emissivity e with area A facing the Sun absorbs energy from the Sun 
at a rate, in watts, of about 


AQ 


u (1000 W/m”) € A cos 6, (19) 


where 0 is the angle between the Sun’s rays and a line perpendicular to the 
area A (Fig. 24). That is, Acos@ is the “effective” area, at right angles to 
the Sun’s rays. 

The explanation for the seasons and the polar ice caps (see Fig. 25) depends 
on this cos 0 factor in Eq. 19. The seasons are not a result of how close the Earth is 
to the Sun—in fact, in the Northern Hemisphere, summer occurs when the Earth 
is farthest from the Sun. It is the angle (i.e., cos 0) that really matters. Furthermore, 
the reason the Sun heats the Earth more at midday than at sunrise or sunset is also 
related to this cos 0 factor. 

An interesting application of thermal radiation to diagnostic medicine is 
thermography. A special instrument, the thermograph, scans the body, measuring 
the intensity of radiation from many points and forming a picture that resembles 
an X-ray (Fig. 26). Areas where metabolic activity is high, such as in tumors, can 
often be detected on a thermogram as a result of their higher temperature and 
consequent increased radiation. 


Science Photo Library/Photo Researchers, Inc. 


(b) 


FIGURE 24 Radiant energy 
striking a body at an angle 6. 


FIGURE 25 (a) Earth’s seasons arise 
from the 233° angle Earth’s axis makes 
with its orbit around the Sun. 

(b) June sunlight makes an angle of 
about 23° with the equator. Thus 6 in 
the southern United States (A) is 

near 0° (direct summer sunlight), 
whereas in the Southern Hemisphere (B), 
8 is 50° or 60°, and less heat can 

be absorbed—hence it is winter. Near 
the poles (C), there is never strong 
direct sunlight; cos @ varies from 

about 5 in summer to 0 in winter; 

so with little heating, ice can form. 


Axis 
z 
Ble 
Earth oun Earth 
(June) (December) 
(a) 
m (A)0=0° 
June pa (Summer) 
aia < 


(C)0=90° (B)Ə = 50° 
(Cold) (Winter) 
(b) 


FIGURE 26 Thermograms of a 
healthy person’s arms and hands 

(a) before and (b) after smoking a 
cigarette, showing a temperature 
decrease due to impaired blood 
circulation associated with smoking. 
The thermograms have been 
color-coded according to temperature; 
the scale on the right goes from blue 
(cold) to white (hot). 
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Astronomy—size 
of a star 


Heat and the First Law of Thermodynamics 


EXAMPLE 15 Star radius. The giant star Betelgeuse emits 
radiant energy at a rate 10‘ times greater than our Sun, whereas its surface 
temperature is only half (2900 K) that of our Sun. Estimate the radius of Betelgeuse, 
assuming € = 1 for both. The Sun’s radius is rs = 7 X 10° m. 


APPROACH We assume both Betelgeuse and the Sun are spherical, with surface 


area 4rr’. 
SOLUTION We solve Eq. 17 for A: 
AQ/At 
4qr? = A = ae 
eoT 
Then 


rm _ (AQ/At)s T$ 
r$ (AQ/At)s Ti 
Hence rg = V16 X 10*rs = (400)(7 X 10°m) ~ 3 x 10" m. 


NOTE If Betelgeuse were our Sun, it would envelop us (Earth is 1.5 x 10" m 
from the Sun). 


(10)(24) = 16 x 10. 


of the skin; (b) increasing conductivity; (c) decreasing the mean free path of air; 


EXERCISE G Fanning yourself on a hot day cools you by (a) increasing the radiation rate 
(d) increasing the evaporation of perspiration; (e) none of these. 


| Summary 


Internal energy, Eint, refers to the total energy of all the 
molecules in an object. For an ideal monatomic gas, 


Eim = NKT =3nRT (1) 


where N is the number of molecules or n is the number of 
moles. 

Heat refers to the transfer of energy from one object to 
another because of a difference of temperature. Heat is thus 
measured in energy units, such as joules. 

Heat and internal energy are also sometimes specified in 
calories or kilocalories (kcal), where 


lkcal = 4.186kJ 


is the amount of heat needed to raise the temperature of 1 kg of 
water by 1 C°. 

The specific heat, c, of a substance is defined as the energy 
(or heat) required to change the temperature of unit mass of 
substance by 1 degree; as an equation, 


Q = mcAT, (2) 


where Q is the heat absorbed or given off, AT is the temperature 
increase or decrease, and m is the mass of the substance. 

When heat flows between parts of an isolated system, 
conservation of energy tells us that the heat gained by one part 
of the system is equal to the heat lost by the other part of the 
system. This is the basis of calorimetry, which is the quantitative 
measurement of heat exchange. 

Exchange of energy occurs, without a change in temperature, 
whenever a substance changes phase. The heat of fusion is the 
heat required to melt 1 kg of a solid into the liquid phase; it is 
also equal to the heat given off when the substance changes 
from liquid to solid. The heat of vaporization is the energy 
required to change 1 kg of a substance from the liquid to the 
vapor phase; it is also the energy given off when the substance 
changes from vapor to liquid. 


The first law of thermodynamics states that the change in 
internal energy AE;,4 of a system is equal to the heat added to 
the system, Q, minus the work, W, done by the system: 


AEin = Q-VW. (4) 


This important law is a broad restatement of the conservation of 
energy and is found to hold for all processes. 

Two simple thermodynamic processes are isothermal, which 
is a process carried out at constant temperature, and adiabatic, a 
process in which no heat is exchanged. Two more are isobaric 
(a process carried out at constant pressure) and isovolumetric 
(a process at constant volume). 

The work done by (or on) a gas to change its volume by dV 
is dW = P dV, where P is the pressure. 

Work and heat are not functions of the state of a system (as 
are P, V, T, n, and Eint) but depend on the type of process that 
takes a system from one state to another. 

The molar specific heat of an ideal gas at constant volume, 
Cy, and at constant pressure, Cp, are related by 


Cp = Cy = R, a1) 


where R is the gas constant. For a monatomic ideal gas, Cy = $ R. 

For ideal gases made up of diatomic or more complex 
molecules, Cy is equal to R times the number of degrees of 
freedom of the molecule. Unless the temperature is very high, 
some of the degrees of freedom may not be active and so do not 
contribute. According to the principle of equipartition of 
energy, energy is shared equally among the active degrees of 
freedom in an amount ¿kT per molecule on average. 

When an ideal gas expands (or contracts) adiabatically 
(Q = 0), the relation PV” = constant holds, where 


re a4) 


Heat is transferred from one place (or object) to another in 
three different ways: conduction, convection, and radiation. 


Heat and the First Law of Thermodynamics 


In conduction, energy is transferred by collisions between 
molecules or electrons with higher kinetic energy to slower- 
moving neighbors. 

Convection is the transfer of energy by the mass movement 
of molecules over considerable distances. 

Radiation, which does not require the presence of matter, is 
energy transfer by electromagnetic waves, such as from the Sun. 


All objects radiate energy in an amount that is proportional to the 
fourth power of their Kelvin temperature (T*) and to their surface 
area. The energy radiated (or absorbed) also depends on the 
nature of the surface, which is characterized by the emissivity, € 
(dark surfaces absorb and radiate more than do bright shiny ones). 

Radiation from the Sun arrives at the surface of the Earth 
on a clear day at a rate of about 1000 W/m?. 


J Answers to Exercises 


A: (b). 

B: (c). 

C: 0.21 kg. 
D: 700 J. 


E: Less. 
F: —6.8 X 10°J. 
G: (d). 
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Heat and the First Law of Thermodynamics 
Problem Set 


| Questions 


1. 


10. 


11. 


12. 


13. 


14. 
15. 


16. 


17. 


From Chapter 19 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 


What happens to the work done on a jar of orange juice 
when it is vigorously shaken? 


. When a hot object warms a cooler object, does temperature 


flow between them? Are the temperature changes of the 
two objects equal? Explain. 


. (a) If two objects of different temperature are placed in 


contact, will heat naturally flow from the object with higher 
internal energy to the object with lower internal energy? 
(b) Is it possible for heat to flow even if the internal energies 
of the two objects are the same? Explain. 


. In warm regions where tropical plants grow but the 


temperature may drop below freezing a few times in the 
winter, the destruction of sensitive plants due to freezing 
can be reduced by watering them in the evening. Explain. 


. The specific heat of water is quite large. Explain why this 


fact makes water particularly good for heating systems (that 
is, hot-water radiators). 


. Why does water in a canteen stay cooler if the cloth jacket 


surrounding the canteen is kept moist? 


. Explain why burns caused by steam at 100°C on the skin are 


often more severe than burns caused by water at 100°C. 


. Explain why water cools (its temperature drops) when it 


evaporates, using the concepts of latent heat and internal 
energy. 


. Will potatoes cook faster if the water is boiling more 


vigorously? 

Very high in the Earth’s atmosphere the temperature can be 
700°C. Yet an animal there would freeze to death rather 
than roast. Explain. 

What happens to the internal energy of water vapor in the 
air that condenses on the outside of a cold glass of water? Is 
work done or heat exchanged? Explain. 

Use the conservation of energy to explain why the temperature 
of a well-insulated gas increases when it is compressed—say, 
by pushing down on a piston—whereas the temperature 
decreases when the gas expands. 

In an isothermal process, 3700 J of work is done by an ideal 
gas. Is this enough information to tell how much heat has 
been added to the system? If so, how much? 

Explorers on failed Arctic expeditions have survived by 
covering themselves with snow. Why would they do that? 
Why is wet sand at the beach cooler to walk on than dry 
sand? 

When hot-air furnaces are used to heat a house, why is it 
important that there be a vent for air to return to the 
furnace? What happens if this vent is blocked by a bookcase? 
Is it possible for the temperature of a system to remain 
constant even though heat flows into or out of it? If so, give 
examples. 


18. 


19. 
20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


Discuss how the first law of thermodynamics can apply to 
metabolism in humans. In particular, note that a person 
does work W, but very little heat Q is added to the body 
(rather, it tends to flow out). Why then doesn’t the internal 
energy drop drastically in time? 

Explain in words why Cp is greater than Cy. 

Explain why the temperature of a gas increases when it is 
adiabatically compressed. 

An ideal monatomic gas is allowed to expand slowly to twice 
its volume (1) isothermally; (2) adiabatically; (3) isobarically. 
Plot each on a PV diagram. In which process is AÆEint 
the greatest, and in which is AF; the least? In which is W the 
greatest and the least? In which is Q the greatest and 
the least? 

Ceiling fans are sometimes reversible, so that they drive the 
air down in one season and pull it up in another season. 
Which way should you set the fan for summer? For winter? 
Goose down sleeping bags and parkas are often specified as 
so many inches or centimeters of loft, the actual thickness of 
the garment when it is fluffed up. Explain. 

Microprocessor chips nowadays have a “heat sink” glued on 
top that looks like a series of fins. Why is it shaped like that? 
Sea breezes are often encountered on sunny days at the shore 
of a large body of water. Explain, assuming the temperature 
of the land rises more rapidly than that of the nearby water. 
The Earth cools off at night much more quickly when the 
weather is clear than when cloudy. Why? 

Explain why air-temperature readings are always taken with 
the thermometer in the shade. 

A premature baby in an incubator can be dangerously 
cooled even when the air temperature in the incubator is 
warm. Explain. 

The floor of a house on a foundation under which the air 
can flow is often cooler than a floor that rests directly on 
the ground (such as a concrete slab foundation). Explain. 
Why is the liner of a thermos bottle silvered (Fig. 27), and 
why does it have a 
vacuum between its two 
walls? 


Stopper ae 


Outer casing —— 
Air 


Liner 


Liquid, 
hot or cold ——_ l Va 


Vacuum - 


Insulating support— 


FIGURE 27 
Question 30. 
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31. 


32. 


33. 


Heat and the First Law of Thermodynamics: Problem Set 


A 22°C day is warm, while a swimming pool at 22°C feels 
cool. Why? 


In the Northern Hemisphere the amount of heat required to 
heat a room where the windows face north is much higher 
than that required where the windows face south. Explain. 


Heat loss occurs through windows by the following processes: 
(1) ventilation around edges; (2) through the frame, particu- 
larly if it is metal; (3) through the glass panes; and (4) radia- 
tion. (a) For the first three, what is (are) the mechanism(s): 
conduction, convection, or radiation? (b) Heavy curtains 
reduce which of these heat losses? Explain in detail. 


34. 


35. 


36. 


37. 


Early in the day, after the Sun has reached the slope of a 
mountain, there tends to be a gentle upward movement of 
air. Later, after a slope goes into shadow, there is a gentle 
downdraft. Explain. 

A piece of wood lying in the Sun absorbs more heat than a 
piece of shiny metal. Yet the metal feels hotter than the 
wood when you pick it up. Explain. 

An “emergency blanket” is a thin shiny (metal-coated) plastic 
foil. Explain how it can help to keep an immobile person warm. 
Explain why cities situated by the ocean tend to have less 
extreme temperatures than inland cities at the same latitude. 


[l Problems 


[The Problems in this Section are ranked I, II, or HI according to 
estimated difficulty, with (I) Problems being easiest. Level (III) 
Problems are meant mainly as a challenge for the best students, for 
“extra credit.” The Problems are arranged by Sections, meaning that 
the reader should have read up to and including that Section, but 
this Chapter also has a group of General Problems that are not 
arranged by Section and not ranked.] 


1 Heat as Energy Transfer 


1 


(I) To what temperature will 8700J of heat raise 3.0kg of 
water that is initially at 10.0°C? 


. (II) When a diver jumps into the ocean, water leaks into the 


gap region between the diver’s skin and her wetsuit, forming 
a water layer about 0.5mm thick. Assuming the total 
surface area of the wetsuit covering the diver is about 
1.0 m, and that ocean water enters the suit at 10°C and is 
warmed by the diver to skin temperature of 35°C, estimate 
how much energy (in units of candy bars = 300 kcal) is 
required by this heating process. 


. (II) An average active person consumes about 2500 Cal a 


day. (a) What is this in joules? (b) What is this in kilowatt- 
hours? (c) If your power company charges about 10 ¢ per 
kilowatt-hour, how much would your energy cost per day if 
you bought it from the power company? Could you feed 
yourself on this much money per day? 


. (II) A British thermal unit (Btu) is a unit of heat in the 


British system of units. One Btu is defined as the heat 
needed to raise 1 lb of water by 1 F°. Show that 


1Btu = 0.252kcal = 1056J. 


. (II) How many joules and kilocalories are generated when 


the brakes are used to bring a 1200-kg car to rest from a 
speed of 95 km/h? 


. (II) A small immersion heater is rated at 350 W. Estimate 


how long it will take to heat a cup of soup (assume this is 
250 mL of water) from 15°C to 75°C. 


3 and 4 Specific Heat; Calorimetry 


7. 


(I) An automobile cooling system holds 18 L of water. How 
much heat does it absorb if its temperature rises from 15°C 
to 95°C? 


. (1) What is the specific heat of a metal substance if 135 kJ of 


heat is needed to raise 5.1kg of the metal from 18.0°C to 
372°C? 


. (II) (a) How much energy is required to bring a 1.0-L pot of 


water at 20°C to 100°C? (b) For how long could this amount 
of energy run a 100-W lightbulb? 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


(II) Samples of copper, aluminum, and water experience 
the same temperature rise when they absorb the same 
amount of heat. What is the ratio of their masses? 

(ID) How long does it take a 750-W coffeepot to bring to a 
boil 0.75 L of water initially at 8.0°C? Assume that the part 
of the pot which is heated with the water is made of 280 g of 
aluminum, and that no water boils away. 

(II) A hot iron horseshoe (mass = 0.40kg), just forged 
(Fig. 28), is dropped into 1.05 L of water in a 0.30-kg iron pot 
initially at 20.0°C. If 
the final equilibrium 
temperature is 25.0°C, 
estimate the initial 
temperature of the 
hot horseshoe. 


FIGURE 28 
Problem 12. 


(II) A 31.5-g glass thermometer reads 23.6°C before it is 
placed in 135 mL of water. When the water and thermometer 
come to equilibrium, the thermometer reads 39.2°C. What 
was the original temperature of the water? [Hint: Ignore the 
mass of fluid inside the glass thermometer.] 
(II) Estimate the Calorie content of 65g of candy from the 
following measurements. A 15-g sample of the candy is placed in 
a small aluminum container of mass 0.325 kg filled with oxygen. 
This container is placed in 2.00kg of water in an aluminum 
calorimeter cup of mass 0.624kg at an initial temperature of 
15.0°C. The oxygen-candy mixture in the small container is 
ignited, and the final temperature of the whole system is 53.5°C. 
(II) When a 290-g piece of iron at 180°C is placed in a 
95-g aluminum calorimeter cup containing 250 g of glycerin 
at 10°C, the final temperature is observed to be 38°C. 
Estimate the specific heat of glycerin. 
(II) The heat capacity, C, of an object is defined as the amount 
of heat needed to raise its temperature by 1 C°. Thus, to raise 
the temperature by AT requires heat Q given by 

Q = CAT. 
(a) Write the heat capacity C in terms of the specific heat, c, 
of the material. (b) What is the heat capacity of 1.0kg of 
water? (c) Of 35 kg of water? 
(IL) The 1.20-kg head of a hammer has a speed of 7.5 m/s 
just before it strikes a nail (Fig. 29) and is brought to rest. 
Estimate the temperature rise of a 14-g iron nail generated 
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by 10 such hammer blows done in quick succession. Assume 
the nail absorbs all the energy. 


FIGURE 29 
Problem 17. 


5 Latent Heat 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


(1) How much heat is needed to melt 26.50 kg of silver that 
is initially at 25°C? 

(1) During exercise, a person may give off 180 kcal of heat in 
25 min by evaporation of water from the skin. How much 
water has been lost? 


(IT) A 35-g ice cube at its melting point is dropped into an 
insulated container of liquid nitrogen. How much nitrogen 
evaporates if it is at its boiling point of 77 K and has a latent 
heat of vaporization of 200kJ/kg? Assume for simplicity 
that the specific heat of ice is a constant and is equal to its 
value near its melting point. 


(II) High-altitude mountain climbers do not eat snow, but 
always melt it first with a stove. To see why, calculate the 
energy absorbed from your body if you (a) eat 1.0kg of 
—10°C snow which your body warms to body temperature 
of 37°C. (b) You melt 1.0kg of —10°C snow using a stove 
and drink the resulting 1.0kg of water at 2°C, which your 
body has to warm to 37°C. 


(II) An iron boiler of mass 180 kg contains 730 kg of water 
at 18°C. A heater supplies energy at the rate of 52,000 kJ/h. 
How long does it take for the water (a) to reach the boiling 
point, and (b) to all have changed to steam? 


(II) In a hot day’s race, a bicyclist consumes 8.0 L of water 
over the span of 3.5 hours. Making the approximation that 
all of the cyclist’s energy goes into evaporating this water as 
sweat, how much energy in kcal did the rider use during the 
ride? (Since the efficiency of the rider is only about 20%, 
most of the energy consumed does go to heat, so our 
approximation is not far off.) 

(II) The specific heat of mercury is 138 J/kg: C°. Determine 
the latent heat of fusion of mercury using the following 
calorimeter data: 1.00 kg of solid Hg at its melting point of 
—39.0°C is placed in a 0.620-kg aluminum calorimeter with 
0.400kg of water at 12.80°C; the resulting equilibrium 
temperature is 5.06°C. 

(II) At a crime scene, the forensic investigator notes that the 
7.2-g lead bullet that was stopped in a doorframe apparently 
melted completely on impact. Assuming the bullet was shot 
at room temperature (20°C), what does the investigator 
calculate as the minimum muzzle velocity of the gun? 

(II) A 58-kg ice-skater moving at 7.5m/s glides to a stop. 
Assuming the ice is at 0°C and that 50% of the heat generated 
by friction is absorbed by the ice, how much ice melts? 


6 and 7 First Law of Thermodynamics 


27. 


(I) Sketch a PV diagram of the following process: 2.0L of 
ideal gas at atmospheric pressure are cooled at constant 
pressure to a volume of 1.0 L, and then expanded isothermally 
back to 2.0L, whereupon the pressure is increased at 
constant volume until the original pressure is reached. 


“i = 5 
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33. 


34. 


(I) A gas is enclosed in a cylinder fitted with a light frictionless 
piston and maintained at atmospheric pressure. When 1250 kcal 
of heat is added to the gas, the volume is observed to increase 
slowly from 12.0 m° to 18.2 m°. Calculate (a) the work done by 
the gas and (b) the change in internal energy of the gas. 


(II) The pressure in an ideal gas is cut in half slowly, while 
being kept in a container with rigid walls. In the process, 
365 kJ of heat left the gas. (a) How much work was done 
during this process? (b) What was the change in internal 
energy of the gas during this process? 


(II) A 1.0-L volume of air initially at 3.5 atm of (absolute) 
pressure is allowed to expand isothermally until the pressure 
is 1.0 atm. It is then compressed at constant pressure to its 
initial volume, and lastly is brought back to its original 
pressure by heating at constant volume. Draw the process 
on a PV diagram, including numbers and labels for 
the axes. 

(ID) Consider the following two-step process. Heat is 
allowed to flow out of an ideal gas at constant volume so 
that its pressure drops from 2.2 atm to 1.4 atm. Then the gas 
expands at constant pressure, from a volume of 5.9L to 
9.3L, where the temperature reaches its original value. 
See Fig. 30. Calculate (a) the total work done by the 
gas in the process, P 
(b) the change in 
internal energy of 
the gas in the 
process, and (c) the 
total heat flow into 
or out of the gas. 


FIGURE 30 
Problem 31. 0 


(ID The PV diagram in Fig. 31 shows two possible states of 
a system containing 1.55 moles of a monatomic ideal 
gas. (P4 = Pa = 455N/m?, V = 2.00m%, V3 = 8.00 m°.) 
(a) Draw the process which depicts an isobaric expansion 
from state 1 to state 2, and label this process A. (b) Find the 
work done by the gas and the change in internal energy of the 
gas in process A. (c) Draw the two-step process which depicts 
an isothermal expansion from state 1 to the volume V2, 
followed by an isovolumetric increase in temperature to 
state 2, and label P 


this process B. (d) (N/m2) 
Find the change sọọ} 4 2 
in internal energy J -s s 
of the gas for the ay 
two-step process B. 3007 
200 + 
100+ 
FIGURE 31 } } } } } 
Problem 32. 0 2 4 6 8 10 V (m3) 
(II) Suppose 2.60mol of an ideal gas of volume 
V, =3.50m? at T,=290K is allowed to expand 


isothermally to V, = 7.00m at T, = 290K. Determine 
(a) the work done by the gas, (b) the heat added to the gas, 
and (c) the change in internal energy of the gas. 

(II) In an engine, an almost ideal gas is compressed 
adiabatically to half its volume. In doing so, 2850 J of work 
is done on the gas. (a) How much heat flows into or out of 
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the gas? (b) What is the change in internal energy of the 
gas? (c) Does its temperature rise or fall? 


(II) One and one-half moles of an ideal monatomic gas expand 
adiabatically, performing 7500 J of work in the process. What is 
the change in temperature of the gas during this expansion? 


(II) Determine (a) the work done and (b) the change in 
internal energy of 1.00 kg of water when it is all boiled to 
steam at 100°C. Assume a constant pressure of 1.00 atm. 


(11) How much work is done by a pump to slowly compress, 
isothermally, 3.50 L of nitrogen at 0°C and 1.00 atm to 1.80 L 
at 0°C? 

(II) When a gas is taken from a to c along the curved path in 
Fig. 32, the work done by the gas is W = —35J and 
the heat added to the gas is Q = —63J. Along path abc, 
the work done is W = —54J. (a) What is Q for path 
abc? (b) If Pe = Pp, what is W for path cda? (c) What 
is Q for path cda? (d) What is Eint.a — Eint,c? (e) If 
Eint.d — Fint,c = 12 J, what is Q for path da? 


P 
b a 
Ç d 
FIGURE 32 
Problems 38, 39, 
and 40. 0 V 


(II) In the process of taking a gas from state a to state c 
along the curved path shown in Fig. 32, 85J of heat leaves 
the system and 55J of work is done on the system. (a) 
Determine the change in internal energy, Eint, a — Eint, c- 
(b) When the gas is taken along the path cda, the work done 
by the gas is W = 38 J. How much heat Q is added to the 
gas in the process cda? (c) If Pa = 2.2Pg, how much work 
is done by the gas in the process abc? (d) What is Q for 
path abc? (e) If Eint.a — Einb = 15J, what is Q for the 
process bc? Here is a summary of what is given: 


Qase = —85I 
Wase = —S55J 
Weda = 38J 
Eint,a — Einb = 15J 
P, = 22P¢4. 


(III) Suppose a gas is taken clockwise around the 
rectangular cycle shown in Fig. 32, starting at b, then to a, to 
d, to c, and returning to b. Using the values given in Problem 
39, (a) describe each leg of the process, and then calculate 
(b) the net work done during the cycle, (c) the total internal 
energy change during the cycle, and (d) the net heat flow 
during the cycle. (e) What percentage of the intake heat was 
turned into usable work: i.e., how efficient is this “rectan- 
gular” cycle (give as a percentage)? 


(III) Determine the work done by 1.00 mol of a van der 
Waals gas when it expands from volume V4 to V3 
isothermally. 


8 Molecular Specific Heat for Gases; Equipartition of 
Energy 


42. 


(I) What is the internal energy of 4.50 mol of an ideal diatomic 
gas at 645 K, assuming all degrees of freedom are active? 


43. 


45. 


47. 


49. 


50. 


(1) If a heater supplies 1.8 X 10°J/h to a room 
3.5m X 4.6m X 3.0m containing air at 20°C and 1.0 atm, 
by how much will the temperature rise in one hour, 
assuming no losses of heat or air mass to the outside? 
Assume air is an ideal diatomic gas with molecular mass 29. 


. (I) Show that if the molecules of a gas have n degrees of 


freedom, then theory predicts Cy=4nR and 
Cp = 3(n + 2)R. 
(qI) A certain monatomic gas has specific heat 


cy = 0.0356 kcal/kg:C°, which changes little over a wide 
temperature range. What is the atomic mass of this gas? 
What gas is it? 


. (II) Show that the work done by n moles of an ideal gas 


when it expands adiabatically is W = nCy (Tı — T3), where 
T, and T are the initial and final temperatures, and Cy is the 
molar specific heat at constant volume. 


(II) An audience of 1800 fills a concert hall of volume 
22,000 m°. If there were no ventilation, by how much would 
the temperature of the air rise over a period of 2.0h due to 
the metabolism of the people (70 W/person)? 


. (II) The specific heat at constant volume of a particular gas 


is 0.182 kcal/kg-K at room temperature, and its molecular 
mass is 34. (a) What is its specific heat at constant pressure? 
(b) What do you think is the molecular structure of this gas? 


(ID) A 2.00 mole sample of N, gas at 0°C is heated to 150°C 
at constant pressure (1.00 atm). Determine (a) the change in 
internal energy, (b) the work the gas does, and (c) the heat 
added to it. 


(II) A 1.00-mol sample of an ideal diatomic gas at a 
pressure of 1.00 atm and temperature of 420 K undergoes a 
process in which its pressure increases linearly with 
temperature. The final temperature and pressure are 720K 
and 1.60 atm. Determine (a) the change in internal energy, 
(b) the work done by the gas, and (c) the heat added to the 
gas. (Assume five active degrees of freedom.) 


9 Adiabatic Expansion of a Gas 


51. 


52. 


53. 


54. 


55. 


(1) A 1.00-mol sample of an ideal diatomic gas, originally at 
1.00 atm and 20°C, expands adiabatically to 1.75 times its 
initial volume. What are the final pressure and temperature 
for the gas? (Assume no molecular vibration.) 

(I) Show, using Eqs. 6 and 15, that the work 
done by a gas that slowly expands adiabatically from 
pressure P; and volume V4, to Pz and V3, is given by 
W = (Pi Vi — P2V2)/(¥ — 1). 


dW = F-dl = PAde 


PdV (6) 
quasistatic r (15) 


process; ideal gas 
(ID) A 3.65-mol sample of an ideal diatomic gas expands 
adiabatically from a volume of 0.1210m* to 0.750 m°. 
Initially the pressure was 1.00 atm. Determine: (a) the initial 
and final temperatures; (b) the change in internal energy; 
(c) the heat lost by the gas; (d) the work done on the gas. 
(Assume no molecular vibration.) 


PV” = constant. | 


(II) An ideal monatomic gas, consisting of 2.8 mol of volume 
0.086 m°, expands adiabatically. The initial and final 
temperatures are 25°C and —68°C. What is the final volume 
of the gas? 


(111) A 1.00-mol sample of an ideal monatomic gas, 
originally at a pressure of 1.00 atm, undergoes a three-step 
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process: (1) it is expanded adiabatically from Tı = 588 K to 
T = 389K; (2) it is compressed at constant pressure until 
its temperature reaches 73; (3) it then returns to its original 
pressure and temperature by a constant-volume process. 


(a) Plot these processes on a PV diagram. (b) Determine T3. 


(c) Calculate the change in internal energy, the work done 
by the gas, and the heat added to the gas for each process, 
and (d) for the complete cycle. 


(IIT) Consider a parcel of air moving to a different altitude y 
in the Earth’s atmosphere (Fig. 33). As the parcel changes 
altitude it acquires the pressure P of the surrounding air. 
From Eq. 20 we have 


dP 
m Oe (20) 
y 


where p is the parcel’s altitude-dependent mass density. 


l “Parcel” of N 
air molecules 


FIGURE 33 
Problem 56. 


During this motion, the parcel’s volume will change and, 
because air is a poor heat conductor, we assume this 
expansion or contraction will take place adiabatically. (a) 
Starting with Eq. 15, PV” = constant, show that for an 
ideal gas undergoing an adiabatic process, 
P!-YT” = constant. Then show that the parcel’s pressure 
and temperature are related by 


dP P dT 
(=F H 
dy T dy 
and thus 
PAT 
1 + 0. 
(1 — Y)(~pg) IT 


(b) Use the ideal gas law with the result from part (a) to 
show that the change in the parcel’s temperature with 
change in altitude is given by 

dT 1-—Y mg 


d Y k 


where m is the average mass of an air molecule and k is 
the Boltzmann constant. (c) Given that air is a diatomic 
gas with an average molecular mass of 29, show that 
dT/dy = —9.8 C°/km. This value is called the adiabatic 
lapse rate for dry air. (d) In California, the prevailing west- 
erly winds descend from one of the highest elevations (the 
4000-m Sierra Nevada mountains) to one of the lowest 
elevations (Death Valley, —100 m) in the continental United 
States. If a dry wind has a temperature of —5°C at the top of 
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the Sierra Nevada, what is the wind’s temperature after it 
has descended to Death Valley? 


Conduction, Convection, Radiation 

(I) (a) How much power is radiated by a tungsten sphere 
(emissivity e = 0.35) of radius 16cm at a temperature of 
25°C? (b) If the sphere is enclosed in a room whose walls 
are kept at —S°C, what is the net flow rate of energy out of 
the sphere? 


(I) One end of a 45-cm-long copper rod with a diameter of 
2.0 cm is kept at 460°C, and the other is immersed in water 
at 22°C. Calculate the heat conduction rate along the rod. 


(ID) How long does it take the Sun to melt a block of ice at 
0°C with a flat horizontal area 1.0 m° and thickness 1.0 cm? 
Assume that the Sun’s rays make an angle of 35° with the 
vertical and that the emissivity of ice is 0.050. 


(II) Heat conduction to skin. Suppose 150 W of heat flows 
by conduction from the blood capillaries beneath the skin to 
the body’s surface area of 1.5m*. If the temperature 
difference is 0.50C°, estimate the average distance of 
capillaries below the skin surface. 


(II) A ceramic teapot (e = 0.70) anda shiny one (e€ = 0.10) 
each hold 0.55 L of tea at 95°C. (a) Estimate the rate of heat 
loss from each, and (b) estimate the temperature drop after 
30min for each. Consider only radiation, and assume the 
surroundings are at 20°C. 


(II) A copper rod and an aluminum rod of the same length 
and cross-sectional area are attached end to end (Fig. 34). The 
copper end is placed in a furnace maintained at a constant 
temperature of 225°C. The aluminum end is placed in an ice 
bath held at constant temperature of 0.0°C. Calculate the 
temperature at the point where the two rods are joined. 


Cu Al 


225°C T=? 0.0°C 


FIGURE 34 Problem 62. 


(ID) (a) Using the solar constant, estimate the rate at which 
the whole Earth receives energy from the Sun. (b) Assume 
the Earth radiates an equal amount back into space (that is, 
the Earth is in equilibrium). Then, assuming the Earth is a 
perfect emitter (e = 1.0), estimate its average surface 
temperature. [Hint: Use area A = 4rrẸ, and state why.] 


(II) A 100-W lightbulb generates 95 W of heat, which is 
dissipated through a glass bulb that has a radius of 3.0cm 
and is 0.50 mm thick. What is the difference in temperature 
between the inner and outer surfaces of the glass? 


(II) A house thermostat is normally set to 22°C, but at 
night it is turned down to 12°C for 9.0h. Estimate how 
much more heat would be needed (state as a percentage of 
daily usage) if the thermostat were not turned down at 
night. Assume that the outside temperature averages 0°C 
for the 9.0h at night and 8°C for the remainder of the day, 
and that the heat loss from the house is proportional to the 
difference in temperature inside and out. To obtain an 
estimate from the data, you will have to make other 
simplifying assumptions; state what these are. 


(II) Approximately how long should it take 9.5kg of ice 
at 0°C to melt when it is placed in a carefully sealed 
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Styrofoam ice chest of dimensions 25cm X 35cm X 55cm 
whose walls are 1.5 cm thick? Assume that the conductivity 
of Styrofoam is double that of air and that the outside 
temperature is 34°C. 


(II) A cylindrical pipe has inner radius R, and outer 
radius Rj. The interior of the pipe carries hot water at 
temperature T4. The temperature outside is T, (<T)). 
(a) Show that the rate of heat loss for a length £ of pipe is 


dQ 2ak(T, — Ta)e 
dt In(R>/R;) 


where k is the thermal conductivity of the pipe. (b) Suppose 
the pipe is steel with R, =3.3cm,R) = 4.0cm, and 
T = 18°C. If the pipe holds still water at T, = 71°C, what 
will be the initial rate of change of its temperature? 
(c) Suppose water at 71°C enters the pipe and moves at a 


68. 


speed of 8.0cm/s. What will be its temperature drop per 
centimeter of travel? 


(IIL) Suppose the insulating qualities of the wall of a house 
come mainly from a 4.0-in. 
layer of brick and an R-19 
layer of insulation, as shown 
in Fig. 35. What is the total 
rate of heat loss through such 
a wall, if its total area is 195 ft? 
and the temperature differ- 
ence across it is 12 F°? 


Brick Insulation 
(R) (Ry) 


Ty 


FIGURE 35 Problem 68. 
Two layers insulating a wall. 


| General Problems 
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A soft-drink can contains about 0.20kg of liquid at 5°C. 
Drinking this liquid can actually consume some of the fat in 
the body, since energy is needed to warm the liquid to body 
temperature (37°C). How many food Calories should the 
drink have so that it is in perfect balance with the heat 
needed to warm the liquid (essentially water)? 


(a) Find the total power radiated into space by the Sun, 
assuming it to be a perfect emitter at T = 5500K. The 
Sun’s radius is 7.0 X 10°m. (b) From this, determine the 
power per unit area arriving at the Earth, 1.5 x 10!!m 
away. 


To get an idea of how much thermal energy is contained in the 
world’s oceans, estimate the heat liberated when a cube of 
ocean water, 1 km on each side, is cooled by 1 K. (Approximate 
the ocean water as pure water for this estimate.) 


A mountain climber wears a goose-down jacket 3.5 cm thick 
with total surface area 0.95 m7. The temperature at the surface 
of the clothing is —18°C and at the skin is 34°C. Determine 
the rate of heat flow by conduction through the jacket 
(a) assuming it is dry and the thermal conductivity k is that 
of goose down, and (b) assuming the jacket is wet, so k is that 
of water and the jacket has matted to 0.50 cm thickness. 


During light activity, a 70-kg person may generate 
200 kcal/h. Assuming that 20% of this goes into useful work 
and the other 80% is converted to heat, estimate the 
temperature rise of the body after 30 min if none of this heat 
is transferred to the environment. 


Estimate the rate at which heat can be conducted from the 
interior of the body to the surface. Assume that the 
thickness of tissue is 4.0 cm, that the skin is at 34°C and the 
interior at 37°C, and that the surface area is 1.5m’. 
Compare this to the measured value of about 230 W that 
must be dissipated by a person working lightly. This clearly 
shows the necessity of convective cooling by the blood. 


A marathon runner has an average metabolism rate of 
about 950 kcal/h during a race. If the runner has a mass of 
55 kg, estimate how much water she would lose to evaporation 
from the skin for a race that lasts 2.2 h. 
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A house has well-insulated walls 19.5cm thick (assume 
conductivity of air) and area 410 m°, a roof of wood 5.5 cm 
thick and area 280m?, and uncovered windows 0.65 cm 
thick and total area 33 m7. (a) Assuming that heat is lost 
only by conduction, calculate the rate at which heat must 
be supplied to this house to maintain its inside temperature 
at 23°C if the outside temperature is —15°C. (b) If the 
house is initially at 12°C, estimate how much heat must be 
supplied to raise the temperature to 23°C within 30 min. 
Assume that only the air needs to be heated and that its 
volume is 750 m°. (c) If natural gas costs $0.080 per kilo- 
gram and its heat of combustion is 5.4 X 10’J/kg, how 
much is the monthly cost to maintain the house as in part 
(a) for 24h each day, assuming 90% of the heat produced is 
used to heat the house? Take the specific heat of air to be 
0.24 kcal/kg C°. 


In a typical game of squash (Fig. 36), two people hit a soft 
rubber ball at a wall until they are about to drop due to 
dehydration and exhaustion. Assume that the ball hits the 
wall at a velocity of 22 m/s and bounces back with a 
velocity of 12 m/s, and that the kinetic energy lost in the 
process heats the ball. What will be the temperature 
increase of the ball after one bounce? (The specific heat of 
rubber is about 1200 J/kg- C°.) 


Taxi/Getty Images 


FIGURE 36 Problem 77. 
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. A bicycle pump is a cylinder 22cm long and 3.0cm in 
diameter. The pump contains air at 20.0°C and 1.0 atm. If 
the outlet at the base of the pump is blocked and the handle 
is pushed in very quickly, compressing the air to half its 
original volume, how hot does the air in the pump become? 


A microwave oven is used to heat 250g of water. On its 
maximum setting, the oven can raise the temperature of the 
liquid water from 20°C to 100°C in 1 min 45 s (= 105 s). (a) At 
what rate does the oven input energy to the liquid water? 
(b) If the power input from the oven to the water remains 
constant, determine how many grams of water will boil away if 
the oven is operated for 2 min (rather than just 1 min 45s). 


The temperature within the Earth’s crust increases about 
1.0 C° for each 30 m of depth. The thermal conductivity of the 
crust is 0.80 W/C°-m. (a) Determine the heat transferred 
from the interior to the surface for the entire Earth in 1.0h. 
(b) Compare this heat to the amount of energy incident on 
the Earth in 1.0h due to radiation from the Sun. 

An ice sheet forms on a lake. The air above the sheet 
is at —18°C, whereas the water is at 0°C. Assume that 
the heat of fusion of the water freezing on the lower 
surface is conducted through the sheet to the air above. How 
much time will it take to form a sheet of ice 15 cm thick? 
An iron meteorite melts when it enters the Earth’s 
atmosphere. If its initial temperature was —105°C outside of 
Earth’s atmosphere, calculate the minimum velocity the 
meteorite must have had before it entered Earth’s atmosphere. 


A scuba diver releases a 3.60-cm-diameter (spherical) 
bubble of air from a depth of 14.0m. Assume the tempera- 
ture is constant at 298 K, and that the air behaves as an ideal 
gas. (a) How large is the bubble when it reaches the 
surface? (b) Sketch a PV diagram for the process. (c) Apply 
the first law of thermodynamics to the bubble, and find the 
work done by the air in rising to the surface, the change in 
its internal energy, and the heat added or removed from the 
air in the bubble as it rises. Take the density of water to be 
1000 kg/m. 

A reciprocating compressor is a device that compresses air 
by a back-and-forth straight-line motion, like a piston in a 
cylinder. Consider a reciprocating compressor running at 
150rpm. During a compression stroke, 1.00 mol of air is 
compressed. The initial temperature of the air is 390K, 
the engine of the compressor is supplying 7.5 kW of 
power to compress the air, and heat is being removed at the 
rate of 1.5kW. Calculate the temperature change per 
compression stroke. 


The temperature of the glass surface of a 75-W lightbulb is 
75°C when the room temperature is 18°C. Estimate the 
temperature of a 150-W lightbulb with a glass bulb the same 
size. Consider only radiation, and assume that 90% of the 
energy is emitted as heat. 


Suppose 3.0 mol of neon (an ideal monatomic gas) at STP 
are compressed slowly and isothermally to 0.22 the original 
volume. The gas is then allowed to expand quickly and 
adiabatically back to its original volume. Find the highest 
and lowest temperatures and pressures attained by the gas, 
and show on a PV diagram where these values occur. 


At very low temperatures, the molar specific heat of many 
substances varies as the cube of the absolute temperature: 


T? 
C = k— 
i 


88. 


89. 


90. 


which is sometimes called Debye’s law. For rock salt, 
To = 281K and k = 1940J/mol-K. Determine the heat 
needed to raise 2.75 mol of salt from 22.0 K to 48.0 K. 


A diesel engine accomplishes ignition without a spark plug 
by an adiabatic compression of air to a temperature above 
the ignition temperature of the diesel fuel, which is injected 
into the cylinder at the peak of the compression. Suppose 
air is taken into the cylinder at 280 K and volume V4 and is 
compressed adiabatically to 560°C (~ 1000°F) and volume 
V,.Assuming that the air behaves as an ideal gas whose 
ratio of Cp to Cy is 1.4, calculate the compression ratio 
V/V of the engine. 


When 6.30 X 10°J of heat is added to a gas enclosed in a 
cylinder fitted with a light frictionless piston maintained at 
atmospheric pressure, the volume is observed to increase 
from 2.2m? to 4.1 m°. Calculate (a) the work done by the 
gas, and (b) the change in internal energy of the gas. 
(c) Graph this process on a PV diagram. 


In a cold environment, a person can lose heat by conduction 
and radiation at a rate of about 200 W. Estimate how long it 
would take for the body temperature to drop from 36.6°C to 
35.6°C if metabolism were nearly to stop. Assume a mass of 
70 kg. (See Table1.) 


TABLE 1 Specific Heats 
(at 1 atm constant pressure and 20°C 
unless otherwise stated) 


Specific Heat, c 
Substance keal/kg-C° J/kg -C° 
(= cal/g - C°) 

Aluminum 0.22 900 
Alcohol 

(ethyl) 0.58 2400 
Copper 0.093 390 
Glass 0.20 840 
Tron or steel 0.11 450 
Lead 0.031 130 
Marble 0.21 860 
Mercury 0.033 140 
Silver 0.056 230 
Wood 0.4 1700 
Water 

else) 0.50 2100 

Liquid (15°C) 1.00 4186 

Steam (110°C) 0.48 2010 
Human body 

(average) 0.83 3470 
Protein 0.4 1700 

* Numerical/Computer 


*91. (II) Suppose 1.0mol of steam at 100°C of volume 


0.50m? is expanded isothermally to volume 1.00 m°. 
Assume steam obeys the van der Waals equation 
(P + n’a/V?)(V/n — b) = RT, with a = 0.55N-m*/mol? 
and b=3.0X10°m*/mol. Using the expression 
dW = P dV, determine numerically the total work done 
W. Your result should agree within 2% of the result 
obtained by integrating the expression for dW. 
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Heat and the First Law of Thermodynamics: Problem Set 


Answers to Odd-Numbered Problems 


1. 10.7°C. (c) —84 J; 61. (a) Ceramic: 14 W, shiny: 2.0 W; 
3. (a) 1.0 x 10’ J; (d) —114J; (b) ceramic: 11 C°, shiny: 1.6 C°. 
(b) 2.9 kWh; (e) —15J. 63. (a) 1.73 x 10" W; 
(c) $0.29 per day, no. 41. RT In (V2 — b) of 1 1 (b) 278 K or 5°C. 
5. 4.2 X 10°J, 1.0 x 10° kcal. i (Vi — b) Va Vi) 65. 28%. 
7. 6.0 x 10°J. 43. 43 C°. 67. (b) 4.8 C°/s; 
9. (a) 3.3 X 105 J; 45. 83.7 g/mol, krypton. (c) 0.60 C°/cm. 
(b) 56 min. 47. 48 C°. 69. 6.4 o. ; 
11. 6.9 min. 49. (a) 6230J; 71. 4 ‘a 10° J. 
13. 39.9°C. (b) 2490 J; sa ; 
3 o Paro Ht A 
15. 2.3 X 10° J/kg: C°. (c) 87207. a 
17. 54 C°. 7 77. 0.14. C°. 
51. 0.457 atm, —39°C. 
19. 0.31 kg. 79. (a) 800 W; 
8 53. (a) 404K, 195 K; Bea 
21. (a) 51x 10°J; (b) —1.59 x 104 J: ( ) 38 
(b) 1.5 x 10°J. (c) 0: 81. a days. 
i 83. (a) 4.79 cm; 
23. 4700 kcal. (d) -1.59 x 10t J. 
25. 360 m/s. 55. (a) M 
27. 15 : 


Pressure (atm) 
© 


1.0 
0.9 
14 á = 08 INS 
Ẹ $07 T ; 
2 c a 0.6 3 ~~ 
“os á oA | a =— 0 10 20 30 40 50 60 70 
= 03 å V (mL) 


T T T T 
0.04 0.05 0.06 0.07 0.08 0.09 


Vm) (c) Q = 4.99 J, AE = 0, W = 4.99 J. 
0 (b) 209 K; 85. 110°C. 
0.0 1.0 va) (c) Qy-42 = 0, 87. 305 J. 
AE „2 = —2480J, 89. (a) 1.9 x 10°J; 
29. (a) 0; W112 = 24804, (b) 4.4 X 105 J; 
(b) —365 kJ. Q>_,3 = —3740J, (c) P (atm) 
31. (a) 480 J; AE>_,3 = —2240 J, 
(b) 0; W_,3 = —1490J, 
(c) 480 J into gas. Q3_,1 = 4720J, + ----4-— 
33. (a) 4350J; AEs 34 = 4/20, = 
(b) 4350 J; Wat 7 o; i i 
(d) Qcyele = 990 J, |____|__|__ V (m4) 
(c) 0. AE cycte = 0, 0 22 4l 
35. —4.0 x 10° K. Weycle = 990 J. 91. 2200 J. 
37. 236 J. 57. (a) 5.0 X 10! W; 
39. (a) 3.0 X 10'J; (b) 17 W. 
(b) 68 J; 59. 21h. 


Second Law of 
Thermodynamics 


From Chapter 20 of Physics for Scientists & Engineers with Modern Physics, Fourth Edition, Douglas C. Giancoli. 
Copyright © 2009 by Pearson Education, Inc. Published by Pearson Prentice Hall. All rights reserved. 
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There are many uses for a heat 
engine, such as old steam trains and 
modern coal-burning power plants. 
Steam engines produce steam which 
does work: on turbines to generate 
electricity, and on a piston that 
moves linkage to turn locomotive 
wheels. The efficiency of any 
engine—no matter how carefully 
engineered—is limited by nature as 
described in the second law of 
thermodynamics. This great law is 
best stated in terms of a quantity 
called entropy, which is unlike any 
other. Entropy is not conserved, but 
instead is constrained always to 
increase in any real process. Entropy 
is a measure of disorder. The second 
law of thermodynamics tells us that 
as time moves forward, the disorder 
in the universe increases. 

We discuss many practical matters 
including heat engines, heat pumps, 
and refrigeration. 


CONTENTS 


1 The Second Law of 
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3 Reversible and Irreversible 
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*11 Thermal Pollution, Global 
Warming, and Energy Resources 
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Second Law of 


Thermodynamics 


CHAPTER-OPENING QUESTION — Guess now! 
[Don't worry about getting the right answer now—the idea is to get your preconceived notions out on 
the table.] 
Fossil-fuel electric generating plants produce “thermal pollution.” Part of the heat 
produced by the burning fuel is not converted to electric energy. The reason for 
this waste is 


(a) The efficiency is higher if some heat is allowed to escape. 

(b) Engineering technology has not yet reached the point where 100% waste 
heat recovery is possible. 

(c) Some waste heat must be produced: this is a fundamental property of nature 
when converting heat to useful work. 

(d) The plants rely on fossil fuels, not nuclear fuel. 

(e) None of the above. 


n this Chapter, we discuss the famous second law of thermodynamics, and 

the quantity “entropy” that arose from this fundamental law and is its 

quintessential expression. We also discuss heat engines—the engines that 

transform heat into work in power plants, trains, and motor vehicles— 
because they first showed us that a new law was needed. Finally, we briefly 
discuss the third law of thermodynamics. 


Note: Sections marked with an asterisk (*) may be considered optional by the instructor . 


Leonard Lessin/Peter Arnold, Inc. 


Second Law of Thermodynamics 


1] The Second Law of 
Thermodynamics — Introduction 


The first law of thermodynamics states that energy is conserved. There are, 
however, many processes we can imagine that conserve energy but are not 
observed to occur in nature. For example, when a hot object is placed in contact 
with a cold object, heat flows from the hotter one to the colder one, never 
spontaneously the reverse. If heat were to leave the colder object and pass to the 
hotter one, energy could still be conserved. Yet it does not happen spontaneously." 
As a second example, consider what happens when you drop a rock and it hits 
the ground. The initial potential energy of the rock changes to kinetic energy 
as the rock falls. When the rock hits the ground, this energy in turn is transformed 
into internal energy of the rock and the ground in the vicinity of the impact; 
the molecules move faster and the temperature rises slightly. But have you seen 
the reverse happen—a rock at rest on the ground suddenly rise up in the air 
because the thermal energy of molecules is transformed into kinetic energy of 
the rock as a whole? Energy could be conserved in this process, yet we never 
see it happen. 

There are many other examples of processes that occur in nature but whose 
reverse does not. Here are two more. (1) If you put a layer of salt in a jar and 
cover it with a layer of similar-sized grains of pepper, when you shake it you get a 
thorough mixture. But no matter how long you shake it, the mixture does not 
separate into two layers again. (2) Coffee cups and glasses break spontaneously if 
you drop them. But they do not go back together spontaneously (Fig. 1). 


FIGURE 1 Have you ever observed 
this process, a broken cup 
spontaneously reassembling and 
rising up onto a table? This process 
could conserve energy and other 
laws of mechanics. 


(a) Initial state. (b) Later: cup reassembles (c) Later still: cup lands on table. 
and rises up. 


The first law of thermodynamics (conservation of energy) would not be 
violated if any of these processes occurred in reverse. To explain this lack of 
reversibility, scientists in the latter half of the nineteenth century formulated a new 
principle known as the second law of thermodynamics. 

The second law of thermodynamics is a statement about which processes occur 
in nature and which do not. It can be stated in a variety of ways, all of which are 
equivalent. One statement, due to R. J. E. Clausius (1822—1888), is that 


heat can flow spontaneously from a hot object to a cold object; heat will not SECOND LAW OF THERMODYNAMICS 
flow spontaneously from a cold object to a hot object. (Clausius statement) 


Since this statement applies to one particular process, it is not obvious how it 
applies to other processes. A more general statement is needed that will include 
other possible processes in a more obvious way. 

The development of a general statement of the second law of thermodynamics 
was based partly on the study of heat engines. A heat engine is any device 
that changes thermal energy into mechanical work, such as a steam engine 
or automobile engine. We now examine heat engines, both from a practical 
point of view and to show their importance in developing the second law 
of thermodynamics. 


‘By spontaneously, we mean by itself without input of work of some sort. (A refrigerator does move 
heat from a cold environment to a warmer one, but only because its motor does work—Section 4.) 
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FIGURE 2 Schematic diagram of 
energy transfers for a heat engine. 


A CAUTION 


New sign convention: 
Oy > 0,0, > 0,W > 0 


@ puysics APPLIED 
Engines 


FIGURE 3 Steam engines. 
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2 Heat Engines 


It is easy to produce thermal energy by doing work—for example, by simply 
rubbing your hands together briskly, or indeed by any frictional process. But to get 
work from thermal energy is more difficult, and a practical device to do this was 
invented only about 1700 with the development of the steam engine. 

The basic idea behind any heat engine is that mechanical energy can be 
obtained from thermal energy only when heat is allowed to flow from a high 
temperature to a low temperature. In the process, some of the heat can then be 
transformed to mechanical work, as diagrammed schematically in Fig. 2. 
We will be interested only in engines that run in a repeating cycle (that 
is, the system returns repeatedly to its starting point) and thus can run 
continuously. In each cycle the change in internal energy of the system is 
A Eint = 0 because it returns to the starting state. Thus a heat input Qy at a high 
temperature Ty is partly transformed into work W and partly exhausted as heat 
Q, at a lower temperature T, (Fig. 2). By conservation of energy, 
Qu = W + Qı. The high and low temperatures, Ty and 7,, are called the 
operating temperatures of the engine. Note carefully that we are now using a 
new sign convention: we take Qu, Q, and W as always positive. The direction of 
each energy transfer is shown by the arrow on the applicable diagram, such as 
Fig. 2. 


Steam Engine and Internal Combustion Engine 


The operation of a steam engine is illustrated in Fig. 3. Steam engines are of two 
main types, each making use of steam heated by combustion of coal, oil or gas, or 
by nuclear energy. In a reciprocating engine, Fig. 3a, the heated steam passes 
through the intake valve and expands against a piston, forcing it to move. As the 
piston returns to its original position, it forces the gases out the exhaust valve. A 
steam turbine, Fig. 3b, is very similar except that the reciprocating piston is 
replaced by a rotating turbine that resembles a paddlewheel with many sets of 
blades. Most of our electricity today is generated using steam turbines.’ The 
material that is heated and cooled, steam in this case, is called the working substance. 


‘Even nuclear power plants utilize steam turbines; the nuclear fuel—uranium—merely serves as fuel to 
heat the steam. 


(a) Reciprocating type (b) Turbine (boiler and 
condenser not shown) 


High temperature High-pressure steam, 
from boiler 


Intake valve 
(open during 
expansion) 

A 


Exhaust valve 
(closed during 
expansion) 


Low-pressure steam, 
exhausted to condenser 


Condenser 


— Low temperature 
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Intake Exhaust Both valves Both valves Both valves Exhaust 
valve valve closed closed closed valve 
(open) (closed) (open) 
To exhaust 
Z Spark 5 pipe 
Gas-—air plug Å 
mixture from (firing) 
carburetor o 
[0] 
Connecting- \ iid 
rod 


Crankshaft 


(a) Intake 


(b) Compression (c) Ignition 


(d) Expansion 
(power stroke) 


In an internal combustion engine (used in most automobiles), the high 
temperature is achieved by burning the gasoline—air mixture in the cylinder itself 
(ignited by the spark plug), as described in Fig. 4. 


Why a AT Is Needed to Drive a Heat Engine 


To see why a temperature difference is required to run an engine, let us examine 
the steam engine. In the reciprocating engine, for example, suppose there were no 
condenser or pump (Fig. 3a), and that the steam was at the same temperature 
throughout the system. This would mean that the pressure of the gas being 
exhausted would be the same as that on intake. Thus, although work would be 
done by the gas on the piston when it expanded, an equal amount of work would 
have to be done by the piston to force the steam out the exhaust; hence, no net 
work would be done. In a real engine, the exhausted gas is cooled to a lower 
temperature and condensed so that the exhaust pressure is less than the intake 
pressure. Thus, although the piston must do work on the gas to expel it on the 
exhaust stroke, it is less than the work done by the gas on the piston during the 
intake. So a net amount of work can be obtained—but only if there is a difference 
of temperature. Similarly, in the gas turbine if the gas isn’t cooled, the pressure on 
each side of the blades would be the same. By cooling the gas on the exhaust side, 
the pressure on the back side of the blade is less and hence the turbine turns. 


Efficiency and the Second Law 
The efficiency, e, of any heat engine can be defined as the ratio of the work it 
does, W, to the heat input at the high temperature, Qy (Fig. 2): 
aM 

On 
This is a sensible definition since W is the output (what you get from the engine), 
whereas Qy is what you put in and pay for in burned fuel. Since energy is 
conserved, the heat input Qy must equal the work done plus the heat that flows 
out at the low temperature (Q,): 

On = W + Qu 

Thus W = Qy — Q, and the efficiency of an engine is 


e 


g= 2 (1a) 
Qu - O Q, 

Sl . 1b 

On On tia 


To give the efficiency as a percent, we multiply Eqs. 1 by 100. Note that e could be 
1.0 (or 100%) only if Q; were zero—that is, only if no heat were exhausted to the 
environment. 


FIGURE 4 Four-stroke-cycle 
internal combustion engine: (a) the 
gasoline—air mixture flows into the 
cylinder as the piston moves down; 
(b) the piston moves upward and 
compresses the gas; (c) the brief 
instant when firing of the spark plug 
ignites the highly compressed 
gasoline—air mixture, raising it to a 
high temperature; (d) the gases, now 
at high temperature and pressure, 
expand against the piston in this, the 
power stroke; (e) the burned gases 
are pushed out to the exhaust pipe; 
when the piston reaches the top, the 
exhaust valve closes and the intake 
valve opens, and the whole cycle 
repeats. (a), (b), (d), and (e) are the 
four strokes of the cycle. 
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Second Law of Thermodynamics 


Car efficiency. An automobile engine has an efficiency of 20% 
and produces an average of 23,000 J of mechanical work per second during oper- 
ation. (a) How much heat input is required, and (b) how much heat is discharged 
as waste heat from this engine, per second? 

APPROACH We want to find the heat input Qy as well as the heat output Q, , 
given W = 23,000J each second and an efficiency e = 0.20. We can use the 
definition of efficiency, Eq. 1 in its various forms, to find first Qy and 
then QL. 

SOLUTION (a) From Eq. 1a, e = W/Qy, we solve for Qp: 


_ W _ 23,0005 
Qu = e 0.20 
= 115 x 10°J = 115k). 


The engine requires 115kJ/s = 115kW of heat input. 
(b) Now we use Eq. 1b (e = 1 — Q,/Qy) and solve for Q, : 

QO, = (1 — e)Qy = (0.80)115kJ = 92k). 
The engine discharges heat to the environment at a rate of 92 kJ/s = 92 kW. 
NOTE Of the 115kJ that enters the engine per second, only 23kJ does useful 
work whereas 92 kJ is wasted as heat output. 


NOTE The problem was stated in terms of energy per unit time. We could just as 
well have stated it in terms of power, since 1J/s = 1 W. 


i EXERCISE A An adiabatic process is defined as one in which no heat flows in or out of the 
: system. If an ideal gas expands as shown in Fig. 5, the work W done in this expansion 

H v equals the area under the graph, shown shaded. The efficiency of this process would be 
FIGURE 5 Adiabatic process, e = W/Q, much greater than 100% (=00 since Q = 0). Is this a violation of the second 
Exercise A. law? 


It is clear from Eq. 1b, e = 1 — Q, /Qy, that the efficiency of an engine will be 
greater if Q; can be made small. However, from experience with a wide variety of 
systems, it has not been found possible to reduce Q, to zero. If Q, could be reduced 
to zero we would have a 100% efficient engine, as diagrammed in Fig. 6. 


FIGURE 6 Schematic diagram of a 
hypothetical perfect heat engine in 
which all the heat input would be 
used to do work. 


That such a perfect engine (running continuously in a cycle) is not possible is 
another way of expressing the second law of thermodynamics: 


SECOND LAW OF THERMODYNAMICS No device is possible whose sole effect is to transform a given amount of heat 
(Kelvin-Planck statement) completely into work. 


This is known as the Kelvin-Planck statement of the second law of thermodynamics. 
Said another way, there can be no perfect (100% efficient) heat engine such as that 
diagrammed in Fig. 6. 

If the second law were not true, so that a perfect engine could be built, some 
rather remarkable things could happen. For example, if the engine of a ship did not 
need a low-temperature reservoir to exhaust heat into, the ship could sail across 
the ocean using the vast resources of the internal energy of the ocean water. 
Indeed, we would have no fuel problems at all! 
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3 Reversible and Irreversible 
Processes; the Carnot Engine 


In the early nineteenth century, the French scientist N. L. Sadi Carnot (1796-1832) 
studied in detail the process of transforming heat into mechanical energy. His aim 
had been to determine how to increase the efficiency of heat engines, but his 
studies soon led him to investigate the foundations of thermodynamics itself. In 1824, 
Carnot invented (on paper) an idealized type of engine which we now call the Carnot 
engine. No Carnot engine actually exists, but as a theoretical idea it played an impor- 
tant role in the establishment and understanding of the second law of thermodynamics. 


Reversible and Irreversible Processes 


The Carnot engine involves reversible processes, so before we discuss it we must 
discuss what is meant by reversible and irreversible processes. A reversible 
process is one that is carried out infinitely slowly, so that the process can be 
considered as a series of equilibrium states, and the whole process could be done 
in reverse with no change in magnitude of the work done or heat exchanged. For 
example, a gas contained in a cylinder fitted with a tight, movable, but frictionless 
piston could be compressed isothermally in a reversible way if done infinitely 
slowly. Not all very slow (quasistatic) processes are reversible, however. If there is 
friction present, for example (as between the movable piston and cylinder just 
mentioned), the work done in one direction (going from some state A to state B) 
will not be the negative of the work done in the reverse direction (state B to 
state A). Such a process would not be considered reversible. A perfectly reversible 
process is not possible in reality because it would require an infinite time; reversible 
processes can be approached arbitrarily closely, however, and they are very 
important theoretically. 

All real processes are irreversible: they are not done infinitely slowly. There 
could be turbulence in the gas, friction would be present, and so on. Any process 
could not be done precisely in reverse since the heat lost to friction would not 
reverse itself, the turbulence would be different, and so on. For any given volume 
there would not be a well-defined pressure P and temperature T since the system 
would not always be in an equilibrium state. Thus a real, irreversible, process 
cannot be plotted on a PV diagram, except insofar as it may approach an ideal 
reversible process. But a reversible process (since it is a quasistatic series of 
equilibrium states) always can be plotted on a PV diagram; and a reversible 
process, when done in reverse, retraces the same path on a PV diagram. Although 
all real processes are irreversible, reversible processes are conceptually important, 
just as the concept of an ideal gas is. 


Carnot’s Engine 


Now let us look at Carnot’s idealized engine. The Carnot engine makes use of a 
reversible cycle, by which we mean a series of reversible processes that take a 
given substance (the working substance) from an initial equilibrium state through 
many other equilibrium states and returns it again to the same initial state. 
In particular, the Carnot engine utilizes the Carnot cycle, which is illustrated in 
Fig. 7, with the working substance assumed to be an ideal gas. Let us take point a as 
the initial state. The gas is first expanded isothermally and reversibly, path ab, 
at temperature Ty, as heat Qy is added to it. Next the gas is expanded adiabati- 
cally and reversibly, path bc; no heat is exchanged and the temperature of the gas 
is reduced to 7}. The third step is a reversible isothermal compression, path cd, 
during which heat Q, flows out of the working substance. Finally, the gas is 
compressed adiabatically, path da, back to its original state. Thus a Carnot cycle 
consists of two isothermal and two adiabatic processes. 

The net work done in one cycle by a Carnot engine (or any other type of engine 
using a reversible cycle) is equal to the area enclosed by the curve representing the 
cycle on the PV diagram, the curve abcd in Fig. 7. 


0 V 


FIGURE 7 The Carnot cycle. 
Heat engines work in a cycle, and 
the cycle for the Carnot engine 
begins at point a on this PV 
diagram. (1) The gas is first 
expanded isothermally, with the 
addition of heat Qy,, along the 
path ab at temperature Ty. 

(2) Next the gas expands 
adiabatically from b to c—no 
heat is exchanged, but the 
temperature drops to Ti. (3) The 
gas is then compressed at constant 
temperature T, , path cd, and heat 
Q flows out. (4) Finally, the gas is 
compressed adiabatically, path da, 
back to its original state. No Carnot 
engine actually exists, but as a 
theoretical idea it played an 
important role in the development 
of thermodynamics. 
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Carnot Efficiency and the Second Law of Thermodynamics 
The efficiency of a Carnot engine, like any heat engine, is given by Eq. 1b: 


For a Carnot engine using an ideal gas, however, we can show that the efficiency 
depends only on the temperatures of the heat reservoirs, Tą and 7,. In the first 
isothermal process ab in Fig. 7, the work done by the gas is 

W, RT qin” 

= fi > 
ab nny V. 


a 


where n is the number of moles of the ideal gas used as working substance. 
Because the internal energy of an ideal gas does not change when the temperature 
remains constant, the first law of thermodynamics tells us that the heat added to 
the gas equals the work done by the gas: 


Q RT gin & 
= ri 

H nki V, 
Similarly, the heat lost by the gas in the isothermal process cd is 

V: 
QL = nRT, In Va t 


The paths bc and da are adiabatic, so we have: 
PV = PV? and AVi = BV} 


where Y = Cp/Cy is the ratio of molar specific heats. Also, from the ideal gas 
law, 


P, Vo PV. PaVa — PaVa 
= and = . 
Ty T, Tr, Ty 


When we divide these last equations, term by term, into the corresponding set of 
equations on the line above, we obtain 


Ta Vt = RV? and T,Va = TaV2 


Next we divide the equation on the left by the one on the right and obtain 


V ¥=1 V. Y-1 
2 2e 
($) 7 ($) 


or 
Ve. MV 
Va Va 
Inserting this result in our equations for Qy and Q, above, we obtain 
QL T, 
ae a ey [Carnot cycle] (2) 
On Ty 
Hence the efficiency of a reversible Carnot engine can now be written 
beg = pe 8 
‘deal = 1- — 
idea. On 
or 
a =1- T Carnot efficiency; (3) 
a Ta Kelvin temperatures 


The temperatures T, and Tų are the absolute or Kelvin temperatures as measured 
on the ideal gas temperature scale. Thus the efficiency of a Carnot engine depends 
only on the temperatures T; and Ty. 


Second Law of Thermodynamics 


We could imagine other possible reversible cycles that could be used for an 
ideal reversible engine. According to a theorem stated by Carnot: 


All reversible engines operating between the same two constant temperatures 
Ty and T, have the same efficiency. Any irreversible engine operating between 
the same two fixed temperatures will have an efficiency less than this. 


This is known as Carnot’s theorem." It tells us that Eq. 3, e = 1 — (T,/Tu), 
applies to any ideal reversible engine with fixed input and exhaust temperatures, 
Ty and T,, and that this equation represents a maximum possible efficiency for a 
real (i.e., irreversible) engine. 

In practice, the efficiency of real engines is always less than the Carnot 
efficiency. Well-designed engines reach perhaps 60% to 80% of Carnot efficiency. 


A phony claim? An engine manufacturer makes the following 
claims: An engine’s heat input per second is 9.0kJ at 435 K. The heat output per 
second is 4.0 kJ at 285 K. Do you believe these claims? 


APPROACH The engine’s efficiency can be calculated from the definition, 
Eqs. 1. It must be less than the maximum possible, Eq. 3. 


SOLUTION The claimed efficiency of the engine is (Eq. 1b) 


624222216 79 a ay 
On 9.0 kJ 
or 56%. However, the maximum possible efficiency is given by the Carnot efficiency, 
Eq. 3: 
T, 285 K 
i 1 iL 0.34 
ideal Ta 435K > 


or 34%. The manufacturer’s claims violate the second law of thermodynamics and 
cannot be believed. 


EXERCISE B A motor is running with an intake temperature Ty = 400K and an exhaust 
temperature 7g = 300K. Which of the following is not a possible efficiency for the 
engine? (a) 0.10; (b) 0.16; (c) 0.24; (d) 0.30. 


It is clear from Eq. 3 that a 100% efficient engine is not possible. Only if the 
exhaust temperature, 7, , were at absolute zero would 100% efficiency be obtain- 
able. But reaching absolute zero is a practical (as well as theoretical) impossibility.* 
Thus we can state, as we already did in Section 2, that no device is possible whose 
sole effect is to transform a given amount of heat completely into work. As we saw 
in Section 2, this is known as the Kelvin-Planck statement of the second law of ther- 
modynamics. It tells us that there can be no perfect (100% efficient) heat engine 
such as the one diagrammed in Fig. 6. 


EXERCISE C Return to the Chapter-Opening Question and answer it again now. Try to 
explain why you may have answered differently the first time. 


*The Otto Cycle 


The operation of an automobile internal combustion engine (Fig. 4) can be 
approximated by a reversible cycle known as the Otto cycle, whose PV diagram is 
shown in Fig. 8. Unlike the Carnot cycle, the input and exhaust temperatures of the 
Otto cycle are not constant. Paths ab and cd are adiabatic, and paths be and da are 
at constant volume. The gas (gasoline-air mixture) enters the cylinder at point a and 
is compressed adiabatically (compression stroke) to point b. At b ignition occurs 
(spark plug) and the burning of the gas adds heat Qy to the system at con- 
stant volume (approximately in a real engine). The temperature and pressure rise, 
and then in the power stroke, cd, the gas expands adiabatically. In the exhaust 
stroke, da, heat Q, is ejected to the environment (in a real engine, the gas leaves 
the engine and is replaced by a new mixture of air and fuel). 


*Carnot’s theorem can be shown to follow directly from either the Clausius or Kelvin-Planck statements 
of the second law of thermodynamics. 


*This result is known as the third law of thermodynamics, as discussed in Section 10. 


FIGURE 8 The Otto cycle. 
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FIGURE 8 (repeated for Example 3) 
The Otto cycle. 


FIGURE 9 Schematic diagram of 
energy transfers for a refrigerator or 
air conditioner. 
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Second Law of Thermodynamics 


The Otto cycle. (a) Show that for an ideal gas as working 
substance, the efficiency of an Otto cycle engine is 


Va 1-¥ 
= 1 — | — 
i (7) 


where Y is the ratio of specific heats (Y = Cp/Cy) and V,/V, is the compression 
ratio. (b) Calculate the efficiency for a compression ratio V,/V, = 8.0 assuming a 
diatomic gas like O, and N}. 


APPROACH We use the original definition of efficiency and the results for 
constant volume and adiabatic processes. 
SOLUTION The heat exchanges take place at constant volume in the ideal 
Otto cycle, so: 

Qu = nC\(T,-T,) and Q, = nC,(Tg -T,). 


Then from Eq. 1b, 


7 1 QL 1 B]. 


On To an Ty 


To get this in terms of the compression ratio, V,/V,, we use the result from 
PV” = constant during the adiabatic processes ab and cd. 
Thus 


P,Vi = P,V% and PV = PV}. 

We use the ideal gas law, P = nRT/V, and substitute P into these two equations 
LV. = Vy) and Lv = nV. 

Then the efficiency (see above) is 


yee] o p EUIS =ne] 
i TET Tei 


But processes bc and da are at constant volume, so V, = V, and Vy = V}. Hence 
V./Va = Vo/V, and 


bsi Lez Li (ee) a (Ya). 


Te E Tp Va Vo 


b) For diatomic molecules, Y = Cp/Cy = 1.4 so 
(b) p/Cv 
e = 1- (8.0) = 1 -— (8.0)™4 = 0.56. 


Real engines do not reach this high efficiency because they do not follow 
perfectly the Otto cycle, plus there is friction, turbulence, heat loss and incomplete 
combustion of the gases. 


4 Refrigerators, Air Conditioners, and 
Heat Pumps 


The operating principle of refrigerators, air conditioners, and heat pumps is just the 
reverse of a heat engine. Each operates to transfer heat out of a cool environment 
into a warm environment. As diagrammed in Fig. 9, by doing work W, heat is taken 
from a low-temperature region, T} (such as inside a refrigerator), and a greater 
amount of heat is exhausted at a high temperature, Tj, (the room). You can often 
feel this heated air blowing out beneath a refrigerator. The work W is usually done 
by an electric motor which compresses a fluid, as illustrated in Fig. 10. 
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A perfect refrigerator—one in which no work is required to take heat from 
the low-temperature region to the high-temperature region—is not possible. This 
is the Clausius statement of the second law of thermodynamics, already mentioned 
in Section 1, which can be stated formally as 


No device is possible whose sole effect is to transfer heat from one system at 
a temperature 7, into a second system at a higher temperature Ty. 


To make heat flow from a low-temperature object (or system) to one at a higher 
temperature, work must be done. Thus, there can be no perfect refrigerator. 
The coefficient of performance (COP) of a refrigerator is defined as the heat 
Q, removed from the low-temperature area (inside a refrigerator) divided by the 
work W done to remove the heat (Fig. 9 or 10b): 
QL 


COP = 7 | 


This makes sense because the more heat Q, that can be removed from the inside of the 
refrigerator for a given amount of work, the better (more efficient) the refrigerator is. 
Energy is conserved, so from the first law of thermodynamics we can write 
(see Fig. 9 or 10b) Q, + W = Qy, or W = Qy — Q. Then Eq. 4a becomes 


QL QL refrigerator 
= . k Fa (4b) 
WwW Qu — QL air conditioner 


For an ideal refrigerator (not a perfect one, which is impossible), the best we 
could do would be 


refrigerator and 
air conditioner | (4a) 


COP = 


T : 
COPigeal = L | refrigerator | (40) 


Ty — Ty air conditioner 


analagous to an ideal (Carnot) engine (Eqs. 2 and 3). 

An air conditioner works very much like a refrigerator, although the actual 
construction details are different: an air conditioner takes heat Q, from inside a 
room or building at a low temperature, and deposits heat Qy outside to the envi- 
ronment at a higher temperature. Equations 4 also describe the coefficient of 
performance for an air conditioner. 


FIGURE 10 (a) Typical 
refrigerator system. The electric 
compressor motor forces a gas at 
high pressure through a heat 
exchanger (condenser) on the rear 
outside wall of the refrigerator 
where Qy is given off and the gas 
cools to become liquid. The liquid 
passes from a high-pressure region, 
via a valve, to low-pressure tubes on 
the inside walls of the refrigerator; 
the liquid evaporates at this lower 
pressure and thus absorbs heat (Q;) 
from the inside of the refrigerator. 
The fluid returns to the compressor 
where the cycle begins again. 

(b) Schematic diagram, like Fig. 9. 


SECOND LAW OF THERMODYNAMICS 
(Clausius statement) 
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FIGURE 11 A heat pump uses an 
electric motor to “pump” heat from the 


cold outside to the warm inside of a house. 


Á CAUTION 


Heat pumps and air conditioners 
have different COP definitions 


Second Law of Thermodynamics 


Making ice. A freezer has a COP of 3.8 and uses 200W of 
power. How long would it take this otherwise empty freezer to freeze an ice-cube 
tray that contains 600 g of water at 0°C? 


APPROACH In Eq. 4b, Q, is the heat that must be transferred out of the water so 
it will become ice. To determine Q,, we use the latent heat of fusion L of water 
and the Equation Q = mL. 

SOLUTION From a latent Heats Table, L = 333kJ/kg. Hence Q = mL = 
(0.600 kg)(3.33 x 10°J/kg) = 2.0 x 10°J is the total energy that needs to be 
removed from the water. The freezer does work at the rate of 200W = 
200J/s = W/t, which is the work W it can do in t seconds. We solve for t: 
t = W/(200J/s). For W, we use Eq. 4a: W = Q,/COP. Thus 


Ww Q,/COP 
~ 200J/s — 200J/s 
(2.0 x 10° J)/(3.8) 


= = 260 
200 J/s 5 


or about 44min. 


Heat naturally flows from high temperature to low temperature. Refrigerators 
and air conditioners do work to accomplish the opposite: to make heat flow from 
cold to hot. We might say they “pump” heat from cold areas to hotter areas, 
against the natural tendency of heat to flow from hot to cold, just as water can be 
pumped uphill, against the natural tendency to flow downhill. The term heat pump 
is usually reserved for a device that can heat a house in winter by using an electric 
motor that does work W to take heat Q, from the outside at low temperature 
and delivers heat Qy to the warmer inside of the house; see Fig. 11. As 
in a refrigerator, there is an indoor and an outdoor heat exchanger (coils of 
the refrigerator) and an electric compressor motor. The operating principle 
is like that for a refrigerator or air conditioner; but the objective of a heat 
pump is to heat (deliver Qu), rather than to cool (remove Q,). Thus, the 
coefficient of performance of a heat pump is defined differently than for an air 
conditioner because it is the heat Qy delivered to the inside of the house that is 
important now: 


COP = w [heat pump] (5) 


The COP is necessarily greater than 1. Most heat pumps can be “turned around” 
and used as air conditioners in the summer. 


Heat pump. A heat pump has a coefficient of performance of 
3.0 and is rated to do work at 1500 W. (a) How much heat can it add to a room 
per second? (b) If the heat pump were turned around to act as an air conditioner 
in the summer, what would you expect its coefficient of performance to be, 
assuming all else stays the same? 


APPROACH We use the definitions of coefficient of performance, which are 
different for the two devices in (a) and (b). 


SOLUTION (a) We use Eq. 5 for the heat pump, and, since our device does 1500 J 
of work per second, it can pour heat into the room at a rate of 


Oy = COP x W = 3.0 xX 1500J = 4500J 


per second, or at a rate of 4500 W. 


Second Law of Thermodynamics 


(b) If our device is turned around in summer, it can take heat Q, from inside the 
house, doing 1500 J of work per second to then dump Qy = 4500J per second to 
the hot outside. Energy is conserved, so Qy + W = Qy (see Fig. 11, but reverse 
the inside and outside of the house). Then 


Qh = Qy — W = 4500J — 1500J = 3000J. 


The coefficient of performance as an air conditioner would thus be (Eq. 4a) 


A — 30003 | 
COR = Fag = oe 


5 Entropy 


Thus far we have stated the second law of thermodynamics for specific situations. 
What we really need is a general statement of the second law of thermodynamics 
that will cover all situations, including those discussed earlier in this Chapter that 
are not observed in nature even though they would not violate the first law of 
thermodynamics. It was not until the latter half of the nineteenth century that the 
second law of thermodynamics was finally stated in a general way—namely, in 
terms of a quantity called entropy, introduced by Clausius in the 1860s. In Section 7 we 
will see that entropy can be interpreted as a measure of the order or disorder of a 
system. 

When we deal with entropy—as with potential energy—it is the change in 
entropy during a process that is important, not the absolute amount. According to 
Clausius, the change in entropy S of a system, when an amount of heat Q is added 
to it by a reversible process at constant temperature, is given by 


AS = Žž, (6) 


where T is the kelvin temperature. 
If the temperature is not constant, we define entropy S by the relation 
dQ 
dS = —- 7 
T (7) 
Then the change in entropy of a system taken reversibly between two states a and b is 
given by 


b bd 
AS = Sy s= [as = | 2. 


A careful analysis (see next page) shows that the change in entropy when a system 
moves by a reversible process from any state a to another state b does not depend 
on the process. That is, AS = Sp — Sa depends only on the states a and b of the 
system. Thus entropy (unlike heat) is a state variable. Any system in a given state 
has a temperature, a volume, a pressure, and also has a particular value of entropy. 

It is easy to see why entropy is a state variable for a Carnot cycle. In Eq. 2 we 
saw that Q,/Qy = T,/Ty, which we rewrite as 


OL _ Qn 


[reversible process] (8) 


In the PV diagram for a Carnot cycle, Fig. 7, the entropy change AS = Q/T in 
going from state a to state c along path abc (=Q,y/Ty + 0) is thus the same as 
going along the path adc. That is, the change in entropy is path independent—it 
depends only on the initial and final states of the system. 


‘Equation 8 says nothing about the absolute value of S; it only gives the change in S. This is much like 
potential energy. However, one form of the so-called third law of thermodynamics (see also Section 10) 
states that as T > 0, S > 0. 
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FIGURE 12 Any reversible cycle 
can be approximated as a series of 
Carnot cycles. (The dashed lines 
represent isotherms.) 


FIGURE 13 The integral, $ dS, of 
the entropy for a reversible cycle is 
zero. Hence the difference in 
entropy between states a and b, 

Sy — Sa = ig dS, is the same for 
path I as for path II. 
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Second Law of Thermodynamics 


* Showing Entropy Is a State Variable 


In our study of the Carnot cycle we found (Eq. 2) that Q,/Qy = T,/Ty. We 
rewrite this as 


Qn _ Q 


In this relation, both Qy and Q, are positive. But now let us recall the original 
convention as used in the first law, that Q is positive when it represents a heat flow 
into the system (as Qu) and negative for a heat flow out of the system (as —Q,). 
Then this relation becomes 


Qu Q 
Ta + T, 0. [Carnot cycle] (9) 
Now consider any reversible cycle, as represented by the smooth (oval-shaped) 
curve in Fig. 12. Any reversible cycle can be approximated as a series of Carnot 
cycles. Figure 12 shows only six—the isotherms (dashed lines) are connected by 
adiabatic paths for each—and the approximation becomes better and better if we 
increase the number of Carnot cycles. Equation 9 is valid for each of these cycles, so 
we can write 


sf = 0 [Carnot cycles] (10) 


for the sum of all these cycles. But note that the heat output Q, of one cycle 
crosses the boundary below it and is approximately equal to the negative of the 
heat input, Qu, of the cycle below it (actual equality occurs in the limit of an 
infinite number of infinitely thin Carnot cycles). Hence the heat flows on the inner 
paths of all these Carnot cycles cancel out, so the net heat transferred, and the 
work done, is the same for the series of Carnot cycles as for the original cycle. 
Hence, in the limit of infinitely many Carnot cycles, Eq. 10 applies to any 
reversible cycle. In this case Eq. 10 becomes 


dQ 
$ y7 0, [reversible cycle] (11) 
where dQ represents an infinitesimal heat flow.‘ The symbol ¢ means that the 
integral is taken around a closed path; the integral can be started at any point on 
the path such as at a or b in Fig. 12, and proceed in either direction. If we divide 
the cycle of Fig. 12 into two parts as indicated in Fig. 13, then 


b dQ a dQ 
| as | == 0 
a T b T 

I 1 
The first term is the integral from point a to point b along path I in Fig. 13, and the 
second term is the integral from b back to a along path II. If path II is taken in 
reverse, dQ at each point becomes —dQ, since the path is reversible. Therefore 


b dQ 7 b dO 
Lao le 
I I 


[reversible paths] (12) 


The integral of dQ/T between any two equilibrium states, a and b, does not depend 
on the path of the process. By defining entropy as dS = dQ/T (Eq.7), we see from 
Eq. 12 that the change in entropy between any two states along a reversible path is 
independent of the path between two points a and b. Thus entropy is a state variable— 
its value depends only on the state of the system, and not on the process or the past 
history of how it got there.* This is in clear distinction to Q and W which are not state 
variables; their values do depend on the processes undertaken. 


dQ is often written ZO. 

*Real processes are irreversible. Because entropy is a state variable, the change in entropy AS for 
an irreversible process can be determined by calculating AS for a reversible process between the same 
two states. 


Second Law of Thermodynamics 


6 Entropy and the Second Law 
of Thermodynamics 


We have defined a new quantity, S, the entropy, which can be used to describe the 
state of the system, along with P, T, V, Eint, and n. But what does this rather 
abstract quantity have to do with the second law of thermodynamics? To answer 
this, let us take some examples in which we calculate the entropy changes during 
particular processes. But note first that Eq. 8 can be applied only to reversible 
processes. How then do we calculate AS = Sp — Sa for a real process that is 
irreversible? What we can do is this: we figure out some other reversible process 
that takes the system between the same two states, and calculate AS for this 
reversible process. This will equal AS for the irreversible process since AS depends 
only on the initial and final states of the system. 

If the temperature varies during a process, a summation of the heat flow over the 
changing temperature can often be calculated using calculus or a computer. However, 
if the temperature change is not too great, a reasonable approximation can be made 
using the average value of the temperature, as indicated in the next Example. 


CWE ESTIMATE | Entropy change when mixing water. A sample of 
50.0 kg of water at 20.00°C is mixed with 50.0 kg of water at 24.00°C. Estimate the 
change in entropy. 


APPROACH The final temperature of the mixture will be 22.00°C, since we started 
with equal amounts of water. We use the specific heat of water and the methods of 
calorimetry to determine the heat transferred. Then we use the average temperature 
of each sample of water to estimate the entropy change (AQ/T). 


SOLUTION A quantity of heat, 
Q = mcAT = (50.0 kg)(4186 J/kg-C°)(2.00C°) = 4.186 x 10°J, 


flows out of the hot water as it cools down from 24°C to 22°C, and this heat flows 
into the cold water as it warms from 20°C to 22°C. The total change in entropy, 
AS, will be the sum of the changes in entropy of the hot water, AS, and that of 
the cold water, A Sc: 


AS = ASy + ASc. 


We estimate entropy changes by writing AS = Q/T, where T is an “average” 
temperature for each process, which ought to give a reasonable estimate since the 
temperature change is small. For the hot water we use an average temperature of 
23°C (296K), and for the cold water an average temperature of 21°C (294K). 
Thus 


4.186 X 10°J 
ASy ~ — ~K ` —1414J/K 
which is negative because this heat flows out, whereas heat is added to the cold water: 
4.186 x 10°J 
ASc ~ gag 1424 J/K. 


The entropy of the hot water (Sn) decreases since heat flows out of the hot water. 
But the entropy of the cold water (Sc) increases by a greater amount. The total 
change in entropy is 


AS = ASy + ASc © —1414J/K + 1424J/K ~ 10J/K. 


We see that although the entropy of one part of the system decreased, the 
entropy of the other part increased by a greater amount so that the net change in 
entropy of the whole system is positive. 
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We can now show in general that for an isolated system of two objects, the 
flow of heat from the higher-temperature (Ty) object to the lower-temperature 
(Tı) object always results in an increase in the total entropy. The two objects 
eventually come to some intermediate temperature, Ty . The heat lost by the hotter 
object (Q = —Q, where Q is positive) is equal to the heat gained by the colder 
one (Q, = Q), so the total change in entropy is 


AS = ASy + AS, = ; 


where Tym is some intermediate temperature between Ty and Ty for the hot object 
as it cools from Ty to Ty, and 7,4 is the counterpart for the cold object. Since the 
temperature of the hot object is, at all times during the process, greater than that of 
the cold object, then Tam > Tim. Hence 


One object decreases in entropy, while the other gains in entropy, but the total change 
is positive. 


Entropy changes in a free expansion. Consider the adiabatic 
free expansion of n moles of an ideal gas from volume V, to volume V,, where 
V, > Vi. Calculate the change in entropy (a) of the gas and (b) of the 
surrounding environment. (c) Evaluate AS for 1.00 mole, with V, = 2.00 V,. 


APPROACH The gas is initially in a closed container of volume V,, and, with 
the opening of a valve, it expands adiabatically into a previously empty 
container. The total volume of the two containers is V,. The whole apparatus is 
thermally insulated from the surroundings, so no heat flows into the gas, 
Q=0. The gas does no work, W = 0, so there is no change in internal 
energy, AEn = 0, and the temperature of the initial and final states is the 
same, T, = T, = T. The process takes place very quickly, and so is irreversible. 
Thus we cannot apply Eq. 8 to this process. Instead we must think of a 
reversible process that will take the gas from volume V, to V, at the same 
temperature, and use Eq. 8 on this reversible process to get AS. A reversible 
isothermal process will do the trick; in such a process, the internal energy does 
not change, so from the first law, 


dQ = dW = PdV. 
SOLUTION (a) For the gas, 


d 1 (% 
ASias = (F = rl P dV. 
v 


The ideal gas law tells us P = nRT/V, so 


Aa Sa = nRin 


v V vi 


1 


nRT le dV V, 


Since V, > Vi, ASpas > 0. 

(b) Since no heat is transferred to the surrounding environment, there is no 
change of the state of the environment due to this process. Hence AS.,, = 0. 
Note that the total change in entropy, AS,,, + ASenv, is greater than zero. 

(c) Since n = 1.00 and V, = 2.00V,, then AS,,, = R1In2.00 = 5.76 J/K. 


Second Law of Thermodynamics 


OES Heat transfer. A red-hot 2.00-kg piece of iron at temperature 
T, = 880K is thrown into a huge lake whose temperature is 7, = 280K. 
Assume the lake is so large that its temperature rise is insignificant. Determine 
the change in entropy (a) of the iron and (b) of the surrounding environment 
(the lake). 


APPROACH The process is irreversible, but the same entropy change will occur 
for a reversible process, and we use the concept of specific heat. Q = mc AT. 


SOLUTION (a) We assume the specific heat of the iron is constant at 
c = 450J/kg-K. Then dQ = mc dT and in a quasistatic reversible process 


dQ T2 dT T 1 
ASiron = | T ` mef, T mcin T, mc In T, 
Putting in numbers, we find 
880 K 
ASiron = — (2.00 kg) (450 J/kg: K) In = = —1030J/K. 


(b) The initial and final temperatures of the lake are the same, T = 280 K. The 
lake receives from the iron an amount of heat 
Q = mc(T, — Tı) = (2.00kg)(450J/kg-K)(880K — 280K) = 540kJ. 


Strictly speaking, this is an irreversible process (the lake heats up locally before 
equilibrium is reached), but is equivalent to a reversible isothermal transfer of 
heat Q = 540kJ at T = 280K. Hence 

540 kJ 
280 K 


Thus, although the entropy of the iron actually decreases, the total change in 
entropy of iron plus environment is positive: 1930J/K — 1030J/K = 900J/K. 


ASeny = = 1930J/K. 


EXERCISE D A 1.00-kg piece of ice at 0°C melts very slowly to water at 0°C. Assume the 
ice is in contact with a heat reservoir whose temperature is only infinitesimally greater 
than 0°C. Determine the entropy change of (a) the ice cube and (b) the heat reservoir. 


In each of these Examples, the entropy of our system plus that of the 
environment (or surroundings) either stayed constant or increased. For any 
reversible process, such as that in Exercise D, the total entropy change is zero. This 
can be seen in general as follows: any reversible process can be considered as a 
series of quasistatic isothermal transfers of heat AQ between a system and the 
environment, which differ in temperature only by an infinitesimal amount. Hence 
the change in entropy of either the system or environment is AQ/T and that of the 
other is -AQ/T, so the total is 


AS = ASyst + ASeny = 0. [any reversible process] 


In Examples 6, 7, and 8, we found that the total entropy of system plus envi- 
ronment increases. Indeed, it has been found that for all real (irreversible) 
processes, the total entropy increases. No exceptions have been found. We can thus 
make the general statement of the second law of thermodynamics as follows: 


The entropy of an isolated system never decreases. It either stays constant 
(reversible processes) or increases (irreversible processes). 


Since all real processes are irreversible, we can equally well state the second law as: 


The total entropy of any system plus that of its environment increases as a 
result of any natural process: 


AS = ASys + ASen > 0. (13) 


Although the entropy of one part of the universe may decrease in any process (see 
the Examples above), the entropy of some other part of the universe always 
increases by a greater amount, so the total entropy always increases. 


SECOND LAW OF 
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SECOND LAW OF THERMODYNAMICS 
(general statement) 


Second Law of Thermodynamics 


Now that we finally have a quantitative general statement of the second law of 
thermodynamics, we can see that it is an unusual law. It differs considerably from other 
laws of physics, which are typically equalities (such as F = ma) or conservation laws 
(such as for energy and momentum). The second law of thermodynamics introduces a 
new quantity, the entropy, S, but does not tell us it is conserved. Quite the opposite. 
Entropy is not conserved in natural processes. Entropy always increases in time. 


“Time’s Arrow” 


The second law of thermodynamics summarizes which processes are observed in 
nature, and which are not. Or, said another way, it tells us about the direction 
processes go. For the reverse of any of the processes in the last few Examples, the 
entropy would decrease; and we never observe them. For example, we never observe 
heat flowing spontaneously from a cold object to a hot object, the reverse of 
Example 8. Nor do we ever observe a gas spontaneously compressing itself into a 
smaller volume, the reverse of Example 7 (gases always expand to fill their 
containers). Nor do we see thermal energy transform into kinetic energy of a rock so 
the rock rises spontaneously from the ground. Any of these processes would be 
consistent with the first law of thermodynamics (conservation of energy). But they are 
not consistent with the second law of thermodynamics, and this is why we need the 
second law. If you were to see a movie run backward, you would probably realize it 
immediately because you would see odd occurrences—such as rocks rising sponta- 
neously from the ground, or air rushing in from the atmosphere to fill an empty balloon 
(the reverse of free expansion). When watching a movie or video, we are tipped off to 
a faked reversal of time by observing whether entropy is increasing or decreasing. Hence 
entropy has been called time’s arrow, for it can tell us in which direction time is going. 


7 Order to Disorder 


The concept of entropy, as we have discussed it so far, may seem rather abstract. 
But we can relate it to the more ordinary concepts of order and disorder. In fact, 
the entropy of a system can be considered a measure of the disorder of the system. 
Then the second law of thermodynamics can be stated simply as: 


Natural processes tend to move toward a state of greater disorder. 


Exactly what we mean by disorder may not always be clear, so we now consider a 
few examples. Some of these will show us how this very general statement of the 
second law applies beyond what we usually consider as thermodynamics. 

Let us look at the simple processes mentioned in Section 1. First, a jar 
containing separate layers of salt and pepper is more orderly than when the salt 
and pepper are all mixed up. Shaking a jar containing separate layers results in a 
mixture, and no amount of shaking brings the layers back again. The natural 
process is from a state of relative order (layers) to one of relative disorder (a 
mixture), not the reverse. That is, disorder increases. Next, a solid coffee cup is a 
more “orderly” and useful object than the pieces of a broken cup. Cups break 
when they fall, but they do not spontaneously mend themselves (as faked in 
Fig. 1). Again, the normal course of events is an increase of disorder. 

Let us consider some processes for which we have actually calculated the 
entropy change, and see that an increase in entropy results in an increase in 
disorder (or vice versa). When ice melts to water at 0°C, the entropy of the water 
increases (Exercise D). Intuitively, we can think of solid water, ice, as being more 
ordered than the less orderly fluid state which can flow all over the place. This 
change from order to disorder can be seen more clearly from the molecular point 
of view: the orderly arrangement of water molecules in an ice crystal has changed 
to the disorderly and somewhat random motion of the molecules in the fluid state. 

When a hot object is put in contact with a cold object, heat flows from the 
high temperature to the low until the two objects reach the same intermediate 
temperature. At the beginning of the process we can distinguish two classes of 
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molecules: those with a high average kinetic energy (the hot object), and those 
with a low average kinetic energy (the cooler object). After the process in which 
heat flows, all the molecules are in one class with the same average kinetic 
energy. We no longer have the more orderly arrangement of molecules in two 
classes. Order has gone to disorder. Furthermore, the separate hot and cold 
objects could serve as the hot- and cold-temperature regions of a heat engine, and 
thus could be used to obtain useful work. But once the two objects are put in 
contact and reach the same temperature, no work can be obtained. Disorder has 
increased, since a system that has the ability to perform work must surely be 
considered to have a higher order than a system no longer able to do work. 
When a stone falls to the ground, its macroscopic kinetic energy is transformed to 
thermal energy. Thermal energy is associated with the disorderly random motion of 
molecules, but the molecules in the falling stone all have the same velocity downward in 
addition to their own random velocities. Thus, the more orderly kinetic energy of the 
stone as a whole is changed to disordered thermal energy when the stone strikes the 
ground. Disorder increases in this process, as it does in all processes that occur in nature. 


* Biological Evolution 


An interesting example of the increase in entropy relates to biological evolution 
and to growth of organisms. Clearly, a human being is a highly ordered organism. 
The theory of evolution describes the process from the early macromolecules and 
simple forms of life to Homo sapiens, which is a process of increasing order. So, 
too, the development of an individual from a single cell to a grown person is a 
process of increasing order. Do these processes violate the second law of thermo- 
dynamics? No, they do not. In the processes of evolution and growth, and even 
during the mature life of an individual, waste products are eliminated. These small 
molecules that remain as a result of metabolism are simple molecules without 
much order. Thus they represent relatively higher disorder or entropy. Indeed, the 
total entropy of the molecules cast aside by organisms during the processes of 
evolution and growth is greater than the decrease in entropy associated with the 
order of the growing individual or evolving species. 


8 Unavailability of Energy; Heat Death 


In the process of heat conduction from a hot object to a cold one, we have seen that 
entropy increases and that order goes to disorder. The separate hot and cold objects 
could serve as the high- and low-temperature regions for a heat engine and thus could 
be used to obtain useful work. But after the two objects are put in contact with each 
other and reach the same uniform temperature, no work can be obtained from them. 
With regard to being able to do useful work, order has gone to disorder in this process. 

The same can be said about a falling rock that comes to rest upon striking the 
ground. Before hitting the ground, all the kinetic energy of the rock could have 
been used to do useful work. But once the rock’s mechanical kinetic energy 
becomes thermal energy, doing useful work is no longer possible. 

Both these examples illustrate another important aspect of the second law of 
thermodynamics: 


in any natural process, some energy becomes unavailable 
to do useful work. 


In any process, no energy is ever lost (it is always conserved). Rather, energy 
becomes less useful—it can do less useful work. As time goes on, energy is 
degraded, in a sense; it goes from more orderly forms (such as mechanical) even- 
tually to the least orderly form, internal, or thermal, energy. Entropy is a factor 
here because the amount of energy that becomes unavailable to do work is 
proportional to the change in entropy during any process. 


‘It can be shown that the amount of energy that becomes unavailable to do useful work is equal to T} AS, 
where 7, is the lowest available temperature and AS is the total increase in entropy during the process. 
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A natural outcome of the degradation of energy is the prediction that as time 
goes on, the universe should approach a state of maximum disorder. Matter would 
become a uniform mixture, and heat will have flowed from high-temperature 
regions to low-temperature regions until the whole universe is at one temperature. 
No work could then be done. All the energy of the universe would have degraded 
to thermal energy. This prediction, called the heat death of the universe, has been 
much discussed, but would lie very far in the future. It is a complicated subject, 
and some scientists question whether thermodynamic modeling of the universe 
is possible or appropriate. 


*9 Statistical Interpretation of Entropy 
and the Second Law 


The ideas of entropy and disorder are made clearer with the use of a statistical or 
probabilistic analysis of the molecular state of a system. This statistical approach, 
which was first applied toward the end of the nineteenth century by Ludwig 
Boltzmann (1844-1906), makes a clear distinction between the “macrostate” and 
the “microstate” of a system. The microstate of a system would be specified in 
giving the position and velocity of every particle (or molecule). The macrostate of 
a system is specified by giving the macroscopic properties of the system—the 
temperature, pressure, number of moles, and so on. In reality, we can know only 
the macrostate of a system. We could not possibily know the velocity and position 
of every one of the huge number of molecules in a system at a given moment. 
Nonetheless, we can hypothesize a great many different microstates that can 
correspond to the same macrostate. 

Let us take a very simple example. Suppose you repeatedly shake four coins in 
your hand and drop them on a table. Specifying the number of heads and the 
number of tails that appear on a given throw is the macrostate of this system. 
Specifying each coin as being a head or a tail is the microstate of the system. In the 
following Table we see how many microstates correspond to each macrostate: 


Possible Microstates Number of 
Macrostate (H = heads, T = tails) Microstates 
4 heads HHHH il 


3heads,1 tal HHHT, HHTH, HTHH, THHH 

A inca, A tizwks IBOSINIL, lel ati, Wiselie, Jelibisl, WisC0 ist, IW iietlel 
ineach Stems IPIIM Sl, WISE, E ie, Ieee 

4 tails Wee 


PRD A 


A basic assumption behind the statistical approach is that each microstate is 
equally probable. Thus the number of microstates that give the same macrostate 
corresponds to the relative probability of that macrostate occurring. The 
macrostate of two heads and two tails is the most probable one in our case of 
tossing four coins; out of the total of 16 possible microstates, six correspond to 
two heads and two tails, so the probability of throwing two heads and two tails is 
6 out of 16, or 38%. The probability of throwing one head and three tails is 4 out 
of 16, or 25%. The probability of four heads is only 1 in 16, or 6%. If you threw 
the coins 16 times, you might not find that two heads and two tails appear exactly 
6 times, or four tails exactly once. These are only probabilities or averages. But if 
you made 1600 throws, very nearly 38% of them would be two heads and two 
tails. The greater the number of tries, the closer the percentages are to the 
calculated probabilities. 


EXERCISE E In the Table above, what is the probability that there will be at least two heads? 
(a) 23 (b) 163 (©) 83 (d) 3; (6) T6- 
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If we toss more coins—say, 100 all at the same time—the relative probability 
of throwing all heads (or all tails) is greatly reduced. There is only one microstate 
corresponding to all heads. For 99 heads and 1 tail, there are 100 microstates 
since each of the coins could be the one tail. The relative probabilities for other 
macrostates are given in Table 1. About 1.3 X 10% microstates are possible.‘ 
Thus the relative probability of finding all heads is 1 in 10%, an incredibly 
unlikely event! The probability of obtaining 50 heads and 50 tails (see 
Table 1) is (1.0 x 10”)/1.3 x 10% = 0.08 or 8%. The probability of obtaining 
anything between 45 and 55 heads is over 70%. 


TABLE 1 Probabilities of Various Macrostates for 100 Coin Tosses 


Macrostate 
Number of 
Heads Tails Microstates Probability 
100 0 1 TO x oy 
99 1 OK TO < IOA 
90 10 fe One ra ew 
80 20 SA g AY STO 
60 40 1.4 x 1078 0.01 
55 45 Gi a O 0.05 
50 50 MOO 0.08 
45 55 Gal x iO 0.05 
40 60 rae OA 0.01 
20 80 Al Se HOY AD Se To 
10 90 iL 10" igh Se 1 
1 99 LOK TO amen 
0 100 1 AD O 


Thus we see that as the number of coins increases, the probability of obtaining 
the most orderly arrangement (all heads or all tails) becomes extremely unlikely. 
The least orderly arrangement (half heads, half tails) is the most probable, and the 
probability of being within, say, 5% of the most probable arrangement greatly 
increases as the number of coins increases. These same ideas can be applied to the 
molecules of a system. For example, the most probable state of a gas (say, the air 
in a room) is one in which the molecules take up the whole space and move about 
randomly; this corresponds to the Maxwellian distribution, Fig. 14a. On the other 
hand, the very orderly arrangement of all the molecules located in one corner of 
the room and all moving with the same velocity (Fig. 14b) is extremely unlikely. 

From these examples, it is clear that probability is directly related to disorder 
and hence to entropy. That is, the most probable state is the one with greatest 
entropy or greatest disorder and randomness. Boltzmann showed, consistent 
with Clausius’s definition (dS = dQ/T), that the entropy of a system in a given 
(macro) state can be written 


S = kinW, (14) 


where k is Boltzmann’s constant (k = R/Na = 1.38 x 10” J/K) and W is the 
number of microstates corresponding to the given macrostate. That is, W is 
proportional to the probability of occurrence of that state. W is called the 
thermodynamic probability, or, sometimes, the disorder parameter. 


‘Each coin has two possibilities, heads or tails. Then the possible number of microstates is 
2xX2x2x-+= 2! = 1.27 x 10% (using a calculator or logarithms). 


FIGURE 14 (a) Most probable 
distribution of molecular speeds in 

a gas (Maxwellian, or random); 

(b) orderly, but highly unlikely, 
distribution of speeds in which all 
molecules have nearly the same speed. 
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Free expansion—statistical determination of entropy. Use 
Eq. 14 to determine the change in entropy for the adiabatic free expansion of a 
gas, a calculation we did macroscopically in Example 7. Assume W, the number of 
microstates for each macrostate, is the number of possible positions. 


APPROACH We assume the number of moles is n = 1, and then the number of 
molecules is N = nN, = Na. We let the volume double, just as in Example 7. 
Because the volume doubles, the number of possible positions for each molecule 
doubles. 

SOLUTION When the volume doubles, each molecule has two times as many 
positions (microstates) available. For two molecules, the number of total 
microstates increases by 2 X 2 = 27. For N, molecules, the total number of 


microstates increases by a factor of 2 X 2 X 2 X -+- = 2%, That is 
m = 2NA, 
w 


The change in entropy is, from Eq. 14, 


W, e 
AS = S, — Sı = k(n W, — nW) = kling = kIn2™ = kNaln2 = Rin2 
1 


which is the same result we obtained in Example 7. 


In terms of probability, the second law of thermodynamics—which tells us 
that entropy increases in any process—reduces to the statement that those 
processes occur which are most probable. The second law thus becomes a trivial 
statement. However there is an additional element now. The second law in 
terms of probability does not forbid a decrease in entropy. Rather, it says the 
probability is extremely low. It is not impossible that salt and pepper could 
separate spontaneously into layers, or that a broken tea cup could mend 
itself. It is even possible that a lake could freeze over on a hot summer day 
(that is, heat flow out of the cold lake into the warmer surroundings). But 
the probability for such events occurring is extremely small. In our coin 
examples, we saw that increasing the number of coins from 4 to 100 drastically 
reduced the probability of large deviations from the average, or most probable, 
arrangement. In ordinary systems we are not dealing with 100 molecules, but 
with incredibly large numbers of molecules: in 1 mol alone there are 6 x 10” 
molecules. Hence the probability of deviation far from the average is incredibly 
tiny. For example, it has been calculated that the probability that a stone resting 
on the ground should transform 1 cal of thermal energy into mechanical energy 
and rise up into the air is much less likely than the probability that a group of 
monkeys typing randomly would by chance produce the complete works of 
Shakespeare. 


*]0 Thermodynamic Temperature; 
Third Law of Thermodynamics 


In Section 3 we saw for a Carnot cycle that the ratio of the heat absorbed Qy from the 
high-temperature reservoir and the heat exhausted Q, to the low-temperature 
reservoir is directly related to the ratio of the temperatures of the two reservoirs 
(Eq. 2): 

Q L, 

On Ty 
This result is valid for any reversible engine and does not depend on the working 
substance. It can thus serve as the basis for the Kelvin or thermodynamic 
temperature scale. 

We use this relation and the ideal gas temperature scale to complete the 

definition of the thermodynamic scale: we assign the value T = 273.16 K to the 
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triple point of water so that 


T = (273.16 (2), 
Qip 
where Q and Q, are the magnitudes of the heats exchanged by a Carnot engine 
with reservoirs at temperatures T and Mp. Then the thermodynamic scale is 
identical to the ideal gas scale over the latter’s range of validity. 

Very low temperatures are difficult to obtain experimentally. The closer the 
temperature is to absolute zero, the more difficult it is to reduce the temperature 
further, and it is generally accepted that it is not possible to reach absolute zero in 
any finite number of processes. This last statement is one way to state’ the third 
law of thermodynamics. Since the maximum efficiency that any heat engine can 
have is the Carnot efficiency 
Ti 
Ty 
and since T, can never be zero, we see that a 100% efficient heat engine is not possible. 


e=1- 


> 


FIGURE 15 (a) An array of mirrors focuses sunlight on a boiler to produce steam at a solar energy installation. 
(b) A fossil-fuel steam plant (this one uses forest waste products, biomass). (c) Large cooling towers at an electric generating plant. 


Corbis Digital Stock 


(b) 


Warren Gretz/NREL/US DOE/Photo Researchers, Inc. 


* 11 Thermal Pollution, Global Warming, and 
Energy Resources 


Much of the energy we utilize in everyday life—from motor vehicles to most of 
the electricity produced by power plants—makes use of a heat engine. Electricity 
produced by falling water at dams, by windmills, or by solar cells (Fig. 15a) does 
not involve a heat engine. But over 90% of the electric energy produced 
in the US. is generated at fossil-fuel steam plants (coal, oil, or gas—see 
Fig. 15b), and they make use of a heat engine (essentially steam engines). 
In electric power plants, the steam drives the turbines and generators (Fig. 16) 
whose output is electric energy. The various means to turn the turbine are discussed 
briefly in Table 2 (next page), along with some of the advantages and 
disadvantages of each. Even nuclear power plants use nuclear fuel to run a steam 
engine. 

The heat output Q; from every heat engine, from power plants to cars, is 
referred to as thermal pollution because this heat (Q,) must be absorbed by the 
environment—such as by water from rivers or lakes, or by the air using large 
cooling towers (Fig. 15c). When water is the coolant, this heat raises the tempera- 
ture of the water, altering the natural ecology of aquatic life (largely because 
warmer water holds less oxygen). In the case of air cooling towers, the output heat 
Q, raises the temperature of the atmosphere, which affects the weather. 


‘See also the statement in the footnote at the beginning of Section 5. 


FIGURE 16 Mechanical energy is 
transformed to electric energy with a 
turbine and generator. 


Source of energy: 


water, 
steam, 
or wind 
Electric 
generator 


Turbine 


Electric 
energy 
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TABLE 2 Electric Energy Resources 
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% of Production (approx.) 


Form of Electric 


Energy Production US. World Advantages Disadvantages 
Fossil-fuel steam plants: burn coal, Til 66 We know how to build them; for Air pollution; thermal pollution; 
oil, or natural gas to boil water, now relatively inexpensive. limited efficiency; land 
producing high-pressure steam that devastation from extraction of 
turns a turbine of a generator raw materials (mining); global 
(Figs. 3b, 16); uses heat engine. warming; accidents such as 

oil spills at sea; limited fuel 
supply (estimates range from a 
couple of decades to a few 
centuries). 
Nuclear energy: 
Fission: nuclei of uranium or 20 16 Normally Thermal pollution; accidents can 
plutonium atoms split (“fission”) almost no air release damaging radioactivity; 
with release of energy that heats pollution; less difficult disposal of radioactive 
steam; uses heat engine. contribution to by-products; possible diversion of 
global warming; nuclear material by terrorists; 
relatively inexpensive. limited fuel supply. 
Fusion: energy released when 0 0 Relatively “clean”; vast fuel Not yet workable. 
isotopes of hydrogen (or other supply (hydrogen in water 
small nuclei) combine or “fuse.” molecules in oceans); less 
contribution to global warming. 
Hydroelectric: i 16 No heat engine needed; no air, Reservoirs behind dams 
falling water water, or thermal pollution; inundate scenic or inhabited 
turns turbines at relatively inexpensive; high land; dams block upstream 
the base of a efficiency; dams can control migration of salmon and other 
dam. flooding. fish for reproduction; few 
locations remain for new dams; 
drought. 
Geothermal: natural steam from <1 <1 No heat engine needed; little air Few appropriate sites; small 
inside the Earth comes to the pollution; good efficiency; production; mineral content of 
surface (hot springs, geysers, steam relatively inexpensive and spent hot water can pollute. 
vents); or cold water passed down “clean.” 
into contact with hot, dry rock is 
heated to steam. 
Wind power: "ay =l <1 No heat engine; no air, water, or Large array of big windmills 
3-kW to 5-MW , thermal pollution; relatively might affect weather and be 
windmills (vanes inexpensive. eyesores; hazardous to migratory 
up to 50 m wide) birds; winds not always strong. 
turn a generator. 
Solar energy: zil = il 


Active solar heating: rooftop solar 
panels absorb the Sun’s rays, which 
heat water in tubes for space 
heating and hot water supply. 


Passive solar heating: architectural 
devices—windows along southern 
exposure, sunshade over windows 
to keep Sun’s rays out in summer. 


Solar cells (photovoltaic cells): 
convert sunlight directly into 
electricity without use of heat 
engine. 


No heat engine 
needed; no air or 
thermal pollution; 
unlimited fuel 
supply. 

No heat engine needed; no air or 
thermal pollution; relatively 
inexpensive. 


No heat engine; thermal, air, 
and water pollution very low; 
good efficiency (>30% and 
improving). 


Space limitations; may require 
back-up; relatively expensive; 
less effective when cloudy. 


Almost Summer 
none, but Ke) i 
other 2 
methods Winter 
needed su 
too. 


Energy-absorbing floor 


Expensive; chemical pollution at 
manufacture; large land area 
needed as Sun’s energy not 
concentrated. 
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Air pollution—by which we mean the chemicals released in the burning of 
fossil fuels in cars, power plants, and industrial furnaces—gives rise to smog and 
other problems. Another much talked about issue is the buildup of CO, in the Earth’s 
atmosphere due to the burning of fossil fuels. CO, absorbs some of the infrared 
radiation that the Earth naturally emits and thus can contribute to global warming. 


Limiting the burning of fossil fuels can help these problems. 


Thermal pollution, however, is unavoidable. Engineers can try to design and 
build engines that are more efficient, but they cannot surpass the Carnot efficiency 
and must live with T, being at best the ambient temperature of water or air. The 
second law of thermodynamics tells us the limit imposed by nature. What we can 
do, in the light of the second law of thermodynamics, is use less energy and 


conserve our fuel resources. 


gO BND dy 
@ 


Thermodynamics 


1. Define the system you are dealing with; distinguish 
the system under study from its surroundings. 

2. Be careful of signs associated with work and heat. In 
the first law, work done by the system is positive; 
work done on the system is negative. Heat added to the 
system is positive, but heat removed from it is negative. 
With heat engines, we usually consider the heat intake, 
the heat exhausted, and the work done as positive. 

3. Watch the units used for work and heat; work is most 

often expressed in joules, and heat can be in calories, 

kilocalories, or joules. Be consistent: choose only one 
unit for use throughout a given problem. 


geO er, 


4. Temperatures must generally be expressed in kelvins; 
temperature differences may be expressed in C° or K. 

5. Efficiency (or coefficient of performance) is a ratio 
of two energy transfers: useful output divided by 
required input. Efficiency (but not coefficient of 
performance) is always less than 1 in value, and 
hence is often stated as a percentage. 

6. The entropy of a system increases when heat is 
added to the system, and decreases when heat is 
removed. If heat is transferred from system A to 

system B, the change in entropy of A is negative and 

the change in entropy of B is positive. 


| Summary 


A heat engine is a device for changing thermal energy, by means 
of heat flow, into useful work. 

The efficiency of a heat engine is defined as the ratio of the 
work W done by the engine to the heat input Qy. Because of 
conservation of energy, the work output equals Qu — QL, 
where Q, is the heat exhausted to the environment; hence the 
efficiency 


= 1-5 D 


Carnot’s (idealized) engine consists of two isothermal and 
two adiabatic processes in a reversible cycle. For a Carnot 
engine, or any reversible engine operating between two 
temperatures, Ty and T, (in kelvins), the efficiency is 


€ideal = 1 - z (3) 


Irreversible (real) engines always have an efficiency less than 
this. 

The operation of refrigerators and air conditioners is the 
reverse of that of a heat engine: work is done to extract heat 
from a cool region and exhaust it to a region at a higher 
temperature. The coefficient of performance (COP) for either is 


— Q refrigerator or 
COP = wW’ air conditioner (4a) 


where W is the work needed to remove heat Q; from the area 
with the low temperature. 


A heat pump does work W to bring heat Q; from the cold 
outside and deliver heat Qy to warm the interior. The coefficient 
of performance of a heat pump is 


On 
COP = w 
The second law of thermodynamics can be stated in several 
equivalent ways: 
(a) heat flows spontaneously from a hot object to a cold 
one, but not the reverse; 
(b) there can be no 100% efficient heat engine—that is, one that 
can change a given amount of heat completely into work; 
(c) natural processes tend to move toward a state of greater 
disorder or greater entropy. 
Statement (c) is the most general statement of the second law of 
thermodynamics, and can be restated as: the total entropy, S, 
of any system plus that of its environment increases as a result of 
any natural process: 
AS > 0. (13) 
Entropy, which is a state variable, is a quantitative measure 
of the disorder of a system. The change in entropy of a system 
during a reversible process is given by AS = fdQ/T. 
The second law of thermodynamics tells us in which direction 
processes tend to proceed; hence entropy is called “time’s arrow.” 
As time goes on, energy is degraded to less useful forms— 
that is, it is less available to do useful work. 
[*All heat engines give rise to thermal pollution because 
they exhaust heat to the environment.] 


[heat pump] (5) 
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J Answers to Exercises 


A: No. Efficiency makes no sense for a single process. It is D: 1220 J/K; —1220 J/K. (Note that the total entropy change, 
defined (Eqs. 1) only for cyclic processes that return to the ASice + ASzes, iS Zero.) 
initial state. E: (e). 

B: (d). 

C: (c). 
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| Questions 


1. Can mechanical energy ever be transformed completely 
into heat or internal energy? Can the reverse happen? In 
each case, if your answer is no, explain why not; if yes, give 
one or two examples. 

2. Can you warm a kitchen in winter by leaving the oven door 
open? Can you cool the kitchen on a hot summer day by 
leaving the refrigerator door open? Explain. 

3. Would a definition of heat engine efficiency as e = W/QL 
be useful? Explain. 

4. What plays the role of high-temperature and low-temperature 
areas in (a) an internal combustion engine, and (b) a steam 
engine? Are they, strictly speaking, heat reservoirs? 

5. Which will give the greater improvement in the efficiency of 
a Carnot engine, a 10 C° increase in the high-temperature 
reservoir, or a 10 C? decrease in the low-temperature reservoir? 
Explain. 

6. The oceans contain a tremendous amount of thermal 
(internal) energy. Why, in general, is it not possible to put 
this energy to useful work? 

7. Discuss the factors that keep real engines from reaching 
Carnot efficiency. 

8. The expansion valve in a refrigeration system, Fig. 10, is 
crucial for cooling the fluid. Explain how the cooling occurs. 

9. Describe a process in nature that is nearly reversible. 

10. (a) Describe how heat could be added to a system 
reversibly. (b) Could you use a stove burner to add heat to a 
system reversibly? Explain. 

11. Suppose a gas expands to twice its original volume 
(a) adiabatically, (b) isothermally. Which process would 
result in a greater change in entropy? Explain. 

12. Give three examples, other than those mentioned in this 
Chapter, of naturally occurring processes in which order goes 
to disorder. Discuss the observability of the reverse process. 

13. Which do you think has the greater entropy, 1 kg of solid 
iron or 1 kg of liquid iron? Why? 


14. (a) What happens if you remove the lid of a bottle 
containing chlorine gas? (b) Does the reverse process ever 
happen? Why or why not? (c) Can you think of two other 
examples of irreversibility? 


15. You are asked to test a machine that the inventor calls an 
“in-room air conditioner”: a big box, standing in the middle 
of the room, with a cable that plugs into a power outlet. 
When the machine is switched on, you feel a stream of cold 
air coming out of it. How do you know that this machine 
cannot cool the room? 

16. Think up several processes (other than those already 
mentioned) that would obey the first law of thermodynamics, 
but, if they actually occurred, would violate the second 
law. 

17. Suppose a lot of papers are strewn all over the floor; then 
you stack them neatly. Does this violate the second law of 
thermodynamics? Explain. 

18. The first law of thermodynamics is sometimes whimsically 
stated as, “You can’t get something for nothing,” and the 
second law as, “You can’t even break even.” Explain how 
these statements could be equivalent to the formal statements. 

19. Powdered milk is very slowly (quasistatically) added to 
water while being stirred. Is this a reversible process? Explain. 

20. Two identical systems are taken from state a to state b by 
two different irreversible processes. Will the change in 
entropy for the system be the same for each process? For 
the environment? Answer carefully and completely. 


21. It can be said that the total change in entropy during a 
process is a measure of the irreversibility of the process. 
Discuss why this is valid, starting with the fact that AStotal = 
ASsystem + ASenvironment = 9 for a reversible process. 

22. Use arguments, other than the principle of entropy increase, 
to show that for an adiabatic process, AS = 0 if it is done 
reversibly and AS > 0 if done irreversibly. 


[l Problems 


[The Problems in this Section are ranked I, II, or HI according to 
estimated difficulty, with (I) Problems being easiest. Level (IID) 
Problems are meant mainly as a challenge for the best students, for 
“extra credit.” The Problems are arranged by Sections, meaning that 
the reader should have read up to and including that Section, but 
this Chapter also has a group of General Problems that are not 
arranged by Section and not ranked.] 


2 Heat Engines 
1. (I) A heat engine exhausts 7800 J of heat while performing 
2600 J of useful work. What is the efficiency of this engine? 
2. (I) A certain power plant puts out 580 MW of electric 


power. Estimate the heat discharged per second, assuming 
that the plant has an efficiency of 35%. 


3. (II) A typical compact car experiences a total drag force at 
55 mi/h of about 350N. If this car gets 35 miles per gallon of 
gasoline at this speed, and a liter of gasoline (1 gal = 3.8 L) 
releases about 3.2 X 10’J when burned, what is the car’s 
efficiency? 

4. (II) A four-cylinder gasoline engine has an efficiency of 0.22 
and delivers 180 J of work per cycle per cylinder. The engine 
fires at 25 cycles per second. (a) Determine the work done 
per second. (b) What is the total heat input per second from 
the gasoline? (c) If the energy content of gasoline is 130 MJ 
per gallon, how long does one gallon last? 

5. (II) The burning of gasoline in a car releases about 
3.0 X 10*kcal/gal. If a car averages 38 km/gal when driving 
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95 km/h, which requires 25 hp, what is the efficiency of the 
engine under those conditions? 


. (II) Figure 17 is a PV diagram for a reversible heat engine 


in which 1.0mol of argon, a nearly ideal 
monatomic gas, is initially at STP (point a). 
Points b and c are on an isotherm at 
p T = 423K. Process ab is at constant 
volume, process ac at constant 
A pressure. (a) Is the path of the 
P N : : 
25 cycle carried out clockwise or 
& counterclockwise? (b) What is 
the efficiency of this engine? 
a c 
FIGURE 17 
0 V Problem 6. 


. (III) The operation of a diesel engine can be idealized by the 


cycle shown in Fig. 18. Air is drawn into the cylinder during 
the intake stroke (not part of the idealized cycle). The air is 
compressed adiabatically, path ab. At point b diesel fuel is 
injected into the cylinder which immediately burns since the 
temperature is very high. Combustion is slow, and during 
the first part of the power stroke, the gas expands at 
(nearly) constant pressure, path be. After burning, the rest 
of the power stroke is adiabatic, path cd. Path da corre- 
sponds to the exhaust stroke. (a) Show that, for a quasistatic 
reversible engine undergoing this cycle using an ideal gas, 
the ideal efficiency is 


(VaV) = (ValVo) 
Y[(Va/ Ve)" ~ (V/V) '] 
where V/V pis the “compression ratio”, V a/V is the “expansion 


ratio”, and Y is defined by Y = o 
v 
Ou (b) If Va/Vp = l6and Va/Ve = 4.5, 
P c calculate the efficiency assuming 
the gas is diatomic (like N> 
d and O,) and ideal. 
QL 
a 
L~~ y ëýëFIGURE18 
0 V Problem 7. 


3 Carnot Engine 
8. (I) What is the maximum efficiency of a heat engine whose 


operating temperatures are 550°C and 365°C? 


9. (I) It is not necessary that a heat engine’s hot environment be 


hotter than ambient temperature. Liquid nitrogen (77K) is 
about as cheap as bottled water. What would be the efficiency of 
an engine that made use of heat transferred from air at room 
temperature (293 K) to the liquid nitrogen “fuel” (Fig. 19)? 


Geoff Tompkinson/Science Photo 
Library/Photo Researchers, Inc. 


FIGURE 19 
Problem 9. 


10. (II) A heat engine exhausts its heat at 340°C and has a 
Carnot efficiency of 38%. What exhaust temperature would 
enable it to achieve a Carnot efficiency of 45%? 

11. (II) (a) Show that the work done by a Carnot engine is equal 
to the area enclosed by the Carnot cycle on a PV diagram, 
Fig. 7. (b) Generalize this to any reversible cycle. 


TL Ty 
1 


\ 

\ 

\ 
\ 
\ 


0 V 


FIGURE 7 The Carnot cycle. Heat engines work in a cycle, and 
the cycle for the Carnot engine begins at point a on this PV 
diagram. (1) The gas is first expanded isothermally, with the 
addition of heat Qy, along the path ab at temperature Ty. 

(2) Next the gas expands adiabatically from b to c—no heat is 
exchanged, but the temperature drops to Ty. (3) The gas is then 
compressed at constant temperature 7, ,path cd, and heat Q, 
flows out. (4) Finally, the gas is compressed adiabatically, path 
da, back to its original state. No Carnot engine actually exists, 
but as a theoretical idea it played an important role in the 
development of thermodynamics. 


12. (II) A Carnot engine’s operating temperatures are 210°C 
and 45°C. The engine’s power output is 950 W. Calculate the 
rate of heat output. 

13. (II) A nuclear power plant operates at 65% of its maximum 
theoretical (Carnot) efficiency between temperatures of 660°C 
and 330°C. If the plant produces electric energy at the rate of 
1.2 GW, how much exhaust heat is discharged per hour? 

14. (II) A Carnot engine performs work at the rate of 520 kW 
with an input of 950kcal of heat per second. If the 
temperature of the heat source is 560°C, at what temperature 
is the waste heat exhausted? 

15. (II) Assume that a 65kg hiker needs 4.0 X 10°kcal of 
energy to supply a day’s worth of metabolism. Estimate the 
maximum height the person can climb in one day, using only 
this amount of energy. As a rough prediction, treat the 
person as an isolated heat engine, operating between the 
internal temperature of 37°C (98.6°F) and the ambient air 
temperature of 20°C. 

16. (II) A particular car does work at the rate of about 7.0 kJ/s 
when traveling at a steady 20.0 m/s along a level road. This 
is the work done against friction. The car can travel 17km 
on 1 L of gasoline at this speed (about 40 mi/gal). What is 
the minimum value for Ty, if T, is 25°C? The energy avail- 
able from 1 L of gas is 3.2 X 107J. 

17. (II) A heat engine utilizes a heat source at 580°C and has a 
Carnot efficiency of 32%. To increase the efficiency to 38%, 
what must be the temperature of the heat source? 

18. (II) The working substance of a certain Carnot engine is 
1.0mol of an ideal monatomic gas. During the isothermal 
expansion portion of this engine’s cycle, the volume of the gas 
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doubles, while during the adiabatic expansion the volume 
increases by a factor of 5.7. The work output of the engine is 
920J in each cycle. Compute the temperatures of the two 
reservoirs between which this engine operates. 


(II) A Carnot cycle, shown in Fig. 7, has the following 
conditions: Va = 7.5L, Vp = 15.0 L, Ty = 470°C, and Ty 
= 260°C. The gas used in the cycle is 0.50 mol of a diatomic 
gas, Y = 1.4. Calculate (a) the pressures at a and b; (b) the 
volumes at c and d. (c) What is the work done along 
process ab? (d) What is the heat lost along process cd? 
(e) Calculate the net work done for the whole cycle. (f) What 
is the efficiency of the cycle, using the definition e = W/Qy? 
Show that this is the same as given by Eq. 3. 


{= Ti, | (3) 


= Carnot efficiency; 
ideal 5 


Kelvin temperatures 


20. (III) One mole of monatomic gas undergoes a Carnot cycle 


*21, 


4 


with Ty = 350°C and T, = 210°C. The initial pressure is 
8.8atm. During the isothermal expansion, the volume 
doubles. (a) Find the values of the pressure and volume at 
the points a, b, c, and d (see Fig. 7). (b) Determine Q, W, and 
AE; for each segment of the cycle. (c) Calculate the effi- 
ciency of the cycle using Eqs. 1 and 3. 


e= A (da) 
A E Oh 
ano Gb) 


(IID) In an engine that approximates the Otto cycle (Fig. 8), 
gasoline vapor must be ignited at the end of the cylinder’s 
adiabatic compression by the spark from a spark plug. The 
ignition temperature of 87-octane gasoline vapor is about 
430°C and, assuming that the working gas is diatomic and 
enters the cylinder at 25°C, determine the maximum 
compression ratio of the engine. 


On 


QL 


0 V 
FIGURE 8 The Otto cycle. 
Refrigerators, Air Conditioners, Heat Pumps 


22. (I) If an ideal refrigerator keeps its contents at 3.0°C when 


23. 


24. 


25. 


the house temperature is 22°C, what is its coefficient of 
performance? 

(1) The low temperature of a freezer cooling coil is —15°C 
and the discharge temperature is 33°C. What is the 
maximum theoretical coefficient of performance? 

(ID) An ideal (Carnot) engine has an efficiency of 38%. If it 
were possible to run it backward as a heat pump, what 
would be its coefficient of performance? 

(II) An ideal heat pump is used to maintain the inside 
temperature of a house at Tin = 22°C when the outside 


26. 


27. 


28. 


29. 


30. 


31. 


temperature is Tout. Assume that when it is operating, the 
heat pump does work at a rate of 1500 W. Also assume that 
the house loses heat via conduction through its walls and 
other surfaces at a rate given by (650 W/C°) (Tin — 
(a) For what outside temperature would the heat pump 
have to operate at all times in order to maintain the 
house at an inside temperature of 22°C? (b) If the outside 
temperature is 8°C, what percentage of the time does the 
heat pump have to operate in order to maintain the house 
at an inside temperature of 22°C? 


(ID) A restaurant refrigerator has a coefficient of performance 
of 5.0. If the temperature in the kitchen outside the refrigerator 
is 32°C, what is the lowest temperature that could be 
obtained inside the refrigerator if it were ideal? 


(II) A heat pump is used to keep a house warm at 22°C. 
How much work is required of the pump to deliver 3100 J of 
heat into the house if the outdoor temperature is (a) 0°C, 
(b) —15°C? Assume ideal (Carnot) behavior. 


(II) (a) Given that the coefficient of performance of a 
refrigerator is defined (Eq. 4a) as 
QL 
P = > 
CO wW 


show that for an ideal (Carnot) refrigerator, 


Cori = 
ideal ~ Ta= Ty, 

(b) Write the COP in terms of the efficiency e of the 

reversible heat engine obtained by running the refrigerator 

backward. (c) What is the coefficient of performance for an 

ideal refrigerator that maintains a freezer compartment at 

—18°C when the condenser’s temperature is 24°C? 


(II) A “Carnot” refrigerator (reverse of a Carnot engine) 
absorbs heat from the freezer compartment at a temperature 
of —17°C and exhausts it into the room at 25°C. 
(a) How much work must be done by the refrigerator to 
change 0.40 kg of water at 25°C into ice at —17°C? (b) If the 
compressor output is 180 W, what minimum time is needed 
to take 0.40 kg of 25°C water and freeze it at 0°C? 


(II) A central heat pump operating as an air conditioner 
draws 33,000 Btu per hour from a building and operates 
between the temperatures of 24°C and 38°C. (a) If its 
coefficient of performance is 0.20 that of a Carnot air 
conditioner, what is the effective coefficient of performance? 
(b) What is the power (kW) required of the compressor motor? 
(c) What is the power in terms of hp? 


(ID) What volume of water at 0°C can a freezer make into 
ice cubes in 1.0h, if the coefficient of performance of the 
cooling unit is 7.0 and the power input is 1.2 kilowatt? 


5 and 6 Entropy 


32. 


33. 


34. 


(I) What is the change in entropy of 250 g of steam at 100°C 
when it is condensed to water at 100°C? 


(I) A 7.5-kg box having an initial speed of 4.0 m/s slides 
along a rough table and comes to rest. Estimate the total 
change in entropy of the universe. Assume all objects are at 
room temperature (293 K). 


(I) What is the change in entropy of 1.00 m° of water at 0°C 
when it is frozen to ice at 0°C? 


Tout). 
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36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 
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(II) If 1.00 m? of water at 0°C is frozen and cooled to —10°C 
by being in contact with a great deal of ice at —10°C, 
estimate the total change in entropy of the process. 


(ID) If 0.45 kg of water at 100°C is changed by a reversible 
process to steam at 100°C, determine the change in entropy 
of (a) the water, (b) the surroundings, and (c) the universe 
as a whole. (d) How would your answers differ if the process 
were irreversible? 


(II) An aluminum rod conducts 9.50 cal/s from a heat source 
maintained at 225°C to a large body of water at 22°C. 
Calculate the rate at which entropy increases in this process. 


(II) A 2.8-kg piece of aluminum at 43.0°C is placed in 1.0 kg 
of water in a Styrofoam container at room temperature 
(20°C). Estimate the net change in entropy of the system. 


(11) An ideal gas expands isothermally (T = 410K) froma 
volume of 2.50 L and a pressure of 7.5 atm to a pressure of 
1.0 atm. What is the entropy change for this process? 


(II) When 2.0 kg of water at 12.0°C is mixed with 3.0 kg of 
water at 38.0°C in a well-insulated container, what is the 
change in entropy of the system? (a) Make an estimate; 
(b) use the integral AS = [dQ/T. 


(II) (a) An ice cube of mass m at 0°C is placed in a large 
20°C room. Heat flows (from the room to the ice cube) 
such that the ice cube melts and the liquid water warms to 
20°C. The room is so large that its temperature remains 
nearly 20°C at all times. Calculate the change in entropy 
for the (water + room) system due to this process. Will 
this process occur naturally? (b) A mass m of liquid 
water at 20°C is placed in a large 20°C room. Heat 
flows (from the water to the room) such that the liquid 
water cools to 0°C and then freezes into a 0°C ice 
cube. The room is so large that its temperature remains 
20°C at all times. Calculate the change in entropy for 
the (water + room) system due to this process. Will this 
process occur naturally? 


(II) The temperature of 2.0mol of an ideal diatomic gas 
goes from 25°C to 55°C at a constant volume. What is the 
change in entropy? Use AS = [dQ/T. 


(II) Calculate the change in entropy of 1.00kg of water 
when it is heated from 0°C to 75°C. (a) Make an estimate; 
(b) use the integral AS = [dQ/T. (c) Does the entropy of 
the surroundings change? If so, by how much? 


(II) An ideal gas of n moles undergoes the reversible 
process ab shown in the PV diagram of Fig. 20. The temper- 
ature T of the gas is the same at points a and b. Determine 
the change in entropy of the gas due to this process. 


P 
a 
b 
y FIGURE 20 
y Yo Problem 44. 
45. (II) Two samples of an ideal gas are initially at the same 


temperature and pressure. They are each compressed 


46. 


47. 


48. 


49. 


50. 


51. 


reversibly from a volume V to volume V/2, one isothermally, 
the other adiabatically. (a) In which sample is the final pres- 
sure greater? (b) Determine the change in entropy of the 
gas for each process by integration. (c) What is the entropy 
change of the environment for each process? 


(II) A 150-g insulated aluminum cup at 15°C is filled with 
215 g of water at 100°C. Determine (a) the final temperature 
of the mixture, and (b) the total change in entropy as a 
result of the mixing process (use AS = [dQ/T). 


(ID) (a) Why would you expect the total entropy change in a 
Carnot cycle to be zero? (b) Do a calculation to show that it 
is Zero. 


(II) 1.00 mole of nitrogen (N2) gas and 1.00 mole of argon 
(Ar) gas are in separate, equal-sized, insulated containers at 
the same temperature. The containers are then connected 
and the gases (assumed ideal) allowed to mix. What is the 
change in entropy (a) of the system and (b) of the environ- 
ment? (c) Repeat part (a) but assume one container is twice 
as large as the other. 


(II) Thermodynamic processes are sometimes represented 
on TS (temperature—entropy) diagrams, rather than 
PV diagrams. Determine the slope of a constant-volume 
process on a TS diagram when a system with n moles of an 
ideal gas with constant-volume molar specific heat Cy is at 
temperature T. 


(OI) The specific heat per mole of potassium at low 
temperatures is given by Cy =aT + bT’, where 
a = 2.08 mJ/mol-K? and b = 2.57 mJ/mol-K*. Determine 
(by integration) the entropy change of 0.15 mol of potassium 
when its temperature is lowered from 3.0 K to 1.0K. 


(III) Consider an ideal gas of n moles with molar specific 
heats Cy and Cp. (a) Starting with the first law, show 
that when the temperature and volume of this gas are 
changed by a reversible process, its change in entropy is 
given by 

dT dV 


— — + REEE 
dS nCy T nR V 


(b) Show that the expression in part (a) can be written as 


dP dV 
dS nCy P + nCp v` 


(c) Using the expression from part (b), show that if dS = 0 
for the reversible process (that is, the process is adiabatic), 
then PV” = constant, where Y = Cp/Cy. 


8 Unavailability of Energy 


52. 


53. 


(I) A general theorem states that the amount of energy that 
becomes unavailable to do useful work in any process is equal 
to Ti AS, where Ty is the lowest temperature available and 
AS is the total change in entropy during the process. Show 
that this is valid in the specific cases of (a) a falling rock that 
comes to rest when it hits the ground; (b) the free adiabatic 
expansion of an ideal gas; and (c) the conduction of heat, Q, 
from a high-temperature (Tu) reservoir to a low-temperature 
(Ti) reservoir. [Hint: In part (c) compare to a Carnot engine.] 


(III) Determine the work available in a 3.5-kg block of 


copper at 490 K if the surroundings are at 290 K. Use results 
of Problem 52. 
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*9 Statistical Interpretation of Entropy 


* 54. 


(1) Use Eq. 14 to determine the entropy of each of the five 
macrostates listed in this table. 


Possible Microstates Number of 

Macrostate (H = heads, T = tails) Microstates 
4 heads HHHH il 
3 heads, 1 tail HHHT, HHTH, 

HRHH THHH 4 
2 heads 2tasi H PENET A e elele 

HERAT TEC St, EHA H 6 
lineal Stals “IIS a T, 

HTTT 4 
4 tails TUT il 

*55. (II) Suppose that you repeatedly shake six coins in your 


*56. 


S7: 


hand and drop them on the floor. Construct a table showing 
the number of microstates that correspond to each 
macrostate. What is the probability of obtaining (a) three 
heads and three tails and (b) six heads? 

(ID) Calculate the relative probabilities, when you throw two 
dice, of obtaining (a) a 7, (b) an 11, (c) a 4. 

(II) (a) Suppose you have four coins, all with tails up. You now 
rearrange them so two heads and two tails are up. What was the 
change in entropy of the coins? (b) Suppose your system is the 
100 coins of Table 1; what is the change in entropy of the coins if 
they are mixed randomly initially, 50 heads and 50 tails, and you 
arrange them so all 100 are heads? (c) Compare these entropy 
changes to ordinary thermodynamic entropy changes, such as 
Examples 6,7, and 8 from “Second Law of Thermodynamics.” 


* 58. 


(I) Consider an isolated gas-like system consisting of a box 
that contains N = 10 distinguishable atoms, each moving at 
the same speed v. The number of unique ways that these atoms 
can be arranged so that N; atoms are within the left-hand 
half of the box and Np atoms are within the right-hand 
half of the box is given by N!/N,!Np!, where, for example, 
the factorial 4! = 4-3-2-1 (the only exception is that 
0! = 1). Define each unique arrangement of atoms within 
the box to be a microstate of this system. Now imagine the 
following two possible macrostates: state A where all of the 
atoms are within the left-hand half of the box and none are 
within the right-hand half; and state B where the distribution 
is uniform (that is, there is the same number in each half). 
See Fig. 21. (a) Assume the system is initially in state A and, 
at a later time, is found to be in state B. Determine the 
system’s change in entropy. Can this process occur naturally? 
(b) Assume the system is initially in state B and, at a later 
time, is found to be in state A. Determine the system’s 
change in entropy. Can this process occur naturally? 


State A (N, = 10, Np = 0) 
T 


wee! 
ab y, 
o f g| 


State B (N, = 5, Ng = 5) 
~ rin? 
r INI 


FIGURE 21 
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TABLE 1 Probabilities of Various Macrostates for 100 Coin Tosses 


Macrostate 
Number of 
Heads Tails Microstates Probability 
100 0 1 AO S10 
99 il LOS iC? TO x WO 
90 10 Lar se 10 il sei 
80 20 Bea) ALD Se Or 
60 40 iA Se OA 0.01 
55 45 6.1 x 107 0.05 
50 50 LOA 0.08 
45 55 Gull $< 10 0.05 
40 60 ZA Se 10 0.01 
20 80 Syl Se A SEO 
10 90 LS 102! ame 
1 99 1.0 x 10? TO= WO 
0 100 1 TD iO 


11 Energy Resources 
59. (II) Energy may be stored for use during peak demand by 


pumping water to a high reservoir when demand is low and 
then releasing it to drive turbines when needed. Suppose 
water is pumped to a lake 135m above the turbines at a 
rate of 1.35 X 10°kg/s for 10.0h at night. (a) How much 


60. 


energy (kWh) is needed to do this each night? (b) If all 
this energy is released during a 14-h day, at 75% efficiency, 
what is the average power output? 

(II) If solar cells (Fig. 22) can produce about 40W of 
electricity per square meter of surface area when directly facing 
the Sun, how large an area is required to supply the needs 
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of a house that requires 22 kWh/day? Would this fit on the 
roof of an average house? (Assume the Sun shines about 
9 h/day.) 


FIGURE 22 Problem 60. 


It has been suggested that a heat engine could be developed 
that made use of the temperature difference between water 
at the surface of the ocean and water several hundred meters 
deep. In the tropics, the temperatures may be 27°C and 4°C, 
respectively. (a) What is the maximum efficiency such an 
engine could have? (b) Why might such an engine be 
feasible in spite of the low efficiency? (c) Can you imagine 
any adverse environmental effects that might occur? 


A heat engine takes a diatomic gas around the cycle shown 
in Fig. 24. (a) Using the ideal gas law, determine how many 
moles of gas are in this engine. (b) Determine the temperature 
at point c. (c) Calculate the heat input into the gas during the 
constant volume process from points b to c. (d) Calculate the 
work done by the gas during the isothermal process from 
points a to b. (e) Calculate the work done by the gas during 
the adiabatic process from points c to a. (f) Determine the 
engine’s efficiency. (g) What is the maximum efficiency 
possible for an engine working between T, and Te? 


P 
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FIGURE 24 Problem 63. 
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(I) Water is stored in an artificial lake created by a dam 
(Fig. 23). The water depth is 38m at the dam, and a steady 
flow rate of 32m3/s is maintained through hydroelectric 
turbines installed near the base of the dam. How much 
electrical power can be produced? 


Michael Collier 


Problem 61. 


FIGURE 23 


l General Problems 


A 126.5-g insulated aluminum cup at 18.00°C is filled with 
132.5 g of water at 46.25°C. After a few minutes, equilibrium 
is reached. Determine (a) the final temperature, and (b) the 
total change in entropy. 


(a) At a steam power plant, steam engines work in pairs, 
the heat output of the first one being the approximate 
heat input of the second. The operating temperatures of the 
first are 710°C and 430°C, and of the second 415°C and 
270°C. If the heat of combustion of coal is 2.8 X 10’ J/kg, at 
what rate must coal be burned if the plant is to put out 
950 MW of power? Assume the efficiency of the engines is 
65% of the ideal (Carnot) efficiency. (b) Water is used to 
cool the power plant. If the water temperature is allowed to 
increase by no more than 5.5 C°, estimate how much water 
must pass through the plant per hour. 


Refrigeration units can be rated in “tons.” A 1-ton air 
conditioning system can remove sufficient energy to freeze 
1 British ton (2000 pounds = 909 kg) of 0°C water into 0°C 
ice in one 24-h day. If, on a 35°C day, the interior of a house 
is maintained at 22°C by the continuous operation of a 5-ton 
air conditioning system, how much does this cooling cost 
the homeowner per hour? Assume the work done by the 
refrigeration unit is powered by electricity that costs 
$0.10 per kWh and that the unit’s coefficient of performance 
is 15% that of an ideal refrigerator. 1 kWh = 3.60 x 10°J. 


A 35% efficient power plant puts out 920 MW of electrical 
power. Cooling towers are used to take away the exhaust 
heat. (a) If the air temperature (15°C) is allowed to rise 7.0 C°, 
estimate what volume of air (km?) is heated per day. Will 
the local climate be heated significantly? (b) If the heated 
air were to form a layer 150 m thick, estimate how large an 
area it would cover for 24h of operation. Assume the air 
has density 1.2 kg/m? and that its specific heat is about 
1.0 kJ/kg: C° at constant pressure. 


68. 


69. 


70. 


71. 


72. 


Second Law of Thermodynamics: Problem Set 


(a) What is the coefficient of performance of an ideal heat 
pump that extracts heat from 11°C air outside and deposits 
heat inside your house at 24°C? (b) If this heat pump 
operates on 1400W of electrical power, what is the 
maximum heat it can deliver into your house each hour? 
The operation of a certain heat engine takes an ideal 
monatomic gas through a cycle shown as the rectangle on 
the PV diagram of Fig. 25. (a) Determine the efficiency of 
this engine. Let Qy and Q, be the total heat input and total 
heat exhausted during one cycle of this engine. 
(b) Compare (as a ratio) the effi- 


P ciency of this engine to that of 
a Carnot engine operating 
c d between Tyand 71, where 
3P + Tyand T, are the highest 
and lowest temperatures 
achieved. 
oT b a 
FIGURE 25 
V 
Yo 2V Problem 69. 


A car engine whose output power is 155hp operates at 
about 15% efficiency. Assume the engine’s water tempera- 
ture of 95°C is its cold-temperature (exhaust) reservoir and 
495°C is its thermal “intake” temperature (the temperature 
of the exploding gas—air mixture). (a) What is the ratio of its 
efficiency relative to its maximum possible (Carnot) effi- 
ciency? (b) Estimate how much power (in watts) goes into 
moving the car, and how much heat, in joules and in kcal, is 
exhausted to the air in 1.0h. 


Suppose a power plant delivers energy at 850 MW using 
steam turbines. The steam goes into the turbines 
superheated at 625 K and deposits its unused heat in river 
water at 285 K. Assume that the turbine operates as an ideal 
Carnot engine. (a) If the river’s flow rate is 34m°/s, 
estimate the average temperature increase of the river 
water immediately downstream from the power plant. 
(b) What is the entropy increase per kilogram of the 
downstream river water in J/kg: K? 


1.00 mole of an ideal monatomic gas at STP first undergoes an 
isothermal expansion so that the volume at b is 2.5 times the 
volume at a (Fig. 26). Next, heat is extracted at a constant 
volume so that the pressure drops. The gas is then compressed 
adiabatically back to the original state. (a) Calculate the pres- 
sures at b and c. (b) Determine the temperature at c. 
(c) Determine the work done, heat input or extracted, and the 
change in entropy for each process. (d) What is the efficiency 
of this cycle? 


P 


FIGURE 26 
V Problem 72. 


73s 


74. 


75. 


76. 


77. 


78. 


79. 


Two 1100-kg cars are traveling 75 km/h in opposite directions 
when they collide and are brought to rest. Estimate the 
change in entropy of the universe as a result of this 
collision. Assume T = 15°C. 


Metabolizing 1.0kg of fat results in about 3.7 x 107J of 
internal energy in the body. (a) In one day, how much fat 
does the body burn to maintain the body temperature of a 
person staying in bed and metabolizing at an average rate of 
95 W? (b) How long would it take to burn 1.0-kg of fat this 
way assuming there is no food intake? 


A cooling unit for a new freezer has an inner surface area of 
6.0 m°, and is bounded by walls 12 cm thick with a thermal 
conductivity of 0.050 W/m-K. The inside must be kept at 
—10°C in a room that is at 20°C. The motor for the cooling 
unit must run no more than 15% of the time. What is the 
minimum power requirement of the cooling motor? 


An ideal air conditioner keeps the temperature inside a 
room at 21°C when the outside temperature is 32°C. If 
3.3 kW of power enters a room through the windows in the 
form of direct radiation from the Sun, how much electrical 
power would be saved if the windows were shaded so only 
500 W came through them? 


The Stirling cycle, shown in Fig. 27, is useful to describe 
external combustion engines as well as solar-power systems. 
Find the efficiency of the cycle in terms of the parameters 
shown, assuming a monatomic gas 

P as the working substance. The 
processes ab and cd are 


isothermal whereas bc 
T, and da are at constant 
H volume. How does it 
b compare to the Carnot 
d efficiency? 
T 
c 
t t FIGURE 27 
Va Yb Problem 77. 


A gas turbine operates under the Brayton cycle, which is 
depicted in the PV diagram of Fig. 28. In process ab the 
air-fuel mixture undergoes an adiabatic compression. This 
is followed, in process bc, with an isobaric (constant 
pressure) heating, by combustion. Process cd is an adiabatic 
expansion with expulsion of the products to the atmosphere. 
The return step, da, takes place at constant pressure. If the 

working gas behaves like an ideal 
gas, show that the efficiency of 

the Brayton cycle is 
i 


P 
FIGURE 28 
V Problem 78. 
Thermodynamic processes can be represented not only on 


PV and PT diagrams; another useful one is a TS (tempera- 
ture—entropy) diagram. (a) Draw a TS diagram for a Carnot 
cycle. (b) What does the area within the curve represent? 


P F: 

b\ 7 
=1-(>] . 

i (2) 
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80. 


81. 


Second Law of Thermodynamics: Problem Set 


An aluminum can, with negligible heat capacity, is filled with 
450g of water at 0°C and then is brought into thermal 
contact with a similar can filled with 450 g of water at 50°C. 
Find the change in entropy of the system if no heat is allowed 
to exchange with the surroundings. Use AS = [dQ/T. 


A dehumidifier is essentially a “refrigerator with an open 
door.” The humid air is pulled in by a fan and guided to a 
cold coil, whose temperature is less than the dew point, 
and some of the air’s water condenses. After this water is 
extracted, the air is warmed back to its original temperature 
and sent into the room. In a well-designed dehumidifier, the 
heat is exchanged between the incoming and outgoing air. 
Thus the heat that is removed by the refrigerator coil 
mostly comes from the condensation of water vapor to liquid. 
Estimate how much water is removed in 1.0h by an 
ideal dehumidifier, if the temperature of the room is 25°C, 
the water condenses at 8°C, and the dehumidifier does work 
at the rate of 650 W of electrical power. 


*82. A bowl contains a large number of red, orange, and green 


jelly beans. You are to make a line of three jelly beans. 
(a) Construct a table showing the number of microstates that 
correspond to each macrostate. Then determine the proba- 
bility of (b) all 3 beans red, and (c) 2 greens, 1 orange. 


* Numerical/Computer 
*83. (IT) At low temperature the specific heat of diamond varies 


with absolute temperature T according to the Debye 
equation Cy = 1.88 x 10° (T/Tp)? J-mol!-K7! where the 
Debye temperature for diamond is Tp = 2230K. Use a 
spreadsheet and numerical integration to determine the 
entropy change of 1.00 mol of diamond when it is heated at 
constant volume from 4K to 40 K. Your result should agree 
within 2% of the result obtained by integrating the expres- 
sion for dS. [Hint: dS = nCy dT/T, where n is the number 
of moles.] 


l Answers to Odd-Numbered Problems 


1. 0.25. 43. (a) 1010 J/K; 65. (a) 110 kg/s; 
3. 0.16. (b) 1020 J/K; (b) 9.3 X 107 gal/h. 
5. 0.21. (c) —9.0 Xx 10° J/K. 67. (a) 18 km?/days; 
7. (b) 0.55. 45. (a) Adiabatic; (b) 120 km’. 
9. 0.74. (b) ASadiabatic = 0, 69. (a) 0.19; 
13. 1.4 x 10° J/h. ASisothermal = ZAR In 2; (b) 0.23. 
15. 1400 m. (c) ASenvironment adiabatic = 0, 71. (a) 5.0 C°; 
17. 660°C. Senvironment isothermal = MR In2. (b) 72.8 J/kg: K. 
19. (a) 4.1 X 10° Pa, 2.1 X 10° Pa; 47. (a) All processes are reversible. 73. 1700 J/K. 

(b) 34L, 17 L; 49. L. 75. 57 W or 0.076 hp. 

(c) 2100 J; nCy 77. Sterling = 

(d) -1500 J: 53. 2.1 X 10°J. r Vp 

(e) 6005; 55. (a) ig; Tu- Th (7) 

(f) 03. (b) oa , ( Tu ) Vo\ _ 3/Tu- Tr 
21. 8.55. 57. (a) 2.47 X 10” J/K; l (2) A Tä ) 
23. 5.4. (b) -9.2 x 10? J/K; Sterling < Carnot - 
25. (a) —4°C; (c) these are many orders of 79. (a) 

(b) 29%. magnitude smaller, due to the T 

relatively small number of 

27. (a) 230 J; microstates for the coins. podia b 

(b) 390. 59, (a) 1.79 X 10 kWh; " 
29. (a) 3.1 X 10*J; (b) 9.6 X 10¢kW. 

(b) 2.7 min. 61. 12 MW. 
31. 91L. 63. (a) 0.41 mol; 
33. 0.20 J/K. (b) 396 K; Tieme A 
35. 5 x 10t J/K. (c) 810J; : 
37. 5.49 x 12 TE (d) —700 J; (b) Wnet- 

(e) 810J; 

39. 9.3 J/K. (f)0.13: - a a Ie 
41. (a) 93 m J/K, yes; (g) 0.24. ae i 


(b) —93 m J/K, no; m in kg (SI). 


Appendix: Gravitational Force due 
to a Spherical Mass Distribution 


The gravitational force exerted by or on a uniform sphere acts as if all the mass of 
the sphere were concentrated at its center, if the other object (exerting or feeling 
the force) is outside the sphere. In other words, the gravitational force that a 
uniform sphere exerts on a particle outside it is 
mM 


r? 


F =G [m outside sphere of mass M] 
where m is the mass of the particle, M the mass of the sphere, and r the distance of 
m from the center of the sphere. Now we will derive this result. We will use the 
concepts of infinitesimally small quantities and integration. 

First we consider a very thin, uniform spherical shell (like a thin-walled 
basketball) of mass M whose thickness ¢ is small compared to its radius R 
(Fig. 1). The force on a particle of mass m at a distance r from the center of the 
shell can be calculated as the vector sum of the forces due to all the particles of the 
shell. We imagine the shell divided up into thin (infinitesimal) circular strips so 
that all points on a strip are equidistant from our particle m. One of these circular 
strips, labeled AB, is shown in Fig. 1. It is R d0 wide, t thick, and has a radius 
R sin 0. The force on our particle m due to a tiny piece of the strip at point A is 
represented by the vector F, shown. The force due to a tiny piece of the strip at 
point B, which is diametrically opposite A, is the force F,. We take the two pieces 
at A and B to be of equal mass, so F, = Fp. The horizontal components of F, 
and Fy are each equal to 

Fycos@ 
and point toward the center of the shell. The vertical components of F, and Fp are 
of equal magnitude and point in opposite directions, and so cancel. Since for every 
point on the strip there is a corresponding point diametrically opposite (as with A 
and B), we see that the net force due to the entire strip points toward the center of 
the shell. Its magnitude will be 


mdM 
L 


dF =G 


cos ¢, 


where dM is the mass of the entire circular strip and £ is the distance from all 
points on the strip to m, as shown. We write dM in terms of the density p; by 
density we mean the mass per unit volume. Hence, dM = p dV, where dV is the 
volume of the strip and equals (27r R sin @)(t)(R d0). Then the force dF due to the 
circular strip shown is 


mp27 R°t sin 6 do 


dF =G ze cos ġ. (1) 
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FIGURE 1 Calculating the 
gravitational force on a particle of 
mass m due to a uniform spherical 
shell of radius R and mass M. 
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Appendix: Gravitational Force due to a Spherical Mass Distribution 


FIGURE 1 (repeated) 
Calculating the gravitational force 


on a particle of mass m due to a P Fa 
uniform spherical shell of radius R $ m 
and mass M. Fg 


To get the total force F that the entire shell exerts on the particle m, we must 
integrate over all the circular strips: that is, we integrate 


dF =G a sin 6 d0 sg o 
from @ = 0° to @ = 180°. But our expression for dF contains £ and ¢, which are 
functions of 0. From Fig. 1 we can see that 

Lcosd = r — Reosé. 

Furthermore, we can write the law of cosines for triangle CmA: 
osi = Pk Rack, (2) 
2rR 
With these two expressions we can reduce our three variables (£, 0, œ) to only one, 
which we take to be £. We do two things with Eq. 2: (1) We put it into the equation 
for f cos ¢ above: 


r+ -— R 
2rl 


and (2) we take the differential of both sides of Eq. 2 (because sin 0 d0 appears in 
the expression for dF, Eq. 1), considering r and R to be constants when summing 
over the strips: 


1 
cosh = rau — Rcosé) = 


—sin ð dð = eee or sin ð dð = Lat 
2rR rR 


We insert these into Eq. 1 for dF and find 


R Ds R? 
dF = Gmpnt $ (1 + oo) db. 
r 


Now we integrate to get the net force on our thin shell of radius R. To integrate 
over all the strips (0 = 0° to 180°), we must go from £=r—R to L=r+R 
(see Fig. 1). Thus, 


R 2 _ po ]t=r+R 
F = Gmpm | e—! | 
r 


L=r-R 


Gmprt (4R). 
r 


The volume V of the spherical shell is its area (4r R?) times the thickness t. Hence 
the mass M = pV = p4rR’t, and finally 


F=G mM- | particle of mass m outside a | 


r thin uniform spherical shell of mass M 


This result gives us the force a thin shell exerts on a particle of mass m a 
distance r from the center of the shell, and outside the shell. We see that the force 
is the same as that between m and a particle of mass M at the center of the 
shell. In other words, for purposes of calculating the gravitational force exerted 
on or by a uniform spherical shell, we can consider all its mass concentrated at 
its center. 

What we have derived for a shell holds also for a solid sphere, since a solid 
sphere can be considered as made up of many concentric shells, from R = 0 to 
R = Ro, where R, is the radius of the solid sphere. Why? Because if each shell has 


Appendix: Gravitational Force due to a Spherical Mass Distribution 


mass dM, we write for each shell, dF = Gm dM /r’, where r is the distance from 
the center C to mass m and is the same for all shells. Then the total force equals 
the sum or integral over dM, which gives the total mass M. Thus the result 


F = G 


mM he of mass m outside 


r? solid sphere of mass M 


| (3) 


is valid for a solid sphere of mass M even if the density varies with distance from 
the center. (It is not valid if the density varies within each shell—that is, depends 
not only on R.) Thus the gravitational force exerted on or by spherical objects, 
including nearly spherical objects like the Earth, Sun, and Moon, can be consid- 
ered to act as if the objects were point particles. 

This result, Eq. 3, is true only if the mass m is outside the sphere. Let us next 
consider a point mass m that is located inside the spherical shell of Fig. 1. Here, r 
would be less than R, and the integration over £ would be from £= R -r to 
L= R +r, so 


2 _ p2]R+r 
l-57] = 0. 


l R-r 


Thus the force on any mass inside the shell would be zero. This result has partic- 
ular importance for the electrostatic force, which is also an inverse square law. For 
the gravitational situation, we see that at points within a solid sphere, say 1000 km 
below the Earth’s surface, only the mass up to that radius contributes to the net 
force. The outer shells beyond the point in question contribute zero net gravitational 
effect. 

The results we have obtained here can also be reached using the gravitational 
analog of Gauss’s law for electrostatics. 
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Appendix: Differential Form 
of Maxwell's Equations 
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Appendix: Differential Form 
of Maxwell's Equations 


We quote here two theorems, without proof, that are derived in vector analysis 
textbooks. The first is called Gauss’s theorem or the divergence theorem. It relates 
the integral over a surface of any vector function F to a volume integral over the 
volume enclosed by the surface: 


$ F-dA = | V-Fdv. 
AreaA Volume V 


The operator V is the del operator, defined in Cartesian coordinates as 


< 


= 20 30 að 
v i + j + k:—+ 
Ox oy Oz 


The quantity 


Ox oy Oz 


is called the divergence of F. The second theorem is Stokes’s theorem, and relates 
a line integral around a closed path to a surface integral over any surface enclosed 
by that path: 


$ Fat = | vx FdA. 
Line AreaA 


The quantity V x F is called the curl of F. 

We now use these two theorems to obtain the differential form of Maxwell’s 
equations in free space. We apply Gauss’s theorem to the first of Maxwell’s equations 
(Gauss’s law): 


$ E-dA = [¥-Bav - 2. 


Eo 


Now the charge Q can be written as a volume integral over the charge density p: 
Q = fpdvV. Then 


= z 1 
[>E dV = — [pav 
£0 
Both sides contain volume integrals over the same volume, and for this to be true 


over any volume, whatever its size or shape, the integrands must be equal: 


V.E = P, (1) 


€o 


This is the differential form of Gauss’s law. The second of Maxwell’s equations, 
$B: dA = 0, is treated in the same way, and we obtain 


V-B = 0. (2) 


Appendix: Differential Form of Maxwell’s Equations 


Next, we apply Stokes’s theorem to the third of Maxwell’s equations, 


KORS eee d®, 
Eat = [Px Baa See 


Since the magnetic flux ®, = fB-dA, we have 
[Px EAA = -$ [Baa 


where we use the partial derivative, JB/dt, since B may also depend on position. 
These are surface integrals over the same area, and to be true over any area, even 
a very small one, we must have 


VXE = -—. (3) 


This is the third of Maxwell’s equations in differential form. Finally, to the last of 
Maxwell’s equations, 


eTe d® 
iat = pmol + Mo€o E 


dt 
we apply Stokes’s theorem and write ®; = fE-dA: 


> so ð = ae 
|v xX B-dA = pol + Ho€o a [B-aa. 
The conduction current 7 can be written in terms of the current density j, using: 
ise [i-aa, 


Then Maxwell’s fourth equation becomes: 


= By oe 3 ð a 
|v x B-dA = bo] i-aA + meoir [Eda 


For this to be true over any area A, whatever its size or shape, the integrands on 
each side of the equation must be equal: 


ae 5 aE 
VX B = mj + HOf05, (4) 


Equations 1,2, 3, and 4 are Maxwell’s equations in differential form for free space. 
They are summarized in Table 1. 


TABLE 1 Maxwell's Equations in Free Space’ 


Integral form Differential form 


ical] 
= 
Il 

| 
A! 
x 
e: 
ll 

| 

| 


3 p aE 
x B = mj + Heo a 


(= 
= 
l 
Il 
= 
© 
~ 
+ 
= 
© 
M 
Co 
1 
= 
A 


as = 30 zð Ki : s 
*Y stands for the del operator V =i FT ap Ieee Us E in Cartesian coordinates. 
x z 


ðy 
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Periodic Table of the Elements* 


Group Group an Group Group Group Group Group Group 
I I Transition Elements ll IV Vv VI VII VIII 
H 1 He 2 
1.00794 4.002602 
1s? 
Li 3|Be 4 Symbol —| C1 17 |— Atomic Number B SC 6|N mO 8| E 9|Ne 10 
6.941 9.012182 Atomic Mass§ — 35.453 10.811 12.0107 | 14.0067 | 15.9994 | 18.9984032| 20.1797 
2s! 2s? 2i — Electron Configuration 2p' 2p? 2p? 2p" 2p° 2p8 
Na 11|Mg 12 (outer shells only) Al 13]/Si 14/P 15/S 16/Cl 17]Ar 18 
22.98976928] 24.3050 26.9815386| 28.0855 | 30.973762 | 32.065 35.453 39.948 
3! ase 3p! 3p? 3p? 3p! 3p5 3p“ 
K 19|Ca 20|Sc 21|Ti 22|V 23|Cr 24|Mn 25/Fe 26|Co 27|Ni 28|Cu 29ļ|Zn 30ļ|Ga 31ļ|Ge 32]As 33|Se 34|Br 35)Kr 36 
39.0983 | 40.078 [44.955912 | 47.867 50.9415 | 51.9961 | 54.938045 | 55.845 58.933195 | 58.6934 | 63.546 65.409 69.723 72.64 74.92160 | 78.96 79.904 83.798 
4s! 4s? 3d!45? 3d?4s? 3d?4s? 3d54s! 3d54s? 3d°4s? 3d74s7 38452 3d'04s! 3d'045? 4p? 4p® 


Rb 37 
85.4678 


Ba 56 
137.327 


‘W 
88.90585 


4d!5s? 


Zr 40 
91.224 


475s? 
Hf 72 
178.49 
5d?6s? 


Nb 41 
92.90638 


4d*5s! 
Ta 73 
180.94788 


5d*6s* 


Rh 45 
102.90550 


Pd 46 
106.42 


Ag 47 
107.8682 
4d85s! 
Ir 77 
192.217 


4d'055° 


Pt 78 
195.084 


4d'05s! 

Au 79 
196.966569 
5d76s2 


5d°6s! 5d'6s! 


Cd 48 
112.411 


4d!0552 
Hg 80 
200.59 
5d!6s2 


Fr 87|Ra 88 |89-103¢| Rf 104| Db 105|Sg 106] Bh 107|Hs 108] Mt 109} Ds 110} Rg 111 112 
(223) (226) (267) (268) (271) (272) (277) (276) (281) (280) (285) 
7s! 7s? 6d?7s? | 6d37s2 | 6d*7s?> | 6457s? 6d°7s2_ | 6d77s2 | 6d°7s' 6d!°7s!  |6d!07s? 
La 57|Ce 58|Pr 59|Nd 60|Pm 61 |Sm 62|Eu 63|Gd 64|Tb 65|Dy 66|Ho 67|Er 68|Tm 69|Yb 70|Lu 71 
Lanthanide Series | 138.90547 | 140.116 | 140.90765 | 144.242 (145) |150.36 151.964 | 157.25 158.92535 | 162.500 | 164.93032 | 167.259 | 168.93421 | 173.04 174.967 
5d'6s2 | 4f'5d!6s2 | 4f35d%Gs2 | 4f45d6s2 | 4f35d%Gs? | 4f°5d 6s? | 4f75d%6s2 | 4f75d!6s2 | 4f95d%Gs2 |4f 195d s2]4f!15d%Gs2| 4f125d%6 52] 4f 35% 52] 4f 454% s2| 4f 45d 652 
Ac 89|Th 90|Pa 91]/U 92)|Np 93|Pu 94/Am 95|Cm 96|Bk 97|Cf 98]Es 99} Fm 100} Md 101| No 102] Lr 103 
+Actinide Series (227) | 232.03806 |231.03588 | 238.0289 (237) (244) (243) (247) (247) (251) (252) (257) (258) (259) (262) 
6d!7s2 | 6d?7s} | 5f26d!752 | 5f36d!7s2 | 5f46d!7s2 | 5f66d?752 | 5f76d°7s2 | 5f76d!7s2 | 5f26d97s2 |5f 16d 9752] 5f!'6d°752| 5f126d0752| 5f136d97 s2| 5f 46d 9782| 5f 46d! 752 


$ Atomic mass values averaged over isotopes in percen 


In 49 
114.818 


Tl 81 
204.3833 


6p! 


Sn 50 
118.710 


Sb 51 
121.760 


Te 52 
127.60 


Bi 83 
208.98040 


6p? 


Xe 54 
131.293 


ages they occur on Earth’s surface. For many unstable elements, mass of the longest-lived known isotope is given in parentheses. 
2006 revisions. Preliminary evidence (unconfirmed) has been reported for elements 113, 114, 115, 116 and 118. 
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Index 


Page references followed by "f" indicate illustrated 
figures or photographs; followed by "t" indicates a 
table. 


A 
Aring, 486, 547 
Absolute pressure, 401, 420-421, 536-538, 540, 
547-548 
Absolute temperature, 526, 535-537, 541, 547, 554, 
556-559, 562, 571, 611, 646 
Absolute zero, 536, 541, 547, 558, 561, 621, 635 
Absorption, 517-518, 600 
medium, 517 
AC circuits, 3 
Accelerating reference frames, 103 
Acceleration, 18-19, 23, 28, 34-53, 55, 57-62, 65, 
73-77, 79-81, 87-89, 92-93, 96-97, 99, 102, 
104-106, 108-110, 112-121, 123-132, 
137-153, 155-162, 166, 169-172, 174-176, 
178-181, 185-190, 193-194, 196, 200, 210, 
212, 214, 220, 226, 229, 237-238, 243-244, 
246, 248, 270, 272, 275-277, 284, 290-305, 
312-316, 319-328, 333, 338, 343, 349-350, 
353, 355-359, 363, 365, 369, 387, 398, 405, 
417, 421, 424, 426, 428, 430, 432-434, 436, 
438-439, 442, 445, 447-450, 454, 468, 
482-483, 486 
and air resistance, 130, 229, 246, 275, 322 
and mass, 129, 187, 189, 270, 284, 323-326, 328, 
356-358, 450, 454, 486 


angular, 290-300, 302-305, 314-316, 319-326, 333, 


338, 343, 349-350, 353, 355-359, 363, 
365, 421, 434, 438-439, 442, 450 
angular acceleration, 290-294, 296-300, 302-305, 
314-316, 319-324, 326, 333, 338, 359, 
363, 365, 439, 442 
average, 18, 23, 28, 34-38, 43, 50-51, 53, 55, 
57-58, 60-62, 74-76, 92-93, 106, 
124-125, 127, 129-130, 160-161, 170, 
187-190, 212, 214, 237, 244, 246, 248, 
292-293, 297, 321, 324, 326, 387, 417, 
424, 482 
centripetal, 142-152, 155, 158-159, 161, 166, 
171-172, 176, 179, 185-186, 188, 290, 
294, 324 
constant angular acceleration, 290, 294, 297, 321, 
326 
due to gravity, 19, 44-46, 53, 59-60, 76-77, 79, 93, 
97, 105, 110, 151, 160, 162, 170, 175, 
180, 185-187, 189-190, 248, 270, 276, 
305, 359, 448, 482 
force and, 102, 106, 139, 150, 174, 181, 194, 196, 
220, 312, 359, 363, 369, 426, 432 
free-fall, 60 
in two dimensions, 65, 76, 212 
in uniform circular motion, 142, 152 
instantaneous, 28, 34, 37-38, 49, 51, 53, 55, 62, 
74-76, 88, 92, 141-142, 160, 292-293, 
321 
instantaneous angular acceleration, 293, 321 
linear acceleration, 293-294, 296-297, 300, 
304-305, 313, 316, 319, 321, 355, 363 
nonuniform, 150, 160 
of center of mass, 272 
periodic motion, 428 
simple harmonic motion, 430, 445, 448, 450, 454 
tangential, 142, 150-152, 160-162, 172, 214, 
293-294, 300, 304, 316, 319, 321, 
323-324, 349, 355, 359 
weight during, 125 
Acceleration due to gravity, 19, 44-46, 53, 59-60, 
76-77, 79, 93, 97, 105, 110, 162, 170, 175, 
180, 185-187, 189-190, 248, 270, 276, 359, 
448, 482 
Acceleration vector, 35-36, 74, 76, 80-81, 112, 142, 
150, 160, 294 


Acceleration vectors, 142, 159, 447 
Accelerometer, 118 
Action, 46, 60, 65, 76, 89, 95-96, 105, 107, 109-110, 
121, 151, 220, 225, 239, 256-257, 298-299, 
322, 364, 370, 417, 424, 511, 546 
action and reaction forces, 107, 109-110 
activation energy, 559 
Addition, 65-70, 73, 79, 85, 88-89, 91, 102, 113, 167, 
230, 266, 275, 348, 404, 455, 469, 507, 515, 
584, 596, 619, 631, 640 
of vectors, 65-66, 68-69, 88 
adhesive forces, 416 
adiabatic process, 590, 592, 596-597, 608-609, 618, 
639, 644 
Adiabatic processes, 590-591, 619, 622, 637 
Air, 4, 11, 22, 41, 44-46, 48-49, 53, 55, 58-60, 65, 
76-82, 85, 88-89, 91, 93-98, 103, 108, 110, 
113, 123-125, 129-130, 134-135, 137, 
151-152, 156, 158, 160-161, 163, 190, 209, 
214, 219, 224, 226, 228-229, 234-237, 241, 
244-248, 256-257, 269-270, 273, 275-276, 
279-280, 282, 284-285, 309, 322, 325, 
348-350, 353, 355, 360, 369, 371, 384, 396, 
400-404, 406-408, 410, 412-414, 417, 
419-426, 440, 451-453, 459-460, 464, 475, 
481-483, 485, 490-491, 493, 495-503, 
505-507, 509-510, 512, 515-522, 526, 529, 
532, 534, 537, 539, 541, 545-550, 554-555, 
557, 562-564, 566-569, 571-576, 583, 590, 
598-599, 601-602, 605-611, 614-615, 617, 
621-625, 630, 633-637, 639-641, 644-646 
density, 125, 190, 270, 355, 360, 396, 400-402, 
404, 406-408, 410, 417, 419-426, 460, 
464, 481-482, 485, 491, 496, 517, 519, 
521, 526, 534, 537, 541, 546-550, 562, 
564, 572, 575-576, 599, 609, 611, 644 
speed of sound in, 481, 491, 496, 499, 501-502, 
505, 509-510, 515-516, 518, 520 
thermal conductivity, 598-599, 610-611, 645 
Air conditioners, 614, 622, 624, 637, 641 
Air conditioning, 644 
air masses, 349-350 
air pressure, 400-401, 403-404, 412, 422, 424-426, 
500, 518, 550, 563, 573-574 
air resistance, 11, 44-46, 48-49, 53, 55, 58, 60, 65, 
76-77, 79-82, 85, 91, 93, 97-98, 110, 113, 
125, 129-130, 134, 151, 156, 160, 163, 190, 
209, 214, 219, 224, 228-229, 234-237, 241, 
244-248, 256, 275-276, 282, 322, 348, 360, 
425-426 
alloy, 12, 546, 583 
Alpha particle, 280 
altitude, 59, 62, 84, 91, 125, 159, 170, 188-189, 200, 
211, 245, 284, 400, 408, 425-426, 447, 520, 
548, 550, 607, 609 
altitudes, 187, 400, 419, 426, 571 
Aluminum, 371, 374, 386, 389, 396, 421-422, 451, 
453, 485, 491, 516, 522, 528, 532-533, 
545-548, 581, 583, 586, 598, 606-607, 609, 
611, 642, 644, 646 
bulk modulus, 371, 453 
density, 396, 421-422, 485, 491, 528, 546-548, 
609, 611, 644 
thermal conductivity, 598, 611 
alveoli, 23 
AM radio signals, 481-482 
Amino acid, 567, 575 
Ammonia, 283, 568, 574, 585 
Ampere, 13, 21 


Amplitude, 429-445, 448-452, 454, 459, 461, 463-474, 


476-477, 479, 481-487, 492-493, 496-497, 
499-500, 502, 504, 512, 515, 517-519, 522 
forced oscillation, 443-444, 452 
of sound waves, 481, 504, 522 
of waves, 464, 466, 468-469, 477, 479, 481-482, 
484, 517 
Angle of incidence, 472, 477, 479 


Angle of reflection, 472, 479 
Angle of refraction, 477-478, 485-486 
Angular acceleration, 290-294, 296-300, 302-305, 
314-316, 319-324, 326, 333, 338, 359, 363, 
365, 439, 442 
instantaneous angular acceleration, 293, 321 
torque and, 290, 298-300, 302, 316, 333 
Angular displacement, 292, 437-440, 451, 455 
Angular frequency, 354, 431, 434, 441-442, 444, 466 
forced oscillation, 444 
simple harmonic motion, 431 
Angular momentum, 3, 252, 256, 290, 331-351, 
353-361 
conservation of, 252, 256, 332-336, 345-346, 350, 
353, 357 
initial angular momentum, 334, 360 
orbital, 356, 359 
rotational, 3, 290, 332-333, 338-340, 344-345, 
347-348, 350, 353-354, 356-357, 360 
spin, 332, 334, 348, 354, 356-357, 359 
torque and, 290, 333, 345 
vector angular momentum, 336, 345, 350, 356 
Angular position, 291-292, 297-298, 321, 450 
Angular velocity, 290-298, 304, 307, 309-310, 314, 
316-317, 319-322, 324-326, 333-336, 338, 
342, 344, 346-348, 353-359, 421, 547 
angular momentum and, 333, 342, 347, 356 
precession angular velocity, 348 
Angular velocity vector, 296 
Animals, 108, 417, 462, 492, 582 
Antifreeze, 420 
Antinodes, 474, 476, 479, 485, 499-501, 512 
longitudinal standing waves, 500 
apex, 283, 380, 510 
apparent weight, 112, 174, 185, 187, 247, 406, 419, 
422 
Arc length, 142, 215, 291-292, 438, 455 
Archery, 91 
Arctic Circle, 321 
Area, 4, 10, 15-16, 18, 22-24, 41, 44, 51, 56, 135, 150, 
199-201, 211, 214, 246, 259, 281, 316, 346, 
350, 370-374, 381, 387-391, 397-399, 402, 
404, 407, 409-410, 412-415, 417-418, 
419-425, 453, 462-465, 479, 482, 491, 493, 
499, 517, 535, 546-547, 555, 559, 561, 
566-569, 575, 578, 590-591, 597-598, 
600-603, 606, 609-610, 618-619, 623, 
636-637, 640, 643-645, 648, 652-653 
Aristotle, 8, 102 
arteries, 409, 413, 415, 417, 422 
arterioles, 409 
Arteriosclerosis, 413, 415 
asteroid, 131, 187, 189-190, 245, 287, 355, 358 
Asteroid belt, 187 
asteroids, 190, 287 
orbits of, 190 
Astronomical unit, 22 
astronomical unit (AU), 22 
astronomy, 509, 602 
defined, 509, 602 
astrophysics, 3, 5, 8, 24 
atmosphere, 7, 22, 108, 245, 398-404, 412, 421, 425, 
501, 509, 520, 535, 538, 548-549, 571, 575, 
601, 605, 609, 611, 630, 635, 637, 645 
heat and, 601, 605, 609, 611 
of Earth, 400, 611 
of Mercury, 402-403, 549 
solar, 601, 609, 635, 645 
structure of, 421 
Atmospheric pressure, 371, 387, 395-396, 399-404, 
412, 417, 420-421, 423-425, 453, 501, 529, 
532, 540, 545, 547, 549-550, 561, 569, 573, 
607, 611 
Atomic beam, 575 
atomic mass, 13, 263, 527, 537, 539-542, 572, 608 
atomic mass unit, 13 
Atomic mass unit (u), 13 
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Atomic mass units, 263, 527, 540, 542 
atomic nucleus, 181, 280, 283 
strong nuclear force, 181 
Atomic physics, 3 
Atomic structure, 8 
atoms, 12-13, 22, 24-25, 102, 135, 181, 213, 230, 246, 
249, 260, 322, 391, 396, 427, 454, 463, 496, 
526-528, 537, 541-542, 545-546, 554, 558, 
572, 575-576, 580-581, 593-595, 636, 643 
atomic mass, 13, 527, 537, 541-542, 572 
electrons, 24, 181, 396, 527-528 
elements, 13, 527 
isotopes, 572, 636 
kinds of, 102, 427 
neutrons, 24, 527 
periodic table, 527, 537, 545 
properties of, 528, 542, 545, 554 
protons, 24, 527 
size of, 22 
AU, 22, 25, 118, 187-191, 229 
Average acceleration, 34-38, 43, 51, 53, 57-58, 60, 62, 
74, 76, 92, 160 
Average angular acceleration, 293, 297, 321 
Average angular velocity, 292, 321 
Average power, 235-236, 246-247, 464, 487, 643 
Average speed, 30-32, 53, 55-56, 61-62, 74, 92, 177, 
259, 422, 424, 542, 558-560, 562, 571-572, 
575, 587 
Average velocity, 28, 30-34, 37-38, 50-51, 53, 55-57, 
62, 74, 92, 160, 571 


B 
Background noise, 517 
Ballistic pendulum, 264, 282 
bar, 12, 31-32, 94, 129, 156, 217, 224, 226-227, 243, 
248, 301, 365, 381, 401, 403, 440, 502, 533, 
547, 550 
Barometer, 62, 395, 402-404, 417, 420, 573 
bars, 497, 588, 606 
Beam, 167, 182, 253, 319-320, 322, 357, 367-368, 
373-376, 384-386, 390-391, 511, 528, 535, 
546-547, 575 
width, 320, 546 
Beat frequency, 504-505, 508, 519-521 
Beats, 18, 417, 425, 490, 503-505, 508, 512, 515-516, 
519, 523 
benzene, 415 
Bernoulli, Daniel, 410 
Beryllium, 595 
Betelgeuse, 602 
Big Bang, 19, 509 
Binding energy, 245-246 
Biological evolution, 631 
biology, 5 
biomass, 635 
biophysics, 5 
birds, 292, 636 
Bit rate, 56, 295 
black hole, 182, 188-189 
supermassive, 188 
Black holes, 165, 181-182 
mass of, 181 
blood, 395-396, 409, 413-415, 417, 419-426, 508, 
521-522, 548, 567, 575, 587, 601, 609-610 
Blood pressure, 415, 419-420, 424 
blood vessels, 425 
Body temperature, 530, 557, 564, 587, 607, 610-611, 
645 
Boiling, 529, 535-536, 538, 541-542, 548-549, 
561-563, 569, 571, 573-574, 585, 587, 605, 
607 
of water, 529, 536, 541-542, 548-549, 561-563, 
569, 571, 573-574, 585, 587, 605, 607 
Boiling point, 529, 536, 538, 541-542, 548-549, 
561-563, 569, 574, 585, 587, 607 
Boltzmann constant, 540, 558, 600, 609 
Boltzmann equation, 600 
Boltzmann, Ludwig, 632 
Bone, 367, 370-371, 374, 386-387, 389, 396, 421, 
453, 548 
Bottled water, 640 
Bow waves, 509-510 
Boyle, Robert, 536 
Brahe, Tycho, 175 
brain, 413, 490, 511, 520, 587 
Brass, 188, 371, 374, 389, 453, 521, 532, 545-547, 
550 
bulk modulus, 371, 453 
density, 521, 546-547, 550 


658 


Brayton cycle, 645 
brightness, 182, 511 
apparent, 182 

British system of units, 579, 606 

British thermal unit (Btu), 606 

Brown, Robert, 527 

Brownian motion, 527 

Btu, 579, 599, 606, 641 

Bubble chamber, 267 

bulge, 17, 353, 419, 545 

Bulk modulus, 371, 373, 381, 453, 462-463, 481, 486, 
493, 549 

Buoyancy, 113, 160, 395, 404, 421-422 

Buoyant force, 151, 395, 404-408, 416, 421-422, 
425-426, 526, 545-546, 550 


Cc 
Calculations, 10, 18, 22, 40, 47, 52, 120, 151, 237, 
261, 269, 291, 303, 348, 354, 375, 403, 407, 
433-434, 436, 501, 527, 559, 595 
Caloric, 579 
calorie, 579, 606 
Calorimetry, 578, 582-583, 585-586, 602, 606, 627 
Camera, 201, 492 
Cameras, 3, 79, 492 
Cancellation, 20 
Candela, 13, 21 
capillaries, 409, 416, 609 
Capillarity, 395, 415-416, 424 
Carbon, 283, 396, 417, 421, 454, 527, 537, 542, 548, 
561, 571, 573, 576 
atomic mass of, 527, 537 
Carbon atom, 283, 454, 527 
Carbon dioxide, 396, 417, 421, 454, 527, 548, 561, 
571, 573, 576 
bonds in, 454 
dry ice, 561, 571 
Cardinal points, 29 
Carnot cycle, 619-621, 625-626, 634, 640-642, 645 
Carnot engine, 614, 619-620, 635, 637, 639-642, 645 
Cars, 38, 43, 55, 60, 62, 94, 96, 125-126, 129, 148, 
156, 159-160, 212, 214, 244, 256-257, 
263-264, 279, 282-283, 285-287, 315, 427, 
516, 635, 637, 645 
Cartesian coordinates, 88, 652-653 
Cathode, 574 
Cavendish, Henry, 167 
cells, 401, 415, 508, 521-522, 557, 559, 635-636, 643 
plant, 635 
Celsius scale, 529-530, 536, 546 
Center of curvature, 151 
Center of gravity, 270, 365-366, 369-370, 383, 386, 
389, 422, 439 
center of gravity (CG), 270, 365, 370, 439 
Center of mass, 226-227, 243, 249, 252-253, 268-274, 
277, 279, 283-284, 291, 301, 305-306, 
310-313, 315, 317, 324, 326, 333-334, 
341-342, 344, 347, 357-358, 361, 363, 365, 
392, 440 
motion of, 249, 253, 268, 270, 272-274, 279, 
283-284, 291, 310, 333, 341, 347, 357 
stability and, 363 
velocity, 227, 243, 249, 253, 272-274, 277, 
283-284, 291, 301, 305, 310, 312, 315, 
317, 324, 326, 333-334, 342, 344, 347, 
357-358, 363, 440 
Centrifugal force, 101, 145, 147-148, 155, 348 
Centripetal acceleration, 142-150, 152, 155, 158-159, 
166, 171, 176, 179, 185-186, 188, 290, 294, 
324 
Centripetal force, 144, 197, 209 
Change of phase, 584 
energy, 584 
changes, 3, 31, 35-37, 69, 75, 78, 104, 141-142, 146, 
150, 206, 221, 224-225, 228, 231-233, 236, 
239, 242, 245, 255-256, 259, 273-274, 279, 
293, 305, 333-334, 345, 347, 365, 370, 374, 
381, 409, 425-426, 435, 438, 451, 467, 477, 
485-486, 493, 504-505, 528-529, 533, 
536-537, 542, 546-550, 554-555, 560-561, 
571-573, 581-582, 584, 586, 588, 590, 594, 
602, 605, 608-609, 615, 627-628, 643 
chemical, 236, 239, 581 
physical, 232, 451 
Charge density, 652 
Charged particles, 247 
Charges, 459, 606 
moving, 459 
source, 459 


Charles, Jacques, 536 
Chemical bond, 453 
Chemical bonds, 230 
chemical energy, 236-237 
chemical formula, 283, 527 
chemical reactions, 230, 527, 559 
electrons, 527 
energy, 230, 559 
protons, 527 
reaction rates, 559 
Chips, 23, 548, 605 
Chlorine, 639 
cholesterol, 415, 426 
Circuits, 3, 23 
Circular motion, 3, 133-153, 155-164, 206, 291, 324, 
427, 437 
angular acceleration, 291, 324 
dynamics of, 3, 134, 144 
nonuniform, 134, 150, 160 
period of, 143 
uniform circular motion, 134, 141-142, 144, 
146-147, 152, 158, 206, 427, 437 
Circular orbits, 174, 176, 187, 189-190, 245, 287, 359 
Circular waves, 457, 473 
circulatory system, 409, 414 
blood, 409, 414 
heart, 409 
Classical physics, 8, 120 
climate, 189, 644 
clocks, 441 
clouds, 189 
coal, 614, 616, 635-636, 644 
Coefficient of kinetic friction, 135-140, 152, 155-157, 
161-163, 233, 244-247, 282, 285, 314, 327 
Coefficient of performance, 623-625, 637, 641, 
644-645 
Carnot, 623, 625, 637, 641, 644-645 
Coefficient of static friction, 136, 140, 148, 152, 
155-162, 245, 247, 313, 325, 327, 360, 387, 
390-392, 454 
cohesive forces, 414, 416, 458 
Coils, 428, 460, 623-624 
collision, 58-60, 101, 233, 244-245, 252, 255-267, 
274-275, 277, 279-287, 346, 355-357, 360, 
454, 555, 565-566, 574-576, 597, 645 
Collisions, 60, 235, 252-253, 258, 260-261, 263, 
265-268, 277, 279, 281-283, 287, 414, 555, 
563-566, 569, 571-572, 574-575, 595, 597, 
603 
elastic, 252, 260-261, 263, 266-267, 277, 279, 
281-283, 287, 555, 571 
elastic collisions, 252, 260-261, 267, 279, 281, 571 
inelastic, 252, 260, 263, 265-266, 277, 279, 282 
inelastic collisions, 252, 260, 263, 282 
molecular, 564, 569, 571-572, 574-575, 597 
pressure and, 563 
Color, 107, 110, 265, 350, 410, 502, 528-529, 567, 
601, 606 
colors, 108-109, 568 
Combustion, 547, 590, 610, 616-617, 621-622, 
639-640, 644-645 
comet, 187-188 
Comet Hale-Bopp, 187 
community, 4, 541 
Commutative law, 338 
Components of, 69-74, 76, 78, 88, 92, 94, 96, 98, 113, 
147, 149-150, 160-161, 186, 269, 282, 294, 
296, 316, 321, 339, 345, 353, 355, 364, 
368-369, 379, 386, 391, 471, 647 
compounds, 527 
Compression, 214, 227, 233, 282, 372-379, 381, 
387-388, 390-394, 414, 434, 452, 460, 463, 
492, 503, 522, 535, 547, 590, 592, 596, 611, 
617, 619, 621-622, 640-641, 645 
Compression ratio, 611, 622, 640-641 
Compression stroke, 611, 621 
compressions, 460, 465, 482, 503 
Compressive stress, 373, 375, 535 
Computers, 53 
Concentration, 562, 566-569, 574-575, 598 
Concrete, 2, 135, 156, 158, 371, 374-375, 377, 380, 
384, 389, 396, 421, 453, 491, 516-517, 528, 
532, 535, 545-548, 598, 605 
density, 396, 421, 491, 517, 528, 546-548 
thermal conductivity, 598 
Condensation, 537, 542, 562, 646 
Condensation point, 542 
Condensed matter, 3, 8 
Conduction, 578, 597-599, 602-603, 606, 609-611, 


631, 641-642, 653 
heat, 578, 597-599, 602-603, 606, 609-611, 631, 
641-642 
Conductivity, 597-599, 602, 610-611, 645 
electrical, 645 
thermal, 597-599, 610-611, 645 
Conductor, 521, 598, 609 
Conductors, 598-599 
conservation, 3, 193, 203, 217-239, 241-250, 252-253, 
255-258, 260-267, 277, 279-280, 283, 
310-311, 324-326, 328, 332-336, 345-346, 
350, 353, 356-357, 370, 411-412, 418, 436, 
450, 578-579, 582-583, 585-586, 588, 602, 
605, 615-616, 630, 637 
of angular momentum, 3, 332-336, 345-346, 350, 
353, 357 
of energy, 193, 203, 217-239, 241-250, 252-253, 
256, 260, 263-264, 310-311, 324-326, 
328, 345, 353, 370, 411-412, 418, 436, 
450, 578-579, 582-583, 585-586, 588, 
602, 605, 615-616, 630, 637 
of momentum, 252-253, 255-258, 260-261, 
263-266, 277, 279-280, 283, 333 
Conservation laws, 193, 252, 256, 260-263, 265, 267, 
333, 630 
Conservation of angular momentum, 332-336, 
345-346, 350, 353, 357 
Conservation of energy, 203, 217-239, 241-250, 252, 
260, 310-311, 324-326, 328, 345, 353, 370, 
412, 418, 436, 450, 579, 582-583, 585-586, 
588, 602, 605, 615-616, 630, 637 
with conservative forces, 239 
Conservation of mechanical energy, 217, 224-225, 
227-229, 232, 243, 264-265 
Conservation of momentum, 252-253, 255-258, 
260-261, 263-266, 277, 279-280, 283 
law of, 252-253, 255-257, 265, 277, 283 
Conservative forces, 222-224, 228, 231, 238-239, 
242-243 
Conservative system, 223-224 
Constant angular acceleration, 290, 294, 297, 321, 
326 
Constant-volume gas thermometer, 530, 541-542, 
546, 548-549 
Constant-volume process, 609, 642 
Constructive interference, 472-474, 479, 484, 503, 
509, 515, 519 
Contact force, 110, 174, 180 
Contact forces, 102, 113, 180-181 
continental crust, 425 
continental drift, 407 
contraction, 417, 531, 535, 596, 609 
of length, 531 
Convection, 567-568, 574, 576, 578, 597, 599, 
602-603, 606, 609 
solar, 609 
convection currents, 599 
Coordinate, 29-31, 35, 40, 70-71, 73, 76, 78-79, 84, 
86, 88, 93, 113-114, 119-120, 147, 160, 162, 
195-196, 209, 220, 222, 266-271, 283, 291, 
307, 350, 353, 355, 366, 378, 399, 466 
Coordinate systems, 120 
coordinates, 29, 40, 70, 74, 88, 105, 200, 206, 213, 
269, 271, 283, 307, 353, 356, 652-653 
Copper, 396, 421, 424, 462, 527-528, 532, 545-546, 
548, 550-551, 581, 595, 598, 606, 609, 611, 
642 
bulk modulus, 462 
density, 396, 421, 424, 462, 528, 546, 548, 550, 
609, 611 
heat of fusion, 611 
thermal conductivity, 598, 611 
core, 189, 335, 420, 463 
Earth, 189, 420, 463 
of Earth, 189 
Coriolis effect, 332, 349-350, 358 
Coriolis force, 349, 358 
Cosmology, 2-3, 5, 8, 509 
Big Bang, 509 
defined, 509 
relativity and, 3 
crater, 214 
crests, 60, 459-460, 464-465, 472-473, 479, 482, 485, 
503, 505-507, 509 
Critical point, 370, 561, 565, 573-574 
Critical pressure, 561 
Critical temperature, 561, 565, 568, 574, 576 
Cross product, 332, 337-339, 350, 355 
crossing over, 227, 280 


crust, 170, 425, 459, 582, 611 
of Earth, 611 
Crystal lattice, 528 
Crystals, 396, 561 
Current, 3, 13-14, 21, 86-87, 91, 95-98, 355, 369, 653 
and magnetism, 3 
displacement, 91, 96, 369 
Current density, 653 
currents, 349, 408, 567-568, 599 
convection, 567-568, 599 
ocean, 349, 599 
surface, 408, 568, 599 
cycles per second, 429, 445, 454, 639 
Cyclic processes, 638 
cyclones, 350 
Cylindrical symmetry, 335 


D 
Damping, 440-445, 448, 451-453, 455, 465, 476, 479, 
481-482 
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gravitational potential energy, 3, 217, 220-222, 
225-226, 229, 232-234, 239, 241-243, 
245, 248, 264, 309-311, 575, 580 
work and, 3, 218, 226 
pounds, 12, 123, 194, 203, 214, 644 
Power, 2, 12, 15, 22, 151, 211, 217, 235-237, 239, 
242, 246-249, 252, 275, 279, 284, 303, 308, 
324, 359, 415, 422, 425, 445, 464-465, 482, 
486-487, 493, 496, 517, 520, 549, 600, 603, 
606, 609-611, 614, 616-618, 621, 624, 
635-637, 639-641, 643-646 
average power, 235-236, 246-247, 464, 487, 643 
instantaneous power, 235 
lever, 303 
of light, 12, 22, 520 
of sound, 487, 493, 496, 517, 520 
of waves, 464, 482, 517 
solar, 12, 235, 246, 359, 609, 635-636, 643, 645 
unit of, 12, 235-236, 606 
units of, 12, 415, 493, 606 
Power generation, 279 
Power stroke, 617, 621, 640 
powers of 10, 120 
Precession, 347-348, 353, 357 
precipitation, 509 
Pressure, 113, 350, 371, 373, 381, 387, 395-404, 
409-415, 417-418, 419-426, 453, 463, 466, 
469, 492-493, 496-497, 500-501, 517-518, 
526-527, 529-530, 532, 535-542, 545, 
547-550, 554-566, 568-569, 571-576, 581, 
584, 588-594, 596-598, 602, 607-609, 
611-612, 616-617, 619, 621, 623, 625, 632, 
636, 640-642, 644-645 
absolute pressure, 401, 420-421, 536-538, 540, 
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547-548 
atmospheric, 371, 387, 395-396, 399-404, 412, 
417, 419-421, 423-425, 453, 501, 529, 
532, 537, 540, 545, 547, 549-550, 561, 
569, 573, 607, 611 
atmospheric pressure, 371, 387, 395-396, 399-404, 
412, 417, 420-421, 423-425, 453, 501, 
529, 532, 540, 545, 547, 549-550, 561, 
569, 573, 607, 611 
blood, 395-396, 409, 413-415, 417, 419-426, 548, 
575, 609 
blood pressure, 415, 419-420, 424 
gauge pressure, 395, 401-403, 417, 420, 422-425, 
536, 538, 540, 547-549, 575 
in liquid, 399 
in liquids, 399, 414 
measuring, 398, 423-424, 549 
of gases, 400, 413, 542, 554-566, 568-569, 
571-576, 590, 593 
radiation, 597, 602, 609, 611, 645 
thermal, 414, 526-527, 529-530, 532, 535-542, 
545, 547-550, 574, 589, 597-598, 611, 
616, 632, 636, 645 
units, 397, 403, 409, 415, 493, 497, 527, 538-540, 
542, 545, 572, 581, 584, 597, 602, 644 
units of, 403, 415, 493, 597 
vapor, 414, 423, 548, 554, 560-565, 569, 571, 
573-576, 584, 602, 623, 641 
Pressure amplitude, 493, 497, 517-518 
Pressure gauge, 403 
Pressure gauges, 401, 403 
pressure gradient, 415, 424, 598 
Pressure nodes, 501 
Pressure wave, 493, 496 
Principle of equivalence, 165, 181-182 
Principle of superposition, 457, 469-470, 472, 476, 
479, 502, 504 
Probability, 632-634, 643, 646 
probe, 520 
products, 210, 296, 338, 582, 631, 635-636, 645 
projectile, 65, 76-79, 81-83, 85, 88, 91, 93-95, 97-98, 
141-142, 227, 246, 256, 264-265, 268, 273, 
281-283, 359 
Projectile motion, 65, 76-79, 85, 88, 93, 141-142, 268 
acceleration in, 76, 79 
equations for, 76, 78, 85, 88, 142 
launch angle, 93 
Projectiles, 65, 156, 265 
motion of, 65, 265 
parabola, 65 
Projection, 82, 94, 197, 437 
proper distance, 492 
Proportionality, 135, 315, 370-371, 373, 414, 428, 531, 
537-538, 565, 567, 597 
proportionality constant, 315, 370-371, 373, 414, 428, 
531, 565, 597 
Propulsion, 108, 219, 252, 257, 274, 276 
Protein, 575, 581, 611 
Proton, 12-13, 23, 263, 265-267, 280 
mass of, 280 
proton (p), 263 
Protons, 23-24, 266-267, 527 
pulleys, 118, 128 
pure substance, 396, 527, 537, 540, 542 
pV diagrams, 590-591, 642 
Pythagoras, 17, 67, 70, 87, 113, 556 
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Quality, 445, 452, 490, 494, 502, 519 
Quantity of heat, 627 

Quantized, 595 

Quantum mechanics, 238 

Quarks, 19 

Quartz, 518-519, 532, 545 
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RA, 159, 245, 287, 293-294, 296, 298-300, 305, 316, 
345, 349, 356, 361 

rad, 24, 159, 163, 291-297, 300, 302-305, 308, 316, 
320-321, 323, 325, 328-329, 335-336, 354, 
356-358, 361, 433, 435, 455, 468, 485-486, 
488, 493, 547 

radar, 254, 508-509, 512 

Radian, 291, 316 

Radians, 13, 215, 291-295, 316, 320-321, 327, 431, 
438, 478, 488 

Radiant, 599-602 

radiant energy, 599, 601-602 
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types of, 599 
Radiation, 12, 578, 597, 599-603, 606, 609, 611, 637, 
645 
defined, 12, 578, 599, 602, 606, 637 
electromagnetic, 600, 603 
solar, 12, 601, 609, 645 
thermal, 578, 597, 599, 601, 606, 611, 637, 645 
types of, 599 
units of, 12, 597, 606 
Radio signals, 481-482 
radioactive decay, 265 
Radioactivity, 181, 636 
Radius, 7, 16-18, 21-22, 24, 56, 76, 142-143, 145-152, 
155-156, 158-162, 166, 169-174, 176-177, 
179, 185-190, 197, 212, 214, 229, 234-235, 
239, 244-245, 247-248, 283, 287, 290-291, 
293-294, 296, 300, 302-303, 306, 309-311, 
313-316, 319-329, 334-335, 340, 343, 346, 
354-360, 388-389, 391-392, 397, 409, 
414-416, 420-422, 424-426, 437, 450-452, 
462, 465, 520, 539, 547, 549-550, 564, 566, 
572, 576, 602, 609-610, 647-649 
angular momentum and, 340, 356 
of Earth, 17, 24, 171, 185-186, 189-190, 239, 355 
of Jupiter, 186-189 
of Mars, 177, 185-186, 190 
of Mercury, 549 
of Pluto, 185, 190 
of Saturn, 188 
Radius of curvature, 151, 155, 158, 550 
Randomness, 633 
ranges, 515 
Rarefaction, 492, 501, 503, 522 
Rarefactions, 460, 503 
reacting, 42 
Reaction, 21, 42, 58, 61, 101, 107, 109-110, 124, 212, 
230, 237, 257, 559 
Reaction rates, 559 
activation energy, 559 
Recoil, 257-258, 279, 281, 285 
red blood cells, 508, 521-522 
red light, 57, 282 
redshift, 509 
reduction, 170 
reference frames, 28-29, 65, 86, 89, 103, 106, 172, 
348, 357 
accelerating, 103, 106, 172 
inertial, 103, 106, 172, 348 
Reference point, 220-221, 239, 398, 569 
Reflection, 296, 367, 457, 462, 471-472, 478-479, 
481, 483, 485, 508, 510-511, 540 
law, 471-472, 478-479, 485, 540 
law of, 472, 478-479, 485 
total internal, 485 
Refraction, 457, 477-478, 485-486 
waves, 457, 477-478, 485-486 
Refrigerators, 614, 622, 624, 637, 641 
coefficient of performance, 624, 637, 641 
relative humidity, 563-564, 569, 573, 576 
Relative motion, 505 
velocity, 505 
Relative velocity, 65, 85-86, 88-89, 95-96, 274, 277, 
282, 507, 521 
in a straight line, 95 
Relativity, 3, 8, 102, 181-182, 253 
energy and, 3 
events, 8 
general, 181-182, 253 
general theory of, 181-182 
momentum and, 253 
of length, 3 
of motion, 8, 102, 253 
special, 253 
speed of light, 102 
theory of, 102, 181-182 
work and energy, 3 
rem, 190 
reproduction, 636 
research, 2, 5, 9, 85, 181, 190, 574 
basic, 181 
reservoirs, 620, 634-636, 639, 641 
Resistance, 11, 44-46, 48-49, 53, 55, 58, 60, 65, 
76-77, 79-82, 85, 89, 91, 93, 97-98, 110, 
113, 125, 129-130, 134, 151, 156, 160, 163, 
181, 190, 209, 211, 214, 219, 224, 228-229, 
234-237, 241, 244-248, 256, 275-276, 282, 
322, 348, 360, 425-426, 440, 528-529, 545, 
599 
equivalent, 76, 219, 224, 425 
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internal, 236, 256, 275, 282, 440 
Resistive force, 144, 151-152, 160, 451 
Resolution, 70, 316 
angular, 316 
Resonance, 427, 443-445, 447, 452, 457, 474, 479, 
484 
Resonance peak, 445 
Restoring force, 200, 428, 430, 432, 435, 437-438, 
440, 445, 463, 470-471, 479 
linear, 437, 470-471 
Resultant, 66-68, 70-73, 88, 91-92, 96, 113, 126, 206, 
300, 321, 339-341, 359, 413, 461, 472, 479, 
484, 504, 520, 546 
Resultant vector, 67-68, 71-72, 88, 92 
Reversible processes, 619, 627, 629 
Right-hand rule, 296, 316, 336-340, 347, 350 
rock, 23-24, 44, 49, 55, 59, 91, 93, 97-98, 123, 130, 
178, 189, 209, 215, 224-225, 249, 256, 326, 
365, 383, 385, 404, 407, 421, 425, 457-459, 
471, 477-478, 483, 486, 494, 517, 562, 611, 
615, 630-631, 636, 642 
formation, 483 
types, 256, 457, 486 
Rocket propulsion, 108, 219, 252, 257, 274, 276 
rocks, 17, 97-98, 170, 190, 249, 252, 392, 470, 473, 
630 
rods, 356, 371, 375-376, 391, 451, 486, 522, 609 
Rolling friction, 135 
Rolling motion, 309 
Romans, 379-380, 601 
Root-mean-square speed, 557 
Ropes, 129-130, 215, 241, 390 
Rotation, 56, 80-81, 103, 114, 144, 158-159, 161-162, 
170-171, 185, 188, 245, 253, 268, 270, 
290-296, 298-301, 303-312, 314, 316-317, 
319, 321-325, 331-351, 353-361, 365, 421, 
437, 594 
gravity and, 162, 185, 270 
kinetic energy of, 307-308, 310-311, 317, 325, 
354-355, 594 
of Earth, 171, 185, 355 
proof of, 307, 341 
rate of, 159, 253, 292, 308, 321, 324, 332, 
339-340, 347, 354, 357 
solar, 188, 359 
Rotation period, 188 
rotation rate, 324, 354-355 
Rotational dynamics, 290, 300, 302, 319, 322, 360 
torque, 290, 300, 302, 319, 322 
vector nature of angular quantities, 290 
Rotational energy, 595 
rotational equilibrium, 380 
Rotational kinematics, 298 
Rotational kinetic energy, 202, 290, 307-308, 310-312, 
317, 319, 324-325, 333, 354, 581, 595 
Rotational motion, 3, 218, 225, 268, 289-317, 
319-329, 332-333, 345, 347-348, 357, 360, 
437-439, 455 
angular acceleration, 290-294, 296-300, 302-305, 
314-316, 319-324, 326, 333, 439 
angular velocity, 290-298, 304, 307, 309-310, 314, 
316-317, 319-322, 324-326, 333, 
347-348, 357 
constant angular acceleration, 290, 294, 297, 321, 
326 
dynamics, 3, 290, 298, 300, 302, 319, 322, 333, 
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moment of inertia, 3, 300-303, 305-307, 310-311, 
313, 316, 319-320, 322-324, 326-328, 
333, 345, 348, 357, 360, 439 

rolling motion, 309 

torque, 290-291, 298-300, 302-305, 308, 313, 
315-316, 319, 321-329, 332-333, 345, 
347, 439 

rubber, 22, 108, 135, 156, 158, 182, 321, 325, 327, 
610 


S 

S pole, 357 

S waves, 463, 482 

satellite dish, 486 

Satellite motion, 172 

satellites, 23, 165, 172-174, 183, 187-188, 197, 245 
circular orbits, 174, 187, 245 
planetary, 183 

Saturation, 563 

Saturn, 176-178, 186, 188, 190, 286, 359 
density of, 186 
mass of, 176-178, 186, 188, 190, 286, 359 


moons of, 186 
radius of, 176, 186, 188, 190 
rings, 188 
rings of, 188 
Scalar product, 193, 197-198, 206, 209-210 
Scalar quantities, 66 
scalar quantity, 194, 203 
Scalars, 65-66, 193, 197, 338 
scattering of light, 7 
science, 2, 7-8, 20, 44, 189, 202, 218, 252, 267, 520 
models of, 20 
nature of, 7-8 
physics, 2, 7-8, 20, 252 
Scientific notation, 11 
seasons, 185, 572, 601 
Seawater, 405, 422 
second, 9, 12-15, 20, 21-24, 28, 31, 35, 37, 41-43, 
45-46, 52-53, 55-60, 62-63, 66-69, 71-72, 
81-83, 85-86, 89, 91, 101-102, 104-121, 
126-127, 131, 136-141, 143-148, 151, 155, 
157, 159-163, 166-169, 171-174, 176-177, 
179-181, 183, 187, 190, 196-197, 199, 
202-203, 206, 212, 214, 219, 224-225, 
229-232, 236-237, 242-243, 246, 253-254, 
256, 258, 260-262, 265-267, 272-273, 275, 
277, 280-284, 292-293, 295, 297-304, 307, 
312-316, 321, 327, 333, 335, 339-341, 343, 
345-346, 348-350, 353-354, 357, 359, 
364-365, 368, 370, 409, 411, 414, 417, 419, 
425-426, 429-432, 434, 436, 439-440, 442, 
444-445, 450, 454, 459-460, 468-471, 
474-476, 479, 485-486, 490-491, 498-500, 
503-506, 508, 510, 512, 516-520, 531, 
540-541, 550, 555-556, 562, 565-567, 572, 
574-576, 583, 587, 591, 595, 601, 613-638, 
639-646, 652 
Second condition for equilibrium, 365 
Second law of thermodynamics, 613-638, 639-646 
sedimentation, 144 
Seeing, 6, 117, 309, 412 
seismic wave, 483 
Semimajor axis, 176-177, 189 
senses, 526 
shear forces, 387 
Shear modulus, 371, 373, 381, 453, 519 
Shear strain, 373 
Shear stress, 372-373, 375, 378 
shell, 155, 168, 214, 245, 517, 533-534, 647-649 
Shock absorbers, 432, 441, 451 
Shock wave, 509-510, 520 
SI units, 13, 23, 41, 104-105, 110, 143, 194, 203, 236, 
253, 280, 299, 333, 372, 403, 409, 538-539, 
579, 584 
Sign convention, 616 
signal-to-noise, 517 
Significant figures, 7, 9-11, 14-15, 20, 21-25, 40, 52, 
75, 84, 137, 145, 368-369, 491, 548, 587 
silicon, 23 
Silver, 546, 581, 585, 597-598, 607, 611 
density, 546, 611 
heat of fusion, 585, 607, 611 
heat of vaporization, 585, 607 
thermal conductivity, 597-598, 611 
Simple harmonic motion (SHM), 430, 445 
Simple pendulum, 19, 214, 229, 427, 437-439, 442, 
445, 450-452, 454-455, 547 
Sinusoidal transverse wave, 486 
Sinusoidal wave, 459, 464, 466-467, 470, 481, 
483-484, 487, 492 
Sinusoidal waves, 470-471, 502 
Sliding objects, 311 
Slipping, 137, 148, 155, 161, 309-311, 313-314, 321, 
325-327, 357, 365, 392, 450 
rolling without, 309-310, 314, 325, 450 
smell, 565 
Smog, 637 
snow, 98, 134, 138-139, 156, 214, 241, 244, 246, 285, 
390, 554, 605, 607 
Soaps, 416 
Solar and Heliospheric Observatory (SOHO), 179 
Solar constant, 601, 609 
Solar day, 12 
mean, 12 
Solar energy, 635-636 
global warming, 635-636 
Solar system, 178, 188, 190-191, 235, 246, 359 
asteroids, 190 
formation of, 359 
inner, 188 


Milky Way, 188 
Moon, 188, 190-191, 235, 359 
outer planets, 359 
sun, 178, 188, 190, 246, 359 
telescopes, 178 
Solids, 271, 302, 371, 381, 396, 407, 421, 427-428, 
453, 469, 481, 491, 529, 531-533, 542, 545, 
548, 557, 562, 581, 593, 595 
crystalline, 595 
molecules, 542, 548, 557, 562, 581, 595 
sound waves in, 481 
specific heat of, 581, 595 
solstice, 354 
winter, 354 
solutions, 4-6, 41, 43, 46, 48-49, 80, 82, 469 
Sonar, 490, 510-512, 516, 520 
Sonic boom, 490, 509-510, 512, 520 
Sound, 8, 56-57, 59, 260, 444, 459-460, 462, 464, 
469, 475, 478-479, 481-482, 485-487, 
489-513, 515-523, 557, 571, 576 
bow waves, 509-510 
decibels, 490, 493, 512, 517, 519-520 
Doppler effect, 490, 505-509, 512, 519-520 
Fourier analysis, 502 
human ear, 493, 496-497, 503, 512, 517, 519-520 
interference, 479, 490, 503-504, 509, 515, 519, 522 
musical sounds, 475 
natural frequency, 444 
nature of, 8 
pitch, 491, 497-498, 502, 505, 507, 509, 512, 
515-516, 518 
power of, 486-487 
refraction, 478, 485-486 
refraction of, 478 
resonance, 444, 479 
shock wave, 509-510, 520 
sonar, 490, 510-512, 516, 520 
sonic boom, 490, 509-510, 512, 520 
speed of, 56-57, 59, 462, 464, 475, 481-482, 
485-487, 491-492, 496, 499, 501-503, 
505-507, 509-512, 515-516, 518-522, 557 
Sound intensity, 494 
Sound level, 490, 493-497, 504, 512, 517-518, 
520-521 
Sound waves, 444, 459, 462, 469, 478, 481, 490-492, 
497, 499, 503-505, 507, 509-510, 512, 
515-516, 518-519, 522, 571, 576 
beats, 490, 503-505, 512, 515-516, 519 
decibels, 490, 512, 519 
Doppler effect, 490, 505, 507, 509, 512, 519 
echo, 510, 512, 516 
loudspeakers, 503, 515, 519 
pitch, 491, 497, 505, 507, 509, 512, 515-516, 518 
speed of sound, 481, 491-492, 499, 503, 505, 
509-510, 512, 515-516, 518-519 
standing, 478, 481, 490, 497, 499, 512, 515, 
518-519 
Sources of energy, 583, 586 
Space, 7, 17, 22, 58, 70, 101, 108-110, 124, 131, 155, 
158-159, 165, 172-173, 175, 180-183, 
186-187, 189, 199, 212, 235, 245, 257, 263, 
279-281, 285-287, 296, 307, 342, 376, 
379-380, 387-388, 401, 404, 417, 423, 459, 
462, 466-467, 469-470, 472, 479, 483, 491, 
493, 503-504, 515, 519-520, 528, 535, 
541-542, 548, 562, 575-576, 582-583, 599, 
609-610, 633, 636, 652-653 
at, 7, 17, 22, 58, 108, 110, 124, 131, 155, 158-159, 
165, 172-173, 175, 180-183, 186-187, 
189, 199, 212, 235, 245, 257, 263, 
279-281, 285-287, 296, 307, 376, 380, 
387-388, 401, 404, 417, 423, 459, 462, 
466-467, 469-470, 472, 479, 483, 491, 
493, 503-504, 515, 519-520, 528, 535, 
541-542, 548, 562, 575-576, 582-583, 
599, 609-610, 633, 636 
black holes, 165, 181-182 
conservation of momentum, 257, 263, 279-280 
curvature of, 7, 22, 158, 165, 181-182 
satellite motion, 172 
weightlessness, 155, 165, 172, 175, 183, 187 
Space Shuttle, 101, 158, 165, 173, 186-187, 189, 245, 
286-287, 404 
Space Station, 159, 165, 172, 175, 279 
Sparks, 85, 145, 517 
species, 631 
Specific heat, 578, 581-583, 586, 593-595, 602, 
605-608, 610-611, 627, 629, 642, 644, 646 
molar, 578, 593-595, 602, 608, 611, 642 


of gases, 593 
Spectra, 502 
continuous, 502 
spectrum, 502 
Speed, 12-15, 18-19, 22-23, 28-33, 36, 39, 41-47, 49, 
53, 55-62, 74-75, 81-82, 84-85, 87-88, 
91-99, 101-104, 106-107, 112, 118, 123-131, 
134-135, 139, 141-144, 146-152, 155-164, 
165, 171-174, 177, 182-183, 185, 187-190, 
197, 202-207, 209-210, 212-215, 217, 219, 
224-229, 233-238, 241-250, 252-254, 
256-259, 261-264, 266, 275-276, 279-287, 
294-296, 303, 309-314, 319-329, 334-337, 
340, 349-350, 353-360, 387, 408-414, 419, 
422-425, 428, 432, 434, 436-437, 440, 442, 
447, 449-452, 454, 461-464, 467, 471, 475, 
477, 479, 481-483, 485-488, 490-492, 
496-497, 499, 501-503, 505-512, 515-522, 
542, 554, 557-560, 562, 566, 571-572, 
574-576, 587, 589, 606, 610, 633, 639-641, 
643 
and air resistance, 130, 229, 236, 246-247, 256, 
275, 322 
and gravity, 139, 213, 249, 276 
average, 18, 22-23, 28, 30-33, 36, 43, 53, 55-58, 
60-62, 74-75, 92-93, 95, 106, 124-125, 
127, 129-130, 160-161, 177, 187-190, 
212-214, 235-237, 244-248, 254, 259, 
280-281, 287, 321, 324, 326, 387, 409, 
422, 424-425, 464, 482, 487, 497, 520, 
542, 554, 557-560, 562, 566, 571-572, 
575-576, 587, 606, 610, 643 
average speed, 30-32, 53, 55-56, 61-62, 74, 92, 
177, 259, 422, 424, 542, 558-560, 562, 
571-572, 575, 587 
escape, 60, 96, 125, 127, 172, 182, 217, 233, 235, 
245-246, 248, 562, 571, 575, 587 
in units, 18, 326, 606 
instantaneous, 28, 32-33, 49, 53, 55-56, 62, 74-75, 
88, 92, 141-142, 160, 197, 235, 310, 321 
instantaneous speed, 32, 53, 74 
kinetic energy and, 202-203, 227, 229, 266, 356, 
449, 452, 559, 571 
molecular, 542, 554, 557-560, 571-572, 574-575, 
633 
of light, 12, 19, 22, 56, 102, 182, 185, 491, 520, 
554 
of sound, 56-57, 59, 462, 481, 485, 487, 490-492, 
496-497, 499, 501-503, 505, 507, 
509-512, 515-522, 557 
terminal, 45, 60, 134, 151-152, 160, 163, 214, 482, 
511 
units of, 12-13, 18, 57, 156, 214, 296, 326, 606 
wave, 461-464, 467, 471, 475, 477, 479, 481-483, 
485-488, 490-492, 496, 499, 501-503, 
505-512, 515-522, 576 
Speed of light, 12, 19, 22, 102, 185, 491, 520, 554 
relativity, 102 
Speed of sound, 56-57, 59, 481, 485, 487, 491-492, 
496, 499, 501-503, 505, 509-512, 515-516, 
518-521, 557 
speedometer, 32, 55, 91 
Spherical wave, 465, 487 
Spherical waves, 472 
spin, 108, 155, 159, 261, 285, 314, 327, 332, 334, 
348, 354, 356-357, 359 
Spring constant, 200-201, 205, 212, 214-215, 
242-244, 282, 286, 393, 428-430, 448-455, 
466 
Spring force, 200, 228, 595 
Spring scale, 102, 110, 123, 174, 187, 447 
Springs, 200, 209, 232, 383, 393, 428-429, 432, 441, 
445, 447-449, 452, 454, 595, 636 
energy of, 449, 595 
force and, 432, 452 
SS, 176, 189, 195 
stability, 137, 358, 363, 369-370, 387 
Stable equilibrium, 239, 369-370, 381, 383, 387, 422 
Stadium, 246 
standard atmospheric pressure, 401, 403, 417, 529 
Standard temperature and pressure (STP), 538 
standing wave, 474-476, 481, 484-485, 498-500, 512, 
518 
Standing waves, 457, 474-475, 479, 481, 484, 490, 
497-501, 512, 515, 519 
electromagnetic waves, 481 
longitudinal, 457, 479, 490, 500, 512 
musical instruments, 475, 497, 512 
nodes, 474-475, 479, 481, 484, 498-501, 512 


nodes and antinodes, 474, 501 
on string, 499 
sinusoidal, 481, 484 
sound waves, 481, 490, 497, 499, 512, 515, 519 
transverse, 457, 479, 481, 490 
star, 3, 6, 12, 178, 182, 187-188, 274, 287, 335, 360, 
602 
stars, 178, 182, 187-188, 274, 287, 335, 529 
brightness, 182 
neutron, 335 
neutron star, 335 
State variables, 527, 588, 626 
Static equilibrium, 363-381, 383-394 
Static friction, 135-137, 140, 148-149, 152, 155-162, 
245, 247, 309-310, 312-314, 325, 327, 360, 
381, 387, 390-392, 454 
Steam, 230, 236, 396, 421, 521, 541, 545, 548, 550, 
554, 573, 581, 584, 588, 601, 605, 607-608, 
611, 614-617, 635-636, 639, 641-642, 
644-645 
Steam engines, 236, 588, 614, 616, 635, 644 
Steel, 103, 129, 135, 158, 212, 241, 279, 282, 319, 
371-372, 374-376, 380, 386-391, 396, 
415-416, 421-422, 424, 426, 452-453, 482, 
485, 491, 516, 521, 532, 534, 538, 545-551, 
581, 598, 610-611 
bulk modulus, 371, 453, 549 
density, 212, 391, 396, 421-422, 424, 426, 482, 
485, 491, 521, 534, 538, 546-550, 611 
speed of sound in, 491, 516 
thermal conductivity, 598, 610-611 
Stefan-Boltzmann constant, 600 
Stefan-Boltzmann equation, 600 
stomach, 290 
Straight-line motion, 611 
velocity, 611 
work, 611 
Strain, 363, 370, 372-373, 381, 387, 393-394 
Streamline, 116, 408, 410, 415, 418 
Stress, 248, 363, 370, 372-375, 378-379, 381, 
387-388, 393-394, 535, 547 
stresses, 308, 321, 363, 373-374, 376, 526, 535, 547 
Strings, 115, 258, 387, 427, 475, 486, 490, 497-499, 
512, 518-519, 521 
strong force, 107-108, 263 
strong nuclear force, 181, 183 
Subatomic particle, 13 
Sublimation, 561 
Subtraction, 65-66, 68-69, 85, 283 
of vectors, 65-66, 68-69 
succession, 607 
Sulfur, 453, 548 
Sun, 12-13, 21-23, 28, 167-168, 173, 175-180, 
182-183, 185-190, 233, 241, 245-246, 274, 
284, 286-287, 320-321, 325, 335, 346, 
354-355, 359-360, 529, 534, 547, 572, 579, 
599-603, 606, 609-611, 636, 643-645, 649 
active, 602, 606, 636 
atmosphere of, 601 
composition of, 189 
convection and, 599 
density of, 186-187, 189, 360, 547, 611 
diameter of, 22-23, 321, 547, 609 
gravity of, 189 
interior of, 547, 610, 644 
mass of, 22, 167-168, 176-178, 185-190, 233, 
245-246, 284, 286-287, 325, 354, 
359-360, 547, 572, 602, 606, 609-611 
orbit of, 173, 177-178, 189-190, 245-246 
path of, 176, 233, 602 
radius of, 21-22, 173, 176, 186-190, 245, 287, 
320-321, 325, 335, 354, 602, 609 
rotation of, 360 
temperature of, 534, 547, 572, 579, 600-602, 606, 
609, 611, 645 
weight of, 186-188, 359 
Sunlight, 601, 635-636 
Supermassive black hole, 188 
Superposition, 457, 469-470, 472, 476, 479, 490, 502, 
504, 515-516, 519 
beats, 490, 504, 515-516, 519 
of wave, 457 
principle of, 457, 469-470, 472, 476, 479, 502, 504 
Superposition principle, 469-470, 479 
support force, 386 
surface area, 16, 22, 24, 44, 135, 397, 415, 419, 425, 
463, 465, 499, 547, 600, 602-603, 606, 
609-610, 643, 645 
Surface integrals, 653 
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surface temperature, 598-599, 602, 609 
Surface tension, 395, 415-416, 418, 424, 482 
surface water, 534 
surface waves, 464, 482 
Suspension, 378-379, 389, 532 
Symmetry, 16, 21, 162, 166, 186, 266, 271, 306, 319, 
335-336, 342, 344, 346-347, 350, 357, 359, 
375, 377, 391, 421 
angular momentum and, 342, 347 
System, 5, 7, 9, 12-13, 21, 30-31, 41, 61, 70-71, 73, 
76, 78-79, 84, 86, 105, 113, 116-117, 
119-120, 127-129, 131, 138-140, 147, 
156-157, 160-162, 167, 178-179, 181, 188, 
190-191, 194-196, 201, 203-204, 209, 213, 
220-224, 227-229, 231-233, 235-238, 242, 
244-246, 253, 255-258, 261, 263-264, 
266-275, 277, 279, 283-285, 287, 291, 299, 
301, 303-304, 307, 319, 322-325, 327, 
332-333, 336-346, 349-350, 353-360, 363, 
365-366, 392, 399, 402, 409, 411, 414, 424, 
427-428, 430, 436, 440-441, 443, 445, 
450-452, 455, 517, 520, 526-527, 531, 535, 
537, 542, 545-546, 573, 578-579, 581-583, 
586-592, 599, 602, 605-608, 616-619, 621, 
623, 625-633, 637, 639, 642-644, 646 
Systems, 13, 105, 120, 177, 193, 230, 248, 252-253, 
257, 273-274, 287, 305, 308, 427, 432, 
440-441, 443, 445, 470, 497, 520, 527, 531, 
582, 599, 601, 605, 618, 634, 639, 645 
energy of, 230, 248, 287, 308, 605, 618 
isolated, 257, 582 
total momentum of, 257, 273-274 


T 
Tangential acceleration, 150-151, 160, 162, 294, 304, 
319, 324, 359 
tangential velocity, 349 
technology, 4-5, 8, 515, 614 
tectonics, 407 
telescope, 189 
defined, 189 
size of, 189 
Telescopes, 178, 274 
Temperature, 13, 21, 66, 212, 230, 282, 371, 396, 400, 
414-416, 423, 453, 481, 485, 491-492, 
502-503, 512, 515-518, 521, 525-543, 
545-551, 554, 556-566, 568-569, 571-576, 
578-603, 605-611, 614-625, 627-632, 
634-635, 637, 639-642, 644-646 
absolute, 526, 529, 535-538, 540-542, 547-548, 
554, 556-559, 561-562, 571, 607, 611, 
620-621, 625, 635, 646 
atmospheric, 371, 396, 400, 423, 453, 529, 532, 
537, 540, 545, 547, 549-550, 561, 569, 
573, 607, 611 
body, 415, 492, 512, 530, 534, 557, 562, 564, 578, 
580-581, 587, 590, 597, 599-601, 605, 
607, 609-611, 642, 645 
energy and, 230, 559, 571, 580, 585, 587-588, 595, 
602, 615, 630, 634, 637 
Kelvin scale, 536, 547, 573 
mass and, 282, 586 
specific heat and, 593 
Temperature gradient, 597-598 
Temperature scales, 529-530 
Celsius scale, 529-530 
Fahrenheit scale, 529-530 
Tensile strength, 374, 389, 453 
Tensile stress, 372-374 
Tension, 115-118, 124, 126-131, 138, 140, 145-147, 
152, 157, 159, 162, 187, 212, 219, 229, 244, 
247, 304, 313, 358, 364, 368, 371-378, 381, 
384-388, 390-394, 395, 406, 415-416, 418, 
421, 424, 458, 461-462, 468, 474-475, 
482-486, 498-499, 518-519, 521, 535, 547 
Tension force, 118, 126-127, 140, 145-146, 162, 374, 
388, 390, 392, 416 
terminal speed, 163 
Terminal velocity, 45, 60, 134, 151-152, 160, 214, 426 
Theory, 3, 8-9, 20, 44, 102-103, 166, 181-183, 230, 
253, 348, 526-527, 542, 546, 553-569, 
571-576, 580, 587, 593-595, 608, 631 
Theory of relativity, 102, 181-182 
Thermal conductivity, 597-599, 610-611, 645 
Thermal conductors, 598 
thermal energy, 205, 230-233, 236-237, 239, 244-245, 
248, 260, 275, 346, 414, 440, 445, 465, 531, 
580, 589, 610, 615-616, 630-632, 634, 637 
dissipative forces, 230 
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heat, 205, 230, 248, 260, 580, 589, 610, 615-616, 
630-632, 634, 637 
temperature, 230, 414, 531, 580, 589, 610, 
615-616, 630-632, 634, 637 
Thermal equilibrium, 526, 531, 578, 586 
Thermal expansion, 525-543, 545-551 
and water, 527 
linear, 531-533, 536, 542, 545-547, 550 
volume, 526-528, 530, 532-542, 545-550 
water, 527-530, 532-534, 536, 541-542, 545-550 
Thermal radiation, 601 
Thermistors, 529 
Thermocouple, 550 
Thermocouples, 529 
Thermodynamic processes, 587-588, 590, 592, 602, 
642, 645 
adiabatic processes, 590 
isobaric process, 590 
isothermal process, 590 
Thermodynamics, 3, 526-527, 531, 577-603, 605-612, 
613-638, 639-646 
adiabatic processes, 590-591, 619, 622, 637 
Carnot engine, 614, 619-620, 635, 637, 639-642, 
645 
Diesel engine, 590, 611, 640 
energy resources, 614, 635-636, 643 
entropy, 614, 625-634, 637-638, 639, 641-646 
first law of, 3, 577-603, 605-612, 615, 620, 623, 
625, 630, 639 
heat engines, 596, 614-616, 619, 635, 637, 
639-640 
heat pump, 624, 637, 641, 645 
isobaric process, 590-591 
isothermal process, 589-591, 596-597, 605, 620, 
628, 644 
laws of, 531, 588, 615, 630 
refrigerators, 614, 622, 624, 637, 641 
second law of, 613-638, 639-646 
third law of, 614, 621, 625, 634-635 
zeroth law of, 526, 531 
Thermograph, 601 
Thermometers, 526, 528-530, 532, 542, 546 
Celsius, 529-530, 542, 546 
constant-volume gas thermometer, 530, 542, 546 
Fahrenheit, 529-530, 542, 546 
Kelvin, 529, 542 
Thermostat, 545, 609 
third law of thermodynamics, 614, 621, 625, 634-635 
Threshold of hearing, 494, 496-497, 517 
Thrust, 108, 148, 210, 275-276, 284, 380, 390, 423, 
510 
tide, 190 
Tides, 185, 190 
Timbre, 502 
Time, 5-6, 11-13, 15, 18-20, 21-23, 28, 30-51, 53, 
55-63, 66, 73-84, 86-87, 89, 91-95, 97-99, 
104, 106, 109-110, 114, 125-127, 129, 131, 
142-145, 147, 150-152, 155, 157, 159-163, 
166, 175-177, 182, 187, 190, 195, 209, 212, 
214, 218, 221, 224, 226, 228, 230, 233, 
235-236, 242, 246, 252, 254-262, 264, 267, 
272-274, 276-277, 279-281, 284-285, 287, 
290-297, 300, 304, 312, 314, 316, 321-322, 
325, 327, 334-335, 337, 339-341, 343-347, 
349, 353, 355, 358-359, 366-367, 381, 388, 
391, 398, 405, 409-410, 412, 415, 418, 
423-426, 427-437, 439-441, 444-445, 447, 
449-452, 454-455, 457-464, 466-467, 
469-470, 472-473, 477, 479, 483-487, 
491-493, 502-504, 506, 509-511, 515-516, 
520, 522, 527, 533, 535, 538, 547-548, 555, 
557, 562-563, 565-568, 574-576, 580, 
590-591, 597, 605, 611, 614, 618-619, 621, 
630-633, 637, 641, 643, 645 
beginning of, 131, 630 
equation of, 48, 409-410, 412, 418, 423, 430, 441, 
444, 451-452, 484, 535, 538, 565, 574, 
576 
gravity and, 19, 151, 162, 228, 256, 281 
in different reference frames, 86 
mean solar, 12 
measurement of, 11-12, 21, 254, 516 
of events, 151, 226, 277, 630 
Planck, 19, 23, 415, 618, 621 
railroad, 252, 256, 264, 280, 285, 325 
units of, 12-13, 18, 20, 57, 214, 292-293, 296, 316, 
415, 493, 533, 597 
Time constant, 160 
Time delay, 509, 511 


tissue, 390, 394, 426, 511, 520, 522, 598, 610 
tornado, 419 
Torque, 290-291, 298-300, 302-305, 308, 313, 
315-316, 319, 321-329, 332-347, 350, 
353-356, 358-359, 361, 363, 365-370, 
375-378, 380, 383-384, 386-389, 421, 423, 
439-440, 448, 451 
angular acceleration and, 300, 315, 338 
angular momentum and, 332-333, 337, 339-340, 
342, 345, 347, 356 
line of action, 298-299 
moment arm, 298-299 
sign, 299, 303, 336, 355, 366, 368, 377, 386-387 
torque vector, 338-339 
Torricelli, Evangelista, 402, 412 
Total angular momentum, 333, 336-337, 340, 342-346, 
350, 356, 359 
Total energy, 202, 217-218, 227, 230-231, 234, 236, 
238-239, 241, 243, 246, 260, 263, 277, 311, 
326, 436, 445, 449-450, 452-453, 517, 580, 
602, 624 
Total force, 130, 167-169, 186, 246, 355, 389, 399, 
419-421, 648-649 
Total internal reflection, 485 
Total kinetic energy, 260, 263-264, 283, 307, 310, 317, 
319, 325, 572, 594 
Total mass, 24, 139, 160, 186, 210, 241, 244-246, 
268-273, 277, 280, 284, 302, 306, 310, 322, 
326-327, 345, 356, 360, 370, 375, 377, 385, 
389-391, 422, 425-426, 429, 482, 539-540, 
549, 584, 649 
Total mechanical energy, 224, 232, 239, 241, 245, 
435, 452 
Total momentum, 255-257, 260, 265, 273-274, 277 
‘ouch, 197, 265, 312, 321, 370, 424, 481, 491, 545 
rachea, 575 
rade winds, 350 
Trajectory, 47, 78, 215, 242, 273, 284, 359 
parabolic, 273, 284 
Transducer, 403, 511-512 
Transfer of heat, 629 
ransit, 61 
Transitions, 561 
ranslation, 29, 225, 268, 303, 309-310, 312, 314, 317 
Translational kinetic energy, 202-203, 206, 307, 
310-312, 317, 554, 556-557, 568, 572, 575, 
581, 594-595 
Translational motion, 29, 76, 114-115, 193-194, 202, 
218, 252, 268, 270, 272, 284, 290-291, 
300-301, 304, 307, 309-310, 314-316, 325, 
333, 339-341, 345, 360 
Transmission, 173, 360, 457, 471, 483 
Transverse motion, 463 
Transverse wave, 460-462, 465-466, 468, 479, 
481-483, 485-486, 492 
wave speed, 482, 486 
transverse waves, 460-461, 463-464, 479, 482, 486 
standing waves, 479 
Traveling waves, 458, 474-476, 485 
displacement, 485 
frequency of, 474-475, 485 
Triangulation, 17, 188 
Trigonometric functions, 70-71, 88 
trigonometry, 438 
Triple point, 541-542, 548-549, 561, 568-569, 573, 635 
troughs, 459-460, 473, 479, 503 
true weight, 174, 406, 416 
tsunami, 459, 487 
Tungsten, 529, 585, 609 
Turbulence, 413, 415, 423-424, 499, 590, 619, 622 
atmospheric, 423-424 
gas, 423, 590, 619, 622 
Turbulent flow, 408 
Turning point, 238 
Tycho Brahe, 175 
Types of rock, 486 


U 
Ultrasonic frequencies, 492, 511 
Ultrasonic waves, 492, 508, 520 
ultrasound, 490, 492, 510-512, 521 
Uncertainty, 7, 9-12, 20, 21, 23-24, 52 
Uniform circular motion, 134, 141-142, 144, 146-147, 
152, 158, 206, 427, 437 
acceleration in, 158 
dynamics of, 134, 144 
Unit vectors, 65, 73-74, 88, 91, 198 
Unit volume, 187, 189, 271, 306, 396, 417, 482, 
566-567, 647 


Units, 6, 7, 10, 12-15, 18, 20, 21, 23-24, 31-32, 35, 
40-41, 44, 57, 66, 68-69, 91-92, 104-105, 
110, 120, 143, 156, 180, 194, 203, 205, 210, 
214, 236, 242, 248, 253, 259, 263, 267, 280, 
292-293, 296, 299, 302-303, 316, 326, 333, 
372, 397, 403, 409, 415, 431, 493, 497, 
527-528, 531, 533, 538-540, 542, 545, 572, 
579, 581, 584, 597, 599, 602, 606, 637, 644 
astronomical, 44 
atmospheric pressure, 403, 540, 545 
atomic mass, 13, 263, 527, 539-540, 542, 572 
British system, 105, 203, 236, 579, 606 
British thermal, 579, 606 
of radiation, 12 
SI system, 7, 12, 242 
Universal constant, 167, 600 
Universal gas constant, 538 
Universal gravitation, 165-169, 172-173, 175-176, 
178-181, 183, 185, 190, 220, 233, 239, 248, 
565 
universe, 13, 19, 21, 23-24, 165, 167, 178, 183, 509, 
526, 549, 582, 614, 629, 632, 641-642, 645 
acceleration of, 178 
age of, 13, 21 
big bang, 19, 509 
black holes, 165 
closed, 549, 582 
density of, 24, 549 
expansion of, 549, 642 
galaxies, 509 
open, 526, 582 
stars, 178 
Unstable equilibrium, 217, 238-239, 369, 383 
Upsilon Andromedae, 178 
Uranium, 572, 616, 636 
isotopes, 572, 636 
Uranus, 176, 178, 190, 359 
discovery of, 178 
mass of, 176, 178, 190, 359 
radius of, 176, 190 
UT, 317, 438, 442, 451 
uterus, 512 


V 
Vacuum, 12, 44, 279, 403-404, 407, 412, 417, 422, 
470, 548, 562, 571-572, 574, 605 
vapor, 414, 423, 548, 554, 560-565, 569, 571, 
573-576, 584, 602, 605, 623, 641, 646 
vapor pressure, 554, 562-564, 569, 571, 573-576 
variation, 185, 190, 371, 398-400, 453, 471, 483, 
492-493, 496, 500-501, 517, 532, 542, 549 
Vector, 2, 30-31, 35-36, 45, 65-74, 76-78, 80-81, 
85-89, 91-95, 102-103, 105, 107-108, 110, 
112-114, 121, 126, 135, 139, 142, 146-147, 
150-152, 160, 165, 169, 180, 183, 186, 193, 
195, 197, 199, 206, 210, 213, 233, 252-253, 
255, 257, 263, 265, 269-270, 272, 276, 
280-281, 290-291, 294, 296, 299, 321, 
332-333, 336-342, 344-345, 347, 350, 353, 
355-358, 364, 376, 381, 397, 461, 470, 479, 
556, 647, 652 
Vector addition, 67-68, 73, 85, 89, 91, 102, 113 
Vector angular momentum, 336, 345, 350, 356 
Vector product, 197, 337, 350, 355 
Vector quantities, 2, 193, 353 
vector quantity, 66, 91, 350 
Vector sum, 66, 91, 103, 105, 110, 113, 121, 146-147, 
151, 169, 180, 183, 195, 253, 255, 272, 276, 
281, 294, 340, 357, 381, 479, 647 
Vectors, 6, 30, 35, 65-89, 91-99, 112-115, 120, 142, 
159, 168, 193, 197-198, 206, 209-210, 213, 
280, 283, 296, 316, 337-338, 350, 353, 355, 
359, 367, 384, 447 
area, 316, 350 
component, 70-72, 76-77, 80-81, 87, 89, 91-92, 97, 
114-115, 159, 197-198, 206, 337, 350, 
359 
components of, 69-74, 76, 78, 88, 92, 94, 96, 98, 
113, 296, 316, 353, 355 
cross product of, 337-338, 350, 355 
displacement, 30, 66-67, 69, 71-77, 91-93, 96, 193, 
197, 206, 210, 213, 353, 447 
dot product of, 209-210, 338 
force, 66, 112-115, 120, 159, 168, 193, 197-198, 
206, 209-210, 213, 280, 316, 338, 350, 
353, 355, 359, 367, 384 
magnitude of, 35, 66-69, 73-75, 91-92, 94, 113, 
115, 142, 159, 168, 197, 206, 296, 338, 
355, 359, 367 


position, 30, 35, 66, 72-77, 79, 81, 84, 86, 88, 
92-93, 96-98, 159, 206, 283, 338, 350, 
353, 355, 359, 447 
properties of, 338 
resultant, 66-68, 70-73, 88, 91-92, 96, 113, 206, 
359 
unit, 65, 73-74, 77, 79, 88, 91, 198, 210, 280, 384 
velocity, 30, 35, 65-66, 73-82, 84-89, 91-98, 114, 
120, 142, 159, 193, 197, 206, 213, 280, 
283, 296, 316, 338, 350, 353, 355, 359, 
447 
zero, 35, 74, 77-80, 91, 112, 115, 120, 142, 159, 
168, 197, 213, 338, 350, 353, 367, 447 
veins, 409, 417 
Velocity, 18, 20, 28, 30-39, 41-42, 45-47, 49-53, 55-60, 
62, 65-66, 73-82, 84-89, 91-98, 102-104, 
106, 114, 118, 120, 123-125, 127-131, 
134-135, 141-143, 145, 150-152, 157, 
159-160, 163, 173-174, 187, 190, 193-194, 
196-197, 206, 212-214, 217-218, 220, 
224-225, 227, 233-236, 238, 241-249, 
253-256, 258, 261-263, 267, 272-277, 
280-287, 290-298, 301, 304-305, 307, 
309-310, 312, 314-317, 319-322, 324-326, 
328, 333-336, 338, 340, 342-350, 353-359, 
363, 390, 395, 409-414, 418, 421-426, 428, 
431-437, 440, 447-450, 454-455, 457-464, 
466-469, 475, 477-479, 481, 483-487, 498, 
500, 505-510, 516, 520-522, 547, 556-557, 
562, 569, 571-572, 594, 607, 610-611, 
631-633 
acceleration and, 47, 55, 102, 104, 106, 142, 160, 
193-194, 246, 294, 315, 338, 359, 363, 
428 
and acceleration, 28, 36, 38, 41, 47, 55, 57, 73-76, 
88, 92-93, 97, 102, 142, 159-160, 292, 
297, 316, 320, 432-433, 447-449, 483 
angular velocity, 290-298, 304, 307, 309-310, 314, 
316-317, 319-322, 324-326, 333-336, 
338, 342, 344, 346-348, 353-359, 421, 
547 
as function of time, 296, 358 
average, 18, 28, 30-38, 50-51, 53, 55-58, 60, 62, 
74-76, 92-93, 95, 106, 124-125, 127, 
129-130, 160, 187, 190, 212-214, 
235-236, 244-248, 254, 280-281, 287, 
292-293, 297, 321, 324, 326, 409, 422, 
424-425, 464, 487, 520, 556-557, 562, 
569, 571-572, 610-611, 631 
escape, 60, 96, 125, 127, 217, 233, 235, 245-246, 
248, 390, 562, 569, 571 
free-fall, 60 
in two dimensions, 65, 76, 91, 212, 280, 283 
in uniform circular motion, 142, 152 
instantaneous, 28, 32-34, 37-38, 49, 51, 53, 55-56, 
62, 74-76, 88, 92, 141-142, 160, 197, 
235, 292-293, 310, 321 
linear velocity, 293-294, 297, 304, 307, 310, 316, 
319, 437 
momentum and, 253, 261, 263, 333, 340, 342, 345, 
347, 356 
of Earth, 190, 224, 355, 611 
precession angular velocity, 348 
radial, 142, 145, 150-152, 160, 294, 319-321, 349, 
355, 357-358, 487 
recession, 509 
relative, 20, 35, 53, 65, 78, 85-89, 93, 95-96, 98, 
103, 118, 128-129, 152, 157, 187, 213, 
220, 234, 242, 245-246, 248, 255, 261, 
274, 276-277, 281-286, 291, 301, 
309-310, 325, 334, 336, 338, 340, 
342-343, 349-350, 355, 357-358, 412, 
437, 459, 479, 483, 505, 507, 520-521, 
562, 569, 571, 632-633 
relative velocity, 65, 85-86, 88-89, 95-96, 274, 277, 
282, 507, 521 
simple harmonic motion, 431, 435, 437, 440, 448, 
450, 454-455, 458-459, 464, 467 
straight-line motion, 611 
tangential, 142, 150-152, 160, 197, 214, 293-294, 
304, 316, 319, 321, 324, 349, 355, 359 
terminal, 45, 60, 134, 151-152, 160, 163, 214, 426 
transverse, 457, 460-464, 466, 468, 479, 481, 483, 
485-486 
wave, 431, 448, 457-464, 466-469, 475, 477-479, 
481, 483-487, 498, 500, 505-510, 516, 
520-522 
Velocity vectors, 35, 66, 74, 77, 86, 96, 280, 283, 447 
Venturi meter, 413, 423 


Venus, 176, 186, 189-190 
composition of, 189 
density of, 186, 189 
mass of, 176, 186, 189-190 
orbit of, 189-190 
radius of, 176, 186, 189-190 
surface of, 186, 189-190 
Vibrational motion, 595 
vibrations, 344, 427, 433, 481-482, 485-486, 491, 499, 
501, 504-505 
forced, 427, 499 
Virus, 5, 12 
viruses, 12 
Viscosity, 151, 395, 408-410, 414-415, 418, 422-426, 
561 


Visible light, 509, 600 
Vision, 3, 413 
volcanoes, 492 
Voltage, 550 
Volts, 21 
Volume, 3, 5, 13, 16, 21-24, 125, 169-170, 187, 189, 
270-271, 287, 306, 373, 381, 387, 395-398, 
401, 404-411, 415, 417-418, 419-422, 425, 
462-464, 482, 492-494, 497, 517, 526-528, 
530, 532-542, 545-550, 555-557, 560-569, 
571-576, 581-582, 588-597, 602, 605, 
607-611, 619, 621-622, 625, 628, 630, 634, 
639-642, 644-646, 647-648, 652 
and density, 397, 537-538 
flow rate, 395, 408-410, 415, 418, 548, 550, 567, 
609, 644-645 
standard temperature and pressure (STP), 538 
unit volume, 187, 189, 271, 306, 396, 417, 482, 
566-567, 647 
units of, 13, 24, 415, 493, 533, 597 
Volume changes, 381, 425, 533, 550, 590 
Volume expansion, 533-534, 542, 545-547, 549-550 


walking, 24, 29-30, 55, 86, 108, 137, 155, 185, 194, 
284, 336-337, 355, 370, 447, 451 
Waste heat, 614, 618, 640 
Water, 9, 16-17, 22-24, 59-61, 81, 85-87, 91, 93-98, 
124-125, 151-152, 155, 158, 160, 162, 226, 
230, 241, 246-248, 254, 279, 281, 334, 359, 
371, 395-399, 401-402, 404-408, 411, 
413-417, 419-425, 447-448, 453-454, 
457-459, 462, 464, 470-473, 477-479, 
481-482, 485, 487, 491, 509-511, 515-517, 
520-522, 527-530, 532-534, 536, 541-542, 
545-550, 554, 561-564, 567, 569, 571, 
573-576, 578-587, 598-599, 601-602, 
605-611, 616, 618, 624, 627, 629-630, 
635-637, 639-646 
boiling, 529, 536, 541-542, 548-549, 561-563, 569, 
571, 573-574, 585, 587, 605, 607 
bottled, 640 
condensation of, 646 
cycle of, 645 
density, 16, 23-24, 125, 395-399, 401-402, 404, 
406-408, 411, 417, 419-425, 454, 462, 
464, 479, 481-482, 485, 491, 511, 517, 
521, 528, 534, 541, 546-550, 562, 564, 
575-576, 582, 599, 609, 611, 644 
density of, 16, 24, 396-398, 402, 406-408, 417, 
419-424, 462, 464, 481, 511, 517, 521, 
528, 546-550, 562, 575-576, 611 
drinking, 425, 610 
forms, 23, 151, 230, 415, 458, 536, 561, 611, 618, 
637 
fresh, 419, 422, 425, 520, 546 
heat of fusion, 584-587, 602, 607, 611, 624 
heat of vaporization, 584-585, 587, 602, 607 
heat of vaporization of, 587, 607 
heavy, 24, 155, 241, 248, 279, 471, 481, 598, 606 
ocean, 59, 398-399, 458-459, 472, 482, 487, 516, 
520, 546-547, 599, 606, 610, 618, 644 
on Earth, 60, 93, 97, 124, 401, 404, 599 
on Mars, 124 
phase changes, 561, 573, 586 
speed of sound in, 481, 491, 509-511, 515-516, 
520 
thermal expansion, 527-530, 532-534, 536, 
541-542, 545-550 
thermal expansion of, 547 
waves of, 9, 470, 482, 510, 516, 520 
water vapor, 414, 423, 548, 561-564, 569, 573, 576, 
605, 646 
Watt, 236 
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Watt, James, 236 
watt (W), 236 
watts, 236, 246-247, 425, 452, 493, 520, 601, 645 
Wave equation, 457, 468-470, 479, 483 
Wave frequency, 517 
Wave fronts, 472, 477, 509 
Wave model of light, 9 
Wave number, 466, 492 
Wave propagation, 469, 492 
Wave velocity, 459-460, 468, 475, 477, 479, 483, 508 
Waveform, 459, 502 
Waveforms, 503-504 
Wavelength, 459-460, 462, 466, 468, 471, 473, 
475-476, 478-479, 481-483, 485-488, 490, 
492-493, 498-500, 503, 506-507, 512, 
515-519, 522, 571 
of standing waves, 479, 499 
rest, 475, 481, 506-507, 516, 519, 571 
Wavelengths, 12, 470, 475-476, 479, 482-483, 486, 
497, 499, 502-504, 506, 511, 516, 519, 522, 
529, 600 
of electromagnetic waves, 600 
of sinusoidal waves, 502 
of sound waves, 503-504, 522 
of standing waves, 479, 499 
Waves, 3, 9, 444, 457-464, 466, 468-479, 481-486, 
490-492, 497-505, 507-512, 515-522, 546, 
571, 576, 600, 603 
amplitude, 444, 459, 461, 463-464, 466, 468-474, 
476-477, 479, 481-486, 492, 497, 
499-500, 502, 504, 512, 515, 517-519, 
§22 
and refraction, 478 
beats, 490, 503-505, 508, 512, 515-516, 519 
body, 463-464, 492, 511-512, 600 
circular, 3, 457, 464, 472-473, 481-482 
compression, 460, 463, 492, 503, 522 
disturbance of, 510 
Doppler effect, 490, 505, 507-509, 512, 519-520 
electromagnetic, 466, 469-470, 481, 486, 509, 512, 
600, 603 
frequency, 444, 459-461, 464, 466, 468, 470-471, 
474-476, 479, 481-486, 490-492, 
497-505, 507-509, 511-512, 515-522, 576 
infrared, 492, 600 
infrasonic, 492 
intensity, 464, 479, 482, 490-492, 497, 504-505, 
512, 517-519 
intensity of, 479, 482, 490, 512, 517 
interference, 457, 472-474, 479, 484, 490, 
503-504, 509, 515, 519, 522 
longitudinal, 457, 460, 462-464, 466, 469, 479, 
482-483, 486, 490-492, 500, 503, 512 
longitudinal waves, 460, 462-464, 466, 469, 482, 
486, 490, 492 
motion, 3, 444, 457-464, 466, 468-479, 481-486, 
492, 500, 505, 507-508, 510, 512, 516, 
520, 522 
motion of, 444, 458-460, 464, 468, 481-482, 500, 
522 
ocean, 458-459, 472, 482, 516, 518-520, 546 
phase of, 466, 468, 473, 486 
plane, 472, 509, 517-518, 520 
power of, 486, 600, 603 
radio, 481-482, 517 
rarefaction, 492, 501, 503, 522 
refraction, 457, 477-478, 485-486 
resonance, 444, 457, 474, 479, 484 
seismic, 482-483 
shear, 463, 518-519 
sound, 444, 459-460, 462, 464, 469, 475, 478-479, 
481-482, 485-486, 490-492, 497-505, 
507-512, 515-522, 571, 576 
sound waves, 444, 459, 462, 469, 478, 481, 
490-492, 497, 499, 503-505, 507, 
509-510, 512, 515-516, 518-519, 522, 
571, 576 
speed, 461-464, 471, 475, 477, 479, 481-483, 
485-486, 490-492, 497, 499, 501-503, 
505, 507-512, 515-522, 571, 576 
speed of, 461-464, 471, 475, 481-483, 485-486, 
491-492, 499, 501-503, 505, 507, 
509-512, 515-516, 518-522 
standing waves, 457, 474-475, 479, 481, 484, 490, 
497-501, 512, 515, 519 
surface, 459, 463-464, 470, 472, 481-483, 486, 
491, 499, 511, 519-520, 546, 600, 603 
transverse, 457, 460-464, 466, 468, 479, 481-483, 
485-486, 490, 492, 518 
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transverse waves, 460-461, 463-464, 479, 482, 
486 


types of, 457, 460, 464, 468, 482, 486, 505, 509 
ultrasonic, 492, 508, 511-512, 516, 519-520 
vibrations, 481-482, 485-486, 491, 499, 501, 
504-505 
wavelength, 459-460, 462, 466, 468, 471, 473, 
475-476, 478-479, 481-483, 485-486, 
490, 492, 498-500, 503, 507, 512, 
515-519, 522, 571 
Weak nuclear force, 181, 183 
Weather, 158, 173, 349-350, 355, 400-401, 419, 509, 
563-564, 599, 605, 635-636 
air masses, 349-350 
atmospheric pressure, 400-401 
convection, 599 
fronts, 509 
humidity, 563-564 
hurricanes, 355 
ocean currents, 349, 599 
on Earth, 173, 401, 599 
wind, 350, 419, 599, 635-636 
week, 18 
Weight, 16, 44, 101-102, 104, 110-112, 115, 118-119, 
121, 124-126, 129-130, 138-139, 145, 
147-148, 158-159, 161-162, 165, 167-171, 
174, 182, 185-189, 194, 212, 214-215, 217, 
220, 242, 244, 247, 254, 270, 304, 313, 321, 
324, 327, 329, 359, 364-368, 372-374, 
376-380, 383-384, 386-387, 389-392, 
395-398, 401, 404-408, 414, 416-417, 419, 
422, 425-426, 429, 438, 448, 454, 483, 527, 
539, 573, 575, 579 
and mass, 129, 187, 189, 270, 324, 386, 454, 527 
and weightlessness, 187 
gravitational force and, 174 
in an elevator, 112, 129, 174, 182, 187 
true, 112, 121, 167, 174, 270, 372, 379, 387, 392, 
396-397, 406, 416, 422, 573 
Weightlessness, 155, 165, 172, 174-175, 183, 185, 
187 


white dwarf, 188, 355 
white light, 529 
Wind instruments, 475, 490, 499-500, 502, 512 
wind power, 636 
winds, 284, 326, 350, 355, 444, 609, 636 
prevailing, 609 
trade, 350 
Winter solstice, 354 
Wires, 372, 378, 385-386, 389, 545 
ground, 386, 389 
ideal, 545 
WMAP, 4-5 
Wood, 135, 158, 163, 202, 244, 264, 280, 285, 371, 
374, 376, 387-389, 396, 404-405, 407-408, 
421-422, 425, 448, 453-454, 475, 497, 548, 
581, 598, 606, 610-611 
thermal conductivity, 598, 610-611 
Work, 3, 6, 40, 65, 71-72, 78, 103, 106, 114, 117, 120, 
137, 175, 185, 193-207, 209-216, 218-227, 
229-239, 241-242, 244-249, 267, 275, 292, 
299, 308-310, 312, 323-325, 383, 389, 404, 
410-411, 415, 424, 436, 450, 515, 520, 529, 
536, 550, 578-580, 587-594, 596-597, 602, 
605, 607-611, 614-626, 628, 631-632, 637, 
639-642, 644-646 
and kinetic energy, 203, 206, 224 
and potential energy, 224, 229, 238, 242 
by system, 588 
displacement and, 195, 292 
heat and, 3, 578-580, 587-594, 596-597, 602, 605, 
607-611 
kinetic energy and, 193, 202-203, 220, 227, 229 
relativity and, 3 
sign of, 231-232 
units of, 214, 292, 299, 415, 597 
Working substance, 616, 619-620, 622, 634, 640, 645 


Y 
year, 13, 18, 22-24, 177, 179, 187, 189, 547 


Z 

zero, 10, 23, 31-38, 42, 45-47, 51, 55-56, 74, 77-80, 
91, 102-103, 106-107, 109-112, 115-118, 
120, 123, 136-137, 141-142, 147, 149, 152, 
156, 159, 162, 165, 168, 174, 186, 194-197, 
199-200, 203-204, 211, 213-214, 219, 
221-222, 224-225, 230, 235, 238-239, 242, 


247-248, 254-259, 265-266, 268, 274, 277, 
279, 281, 292-293, 298-300, 303, 305, 307, 
309, 312, 315, 319, 325, 328, 332-334, 336, 
338, 340-341, 343, 345-346, 350, 353, 
357-358, 361, 363-369, 376-377, 380-381, 
383, 398, 406, 412, 423, 425, 428, 431-432, 
435-436, 441, 443-445, 447, 467-468, 472, 
476, 493-494, 504, 529-530, 536, 541, 547, 
557-561, 563, 565, 567, 571, 573-575, 583, 
600, 617-618, 621, 626, 628-629, 635, 638, 
642, 649 
absolute, 529, 536, 541, 547, 557-559, 561, 571, 
621, 635 
absolute zero of temperature, 536 
of potential energy, 222, 242, 436 
Zero vector, 91 
Zeroth law of thermodynamics, 526, 531 
zinc, 213 


